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1 Before You Start

History of Updates:

Date
2020-12-23 | Created.

Topic

1.1 About This Document

Remark 1.1 (The purpose of this document). The intent is to put some core definitions and the-
orems into these lecture notes, in particular, if there is a substantial difference in notation and/or
presentation to that used in the text for this class, [4] Shreve, Steven: Stochastic Calculus for Finance
II: Continuous-Time Models. [

Remark 1.2 (Acknowledgements). I am indepted to Prof. Dikran Karagueuzian from the Depart-
ment of Mathematical Sciences at Binghamton University for sharing his notes from teaching this
class at an earlier time. [J
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2 Preliminaries about Sets, Numbers and Functions

Introduction 2.1. You find here a range of mathematical definitions and facts that you should be
familiar with. [

The student should read this chapter carefully, with the expectation that it contains material
that they are not familiar with, as much of it will be used in lecture without comment. Very

likely candidates are power sets, a function f : X — Y where domain X and codomain Y
are part of the definition.

2.1 Sets and Basic Set Operations

Introduction 2.2. This first subchapter of ch.2 is different from the following ones in that the treat-
ment of sets given here is sufficiently exact for a PhD in math unless s/he works in the areas of
logic or axiomatic set theory. The only exception is the end of the chapter where the preliminary
definition of the size of a set (def.2.10 on p.13) needs to refer to finiteness.

Ask a mathematician how her or his Math is different from the kind of Math you learn in high
school, in fact, from any kind of Math you find outside textbooks for mathematicians and theoretical
physicists. One of the answers you are likely to get is that Math is not so much about numbers but
also about other objects, among them sets and functions. Once you know about those, you can
tackle sets of functions, set functions, sets of set functions, ... [

An entire book can be filled with a mathematically precise theory of sets. ! For our purposes the
following “naive” definition suffices:

Definition 2.1 (Sets). A set is a collection of stuff called members or elements which satisfies the
following rules: The order in which you write the elements does not matter and if you list an
element two or more times then it only counts once.

We write a set by enclosing within curly braces the elements of the set. This can be done by listing
all those elements or giving instructions that describe those elements. For example, to denote by X
the set of all integer numbers between 18 and 24 we can write either of the following:

X = {18,19,20,21,22,23,24} or X := {n:nisanintegerand 18 < n < 24}

Both formulas clearly define the same collection of all integers between 18 and 24. On the left the
elements of X are given by a complete list, on the right setbuilder notation, i.e., instructions that
specify what belongs to the set, is used instead.

It is customary to denote sets by capital letters and their elements by small letters but this is not a
hard and fast rule. You will see many exceptions to this rule in this document.

We write z; € X to denote that an item z; is an element of the set X and z3 ¢ X to denote that an
item x5 is not an element of the set X

For the above example we have 20 € X,27 -6 € X, 38 ¢ X, Jimmy ¢ X. O

!See remark 2.2 (“Russell’s Antinomy”) below.
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Example 2.1 (No duplicates in sets). The following collection of alphabetic letters is a set:
S1 ={a,e,i,0,u}

and so is this one:
Sy ={a,e,e,i,i,i,0,0,0,0,u,u,u,u,u}

Did you notice that those two sets are equal? [J

Remark 2.1. The symbol n in the definition of X = {n : nisanintegerand 18 < n < 24} isa
dummy variable in the sense that it does not matter what symbol you use. The following sets all
are equal to X:

{z : zis an integer and 18 < x < 24},
{a: aisaninteger and 18 = « < 24},
{3 :3isanintegerand 18 =< 3 = 24} O

Remark 2.2 (Russell’s Antinomy). Care must be taken so that, if you define a set with the use of
setbuilder notation, no inconsistencies occur. Here is an example of a definition of a set that leads
to contradictions.

(2.1) A :={B:Bisasetand B ¢ B}

What is wrong with this definition? To answer this question let us find out whether or not
this set A is a member of A. Assume that A belongs to A. The condition to the right of the colon
states that A ¢ A is required for membership in A, so our assumption A € A must be wrong. In
other words, we have established “by contradiction” that A ¢ A is true. But this is not the end of it:
Now that we know that A ¢ A it follows that A € A because A contains all sets that do not contain
themselves.

In other words, we have proved the impossible: both A € A and A ¢ A are true! There is no
way out of this logical impossibility other than excluding definitions for sets such as the one given
above. Itis very important for mathematicians that their theories do not lead to such inconsistencies.
Therefore, examples as the one above have spawned very complicated theories about “good sets”.
It is possible for a mathematician to specialize in the field of axiomatic set theory (actually, there
are several set theories) which endeavors to show that the sets are of any relevance in mathematical
theories do not lead to any logical contradictions.

The great majority of mathematicians take the “naive” approach to sets which is not to worry
about accidentally defining sets that lead to contradictions and we will take that point of view in
this document. [

Definition 2.2 (empty set). () or {} denotes the empty set. Itis the one set that does not contain any
elements. [J

Remark 2.3 (Elements of the empty set and their properties). You can state anything you like about
the elements of the empty sets as there are none. The following statements all are true:
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a: If z € () then z is a positive number.
If z € () then  is a negative number.
c¢:  Define a ~ b if and only if both are integers and a — b is an even number.
For any z,y, z € () it is true that
cl:x ~ 2z,
2:if z ~ y theny ~ x,
3:ifz ~yandy ~ zthen z ~ z.
d: Let Abeany set. If x € () then z € A.

As you will learn later, c1+c2+¢3 means that “~” is an equivalence relation (see def.?? on p.??) and
d: means that the empty set is a subset (see the next definition) of any other set. [

Definition 2.3 (subsets and supersets). We say that a set A is a subset of the set B and we write
A C B if any element of A also belongs to B. Equivalently we say that B is a superset of the set A
and we write B O A . We also say that B includes A or A is included by B. Note that A C A and
() C Ais true for any set A.

B

()

Figure 2.1: Set inclusion: AC B, BD A

If A C Bbut A # B, ie, there is at least one = € B such that z ¢ A, then we say that A is a strict
subset or a proper subset of B. We write “A C B” or “A C B”. Alternatively we say that B is a
strict superset or a proper superset of A and we write “B D A”)or “B D> A”. O

Two sets A and B are equal means that they both contain the same elements. In other words, A = B
iff AC Band B C A.

“iff” is a short for “if and only if”: P iff Q for two statements P and Q means that if P is valid then
Qs valid and vice versa. 2

To show that two sets A and B are equal you show that
a.ifx € Athenz € B,
b.if z € Bthenx € A.

Definition 2.4 (unions, intersections and disjoint unions). Given are two arbitrary sets A and B.
No assumption is made that either one is contained in the other or that either one contains any
elements!

%A formal definition of “if and only if” will be given in def.?? on p.?? where we will also introduce the symbolic
notation P < Q. Informally speaking, a statement is something that is either true or false.

8 Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

The union A U B (pronounced "A union B") is defined as the set of all elements which belong to A
or B or both. 3

The intersection A N B (pronounced "A intersection B") is defined as the set of all elements which
belong to both A and B.

We call A and B disjoint , also mutually disjoint , if AN B = (. We then usually write A ¥ B
(pronounced “A disjoint union B”) rather than AU B. O

AU B: AUBUC: AN B: ANnBNC:

» @ v &

Figure 2.2: Union and intersection of sets

Remark 2.4. It is obvious from the definition of unions and intersections and the meaning of the
phrases “ all elements which belong to A or B or both”, “all elements which belong to both A and
B” and “A C B if any element of A also belongs to B” that the following is true for any sets A, B
and C.

(2.2) ANB C A C AUB,
(2.3) ACB = AnNB=Aand AUB = B,
(2.4) ACB = ANC C BNnCand AUC C BUC.

The symbol = stands for “allows us to conclude that”. So A € B = AN B = A means
“From the truth of A C B we can conclude that AN B = A is true”. Shorter: “From A C B
we can conclude that AN B = A”. Shorter: “If A C B then it follows that AN B = A”.
Shorter: “If A C B then AN B = A”. More technical: A C B implies AN B = A.

You will learn more about implication in ch.?? of this document and in ch.3 (Some Points of Logic)
of [2] Beck/Geoghegan: The Art of Proof. [

Definition 2.5 (set differences and symmetric differences). Given are two arbitrary sets A and B.
No assumption is made that either one is contained in the other or that either one contains any
elements!

*We could have shortened the phrase “all elements which belong to A or B or both” to “all elements which belong
to A or B”, and we will almost always do so because it is understood among mathematicians that “or” always means
at least one of the choices. If they mean instead exactly one of the choices #1, #2, ... #n then they will use the phrase
“either #1 or #2 or ...or #n. See rem?? on p.??. We will also see in a moment that there is a special symbol AA B which
denotes the items which belong to either A or B (but not both).
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The difference set or set difference A \ B (pronounced "A minus B") is defined as the set of all
elements which belong to A but not to B:

(2.5) A\B:={zxe€A:x ¢ B}

The symmetric difference AA B (pronounced "A delta B") is defined as the set of all elements which
belong to either A or B but not to both A and B:

(2.6) AAB:=(AUB) \ (ANB) O
Definition 2.6 (Universal set). Usually there always is a big set 2 that contains everything we are

interested in and we then deal with all kinds of subsets A C €. Such a set is called a “universal”
set. [

For example, in this document, we often deal with real numbers and our universal set will then be
R. * If there is a universal set, it makes perfect sense to talk about the complement of a set:

Definition 2.7 (Complement of a set). The complement of a set A consists of all elements of {2 which
do not belong to A. We write AL, or CA In other words:

2.7) AL=CA=Q\A={weQ:a¢ A} O

A\ B: AAB: Universal set: AL

: ¢ : @

Figure 2.3: Difference, symmetric difference, universal set, complement

Remark 2.5. Note that for any kind of universal set (2 it is true that

(2.8) o =0 =00

Example 2.2 (Complement of a set relative to the unit interval). Assume we are exclusively dealing
with the unit interval, i.e., Q =[0,1] ={x € R: 0 < 2z < 1}. Leta € [0,1] and § > 0 and

(2.9) A={ze€0,1]:a—d <z <a+d}

*R is the set of all real numbers, i.e., the kind of numbers that make up the z-axis and y-axis in a beginner’s calculus
course (see ch.2.2 (“Classification of numbers”) on p.14).
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the d-neighborhood ° of a (with respect to [0, 1] because numbers outside the unit interval are not
considered part of our universe). Then the complement of A is

AC = {ze0,]]:z<a—0orx=a+d6}. O

Draw some Venn diagrams to visualize the following formulas.

Proposition 2.1. Let A, B, X be subsets of a universal set Q) and assume A C X. Then

(2.10a) AUl =4 AnD=10
(2.10b) AUQ =Q; ANQ=A
(2.10¢) AuAb=0; Anat=y
(2.10d) AAB = (A\ B)w (B\ A)
(2.10e) A\A=0

(2.10f) AND = A; ANA =10
(2.10g) XAA=X\A

(2.10h) AUB = (AAB)W (AN B)
(2.10i) ANB=(AUB)\ (AAB)
(2.10j) AAB =10 ifandonlyif B= A

PROOF: The proof is left as exercise 2.2. See p.29. R

Next we give a very detailed and rigorous proof of a simple formula for sets. The reader should
make an effort to understand it line by line.

Proposition 2.2 (Distributivity of unions and intersections for two sets). Let A, B, C be sets. Then

(2.11) (AUB)NC =(ANC)U (BN CO),
(2.12) (ANB)UC =(AUC)n (BUOQ).

PROOF: We only prove (2.11). The proof of (2.12) is left as exercise 2.1.

PROOF of “C”: Letx € (A U B) N C. It follows from (2.2) on p.9 that x € (A U B),ie, z € Aor
x € B (or both). It also follows from (2.2) that x € C. We must show thatz € (A N C) U (B N C)
regardless of whether v € Aor x € B.

Case 1: z € A. Since also z € C, we obtain x € ANC, hence, againby (2.2),z € (AN C) U (BN C),
which is what we wanted to prove.

Case 2: v € B. We switch the roles of A and B. This allows us to apply the result of case 1, and we
againobtainz € (A N C) U (B N C).

PROOF of “D": Letx € (AN C) U (BN C),ie,z € AN Corx € B N C (or both). We must
show thatz € (A U B) N C regardless of whetherz € A N Corz e B N C.

Casel: z € A N C. It follows from A C A U Band (24)onp.9thatz € (A U B) N C, and we are
done in this case.

°Neighborhoods of a point will be discussed in the chapter on the topology of R™ (see (??) on p.??). In short, the
d—neighborhood of a is the set of all points with distance less than ¢ from a.
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Case 2: x € B N C. This time it follows from A C A U Bthatz € (A U B) N C. This finishes the
proof of (2.11).

Epilogue: The proofs both of “C” and of “2>” were proofs by cases, i.e., we divided the proof into
several cases (to be exact, two for each of “C” and “2”), and we proved each case separately. For
example we proved that z € (AU B) N C implies z € (AN C) U (BN C) separately for the cases
xz € Aand z € B. Since those two cases cover all possibilities for = the assertion “if v € (AUB)NC
thenz € (ANC)U(BNC)”is proven. W

Proposition 2.3 (De Morgan’s Law for two sets). Let A, B C . Then the complement of the union is
the intersection of the complements, and the complement of the intersection is the union of the complements:

(2.13) a. (AUB)t = ACn B b. (AnB) = Abu Bt

PROOF of a:

1) First we prove that (AU B)E c At n Be:

Assume that z € (AU B)E. Then z ¢ AU B, which is the same as saying that x does not belong
to either of A and B. That in turn means that = belongs to both AP and BP and hence also to the
intersection A® N BE.

