Homework 5
due on Monday, November 1
Problem 1. Let T': V — W be a linear transformation. Choose a basis uy, ..., ux of ker T'.

a) Complete uy, ..., ug to a basis uy, ..., U, Ukt 1, ---, Ugtm Of V. Prove that T'(ugr1),-.-,T(Ugtm)
is a basis of the image ImT of T'. Conclude that dim V = dimker 7" 4 dim ImT'.

b) Let wy, ..., w, be a basis of ImT" and choose ug; such that T'(ugy;) = wi, @ = 1,...,m.
Prove that vy, ..., ug, Uk+1, --., Uk+m 1S @ basis of V.

Problem 2. Let A be a matrix of size 5 X 3 and let B be a matrix of size 3 x 5. Prove that
the 5 x 5 matrix AB is not invertible. (Hint: Think in terms of linear transformations).

2 61 4 4

. . 5 4. . 1313 3

Problem 3. A linear transformation S : R°> — R* is given by the matrix A = 13925 5
133 77

Find bases of the kernel and of the image of S.

Problem 4. a) Find the matrix of the linear transformation
T:R — R T(z,y,2)=(z+y+zz—y+2)
in the basis (1,-2,1),(1,2,1),(0,2,1) of R? and the basis (1,1), (1,—1) of R2.

b) What is the change of basis matrix from the basis b = {(1,1,1),(1,0,1),(0,0,1)} to the
basis d = {(2,1,1),(2,2,1),(3,2,2)} of R3?. Find the coordinates of a vector in the basis d
if its coordinates in the basis b are (0,1, 2).

Problem 5. Find a linear transformation T : RS — R* such that ker T" has basis (1,0,2,0,-2,3),
(0,1,-1,0,1,1), (0,0,0,1,-2,2).

Problem 6. a) A liner transformation T : R® — R3 satisfies 7(1,0,1) = (1,1,0) and
T(1,1,0) = (1,1,1). What is 7'(5,3,2)?

b) Is there a liner transformation 7' : R2 — R3 which satisfies T'(1,1) = (1,1,0), T(1, 1) =
(1,1,1) and T(3,1) = (1,0,0)?

Problem 7. Let T': V — W be a liner transformation.

a) Prove that T is injective iff there is a liner transformation S : W — V such that ST is
the identity map on V.

b) Prove that T is surjective iff there is a liner transformation S : W — V such that T'S is
the identity map on W.

Problem 8. Let T: V — V be a linear transformation. Suppose that v € V is such that
T"(v) = 0 but T"~!(v) # 0. Prove that v,T(v), T?(v), ..., T"~1(v) are linearly independent.
Here T* is the composition ToT o...o T of T with itself k—times.

Problem 9. Let T: V — V be a linear transformation such that 7" and T2 have the same
image. Prove that V = kerT @ ImT.



