The Norm and the Trace

Let L/K be a finite extension of fields of degree d = [L : K|. Consider a finite dimensional
vector space V over L of dimension n and a liner transformation T7": V' — V.

We may consider V' as a vector space over K. If vy,..., v, is a basis of V' as a vector
space over L and aq,...,aq is a basis of L over K then it is easy to see that a;v;, 1 < i < d,
1 < j < nis a basis of V as a vector space over K. Thus the dimension of V' over K is nd.
The L-linear transformation 1" can be considered as a K-linear transformation. Let dety, T,
trp T be the determinant and trace of T' considered as a L-liner transformation and let dety T,
trgT" be the determinant and trace of T' considered as a K-liner transformation. Our goal is
to understand how these numbers are related.

Fix a basis v1,..., v, of V and a basis a1, ..., ag of L over K. Then aqv1, asvy, ..., agu1, a1va, ..., agly,
is a basis of V over K.

Recall that an elementary linear transformation (in the chosen basis vy,..., v, of the L-

vector space V) is one of the following linear transformations:

o for i # j and a € L define ,T; ; as the linear transformation which maps v; to av; + v;
and maps vy to vy for all k # j (so in the chosen basis the matrix of ,T;; is the
elementary matrix E; j(a) with 1 on the diagonal, a in the (4, j)-entry and 0 everywhere
else).

e for 0 # a € L define ;T as the linear transformation which maps v; to av; and maps
vy to v, for all k # j (so in the chosen basis the matrix of 7} is the elementary matrix
Sj(a) with a in the (j, j)-entry, 1 in all other diagonal entries and 0 everywhere else).

We have dety, ,7; ; = 1 and det, ,7; = a. In order to compute the determinants over K we
find the matrices of elementary transformations in the K-basis ajvy, asvy, ..., aquy, a1v9, ..., AqUn
of V. If k # j then T} j(ajvr) = a; oT5,j(vi) = ayvg, and oTj(ajvr) = a; oTj(vk) = ajv. Now

d
aTi,j(alUj) = q] aTi,j(Uj) = al(avi + 'Uj) = qv; + aqv; = ajvj + Z ks,lasvi,
s=1
where aa; = Zgzl ksjas with kg; € K. It follows that the matrix of ,7;; in the basis
a1v1, AV, ..., AgU1, A1V2, ..., AgU, is upper-triangular if i < j (lower-triangular if i > j) and
has 1 on the diagonal. Thus dety ,7; ; = 1. Similarly,

d
oTjlarv)) = ar oTj(v5) = ailavy) = (aa)v; =Y ksgasv;,
s=1

where aq; = Ele ksjas with kg; € K. It follows that the matrix of 7} in the basis
101, AV, ..., AU, A1V2, ..., AqV, is block-diagonal, with n blocks of size d x d, where the
j—th block is the matrix (ks;) and the other blocks are identity matrices. Thus detg ,Tj =
det(ks;) = N1k (a). Note that we can summarize the above computations as follows:

if T is an elementary transformation then detx T'= Ny, (dety T)

(since Ny k(1) =1).

Recall now that every invertible linear transformation is a product of elementary transfor-
mations (which is the same as saying that every invertible matrix is a product of elementary
matrices). In other words, if 7" is invertible then we may write 7" = T3...T,,, where each T; is
elementary. Thus

detgT = detgT}...detg T, = NL/K(detLTl)...NL/K(detLTm) = NL/K(detLTl...detLTm) = NL/K(detLT).



If T is not invertible then dety, T = 0 = detx T'. Thus we proved the following
Theorem 1. For any L-linear transformation T we have detyx T = N,/ (det, T).

In order to prove an analogous result for the trace consider the transformations ,7; ;—1I and
a+11;—1. Let us call such transformations basic. Note that every liner transformation is a sum
of basic linar transfromations. From our discussion above we easily see that trz(,7;; — I) =
0 = trx(aTiyj — 1), trp(an1Ti — I) = a, and trg(o1T; — I) = Tpk(a). Thus trg(T) =
11k (trr(T)) for any basic T. Now if T'is a sum T1 + ... + T, of basic transfromations then

trg(Ty+ ...+ Ty) =trg(Th) + ... +trg (D) = TL/K(tI'L(T1)) + ...+ TL/K(trL(Tm)) =
= TL/K(trL(T1) + ..t trp(Th)) = TL/K(trL(T)).
Thus we have proved the following
Theorem 2. For any L-linear transformation T we have trxT = Ty, /g (trT).

Suppose now that K C L C M are fields and M /K is finite. Let a € M. We may consider
the special case of Theorem 1 when V = M and T is the multiplication by a. Then we get
detKT = NM/K(CL), detLT = NM/L(CL), tI'KT = TM/K(CL), tI‘LT = TM/L(CL) . Thus we get

Theorem 3. Let K C L C M be fields such that M /K is finite. For any a € M we have
Nyyk(a) = Npyg(Nyyr(a))

and
TM/K(a) = TL/K(TM/L(G))-