2) Now we prove that (AU B)E > At n B

Let z € AN BL. Then z belongs to both AP BC, hence neither to A nor to B, hence = ¢ A U B.
Therefore = belong to the complement of A U B. This completes the proof of formula a.

PROOF of b:

The proof is very similar to that of formula a and left as an exercise. W

Formulas a through g of the next proposition are very useful. You are advised to learn them by
heart and draw pictures to visualize them. You also should examine closely the proof of the next
proposition. It shows how a proof which involves 3 or 4 sets can be split into easily dealt with cases.

Proposition 2.4. Let A, B, C, <) be sets such that A, B,C' C ). Then
a. (AAB)AC = AA(BAC)
b. AAN) = 0ANA = A
c. ANA =0
d AAB = BAA

Further we have the following for the intersection operation:
e. (ANB)NC = ANn(BNC)
f. AnNQ =0QnA =4
g8 ANDB = BNA

And we have the following interrelationship between A\ and N:
h. AN(BAC) = (ANB)A(ANCQC)

PROOF:

Only the proof of a is given here. It is very tedious and there is a much more elegant proof, but that
one requires knowledge of indicator functions 6 and of base 2 modular arithmetic (see, e.g., [2] B/G
(Beck/Geoghegan) ch.6.2).

®Indicator functions will be discussed in ch.3.3 on p.37 and in ch.?? on p.??.
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By definition € UAV if and only if eitherx € Uorz € V, i.e,

(either) [r e Uandz ¢ V]or [z € Vandz ¢ U |

Hence x € (AAB)AC means either x € (AAB)orx € C, ie,

either [z € A,z ¢ Borz € B,z ¢ A] orz € C,i.e., wehave one of the following four combinations:

a. z€A x¢B x¢C
b. ¢ A ze€B x2¢C
c¢. z€A xz€B ze(C
d. z¢A x¢B ze€C

and z € AA(BAC) means either z € Aorz € (BAC), i.e,
eitherx € Aor [:1: eEBx¢CorxeC,x¢ B ] ,i.e., we have one of the following four combinations:

1. z€¢A zeB zeC
2. €A z¢B z¢C
3. z¢A ze€B z¢C
4. ¢ A z¢B z€C
We have a perfect match a <+ 2, b <+ 3, ¢ <+ 1, d <+ 4. and this completes the proof of a.
[ |

Definition 2.8 (Partition). Let 2 be a set and 2 C 22. We call 2 a partition or a partitioning of (2 if

a. ANB = { for any two A, B € A such that A # B, i.e. 2 consists of mutually disjoint
subsets of (2 (see def.2.4),

b. Q= @[A:Aem}. 0

Example 2.3.

a. Forn e Zlet A, := {n}. Then A := {A, : n € Z} is a partition of Z. A is not a partition
of N because not all its members are subsets of N and it is not a partition of Q or R. The
reason: % € Q and hence % € R, but % ¢ A, for any n € Z, hence condition b of def.2.8 is
not satisfied.

b. ForneNletB, :=[n% (n+1)?[= {r€R:n?> <z < (n+1)?}. ThenB := {B, : n € N}
is a partition of [1,00[. O

Definition 2.9 (Power set). The power set
oM = {A:ACQ)

of a set (2 is the set of all its subsets. Note that many older texts also use the notation B(2) for the
power set. [

Remark 2.6. Note that () € 2 for any set 2, even if Q = (: 2 = {}. It follows that the power set of
the empty set is not empty. [J

Definition 2.10 (Size of a set).
a. Let X be a finite set, i.e., a set which only contains finitely many elements. We write | X |
for the number of its elements, and we call }X ’ the size of the set X.
b. For infinite, i.e., not finite sets Y, we define |Y| := co. O

A lot more will be said about sets once families are defined.
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2.2 Numbers

We start with an informal classification of numbers. It is not meant to be mathematically exact. We
will give exact definitions of the integers, rational numbers and real numbers in chapter ?? (The
Real Numbers).

Definition 2.11 (Integers and decimal numerals). A digit or decimal digit Is one of the numbers
0,1,2,3,4,5,6,7,8,9.

We call numbers that can be expressed as a finite string of digits, possibly preceded by a minus
sign, integers. In particular we demand that an integer can be written without a decimal point.
Examples of integers are

(2.14) 3, —29, 0, 3-10% —1, 2.9, 12345678901234567890, —2018.

Note that 3 - 105 = 3000000 is a finite string of digits and that 2.9 equals 3 (see below about the
period of a decimal numeral). We write Z for the set of all integers.

Numbers in the set N = {1, 2,3, ... } of all strictly positive integers are called natural numbers.

An integer n is an even integer if it is a multiple of 2, i.e., there exists j € Z such that n = 2j, and it
is an odd integer otherwise. One can give a strict proof that n is odd if and only if there exists j € Z
such thatn = 25 + 1.

A decimal or decimal numeral is a finite or infinite list of digits, possibly preceded by a minus sign,
which is separated into two parts by a point, the decimal point. The list to the left of the decimal
point must be finite or empty, but there may be an infinite number of digits to its right. Examples
are

(2.15) 3.0, —29.0, 0.0, —0.75, .3, 2.749, 7 = 3.141592....., —34.56.

The bar on top of the rightmost part of a decimal such as “.3” means that this part should be
repeated over and over again, i.e., .3 = 0.33333333333... and 1.234567 = 1.234567567567 . . ..

Any integer can be transformed into a decimal numeral of same value by appending the pattern
“.0” to its right. For example, the integer 27 can be written as the decimal 27.0. [

Definition 2.12 (Real numbers). We call any kind of number which can be represented as a decimal
numeral, a real number. We write R for the set of all real numbers. It follows from what was
remarked at the end of def.2.11 that integers, in particular natural numbers, are real numbers. Thus
we have the following set relations:

(2.16) NCZzCcR O

We next define rational numbers.

Definition 2.13 (Rational numbers). A number that is an integer or can be written as a fraction of
integers, i.e., as 7> where m,n € Zand n # 0, is called a rational number. We write Q for the set of
all rational numbers. [
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We next define rational numbers.

Examples of rational numbers are

3 1 9 7 13 a 2
3075, —1, .3, 7,16, 13, -5, 2.999, —372.

Note that a mathematician does not care whether a rational number is written as a fraction

numerator
denominator

or as a decimal numeral. The following all are representations of one third:

(2.17) 0.3 = .3 = 0.33333333333... = £ = =% =

(=] ]

)

and here are several equivalent ways of expressing the number minus four:

— — 0 — 12 _ 4 _ -4 _ 12 __ _ 400
(2.18) —4 = 4000 = -39 = 12 = 4 — =t - 12 _ 400

There are real numbers which cannot be expressed as integers or fractions of integers.

Definition 2.14 (Irrational numbers). We call real numbers that are not rational irrational numbers.
They hence fill the gaps that exist between the rational numbers. In fact, there is a simple way
(but not easy to prove) of characterizing irrational numbers: Rational numbers are those that can
be expressed with at most finitely many digits to the right of the decimal point, including repeating
decimals. You can find the underlying theory and exact proofs in ch.?? (Decimal Expansions of Real
and Rational Numbers). Irrational numbers must then be those with infinitely many decimal digits
without a continually repeating pattern. [

Example 2.4. To illustrate that repeating decimals are in fact rational numbers we convert z = 0.145
into a fraction:

99z =100x —z = 14.545 —0.145 = 14.4
It follows that = = 144/990, and that is certainly a fraction. [

Remark 2.7. Examples of irrational numbers are v/2 and 7. A proof that v/2 is irrational (actually
that /2 is irrational for any integer n = 2) is given in prop.?? on p.?2. O

Definition 2.15 (Types of numbers). We summarize what was said sofar about the classification of
numbers:

N:={1,2,3,...} denotes the set of natural numbers.

Z:={0,+1,£2,4£3,... } denotes the set of all integers.

Q:={n/d:n € Z,d € N} denotes the set of all rational numbers.

R := {all integers or decimal numbers with finitely or infinitely many decimal digits} de-
notes the set of all real numbers.

R\ Q = {all real numbers which cannot be written as fractions of integers} denotes the set
of all irrational numbers. There is no special symbol for irrational numbers. Example: V2
and 7 are irrational. O
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Here are some customary abbreviations of some often referenced sets of numbers:

No := Zy :=Z>¢ :={0,1,2,3,...} denotes the set of nonnegative integers,
Ri := R>p := {z € R:z 2 0} denotes the set of all nonnegative real numbers,
Rt := Ryo := {z € R: 2 > 0} denotes the set of all positive real numbers,

Ry = {r€R:z#0}. O

Definition 2.16 (Intervals of Numbers 7 ). We use the following notation for intervals of real num-
bers a and b:

[a,b] := {z € R:a < z < b} is called the closed interval with endpoints a and b.

la,b[ ;= {x € R:a < x < b} is called the open interval with endpoints a and b.

[a,b] ;= {r € R:a < x < b}and ]a,b] := {x € R: a < z < b} are called half-open intervals with
endpoints a and b.

The symbol “o0” stands for an object which itself is not a number but is larger than any (real)
number, and the symbol “—o00” stands for an object which itself is not a number but is smaller than
any number. We thus have —oo < 2 < oo for any number z. This allows us to define the following
intervals of “infinite length”:

|—o0,al :={z €eR:x=<a}, | —o0,a[:={zr €R:x<a}l,

2.19
@19) Ja,o0[:=={zx € R:x >a}, [a,00[:={x €R:x=a}, |—o0,00[:=R
Finally we define [a, b] := |a,b[ :=]a,b] := @ fora = band [a,b] := O fora >b. O

Notations 2.1 (Notation Alert for intervals of integers or rational numbers).

It is at times convenient to also use the notation [...], |...[, [...[, |...], for intervals of
integers or rational numbers. We will subscript them with Z or Q. For example,

[3,n]NZ = {keZ:3<k<n),
|—00,7]NZ = {k€Z:k<T} = Z<y,

Ja,b[NQ = {¢€Q:a < q<b}.

An interval which is not subscripted always means an interval of real numbers, but we
will occasionally write, e.g., [a,b]r rather than [a, b], if the focus is on integers or rational
numbers and an explicit subscript helps to avoid confusion. [

Definition 2.17 (Absolute value, positive and negative part). For a real number x we define its

ifx >0,
absolute value: |z| = v 1 T=
—x ifz <0.
z ifz =0
ositive part: "7 = max(z,0) = =7
P P (,0) {O ifz < 0.
ti ¢ _ (—2,0) —z ifx 20,
negative part: 1~ = max(—z,0) = '
8 P 0 ifz > 0.

"The following will be generalized in def.?? on p.?? to so called ordered integral domains.
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If f is a real-valued function then we define the functions | f|, /T, f~ argument by argument:
fl@) = 1f @] ) = (f@)7 @)= (f@). O

For completeness we also give the definitions of min and max.

Definition 2.18 (Minimum and maximum). For two real number z, y we define

. v ifx 2y,
maximum: zVy = max(z,y) =

y ifx <.

. . y ifx =y,
minimum: 2z Ay = min(z,y) = .

x ifzx <.

If f and g is are real-valued function then we define the functions f V ¢ = max(f,g)and f A g =
min(f, g) argument by argument:

fvg(@) = fz)Vg(x) = max (f(z),9(x)), fAglx) = f(z)Ag(z) = min(f(z),g(z)). O

Remark 2.8. You are advised to compute |z|,z", 2~ for z = —5,2 = 5,2 = 0 and convince yourself
that the following is true:

JI:1U+

lz| =21 + 27,

Thus any real-valued function f satisfies
f=r-1r,
fl=r"+1,

Get a feeling for the above by drawing the graphs of |f|, fT, f~ for the functon f(z) = 2z. O

Remark 2.9. For any real number x we have
(2.20) Va2 = |z|. O
Assumption 2.1 (Square roots are always assumed nonnegative). Remember that for any number

a it is true that
a-a = (—a)(—a) = a? eg., 22=(-2?%=4,

or that, expressed in form of square roots, for any number b = 0

(+VO)(+Vb) = (=Vb)(~Vb) =b.

We will always assume that “v/b” is the positive value unless the opposite is explicitly
stated.

Example: V9 =+43,not—3. O
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Proposition 2.5 (The Triangle Inequality for real numbers). The following inequality is used all
the time in mathematical analysis to show that the size of a certain expression is limited from above:

(2.21) Triangle Inequality : |a + b| < |a| + |b]

This inequality is true for any two real numbers a and b.

PROOF:

It is easy to prove this: just look separately at the three cases where both numbers are nonnegative,
both are negative or where one of each is positive and negative. W

2.3 A First Look at Functions and Sequences

The material on functions presented in this section will be discussed again and in greater detail in
chapter ?? (Functions and Relations) on p.?2.

Introduction 2.3. You are familiar with functions from calculus. Examples are fi(z) = /z and
fo(z,y) = In(zx — y). Sometimes f;(x) means the entire graph, i.e., the entire collection of pairs
(z,/z) and sometimes it just refers to the function value /z for a “fixed but arbitrary” number z.
In case of the function f>(x): Sometimes f>(x, y) means the entire graph, i.e., the entire collection of
pairs ((z,y),In(z — y)) in the plane. At other times this expression just refers to the function value
In(x — y) for a pair of “fixed but arbitrary” numbers (z,y).

To obtain a usable definition of a function there are several things to consider. In the following
fi(z) and fa(x,y) again denote the functions fi(z) = /x and fa(z,y) = In(z — y).

a. The source of all allowable arguments (z—values in case of f(z) and (z, y)-values in case
of fa(x,y)) will be called the domain of the function. The domain is explicitly specified
as part of a function definition and it may be chosen for whatever reason to be only
a subset of all arguments for which the function value is a valid expression. In case
of the function f;(z) this means that the domain must be restricted to a subset of the
interval [0, oo because the square root of a negative number cannot be taken. In case of
the function f>(z,y) this means that the domain must be restricted to a subset of { (z,y) :
x,y € Rand z —y > 0} because logarithms are only defined for strictly positive numbers.

b. The set to which all possible function values belong will be called the codomain of the

function. As is the case for the domain, the codomain also is explicitly specified as part
of a function definition. It may be chosen as any superset of the set of all function values
for which the argument belongs to the domain of the function.
For the function fi(x) this means that we are OK if the codomain is a superset of the
interval [0, oo[. Such a set is big enough because square roots are never negative. It is OK
to specify the interval | — 3.5, 00| or even the set R of all real numbers as the codomain. In
case of the function fa(x,y) this means that we are OK if the codomain contains R. Not
that it would make a lot of sense, but the set R U { all inhabitants of Chicago } also is an
acceptable choice for the codomain.
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c. A function y = f(z) is not necessarily something that maps (assigns) numbers or pairs
of numbers to numbers. Rather domain and codomain can be a very different kind of
animal. In chapter ?? on logic you will learn about statement functions A(x) which assign
arguments = from some set %, called the universe of discourse, to statements A(z), i.e.,
sentences that are either true or false.

d. Considering all that was said so far one can think of the graph of a function f(z) with
domain D and codomain C (see earlier in this note) as the set

Iy :={(z, f(z)) : 2 € D}.

Alternatively one can characterize this function by the assignment rule which specifies
how f(x) depends on any given argument z € D. We write “x — f(z)” to indicate this.
You can also write instead f(x) = whatever the actual function value will be.

This is possible if one does not write about functions in general but about specific func-
tions such as fi(z) = v/z and fa(z,y) = In(x — y). We further write

f:C—D

as a short way of saying that the function f(z) has domain C' and codomain D.

In case of the function fi(x) = /= for which we might choose the interval X :=[2.5,7]
as the domain (small enough because X C [0,00[) and Y := |1, 3] as the codomain (big
enough because 1 < \/z < 3 for any « € X) we specify this function as

either f1:[25,7] =]1,3; z—+x or f1:[257]—=]L3 f(z)=+ =

Let us choose U := {(z,y) : z,y € Rand 1 = z < 10 and y < —2} as the domain
and V' := [0, oo[ as the codomain for fa(x,y) = In(z — y). These choices are OK because
x —y 2 1forany (x,y) € U and hence in(x —y) = 0, i.e., fa(z,y) € V forall (z,y € U.
We specify this function as

either fo: U =V, (z,y)— In(z—y) or fo:U—=V, f(z,y)=Ih(z—-y). O

We incorporate what we noted above into this definition of a function.

Definition 2.19 (Function).
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A function f consists of two nonempty sets X and Y and an assignment rule = — f(x)
which assigns any 2 € X uniquely to some y € Y. We write f(x) for this assigned value
and call it the function value of the argument z. X is called the domain and Y is called
the codomain of f. We write

(2.22) f:X-=Y, x — f(x).

We read “a — b” as “a is assigned to b” or “a maps to b” and refer to — as the maps to
operator or assignment operator. The graph of such a function is the collection of pairs

(2.23) Iy = {(z,f(z)):x € X}. O

Remark 2.10. The name given to the argument variable is irrelevant. Let f1, fo, X,Y,U,V be as
defined in d of the introduction to ch.2.3 (A First Look at Functions and Sequences). The function

g :X =Y, p—p
is identical to the function f;. The function
g2:U =V, (t,8) — In(t —s)
is identical to the function f5 and so is the function
g3:U—=V, (s, t)—In(s—t).

The last example illustrates the fact that you can swap function names as long as you do it consis-
tently in all places. [J

We all know what it means that f(z) = v/ has the function g(z) = z? as its inverse function: f and
f~! cancel each other, i.e.,

Definition 2.20 (Inverse function).

Given are two nonempty sets X and Y and a function f : X — Y with domain X and
codomain Y. We say that f has an inverse function if it satisfies all of the following condi-
tions which uniquely determine this inverse function, so that we are justified to give it the
symbol f~1:

a. f7':Y — X,ie, f~! has domain Y and codomain X.

b. f7'(f(z)) = zforallz € X,and f(f *(y)) = yforallycY. O

You may recall that a function f has an inverse f~! if and only if f is “onto” or surjective: for each
y € Y there is at least one x € X such that f(z) = y, and if f is “one-one” or injective: for each
y € Y there is at most one = € X such that f(z) = y.

20 Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

Example 2.5. Be sure you understand the following;:
a. f:R—R; z — ¢® doesnot have an inverse f~!(y) = In(y) since its domain would have
to be the codomain R of f and In(y) is not defined for y < 0.
b. ¢g:R—]0,00[; * — €” has the inverse 7! :]0,00[ = R; ¢~ !(y) = In(y) since

Domg-1 = Cod, =10, 00, Cody— = Domy =R,

W) =y for 0 < y < oo, In(e”) =xforallz e R. O

2.4 Cartesian Products

We next define cartesian products of sets. ® Those mathematical objects generalize rectangles
[a1,b1] X [az,b2] = {(z,y) :z,y €R,a1 Sz <byand az < y < by}
and quads
[a1, b1] % [az, ba] x [ag, bs] = {(#,y,2) : #,y,2 €R, a1 Sw S b,aa SySbyandag < 2 S b3}
Definition 2.21 (Cartesian Product). Let X and Y be two sets The set

(2.24) XxY ={(z,y):x e X,y Y}

is called the cartesian product of X and Y.
Note that the order is important: (z,y) and (y, x) are different unless z = y.
We write X? as an abbreviation forX x X.

This definition generalizes to more than two sets as follows: Let X, X», ..., X,, be sets. The set
(2.25) X1 xXo---x Xy i={(x1,22,...,25) 1 xj € Xjforeachj =1,2,...n}

is called the cartesian product of X, X»,..., X,,.
We write X™ as an abbreviation forX x X x --- x X. O

Example 2.6. The graph I'; of a function with domain X and codomain Y (see def.2.23) is a subset
of the cartesian product X x Y. O

Example 2.7. The domains given in a and d of the introduction to ch.2.3 (A First Look at Functions
and Sequences) are subsets of the cartesian product

R2 = RxR = {(z,9):z,y €R} O

8See ch.?? (Cartesian Products and Relations) on p.?? for the real thing and examples.
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2.5 Sequences and Families

We now briefly discuss (infinite) sequences, subsequences, finite sequences and families.

Definition 2.22. Let n, be an integer and let let there be an item «; for each integer j = n, Such an
item can be a number or a set (the only items we are looking at for now). In other words, we have
an item z; assigned to each j € [n,,00[z. We write (2p)n>p, OF (25)52,,, OF Zn,, Tn,\ys Tn, s - - - fOI
such a collection of items and we call it a sequence with start index n,.

For example if uy, = k? for k € Z then then (ur)>_2 is the sequence of integers 4, 1,0, 1,4,9, 16, . . ..

The second example is a sequence of sets. If A; = [-1 — %, 1+ %] ={reR:-1- % Sz<1+ %}
then (A;),>3 is the sequence of intervals (of real numbers) [—3, 3], [-2,2], [-5,5],....

One can think of a sequence (z;);>,, in terms of the assignment i — z; and this sequence can then
be interpreted as the function

x : [y, 00[z —> suitable codomain; i+ (i) := x;,

where that “suitable codomain” depends on the nature of the items x;. In example 1 (uy = k2 for
k € Z) we could chose Z as that codomain, in example 2 (4; = [-1 — %, 1+ %]) we could choose 2R,

the power set of R.

We will occasionally also admit an “ending index” n* instead of oo, i.e., there will be an indexed

item z; for each j € [n,,n*]z. We then talk of a finite sequence, and we write (), <,<p+ OF

(azj);-‘;n* Of Ty, ,Tn, ,,---,%n for such a finite collection of items. If we refer to a sequence (z,,),
o

without qualifying it as finite then we imply that we deal with an infinite sequence, (x,);>,, .

If one pares down the full set of indices {n., n, + 1, n, +2,...} to a subset {n;, n2, ns,...} such
that n, < n; < ng < ng < ... then we call the corresponding thinned out sequence (z, j)jeN a
subsequence of the sequence (z,,),>,.-

If this subset of indices is finite, i.e., we have n, < n; < ne < --- < ng for some suitable K € N

then we call (2, )]K:1 a finite subsequence of the original sequence. [J

We will later define a stochastic process as a “family” (Z;).cr where I is an interval of real numbers
and each indexed item Z; is a random variable. Typical choices for I would be

I = [0,T](whereT >0), I = [0,00[, I = [to,T](Where0=t=T), ...

Here is the formal definition of a family.

Definition 2.23 (Indexed families). Let J and X be nonempty set and assume that

for each j € J there exists exactly one indexed item z; € X.

a. (xj)jeyis called an indexed family or simply a family in X.
b. Jis called the index set of the family.
c. Foreach e J, z,is called a member of the family (z;);c;. O

Some remarks:
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e A family is completely defined by the assignment j +— z;. In that sense a family behaves
like a function
F:J—X, g F(j) :==x;.

e jisadummy variable: (z;);cs and (zj)kres describe the same family as long as j — x; and
k — x}, describe the same assignment.
e Sequences (z,) : n € N are families with index set N.

2.6 Proofs by Induction and Definitions by Recursion

Introduction 2.4. The integers have a property which makes them fundamentally different from
the rational numbers (fractions) and the real numbers: Given any two integers m < n, there are
only finitely many integers between m and n. To be precise, there are exactly n —m — 1 of them. For
example, there are only 4 integers between 12 and 17: the numbers 13, 14, 15, 16. °

Therefore, given an integer n, we have the concept of its predecessor, n — 1, and its successor,
n + 1. This has some profound consequences. If we know what to do for a certain starting number
ko € Z (we call this number the base case), and if we can figure out for each integer k = ko what to
do for k + 1 if only we know what to do for &, then we know what to do for any k£ = ky! O

We make use of the above when defining a sequence by recursion. Here is a simple example.

Example 2.8. Let kg = —2, x, = 5 (base case), and z;+1 = z + 3 (i.e., we know how to obtain x4
just from the knowledge of ), then we know how to build the entire sequence

T o=br 1= 9+4+3=8 zg=x1+3=11, 21 =29+3 =14, ...,

The equation zj4; = x; + 3 which tells us how to obtain the next item from the given one is the
recurrence relation for that recursive definition. [J

n n
Example 2.9. Given is a sequence of sets A;, Ay, .... Forn € N we define |J A; and () A; recur-
j=1 j=1

sively as follows. 1

1 n+1 n

(2.26) U4 = A, U4 = (UA4)Udnn,
j=1 j=1 j=1
1 n+1 n

(2.27) N4 = A, N 45 = (N 45) N 4w
j=1 j=1 j=1

n n 4
this tells us the meaning of |J A; and () A; for any natural number n. For example, () A4; is
j=1 j=1 i=1

?All of this will be made mathematically precise in ch.?? on p.??2.
1% An “official” definition for unions and intersections of arbitrarily many sets (not just for finitely many) will be given
in def.3.2 on p.32.
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computed as follows.

A:Ah

-
£

<
Il
—

DL
i’?

<
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(ﬂAJ>ﬂA2 — AN A,
(
(

Remark 2.11. The discrete structure of the integers can also be used as a means to prove a collection
of mathematical statements P(ko), P(ko+1), P(ko+2), ... whichis defined for all integers k, starting
at ko € Z. Each P(k) might be an equation or an inequality for two numeric expressions that depend
on k. It could also be a relation between sets or it could be something entirely different. For example,

—_

e
>
I

>ﬁA3 = (AlﬂAQ)ﬂAg,

<
Il
-

NEDE
>
[

>ﬂA4 = ((AlﬁAQ)ﬁAg)ﬂA4. [l

n
n

<
Il
-

k k
P(k) could be the statement ( U Aj) N B = | (4;NB). An extremely important tool for proofs
j=1 j=1

of this kind is the following principle. Its mathematical justification will be given later in thm.?? on
p-?2.

Principle of Mathematical Induction
Assume that for each integer k = ko there is an associated statement P(k) such that the
following is valid:

A. Base case. The statement P(ky) is true.

B. Induction Step. For each k = k( we have the following: Assuming that P(k) is
true (“Induction Assumption”), it can be shown that P(k + 1)
also is true.

It then follows that P(k) is true for each k = k.

Here is an example which generalizes prop.2.2 on p.11.

Proposition 2.6 (Distributivity of unions and intersections for finitely many sets). Let Ay, Ao, ... and
B be sets. If n € N then

(2.28) (CJAj)ﬂB:OAﬂB
=1 =1

(2.29) ((n]Aj)uB_(n]AuB
=1 j=1

PROQF: We only prove (2.28), and this will be done by induction on n, i.e., the number of sets A;.
The proof of (2.29) is left as exercise 2.11
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1 1

A. Base case: kg = 1. The statement P(1) is (2.28) for n = 1: ( U Aj> NB = |J(4;NB). We must
j=1 j=1

prove that P(1) is true. According to our recursive definition of finite unions which was given in

example 2.8 this is the same as (4;) N B = (4; N B), and this is a true statement. We have proven

the base case.
B. Induction step:

(2.30) Induction assumption: P (k) : ( Aj> NB = U (A; N B) is true for some k = 1.

k k
‘7:

1 j=1
Under this assumption

k+1 k+1
(2.31) we must prove the truth of P(k + 1) : ( U Aj) NB = U (A; N B).

The trick is to manipulate P(k + 1) in a way that allows us to “plug in” the induction assumption.
For (2.31) one way to do this is to take the left-hand side and transform it repeatedly until we end
up with the right-hand side, and doing so in such a manner that (2.30) will be used at some point.

k+1 k
( U Aj) nNB = (( U Aj) UAnH) nB we used (2.26)
j=1 g=1
k
= (( U A]’) N B) U (An+1 N B) we used (2.11) on p. 11
j=1
k
= UA;NnB)U (4,41 NB) we used the induction assumption!
=1
k+1
= U(4;nB) we used (2.26)
j=1

We have managed to establish the truth of P(k + 1), and this concludes the proof.

Epilogue: It is crucial that you understand in what way the induction assumption was used to get
from the left-hand side of (2.31) to the right-hand side, and that you first had to find a base from
which to proceed by proving the base case. W

Proposition 2.7 (The Triangle Inequality for n real numbers). Let n € N such that n = 2. Let
ai,as,...,a, € N. Then

(2.32) lar + a2+ ...+ an| = |a1] + |az] + ...+ |an]

PROOF: Note that this proposition generalizes prop.2.5 on p.18 from 2 terms to n terms. The proof
will be done by induction on 7, the number of terms in the sum.

A. Base case: For kg = 2, inequality 2.32 was already shown (see (2.21) on p.18).

B. Induction step: Let us assume that 2.32 is true for some k = 2. This is our induction assumption.
We now must prove the inequality for k£ + 1 terms a1, as, ..., ax, ax+1 € N. We abbreviate

A= a+a+... +ag B = |a1| + |az| + ... + |ak]

then our induction assumption for k numbers is that |A| £ B. We know from (2.21) that the triangle
inequality is valid for the two terms A and aj.1. It follows that |A+ay11| < |A|+|ag+1|- We combine
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those two inequalities and obtain

(2.33) [A+ara| = A+ |aga| S B+ |agq]

In other words,

(2.34) (a1 4+ az + ...+ ap) + ap1| £ B+ lapa| = (Jar| + lag| + ... + |ag|) + |ag+1],

and this is (2.32) for k + 1 rather than £ numbers: We have shown the validity of the triangle
inequality for k£ + 1 items under the assumption that it is valid for £ items. It follows from the
induction principle that the inequality is valid forany k = ko =2. W

To summarize what we did in all of part B: We were able to show the validity of the triangle in-
equality for £ 4+ 1 numbers under the assumption that it was valid for £ numbers.

Remark 2.12 (Why induction works). But how can we from all of the above conclude that the
distributivity formulas of prop.2.6 and the triangle inequality of prop.2.7 work for all n € N such
that n 2 ko? We illustrate this for the triangle inequality.

Step 1: We know that the statement is true for ky = 2 because that was proven in the base
case.

Step 2: But according to the induction step, if it is true for ko = 2, it is also true
for the successor kg + 1 = 3 of 2.

Step 3: But according to the induction step, if it is true for ko + 1, it is also true
for the successor (ko + 1) +1 = 4 of ko + 1.

Step 4: But according to the induction step, if it is true for kg + 2, it is also true

for the successor (ko +2)+1 =5 of kg + 2.
Step 53,920: But according to the induction step, if it is true for ky + 53, 918, it is also true
for the successor (ko + 53,918) + 1 = 53,921 of ko + 53, 918.

And now we see why the statement is true for any natural number n = ky. O

2.7 Some Preliminaries From Calculus

Remark 2.13. To understand this remark you need to be familiar with the concepts of continuity,
differentiability and antiderivatives (integrals) of functions of a single variable. Just skip the parts
where you lack the background.

The following is known from calculus (see [5] Stewart, J: Single Variable Calculus): Let a € RU{—o00}
and b € RU {oo} and let X :=|a, b[ be the open (end points a, b are excluded) interval of all real
numbers between a and b. Let =y €]a, b be “fixed but arbitrary”.

Let f : ]a, b[— R be a function which is continuous on |a, b|. Then

B
a. fisintegrable for any «, 8 € Rsuch thata < a < 8 < b, i.e., the definite integral [ f(u)du

exists. For a definition of integrability see, e.g., [5] Stewart, J: Single Variable Calaculus.
B B
(Fw) + g)du = [ fadu + [ gy,

B g
and you also can “pull out” constant A € R: / Af(u)du = X / f(u)du.

«

b. Integrationis “linear”,i.e., itis additive: /

«

26 Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

c. Integration is “monotonic”:

If f(x) < g(z) forall @ < = < § then /ﬁ (f(u))du < /5 g(u)du.

(0% [0
d. fhasan antiderivative: There exists a function F : ]a, b[— R whose derivative F'(-) exists

on all of ]a, b[ and coincides with f, i.e., F'(z) = f(x) for all 2 €]a, b|.

B
e. This antiderivative satisfies F'(5) — F'(a) = / f(u)du foralla < o < f < band itis

not uniquely defined: If C' € R then F'(-) + C is also an antiderivative of f.

On the other hand, if both F} and F; are antiderivatives for f then their difference G(-) :=
F5(-)—Fi(-) has the derivative G'(-) = f(-)— f(-) which is constant zero on a, b[. It follows
that any two antiderivatives only differ by a constant.

To summarize the above: If we have one antiderivative F of f then any other antideriva-
tive F is of the form F(-) = F(-) 4+ C for some real number C.

This fact is commonly expressed by writing / f(x)dx = F(x)+ C for the indefinite

integral (an integral without integration bounds).

f. It follows from e that if some ¢y € R is given then there is only one antiderivative F' such
that F(l’o) = Cp.
Here is a quick proof: Let G be another antiderivative of f such that G(zg) = ¢y. Because
G — F is constant we have for all z €]a, b] that

G(z) — F(z) = const = G(z9) — F(z9) = 0,

ie,G=F. O

2.8 Convexity |[*

Note that this chapter is starred, hence optional.

Definition 2.24 (Concave-up and convex functions). Let —oo =< o« < § < oo and let I := |a, 5[ be
the open interval of real numbers with endpoints o and 3. Let f : I — R.
a. The epigraph of f is the set epi(f) := {(x1,22) € I x R: z2 2 f(z1)} of all points in the
plane that lie above the graph of f.
b. fis convex if for any two vectors @, b € epi(f) the entire line segment
S:={Ad+ (1 —A)b}:0=< A< 1is contained in epi( f).
c. Let f be differentiable at all points € I. Then f is concave-up, if the function
e fl(x) = %(m) is nondecreasing. [J

Proposition 2.8 (Convexity criterion). f is convex if and only if the following is true: For any
a<aZlxzg<b<p

let S(xq) be the unique number such that the point (xq, S(xo)) is on the line segment that connects the points

0
(a, f(a)) and (b, f(b)). Then
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Note that any xo between a and b can be written as o = Aa + (1 — A\)b for some 0 = X\ < 1 and that
the corresponding y-coordinate S(xo) = S(Aa + (1 — \)b) on the line segment that connects (a, f(a)) and
(b, (b)) then is S(Aa + (1 — X\)b) = Af(a) + (1 — X) f(b). Hence we can rephrase the above as follows:

[f is convex if and only if for any a < b such that a,b € I and 0 = X\ < 1 it is true that
(2.36) fAa+ (1 =X)b) = Af(a)+ (1= X)f(b).

PROOF of “=": Any line segment S that connects the points (a, f(a)) and (b, f(b)) in such a way
that S is entirely contained in the epigraph of f will satisfy (zo, S(x0)) € epi(f) and hence f(zg) <
S(zo) forall a < zp < b. It follows that convexity of f implies (2.35).

PROOF of “<": Let (2.35) be valid for all a,b € I. Let @ = (a1, a2),b = (b1,bs) € epi(f). Then
(2.37) az 2 f(a1) and by = f(b1).

We must show that the entire line segment S := {\a + (1 — A)b} : 0 < X < 1is contained in epi(f).

Let @ := (a1, f(a1)). Let S’ := {A\@ + (1 — \)b : 0 < X\ < 1} be the line segment obtained by leaving
the right endpoint b unchanged and pushing the left one downward until ay matches f(a;). Clearly,
S’ nowhere exceeds S.

Let 0 := (by, f(b1)). Let §” := {\@ + (1 — A0’ : 0 < X\ < 1} be the line segment obtained by leaving
the left endpoint @’ unchanged and pushing the right one downward until the b, matches f(b;).
Clearly, S” nowhere exceeds 5’

We view any line segment 7" between two points with abscissas a; and b; as a function 7'(-) :
[a1,b1] — R which assigns to @ € [a1, b1] that unique value T'(z) for which the point (z,T(z)) lies
onT.

The segment S” connects the points (a, f(a)) and (b, f(b)) and it follows from assumption b that for
any a < z9 < bwe have f(zg) < 5”(x). We conclude from S(-) = S’(-) = S”() that S(z¢) = f(x0),
ie. (xo,5(x0)) € epi(f). As this is true for any a < zp < b it follows that the line segment S is
entirely contained in the epigraph of f. W

Proposition 2.9 (Convex vs concave-up). Let f : R — R be concave-up. Then f is convex.

PROOF: Assume to the contrary that f is (differentiable and) concave-up and that there are
a,b,xg € I suchthat a < zg <b and f(xg) > S(x0). Here S(zp) denotes the unique number such
that the point (zg, S(zo)) is on the line segment that connects the points (a, f(a)) and (b, f(b)).

Let m be the slope of the linear function S(-) :  — S(z), i.e.,

It follows that

_ S(b) — S(xo) . S(b) — f(zo)  f(b) — f(z0)

2.38 =
( ) b—xo b—xo b—xo

= f'(¢)
for some zp < £ < b (according to the mean value theorem for derivatives). Further

(2.39) m = S(xo) — S(a) < f(zo) — S(a) _ f(zo) — f(a) _ fl(Tl)

To—a Ty —a To—a
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for some a < n < xg (according to the mean value theorem for derivatives).
Because [ is concave up we have

flla) = fi(n) =
From (2.38) and (2.39) we obtain

m < fl(n) £ fl(xo)

and we have reached a contradiction. W

f'(v).

IA
~
P
8
N
IIA
=
™
S—
IIA

A
=
o™
A
3

Proposition 2.10 (Sublinear functions are convex). Let f : R — R be sublinear. Then f is convex.
PROOF: Let 0 < A < 1land z,y € R. Then

(2.40) p(Az+ (1 =A)y) =p(Az) + p((1 = A)y) = Ap(z) + (1= A)p(y).

It follows from prop.2.8 that f is concave-up. B

2.9 Exercises for Ch.2

2.9.1 Exercises for Sets
Exercise 2.1. Prove (2.12) of prop.2.2 on p.11.
Exercise 2.2. Prove the set identities of prop.2.1.

Exercise 2.3. Prove that for any three sets A, B, C'itis true that (A\ B) \C = A\ (BUC().
Hint: use De Morgan’s formula (2.13.a). W

Exercise 2.4. Let X = {z,y, {z}, {z,y} }. True or false?

a.{r}eX c{{z}}eX eyeX g {yteX
b.{z}CX d{{z}}CX fyCX h{yCcX O

For the subsequent exercises refer to example ?? for the definition of the size |A| of a set A and to
def.?? (Cartesian Product of Two Sets) for the definition of Cartesian product. You find both in ch.??
(Cartesian Products and Relations) on p.??

Exercise 2.5. Find the size of each of the following sets:

a. A= {x,y, {z}, {z,y} } < C= {u,v,v,v,u} e. E= {sin(kn/2): k € Z}

b. B = {1, {0}, {1} } d.D={32-10:2€2} £ F= {rz:z€R} 0
Exercise 2.6. Let X = {z,y,{z},{z,y} } and Y = {z, {y} }. True or false?

a.rzeXNY creXUY exzeX\Y g arzxeXAY
b.{y}eXNY d{yteXUY £ {yteX\Y h{y}eXAY O

Exercise 2.7. Let X = {1,2,3,4} and letY = {z,y}.

a. Whatis X x Y? ¢ Whatis |[X xYV[? eIs(z,3) e X xY? gIs3-z€ X xY?
b. Whatis Y x X? d. Whatis |X xY|? £Is(z,3) €Y xX? h.Is2-yeY x X? O
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Exercise 2.8. Let X = {8}. Whatis 2(2")?

Exercise 2.9. Let A = {1,{1,2},2,3,4} and B = {{2,3},3,{4},5}. Compute the following.
a.ANB b.AUB ¢ A\B d.B\A e AAB O

Exercise 2.10. Let A, X be sets such that A C X and let z € X. Prove the following:

a. IfzreAthen A = (A\{a}) W {a}.
b. Ifzx ¢ Athen A = (Aw{a})\ {a}.
g

2.9.2 Exercises for Proofs by Induction

Exercise 2.11. Use induction on n to prove (2.29) of prop.2.6 on p.24 of this document: Let Ay, Ay, ...
n

and B be sets. If n € N then ( N Aj) UB = (4 UB). O
j=1 j=1

Exercise 2.12. 1!
Let K € N such that K =2 2and n € Z>(. Prove that K" > n. O

Exercise 2.13. Let n € N. Then n? + n is even, i.e., this expression is an integer multiple of 2. [

PROOF: ’The proof is given in this instructor’s edition.

The proof is done by induction on n.
The base case (ng = 1) holds because 12 + 1 = 2, and this is an even number.
Induction step: Let k € N.

(2.41) Induction assumption: k% + kis even, i.e., k? + k = 2j for some suitable j € Z.

We must show that there exists j’ € Z such that (k + 1)? + k + 1 = 25'. We have

(k+12+k+1 =k2+2k+1+k+1 = (B2 +k) +20k+1) 2 25 420k +1).

Let j/ :=j+ k + 1. Then (k + 1)® + k + 1 = 2j’ and this finishes the proof. W

Exercise 2.14. Use the result from exercise 2.13 above to prove by induction that n®+5n is an integer
multiple of 6 foralln € N. [

PROOF: ’The proof is given in this instructor’s edition.

The proof is done by induction on n.
The base case (ng = 1) holds because 1> +5 =6 =1 - 6.
Induction step: Let k € N.

(2.42)
Induction assumption: &® + 5k is an integer multiple of 6, i.e., k* 4 5k = 6; for some j € Z.

""Note that this exercise generalizes B/G prop.7.1: If n € N then n < 10™. Also note that if you allow K to be a real
number rather than an integer then it will not be true for all K > 1and n € Z>(. For example K™ > n is false for K = 1.4
and n = 2 (but itis true for K = 1.5 and n = 2).
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We must show that there exists j' € Z such that (k + 1)3 + 5(k + 1) = 65’. We know frome exercise
213 that 3(k? + k) = 3 - 2 - i for a suitable i € Z, hence

(k+12+5(k+1) =k>+3k* +3k+1+5k+5 = (k> +5k) +3(k* + k) +6

= (K° + 5k) + 6i + 6 22

6(j +i+1).
Letj’ := j+i+ 1. Then (k + 1)3 + 5(k + 1) = 65" and this finishes the proof. W

Exercise 2.15. Let 21 = 1 and 2,11 = x5, + 2n + 1. Prove by induction that z,, = n?foralln € N. O
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3 More on Sets and Functions

3.1 More on Set Operations

We will not deal with limits of sequences of sets except for the following since it is so suggestive.

Definition 3.1 (Notation for limits of monotone sequences of sets).

Let (A,,) be a nondecreasing sequence of sets,i.e., Ay C Ay C ... and let A :=J, An.
Further let B,, be a nonincreasing sequence of sets,i.e., B O By O ... and let B := (), By,.
We write suggestively

AntA(n — o0), A = lim A,, B,|!B(n—o), B = lim B, O
n—o0

n—o0

We adopt the following convention.

Let € be a set of sets, e.g., € is a subset of the powerset 2 of a set (2. Then a phrase such as
e “LetU, 1in ¢” is shorthand notation for
“Let U, C € (n € N)” be a nondecreasing sequence.”

e “LetU, | in ¢” is shorthand notation for
“Let U, C € (n € N)” be a nonincreasing sequence.”

Definition 3.2 (Arbitrary unions and intersections). Let J be a nonempty set and let (A;);c; be a
family of sets. We define

(3.1) UAi = U[Ai:ief] = {z:2 € A, for some ig € I},
i€l

(32) (A == )[4i:i€I] := {x:a € A foreachip € I}.
i€l

We call U A; the union and m A; the intersection of the family (4;)ics

i€l i€l
It is convenient to allow unions and intersections for the empty index set J = (). For intersections
this requires the existence of a universal set 2. We define

(3.3) U4 =0, (4 =29 0O

i€l 1€0

Note that any statement concerning arbitrary families of sets such as the definition above

covers finite lists Aq, Ag,..., A, of sets (J = {1,2,...,n} ) and also sequences A;, As, ...,
of sets (J = N).

We give some examples of non-finite unions and intersections.

Example 3.1. For any set A we have A = U {a}. According to (3.3) this also is true if A = (. O
acA
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The following trivial lemma is useful if you need to prove statements of the form A C Bor A = B
for sets A and B. Be sure to understand what it means if you choose J = {1,2} (draw one or two
Venn diagrams).

Lemma 3.1 (Inclusion lemma). Let .J be an arbitrary, nonempty index set. Let U, X;,Y, Z;, W (j € J) be
setssuchthat U C X; CY C Z; CW forall j € J. Then

(34) vcx;cyclUz cw
JjeJ jeJ

PROOF: Draw pictures! W

Definition 3.3 (Disjoint families). Let ./ be a nonempty set. We call a family of sets (A4;);c; a mutu-
ally disjoint family if for any two different indices i, j € J it is true that A, N A; = 0), i.e., if any two
sets in that family with different indices are mutually disjoint. [

Definition 3.4 (Partition). Let 2 C 2. We call 2l a partition or a partitioning of (2 if
a. ANB = foranytwo A, B € Asuchthat A # B, b.Q = H[4:4e).

We reformulate the above for arbitrary families and hence finite collections and sequences of subsets
of : Let J be an arbitrary nonempty set, let (A;) jc; be a family of subsets of (2.

We call (A;), e a partition of € if it is a mutually disjoint family which satisfies
0 = L—_I—J[Aj:jeJ},

in other words, if A := {A; : j € J} is a partition of Q.
Note that duplicate nonempty sets cannot occur in a disjoint family of sets because otherwise the
condition of mutual disjointness does not hold. [

Example 3.2. Here are some examples of partitions.
a. For any set Q2 the collection { {w} : w € Q} is a partition of (2.

b. The empty set is a partition of the empty set and it is its only partition. Do you see that this is a
special case of a?

c. This is important for stochastic processes. Let
o <t1 < - <th_1 <1pn

be a list of real numbers. It lets us create a variety of partitions. Here are four possibilities.

o [to,t1], [t1,t2[, - .-, [tn—1,tn] partitions [to, t,],

L] ]to, tl], ]tl, tg], s ]tn 1,1t ] partitions ]to, tn],

o [th tl[a [tly t2[7 ) [tn 2; [ [tn 1 tn] partitions [t07 tn]/
[ ) [t(), tl[, [tl, tg[, s [tn 1, [ [tn, OO[ partitions [to, OO[

g
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Theorem 3.1 (De Morgan’s Law). Let there be a universal set §2 (see (2.6) on p.10). Then the following
“duality principle” holds for any indexed family (An)acr Of sets:

(3.5) a. (LaJAa)E = QAE b. ((4a)" = QAE

«

To put this in words, the complement of an arbitrary union is the intersection of the complements, and the
complement of an arbitrary intersection is the union of the complements.

PROQOF: |[[% | Left as an exercise. W

The following generalizes prop.2.6 (Distributivity of unions and intersections for finitely many sets)

Proposition 3.1 (Distributivity of unions and intersections). Let (A;)icr be an arbitrary family of sets
and let B be a set. Then

(3.6) U®Bna) =Bnl A4,
i€l el
3.7) ((Bu4) =BU() A4
i€l el
PROOF: W

Proposition 3.2 (Rewrite unions as disjoint unions). Let (A;);en be a sequence of sets which all are
contained within the universal set §). Let

By = |JA; = A1 UAU---UA, (neN),
j=1
Cl = A1 = Bl, Cn+1 = An+1\Bn (nE N)

Then
a. The sequence (By); is increasing: m < n = By, C By,
Foreachn eN, |J A; = B;.
j=1 j=1
c. The sets C; are mutually disjoint and |J A; = 1 Cj.
j=1 j=1
d. Thesets C;(j € N) form a partitioning of the set |J A;.
j=1
PROOF: H

3.2 Direct Images and Preimages of a Function
Introduction 3.1. We continue with yet another example. It leads to the very important definition

of the direct images of subsets of the domain, and of the preimages of subsets of the codomain of a
function. O
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Example 3.3. Let X and Y be nonempty sets and f : X — Y. We define two functions f, and
f* which are associated with f and for which both arguments and function values are sets(!) as
follows.

a. f.:2%¥ 2%, A f(A) = {f(a) :a € A},

b. fr:2YV = 2%, B f*(B):= {zr e X: f(zx) € B}.
You should convince yourself that indeed f, maps any subset of X to a subset of Y, and that f*
maps any subset of Y to a subset of X. [

The sets f.(A) and f*(B) are used pervasively in abstract mathematics, but it is much more com-
mon nowadays to write f(A) rather than f,(A) and f~!(B) rather than f*(B). We will follow this
convention.

Definition 3.5.

Let X, Y be two nonempty sets and f : X — Y. We associate with f the functions

(3.8) f:2% = oY, A f(A) :={f(a):a € A},
(3.9) fl:2¥ 59X, Be fY(B):={zreX: f(z)e B}

We call f : 2X¥ — 2V the direct image function and f~! : 2¥ — 2% the indirect image
function or preimage function associated with f : X — Y.

For each A C X we call f(A) the direct image of A under f, and for each B C Y we call
f~1(B) the indirect image or preimage of B under f. [

Note that the range f(X) of f (see (2?) on p.?? is a special case of a direct image.

Notational conveniences I:

If we have a set that is written as {...} then we may write f{...} instead of f({...}) and
f~Y{...} instead of f~1({...}). Specifically for singletons {z} C X and {y} C Y we obtain
f{z}and f~H{y}.

Many mathematicians will write f~!(y) instead of f~!{y} but this author sees no advan-

tages doing so whatsover. There seemingly are no savings with respect to time or space for
writing that alternate form but we are confounding two entirely separate items: a subset
f~Hy} of X vs. the function value f~'(y) of y € Y which is an element of X. We are
allowed to talk about the latter only in case that the inverse function f~! of f exists.

The same symbol f is used for the original function f : X — Y and the direct

image function f : 2%X — 2Y, and the symbol f~! which is used here for the
A indirect image function f~! : 2¥ — 2% will be used at the start of ch.?? to define
the inverse function f~!' : Y — X of f in case this can be done. '? Be careful not
to let this confuse you! [

Example 3.4 (Direct images). Let f : R — R; f(z) = 22

a. f(1—-42) = {22:2€]-42[} = {2?:—4d<z <2} =]4,16]

b. f([1,3)) = {2?:2€[,3]} = {22:1Z2<3} = [1,9].

c¢ f(Q—-42[n[,3]) ={22:z€]-4,2andze[1,3]} = {2?2:1Zx<2} = (1,4 O
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And here are the results for the preimages of the same sets with respect to the same function z +— 2.

Example 3.5 (Preimages). Let f :R = R; f(z) = 22
a. fY-4,-2) ={zeR:2?¢]-4,-2[}={-4<f<-2} =0
b. (L, ])—{:L"GRw€[12]}={1§f§2}=[—\/§,—1 U [1,v2].
e (5, ]) {zreR:2”€[56]} = {5=5f=<6} = [-V6,—V5] U [V5,V6].
d. 1Y —4,-2/U[l,2) U [56]) = {zeR:22¢c]—4,-2[orz?c[1,2] or2? € [5,6] }
= [- \/5,*1] U [1,v2] U [-V6,—v5] U [V5,V6]. O
Example 3.6 (Preimages). Let f :R = R; f(z) = 22
a. fY]-4,2) = {zeR 12€]-42[} = {r€eR:-4<2?2<2} =]-2,2[
b. f(1, ]) ={rzcR:2?2¢c[1,3]} = {rxcR:1<22<3} = [-V/3,1] U [1,V3].
e fH]-42[n[L,3]) = {zeR:22€]—4,2[and 2% € [1,3]}
:{a:eR 1<22<2}) =]1-v2,-1] U [1,V2].

Example 3.7 (Direct images) Letf:R—R; f(z)=22%

a. f(]—4,-2) = {2%: ]—4,—2[}:{#: —4<x< -2} =]4,16]

b F(1L2) = (2 :i0e L2} = {aF:1Sr 22} — (14

c. f([5,6) = {2?:2€[5,6]} = {22:5Z2<6} = [25,36].

d. f(—4,-2[U[1,2] U [5,6]) = {2?2:2€]—4,-2[orxzc[l,2]orxc [56]}
=14,16[ U [1,4] U [25, 36] [1,16] U [25 36). O

Proposition 3.3. Some simple properties:

(3.10) F@) = f710) =0

(3.11) A € Ay € X = f(A1) € f(Aa) (monotonicity of f{...})

(3.12) By € By CY=fYBy) C fY(By) (monotonicityof f~*{...})
(3.13) v e X=f({z}) = {f(2)}

(3.14) f(X) =Y <& fis “surjective” (see df.2? on p.??)

(3.15) “NY) = X always!

PROOF: Left as exercise 2?2 on p.??2. W

Notational conveniences II:

In measure theory and probability theory the following notation is also very common:

{feB}:=f'B), {f=y} ="y}

Let R be an ordered integral domain with associated order relation “<”. Let a,b € R such

that a < b. We write {a < f < b} :i= f~1([e,b]r), {a < f < b} i= f~1(la,b[x),
{a é I < b} = f_l([avb[R)r {a <f é b} = f_l(]av b]R)/ {f é b} = f_l(] - OO,b]R), etc.

Proposition 3.4 (f ! is compatible with all basic set ops). Assume that X,Y be nonempty, f : X —Y,
J is an arbitrary index set, B CY, B; CY forall j. Then
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(3.16) YO B) = ()18
JjeJ JjeJ
(3.17) AU By) = U rs)
JjeJ JjeJ
(3.18) B = (F By
(3.19) FHUBI\ Ba) = 4B\ F1(By)
(3.20) FH(B1ABy) = fY(B1)Af H(B)

PROOF: |[% | MF330 notes,ch.8 1

Proposition 3.5 (Properties of the direct image). Assume that X,Y be nonempty, f : X — Y, Jisan
arbitrary index set, B CY, B; CY forall j. Then

(3.21) F()4) € () F4;)
JjeJ JjeJ

(322) fJ4) = U r@y
JjeJ jeJ

PROOF: | | MF330 notes,ch.8 N

Remark 3.1. In general you will not have equality in (3.21). Counterexample: f(z) = z? with
domain R: Let A; :=] — 00,0] and Ay;= [0,00[. Then A4; N Ay = {0}, hence f(A; N Ag) =
f({0}) = {0}. On the other hand, f(A4;) = f(A2) = [0, 0], hence f(A;) N f(A2) = [0, 00]. Clearly,
{0} S [0,00]. O

Proposition 3.6 (Direct images and preimages of function composition). Let X,Y,Z be arbitrary,
nonempty sets. Let f: X =Y and g:Y — Z ,andlet U C X and W C Z. Then

(3.23) (go /U) =g(f(U)) forallU C X.
(3.24) (gof) ™t =fltogliie, (gof) (W) = f g '(W)) foral W C Z.

PROOF: |[% 1| MF330notes,ch.8 W

3.3 Indicator Functions |[%

Indicator functions often are convenient when working with integrals and expected values. They
will allow us, e.g., to write “E[14X] = ...” rather than having to state all of this: “Let Y (w) := X (w
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on Aand O else. Then E[Y] =...”

Definition 3.6 (indicator function for a set). {2 be a nonempty setand A C 2. Let 14 : Q@ — {0,1} be
the function defined as

1 ifweAd
(3.25) La(w) = Hwed,
0 ifwé¢ A.

14 is called the indicator function of the set A. 13 O

Let m,n € Z. We recall that m +n mod 2 (the sum mod 2 of m and n) is given by

0 < (m+n)/2hasremainder 0, i.e.,m + n is even,
(3.26) m+n mod2 = ] ] ]
1 & (m+n)/2hasremainder 1, i.e.,m + n is odd.

Proposition 3.7. Let A, B, C be subsets of ). Then

(3.27) laup = max(1la,1p),
(3.28) lanp = min(1l4,1p),
(3.29) 1o =114,

(3.30) 1aarp =14+1p mod 2.

PROQF: The proof of the first three equations is left as an exercise.
PROOF of (3.30): This follows easily from the the fact that

(AAB)E = {weQ: [eitherw € AN B] or [neitherw € Anorw € B|} A

Prop.?? above helps us to prove associativity of symmetric set differences.

Proposition 3.8 (Symmetric set differences AAB are associative). Let A, B,C C ). Then

(3.31) (AAB)AC = AN(BAC).

PROOF: We will write for convenience m @ n as shorthand notation for m +n mod 2.

Formula (3.31) follows easily from (3.30) and and the associativity of a®b := a+b mod 2 as follows.
Letw € Q. Then

€ (AAB)AC & Liaapac(w) =
& (1la(w) @ 1B(W)) ©lo(w) =1
o 14w) & (1sw) & Low)) = 1
& lanpaoy(w) =1 & we AA(BAC).

We obtained the equivalence in the middle from the fact that modular arithmetic is associative. W

13Some authors call this characteristic function of A and some choose to write y 4 or 14 instead of 14.
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4 Basic Measure and Probability Theory

Introduction:
The following are the best known examples of measures (a;,b; € R):
Length : )\1({0,1, bl]) = b1 — ay,
Area : )\2([a1,b1] X [ag,bg]) = (bl — al)(bz — ag),
Volume : )\3([(11, bl] X [ag, bz] X [ag, bg]) = (bl — a1)<b2 — az)(bg — ag).

Then there also are probability measures: P{ a dieshowsalora6} =1/3.

We will explore in this chapter some of the basic properties of measures.

4.1 Measure Spaces and Probability Spaces

Definition 4.1 (Extended real-valued functions).
Ry := Ry U {+o0} = {z€R:220} U {+o0}

is the set of all nonnegative real numbers augmented by the elements oo and —oo.

A function F : X — Y whose codomain Y is a subset of

R := R U {o0} U {—00}
is called an extended real-valued function. [J
Remark 4.1 (Extended real numbers arithmetic). To work with extended real-valued functions we

must be clear about the rules of arithmetic where o0 is involved. In the following assume that
ceRand 0 < p < co.

Rules for Addition:
4.1) cEt oo =00 % c= o0,
(4.2) ct (—0) = —00 £ ¢c = —o0,
(4.3) 00 + 0o = 00,
(4.4) —00 — 00 = — 0,
(4.5) (+00) F oo = UNDEFINED.

Rules for Multiplication:

(4.6) p-(Fo0) =(£o0) -p = Foo,

(4.7) (=p) - (£00) = (£00) - (—p) = Foo,

4.8) 0 (doo) = (400) 0 = 0 and é ~ 0,
4.9) (£00) - (oo) = oo,

(4.10) (£00) - (Foo) = — o0,
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Be clear about the ramifications of those rules. Rule (4.5) implies that if we have two extended
real-valued functions f, g defined on a domain A

then f + g is only defined on
A\ {a € A either[f(z) = coand g(x) = —oc] or [f(x) = —c0and g(x) = oo},
and f — g is only defined on
A\ {a € A either [f(x) = g(z) = oc] or [f(x) = g(x) = —od]}.

That is easy to understand and remember, but the real danger comes from rule (4.8) which you
might not have expected:

This convention is very convenient, but it comes at a price: it is no longer true that all sequences

(an)n and (b, ), of real numbers that have limits ¢ = lim a,, b = lim b,, satisfy lim a,b, = ab.
n—oo n—oo n—oo

Counterexample: a,, = n, b, = % O

For the following see SCF2 Definition 1.1.1.

Definition 4.2 (0—algebras). Let 2 be a nonempty set and let § be a set that contains some, but not
necessarily all, subsets of (2.

§ is called a o—algebra or o—field for 2 if it satisfies the following;:

(4.11a) Des,
(4.11b) Aeg =  Abeg
(4-11C) (An)nEN S 5 = U An S 3

neN

e The pair (2,F) is called a measurable space.
e The elements of § (these elements are sets!) are called §—measurable sets. or also just
measurable sets if it is clear what o—algebra is referred to. [

We do not consider 2 = () with o—algebra {(} a measurable space since it cannot carry a probability
P which would have to satisfy P(f)) = 0 and P(f2) = 1. See Chapter 4.2 (Measurable Functions and
Random Variables).

Remark 4.2. If § is a o—algebra then

(4.12a) QeF

(4.12b) Aeg =  Aleg

(4.12¢) (Anen €T = and () An€3F
neN
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The last assertion is a consequence of De Morgan’s laws (Theorem 3.1 on p.34).

If countably many (i.e., a finite or infinite sequence of) operations are performed involving
e unions, e intersections, e complements, e set differences, ® symmetric differences

of elements of a o0—algebra § then the resulting set also belongs to §. [

Example 4.1. Two trivial o—algebras:

(1) Given a nonempty set €, {0}, Q} is the smallest possible o—algebra.
(2) Given a nonempty set , {(}, Q} its power set 2! is the largest possible o—algebra. [

Proposition 4.1 (Minimal sigma-algebras). Let 2 be a nonempty set.

A: The intersection of arbitrarily many oc—algebras is a o—algebra.

B: Let € C 29, i.e., & isa set which contains subsets of . It is not assumed that € is a o—algebra. Then there
exists a o—algebra which contains € and is minimal in the sense that it is contained in any other o—algebra

that also contains €. We name this o—algebra o(€) because it clearly is uniquely determined by €. It is
constructed as follows:

o(€) = ﬂ{% 1§ 2 €and § is a o—algebra for 2}

PROOF: |[* |

That last proposition allows us to make the next definition.

Definition 4.3. Let (2, §) be a measurable spaces and let ¢ C 2. We call the o-algebra
(4.13) o(€) = ﬂ{@ﬁ :® D € and & is a o—algebra for (2}.

of Proposition 4.1 the c-Algebra generated by ¢ [

Remark 4.3.

(1) You are familiar with this construct from linear algebra:
Given a subset A of a vector space V, its linear span

k
span(A) = {) ojzj:keNoj eRz; € ALZj< )}
j=1
of all linear combinations of vectors in A is obtained as follow:

Lety :={W CV :W D Aand W is a subspace of V'}.
Then span(A) = m (W :W el
In other words, span(A) is the subspace generated by A.

(2) Note that if € C § then (&) C §, since § is one of the o—algebras & which occur on the
right-hand side of (4.13). O
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Proposition 4.2. Let ) be a nonempty set. Assume &1, €5 are subsets of 2 such that
O'(Qfl) D) QEQ and U(QEQ) D) @1.

Then U(@l) = U(@Q).

PROOF: |[[% | Leftas an exercise. W

Example 4.2. Consider the following sets of intervals of real numbers.
J1 = {]a,b] :a < b}, Ty := {[a,b] : a < b},
J3 == {Ja,b[:a < b}, T4 := {[a,b[: a < b}.
Then o(J1) = 0(J2) = 0(J3) = o(Ty).
For example, to prove that J, = J3, it suffices according to Proposition 4.2 to show that

any closed interval [a, b] belongs to J3, any open interval ]a, b] belongs to Js.

This follows from

[0, 8] :ﬂ]a—;,mi[ and ]a,b[zg[wi,b—ﬂ.

n

The above generalizes to n—dimensional space: Let

Js5 = {Ja1,bi]x]az, ba] x -+ X]an,by] : a1 < bi,a2 < ba,...,an <bp},
36 = {[al,bl] X [ag,bg] X o X [an,bn] ra < bl,ag < bg,...,an < bn},
J7 = {]al,bl[X]az,bg[X s X]an,bn[I a1 < br,ag < bo,...,an, < bn} ,
Jg = {[al,bl[ [ag,bg[x R [an,bn[: a1 < br,ag <bo,...,an < bn} ,

For the following see SCF2 Definition 1.1.2.

Definition 4.4 (Borel sets).

e The o-algebra generated by either all open or all closed or all half-open intervals in R™ is
called the Borel o—-algebra of subsets of R” and is denoted B(R"™).
The sets in this o-algebra are called Borel sets.
We will not worry about what corresponds to the Borel sets when we deal with the ex-
tended real numbers R, i.e., we add +oo. There is such a thing and those extended Borel
sets are properly denoted B(R). Again, I will try not to even mention extended Borel
sets.

e Abbreviations: We will also write B" for B(R™). In the case of the real numbers (n = 1)
we also write B! or B(R) for B(R!). O

Remark 4.4. We can express Example 4.2 as follows. Each one of the interval sets Js, Jg, J7, Jg
generates the Borel o-algebra. [J

For the following see SCF2 Definition 1.1.2.
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Definition 4.5 (Abstract measures). Let (€,§) be a measurable space.

A measure on § is an extended real-valued function

p:g =Ry A u(A) such that
(4.14) w(@ =0 (positivity)
(4.15) A BeFand ACB = pu(A) < u(B) (monotony)
(4.16) (A)nen € Fdisjoint = u( H An) = > (4 (o-additivity)
neN neN

e The triplet (Q2,F, ) is called a measure space

e We call i1 a finite measure on § if u(Q2) < occ.

e We call any subset IV of a set with measure zero a y—null set. Note that NV need not
be measurable.

o If u(Q2) =1 then y is called a probability measure or simply a probability
and (2, §, u) is then called a probability space [

Disjointness in (4.16) means that 4; N A; =0 forany ¢,j € N such that i # j (see def.2.4 on p.8).
Do not confuse measurable spaces (£, §) and measure spaces (2, §, 11!

Remark 4.5 (0-algebras are appropriate domains for measures). The o-additivity of measures is
what makes working with them such a pleasure in many ways. You can now express it as follows:
Given a disjoint sequence of measurable sets, the measure of the disjoint union is the sum of the
measures. Property (4.11c) in the definition of oc—algebras is required for exactly that reason.

you cannot take advantage of the o—additivity of a measure . if its domain does not contain

countable unions and intersections of all its constituents.

Here are two not very useful measures which are easy to understand.

Example 4.3. You can easily verify that the following set functions p; and s define measures on an
arbitrary nonempty set {2 with an arbitrary o-field §.

u1(A) =0 forall A € §F, zero measure or null measure
w2(0) :=0; w(A) = ocoif A #0.

Keep the second example in mind when you work with non—finite of measures. [J

Remark 4.6.
(1) We emphasize that the only difference between (general) measures and probability mea-
sures is that the latter must assign a measure of one to the entire space (2.
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(2) Many things that apply to probabilities can be extended to general measures, and this
will matter to us even if we are only interested in probability spaces, since will see in the
context of expectations F[X]| of a random variable X that assignments of the form

1 ifwe A,

A+ E[X -14] where A € Fand 14(w) := {0 ifwée A.

define a measure (€2, §).

(3) Traditionally, mathematicians write P(A) and (€2, §, P) rather than x(A) and (9, §, ) for
probability measures and probability spaces. The elements of § (the measurable subsets)
are then thought of as events for which P(A) is interpreted as the probability with which
the event A might happen. [

(4) A measure space can support many different measures: If 1 is a measure on § and o = 0
then ap : A — au(A) also is a measure on §. [
Fact 4.1. Assume that the real-valued function
po : J5 — R, B+ puo(B),
is defined on the set of half-open n—dimensional intervals
J5 = {Ja1, bi]x]ag, ba] X -+ X]an, bp] : a1 < by, az < ba,...,a, < by}

of Example 4.2 on p.42 and satisfies the measure defining properties of positivity, monotony, and o—additivity.
Then 1o can be uniquely extended to a measure yu on the measurable space (R™, B (R™))

In other words, there exists a uniquely defined measure . on the Borel sets B(R™) (see Definition 4.4 (Borel
sets) on p.42) such that

p(lar, bi]x]ag, ba] X -+ Xlan, bp]) = po(lax, br]xJaz, bo] x - -+ x]an, b))

for any half-open interval |ai, bi]x]ag, ba] X -+ X]an, by], a1 < b1,a2 < ba,...,an < by. O

For the following see SCF2 Example 1.1.3 - Uniform (Lebesgue) measure on [0, 1]

The most important measures we encounter in real life are those that measure the length of sets in
one dimension, the area of sets in two dimensions and the volume of sets in three dimensions.

Definition 4.6 (Lebesgue measure). Given

intervals [a,b] € R

rectangles [ay,b1] X [az, ba] € R?,

boxes or quads [a1, b1] X [az, ba] X [as,bs] € R,

e ingeneral, n-dimensional parallelepipeds [a1, b1] % [a2, b2] X - - X[an, by] € R,

we define
A(lab)) == b—a,

(4‘17) )\é(]al, bl]X]ag, bQ]) = (bl — al)(bg — CLQ),
/\0(]a1,b1]><]a2, bQ]X]ag,bg]) = (bl — al)(bg — ag)(bg — ag),
/\8(]@1, bl] Xoewe x]an, bn]) = (b1 — al)(bg — ag) Ce (bn — an).
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It can be shown that each of those real-valued functions satisfies the conditions stated in Fact 4.1.
4 Thus A? uniquely extends from the parallelepipeds to a measure A" on the Borel sets of R". This
measure is called (n-dimensional) Lebesgue measure.

Note that Lebesgue measure is not finite: A\"(R"™) = oco! O

Fact 4.2. It is not possible to extend the set functions yu( which define Lebesgue measure to a measure on the
entire power set 2R" of R™.

This (very hard to prove) fact makes it a mathematical necessity to introduce o—algebras as small enough
subsets of the powerset 25 which are suitable as domains for a measure.

We will see later that o—algebras also have a practical importance: they reflect the information that is associ-
ated with certain random phenomena, for example, the evolution of the price of a financial asset. [

Remark 4.7 (Finite disjoint unions). If we have only finitely many sets then “o—additivity” which
stands for “additivity of countably many” becomes simple additivity. We obtain the following by
setting Ay11 = Anj2=...=0:

Ay, Ag, ..., Ay € § mutually disjoint

4.18
( ) = ,u(A1 WA W... AN) = p(A1) +p(A2) + ...+ /L(AN) (additivity).

In the case of only two disjoint measurable sets A and B the above simply becomes

w(Aw B) = pu(A)+p(B). O

Proposition 4.3 (Simple properties of measures). Let A, B, € § and let 1 be a measure on §. Then

(4.19a) u(A) 20 forall A€ 3,

(4.19b) ACB = wB) = u(4)+uB\A),

(4.19¢) w(AUB)+ u(ANB) = u(A)+ u(B).
If  is finite then also
(4.20a) ACB = p(B\A) = u(B) - pu(A),
(4.20b) pw(AUB) = p(A) + u(B) — u(An B).

PROOQF: The first property follows from the fact that p(0) =0, # C A forall A € § and (4.15.
To prove the second property, observe that B = AW (B \ A).

Proving the third property is more complicated because neither A nor B may be a subset of the
other. We first note that because A\ BC A, B\ AC Aand AN B C A, (AU B) = oo can only be
true if (A) = oo or u(B) = oco. In this case (4.19¢) is obviously true. Hence we may assume that
u(AU B) < co. We have

(4.21a) AUB =(ANB)W(B\A)W(A\ B)
(4.21b) AUB =AW (B\A) = BY(A\B)

Positivity and monotony are easy, but o—additivity is hard.
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It follows from (4.21a) that
(422) WAUB) = p(ANB) +u(B\ A)+ pu(A\ B)
It follows from (4.21b) that
(4.23) 2-u(AUB) = p(A) +u(B\ A) + pu(B) + p(A\ B)
We subtract the left and right sides of (4.22) from those of (4.23) and obtain
(AU B) = u(A) + p(B\ A) + u(B) + p(A\ B) = p(ANB) — p(B\ A) — n(A\ B)
= pu(A) + (B) — w(AN B)
and the third property is proved. W

We stated as a fact without proof (Fact 4.1 on 44), that one can extend any setfunction which acts
like a measure on the half-open parallelepipeds of R" to a measure on B(R"), the Borel o—-algebra
of R™.

The situation is much simpler for countable measurable spaces.

Proposition 4.4. Let Q) be a countable, nonempty set, i.e., the elements of can be written as a finite or infinite
sequence 2 = wi, wa, w3, ... Let

¢ = {{w} : weQ} = {allsingleton sets of Q2 }.

Then any nonnegative and extended real-valued function po which is defined on € extends uniquely to a
measure . on the entire power set of (2 by means of the formula

(4.24) p(A) = > pofw}, (ACQ).
w€eA

PROOF: ([ | This is a rather easy consequence of the fact that A = |, ,{a}. W

Example 4.4 (Binomial distribution). You are very familiar with the last proposition in the context
of discrete probability measures. (i is then customarily written p,, = P{w,} and called a prob-
ability mass function (or just a probability function in [6] Wackerly, Mendenhall and Scheaffer:
Mathematical Statistics with Applications).

For example, if we define Q := {1,2,...,n} and § := 2% then the Bin(n, p) distribution is the (prob-
ability) measure P on the measurable space (£2, §) defined on the singleton events {1}, {2},...,{n}
by its probability mass function

b= PUY = B (i) = (1) (- O

We next examine the analogue of Lebesgue measure (see Definition 4.6, p.44) on the space Z of the
integers.

Definition 4.7. Let

¢ := {{k} : k€ Z} = {all singleton sets of the integers }.
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Then the function
Yo:€ —[0,00[; Xofk} =1

has according to Proposition 4.4 a unique extension

(4.25) $:2% — [0,00], givenby X(A) = Y 1 = || forall ACZ.
keA

In other words, 3(A) is the size of A, i.e., the number of elements of A. We will call this measure the

summation measure.

In this document a symbol with an arrow on top denotes a vector. So we write, e.g.,
= (z1,22,...,2)
for elements of R™. Recall that Z" = Z x --- x Z (n factors), i.e.,
7" = {k=(ki,....kp) : k1,... . kn€Z

We now can generalize the definition of summation measure to multiple dimensions. Let n € N
and

¢ = {{ k} :kez® } = {all singleton sets of n—-dim. vectors with integer coordinates }.

Then the function B
Y0 : € —[0,00[; Xp{k} =1
has according to Proposition 4.4 a unique extension
(4.26) 52" — [0,00], givenby E™(A) = Y 1 = |A| forall AC Z".
keA

As in the one—-dimensional case, ¥(A) is the size of 4, i.e., the number of elements of A. We will call
this measure the n—dimensional summation measure. [

NOTATION ALERT: The name “summation measure” is not at all common in the
mathematical literature!

We mentioned earlier that (see Definition 4.6, p.44) on the space Z of the integers.

Proposition 4.5 (Continuity properties of measures). Let (2, §, u) be a measure space.

(4.27a) If A, | AinGand p(Ay) < oo then lim p(Ay) = p(A) = u(limAn),

(4.27b) IfBy 1 B then limu(B,) = p(B) = p(lmB,).
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PROOF: Prove formula (4.27b) first. To do so replace the sequence B,, with a disjoint sequence C,,
such that A = [ C,,. See Proposition 3.2 (Rewrite unions as disjoint unions) on p.34 and use the
o-additivity of .
To prove (4.27a), apply the already proven formula (4.27b) to
B, = AEL,B = AL

(thus B, 1T B), and note that

1(Bn) = p(2) — p(An), u(B) = p(2) — p(A)
This last step requires the assumption that ;(A;) < oo (and thus 0 < p(A4,) = p(Ar) < o). B

Remark 4.8. The finiteness condition of formula (4.27a) is never an issue with probability measures
P since P(A) < 1forall A € §. But the unexpected can happen for nonfinite measures such as the
one-dimensional summation measure ¥’ of Definition 4.7 which is characterized by

%(4) =14], (Ac2).
Here is an example of a sequence of sets A;, € Z which does not satisfy the condition ¥£(A4;) < oo
(matter of fact, ¥(Ay) = oo for all k), and for which formula (4.27a) is not valid.
Let Ay :={j € N:j 2 k}. Then A}, | () as you can see as follows.

Let A:=(),;cny 4; and assume to the contrary that A is not empty, i.e., it contains some n € N. This
is impossible since

n¢ Ang, thus n¢ [ Ay = A,
neN
contrary to our assumptionn € N

So A =0, thus X(N,)A4, = X(0) = 0.
On the other hand, ¥(A,) = oo for each n, thus li_>m Y (A,) = oo since A, contains infinitely
many elements. We have found a case in which formula(4.27a) does not hold. O

Proposition 4.6. || %

Let (2,5, i) be a measure space and A € §. Then the set function
pA:§ — [0, 00, A pa(A) == u(An A
defines a measure on (2, §).

PROOF:

Only o-additivity needs a little effort, and it follows easily from Proposition 3.1 (Distributivity of
unions and intersections) on p.34. W

Proposition 4.7. || %

Let (2, §, i) be a measure space with a sequence of measures i, that satisfy

po T ps or () < oo and py | op.

Then limy, u,, is a measure.

PROOF: Not given here. We only mention that Proposition 4.5 (Continuity properties of measures)
on p.47 is essential to show that y is o—additive once it has been shown to be (finitely) additive. W
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4.2 Measurable Functions and Random Variables

Introduction 4.1. We all know what a random variable X is: X has a real number as an outcome
but that outcome is random. We also know that such a random variable comes with a probability
distribution.
e For example, if X is a standard normal random variable, then the probability that X
attains a value a £ Z < b can be computed as

b
Pla£ X b} = /fx(x) dx, where fx(z) = eX is the probability density.

1
V2T
This is an example of a continuous random variable.
e Or X might be a discrete random variable which only attains countably many distinct
outcomes 1, z,..., e, P{X =z} + P{X =z} +... = 1. Such random variables
are defined by their probability mass function

pj = P{X:l'l}, (j:1,2,)

An example would be a Bin(n, p)-distributed random variable (see Example 4.4 (Bino-
mial distribution) on p.46) for which p; = (?) P (1 —p)" .
That won’t do anymore, and we will try to make some amendments to the above.

"

e “.. and that outcome is random”: Let us rephrase that as follows. The outcome of X
depends on randomness. Might as well say that X is a function of randomness:

X = f(randomness).

That is a great improvement but “randomness” is to wordy:.

o We agree that w means randomness: X = f(w).

e Mathematical symbols are in short supply and it is common practice to use the same
symbol for function value (X) and assignment symbol (f). We write

X = X(w).

e A function needs domain and codomain. Since arguments are called w it is natural to
call the domain (2. Since we say that random variables are real-valued functions the
codomain must be R or a subset thereof.

e So arandom variable X is a function

X:Q—R; w i X (w).
e It is important to have a probability measure P defined on the domain € of X rather

than the real numbers (the codomain of X). We have seen in Fact 4.2 on p.45 that not all
measures can assign values to all subsets of (2.
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e So the domain of P might just be a o—algebra of subsets of Q2! So {2 must be a probability
space (€2, §, P) and a random variable is a function

X:(2,8,P) —R, w i X(w).
e What good is it if there are some important events like, e.g.,
{(-1SX<1 = {weQ:—1<Xw) 21} = X Hw)

and P{—1 < X < 1} is not available because {—1 < X < 1} ¢ §?

o What events are important, i.e., what are the sets B € R such that the preimage X -1(B)
(also written {X € B}) !°> must belong to §?

e The answer to that question will generally be that the preimages { X € B} of Borel sets B

need probabilities:
If B € B(R) then weneed X !(B) € §.

We have collected enough material to define random variables but we must proceed in reverse and
start with the concept of measurability which requires that the preimages of certains sets belong to

$. O

Definition 4.8 (Measurable function). Let

f(@Q8) — (2.3

be a function which has the measurable space (2, §) as its domain and the measurable space (€, §')
as its codomain.

We say that f is (§, §’)-measurable or, simpler, that f is in m(§, §’), if
(4.28) Y4 € 3, forall A’ € §'.

In the special case that Q' = R” or Q' = R and §’ is the Borel o—algebra we also say that f is
§-measurable or that f is in m(F).
If both Q' = R or ' = R and also 2 = R" or Q2 = R with the Borel o—algebras then we also

say that f is Borel measurable. [J

See SCF2 Definition 1.2.1 for the next definition.

Definition 4.9 (Random Variable).

Lsee the Notational conveniences IT box that follows Proposition 3.3 on p.36)
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Let
X :(Q5,P)— (R,B)

be a function which has a probability space ({2, §, P) as its domain and the real numbers
with the Borel o-algebra as its codomain.
If X is §—measurable, i.e.,

(4.29) {X € B} belongs to § for all Borel sets B,

then we call X a random variable. on (22, §, P).

Occasionally we allow X to assume the values oo, and —oo, i.e., X can be an extended real-valued,
F—measurable, function.

If there is a countable subset A of R such that the random variable X “lives” on A4, i.e.,
X(Q) = {X(w) :weQ} C A
then we can shrink the codomain to (A, 24) and talk about the random variable

X : (Q,5,P) — (4,24,

Here is the reason that we can take the entire powerset 24 as the o-algebra of the codomain:

e All singletons {a} C A are Borel sets, thus each B C A is Borel since it is the countable
union B = | J,.z{a} of Borel sets. [

For the following see also SCF2 Definition 1.3.9 and SCF2 Definition 1.1.5.

Definition 4.10 (Almost everywhere and almost surely). Let (€2, §) be a measurable space and let A
be the set of all w € 2 such that a certain property is true. For example,
o A={weQ: fw) £ gw)},
A ={w € Q: the function ¢t — Y;(w) is continuous },
o A={weQ: | X(w) 1}

(1) In the context of a measure space (2, §, 1) we say that the property is sat-
isfied, or holds, or is true p—almost everywhere if M(AE) = 0. We also
abbreviate p—a.e.

(2) In the context of a probability space (€2, F, P) we say that the property is
satisfied, or holds, or is true P-almost surely if P(AC) = 0 or, equiva-
lently, if P(A) = 1. We also abbreviate P-a.s.

(3) In either case we will drop the ;i— and P- prefixes if there is no confusion
about which measure or probability this refers to. [

Remark 4.9. |[ %

The set A might not be measurable. To be precise we would have had to formulate the above as follows. The property
holds y—a.e. if there is a measurable set B such that x(B) = 0 and B contains the set A® on which this property is not

satisfied. We will not worry about such fine points concerning measurability. O
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Remark 4.10. We follow the lead of SCF2 and often will not explicitly mention that is assumed to
be or can be proven to be true only almost everywhere/almost surely. [

Remark 4.11.

Since random variables are special cases of measurable functions it follows that

All statements that are true for measurable functions are true for random variables! [

Theorem 4.1. Let (2, §) and (', F') be measurable spaces and f : Q — . Let € C §' be a generator of
§, ie.,

o(¢) = §.
to prove that f is (§,§' )—measurable it suffices to show that
(4.30) fHA) CF forallA € F.

PROOF: |[%"| Omitted, but not hard when you use Theorem 3.4 (f~! is compatible with all basic
setops)onp.36 W

Corollary 4.1. Let (2, ) be a measurable space and f : (,F) — (R, B1). to prove that f is F—measurable
it suffices to show that one of the following four conditions is met:

D {f<c} e forallceR,
2 {f<c} e§forallceR,
3 {f>c} eFforallceR,
4 {fz=c} efforallcerR. O

Note that this implies the following. If the domain of f actually is a probability space (2, §, P) then f is a
random variable if one of the above four conditions is satisfied.

PROQOF: | % | Essentially follows from Theorem 4.1 above and Remark 4.4 on p.42. W
@@MFx-Auth

A This is the proper spot for Proposition 4.15 in the addenda to this chapter. See p.75.

For the following see Definitions 2.17 and 2.18 on p.16.

Theorem 4.2. Let (2, §) be a measurable space and f,g: Q2 — R. Let c € R.
If f and g in m(g) then each of the following also is (T, B')—measurable:

¢, cof, fxg, fgi flglon{g#O0N),Ifl, f5. f~. fVvg, [fAg.

Here c denotes the constant function w — c and cf denotes the function w — cf(w).

e Moreover, all statements above which involve two functions f and g generalize to finitely many
measurable functions fi, fa, ..., fn.

e Moreover, the statements about f vV g and f A g generalize to sequences ( fy,), of functions as
follows: If each f,, is measurable then so are the functions

sup fp : w = sup{ fp(w) : n € N}, i%f frn i w— inf{fy(w) : n € N}.
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PROOF: Omitted except for this one:

We prove that f(w) := sup,, fn(w) is measurable as follows. Observe that for any ¢ € R it is true that
fw)se & fu(w) £ cforalln,

thus
{fZc} = ﬂ{fn§0}7
neN

and this set is §—measurable as the intersection of the §—measurable sets {f,, < ¢} . The assertion
now follows from Corollary 4.1. W

Example 4.5 (Binomial random variable v.s. binomial distribution). This example continues Exam-
ple 4.4 (Binomial distribution) on p.46 which was about the binomial distribution Bin(n, p) defined
by its probability mass function

431) pj = P{j} = <’;>p’<1—p>"—j.

Let (€2, §, P) be a probability space and let X be in m(g), i.e., X is a random variable on (12, §, P).
We all are familiar with what it means that X is a Bin(n, p)-distributed random variable. It satisfies
formula (4.31), right?

Not exactly! There is a problem with the probability P. In formula (4.31) it occurs as a measure on
the measurable space
({0,1,...,n},2{0 L}y

and NOT on our abstract measurable space (£, §) which may not have numbers 0,1,2,... as ele-
ments w.

Here is the explanation. These numbers j are not the argument w of the random variable w — X (w);
they are the function values j = X (w). If, by chance, randomness occurs as w; then the associated
outcome for X mightbe, e.g., X (w1) = 7. On the other hand, if wy happens instead then we observe
X (w2) and that outcome might be X (w2) = 4. And if w3 happens instead then we observe the
outcome X (w3) which might again be 7, and so on.

So the answer is that Bin(n, p){j} = () p’ (1 —p)" "/ refers to events on the codomain (R, B') of X,
and this leads to the following question.

e There must be a relationship between the measure P on (£, §), the random variable X,
and the measure Bin(n, p) on (R, B!). What is it?
The answer to the first question was given in Introduction 4.1 to this chapter 4.2 (Measurable Func-
tions and Random Variables). See p.49. We will use X and P to build a measure Px on (R,B!) as
follows:

Px(B) := P{X € B} = PlwecQ: X(w) € B}, (Be®B').

That will work for any random variable. Matter of fact it will work for any measurable function
f:(Q,8, 1) = (,§): Define a measure ;1 on § via

pp(A) = p{f e A} = pfweQ: flw)ed}, (AeyF) O
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Proposition 4.8. Let (2, §, ) be a measure space and (Y, §') a measurable space,

Let f : Q — Q' be (§,§’) measurable. Then the set function
(4.32) pr:§ = 0,00 A" = p{fed} = pffwe: flw)e A’}

defines a measure on (S, §'). Moreover, if 11 is a probability measure on §, i.e., 1(S2 = 1) then py is
a probability measure on §'.

PROOF: |[%1| A triviality if you make use of Proposition3.4 (f~! is compatible with all basic set
ops) on p.36. W

For the following see SCF2 Definition 1.2.3.

Definition 4.11 (Image measure).

(1) We call the measure /i of Proposition 4.8 the image measure of ;; under f or the measure
induced by p and f.

(2)  We now switch notation from f and p to the more customary X and P for the sake of
clarity. In the case of a random variable X on a probability space ({2, §, P) we call the
image measure Px of P under X which is, according to (4.32), given by

(4.33) Px(B) := P{X € B} = P{weQ: X(w) € B}, (BeBY

the probability distribution or simply the distribution of X. SCF2 also calls Px the
distribution measure of X. [J

Proposition 4.9. Let Q) be a nonempty set, (¥, §') a measurable space, and f : Q — Q' an arbitrary
function. Then

(1) thecollection o(f) = {f~H(A") : A’ € '} ofall preimages of F'—measurable sets is a c—algebra.

(2)  The function f is (o(f),§ )—measurable.

(3) o(f) is the smallest o—algebra § on Q2 which makes f (§,§')—measurable in the following sense:
If § is a o—algebra on ) and there are sets A € § which do not belong to o(f) then f is not
(§,§')—measurable.

PROOF: || %

(1) follows from Proposition3.4 (f~! is compatible with all basic set ops) on p.36.
(2) is easy to see from the definition of masurability of a function. W

Definition 4.12. Let 2, 2’ be nonempty, § a o—algebraon @, and f: Q@ — .

We call the o—algebra from Proposition 4.9

(4.34) o(f) = {fTH(A): A €F}
the o—algebra generated by f. [
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Remark 4.12. Assume that f : (2,F) — (€,§) with measurable spaces for both domain and
codomain.
(1) The minimality of o( f) stated in Proposition 4.9.(3) implies that
fis (F,§')-measurable < o(f) C 3.
(2) Inparticular, if X is a random variable defined on a probability space (2, §, P) theno(X) C §
since X is § measurable by the very definition of a random variable.

In a sense we can think of (X)) as the information one can associate with the random phenomenon X. This is

discussed at length in SCF2, ch.2. O

Proposition 4.10.

o Any continuous function f : R™ — R" is Borel-measurable, ie., (B, B")-
measurable.

e In particular, any continuous, real-valued function f(x) of real values x is Borel—
measurable. [

PROOF: |[% | A triviality if you recall that the open n—-dimensional parallelepipeds generate 5"

and if you know the following: f is continuous (at each © € R™) < the preimages of all open sets
inR" are openin R". W
4.3 Integration and Expectations

The following should be read in conjunction with SCF2 ch.1.3: Expectations.

Remark 4.13. We recall thatif f : R — {0,1} and ¢g : R” — {0, 1} are Riemann-integrable and if also
the sets A C Rand B C R" are Riemann-integrable, i.e., the Riemann integrals

/1A(90)d$ and /-'-/13(961,902,...,xn)dxldmg---dxn

of the indicator functions 14 : R — {0,1} and 15 : R™ — {0, 1} exist, then we write
(435) [ t@de = [~ e s
A —00
(4.36) /g(ml,...,xn)dxl---dxn = / / g(z1,...,xx)lp(x1, ... 2p)dzy - - - dxy. O
B —o0 —o0

Introduction 4.2. We start out with a few things we know about integration from calculus.
A.If f : R — Ris a function of the form

k

F@) = ¢, 5, (@),

Jj=1
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then
) k o) k bj
/f :ch/la], Zc] dx
(4.37) =L e =g
k k
= by —a;) =Y N (lay, b))
j=1 j=1

where \; denotes Lebesgue measure which was introduced in Definition 4.6 on p.44.

B. Things are similar in the multidimensional case. If g : R* — R has the form

) = Z Cj 1}ulj,v1j]><...><]un].7vnj]((L‘), (uij < Vij fori=1,... ,n),

j=1
then
R
/ / g(x1,...,op)day - - d:cn—Zc]/---/dxl---dwn
-
k
(4.38) =D ¢y = ugg) - (vng — tng)

<
Il
—

I

Cj /\"(]ulj,vlj] Xoeee X]unj,vnj]) .

<
Il
—_

C.If X is a random variable on the probability space (€2, §, P) and if f : R — R s of the form

ZC] 1]a],b ] k S N)

then the expected value E|[f o X]| of the composite function fo X : w > f (X (w)) is

k k
(4.39) ElfoX] = ch/E[haj,bﬂ(X)] = ) ¢;P{X €la;,b;
j=1 j=1

Here Py is the distribution of X, i.e., the image of P under X.

Mw

c]PX aj,bj
J=1

k
In each of those three cases we have a function of the form f = >~ ¢;14, which takes finitely
j=1
many values c¢; and we have computed in each case an integral or an expected value of the form
>~ ¢ju(A;) for a suitable measure ;. We will now establish a connection between those instances.
j=1

O
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Definition 4.13 (Integral of a simple function). Let (£2,§, ) be a measure space, n € N, and
Aq, As, A, € § a finite collection of measurable sets. Let f : 2 — R be defined as

(4.40) f = chlAj, 0Sc¢j<ooforj=1,...,n.
j=1

We call such a function which only assumes finitely many function values a simple function. Note
that f = 0 and f is measurable as the sum of the measurable functions w + ¢; - 14, (w). We call

(841) [tan = [1@du) = [ f)ut@) = Y eu4). O
j=1

the integral, or also the abstract integral, of f with respect to p.

Remark 4.14. || %

A. We made no assumption about finiteness of 11, so some or all of the A; may have infinite measure.
We confined ourselves to non-negative c; in order to avoid expressions of the form co — oo.

B. Note that the choice of £, A;, and c; is not unique for a given function f. For example the constant
function
f:RBUAY) —R; 3,

can be written as
f =31 = 3- 1o + 3 Ljoo
=1 Yoo+ 2 Yoooa + L+ Lt + 27 i oof-

Thus the following is important since it ensures that the definition of [  fdu consistent:

C. Let the simple, nonnegative, function f have representations
k K’
R . _ /
D STV S
j=1 7=1

k K
Then 3 c;ju(A;) = > cju(A%), thus [ fdu does not depend on the choice of the sets A; and the
j=1 g=1

coefficients c¢;. [

We extend the definition of [ fdu to more general measurable functions, in particular all f € m(g)
which are nonnegative or nonpositive.

For the following review the decomposition f = f* — f~ given in Definition 2.17 (Absolute value,
positive and negative part) on p.16.
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Definition 4.14 (Integral of a measurable function). Let (€, §, 1) be a measure space and f an ex-
tended real-valued, §—measurable, function.

1) If f =20, we define

(4.42) /fdu = sup{/hd,u : his simpleand 0 < h < f}

If notboth [ f*du = ocoand [ f~du = oo, we define

(4.43) [ran = [srau— [ an

Again we call [ fdu the integral or abstract integral of f with respect to .

2) If / |fldp < oo we call f integrable with respect to . or just p—integrable.

We allow the alternate notation

[ran = [ 1) = [ f@nae). 0

The definition of integrability has been changed in MF454 version 2021-02-21 as follows.
e Old version 2021-02-19: We called any function f p—integrable as long as
[ fdp= [ ftdp— [ f~du exists, i.e., this expression is not of the form oo — co.

e From now on: To call f p~integrable it must satisfy the condition [ |f|du < co. You will
see in part b of Theorem 4.3 (Fundamental properties of the abstract integral) on p.59 that
this condition is equibalent to both [ f*du < coand [ f~dp < oo

Remark 4.15. |[ %

Note that there are measurable functions f which are not p—integrable even though [ fdu exists.
For example, let
FrRBIA) = RBY: fl) = ot = 2l

Here is a formal proof that [ z*d\!(x) = cc. For eachn € N, let hy, := n - 1}, 5. Then h,, < f and
this simple function has integral [ h,d\ = n - A!([n,2n]) = n%. Thus

/x*d)\l = sup{/hdA1 : hissimpleand0§h§:v+} > sup {/hnd)\l} = 0.

neN

In particular the integral [zTd\! exists but is infinite. Since |f(z)| = f(z) for all z we see that
[1f|dA\! = oo, thus f is not Al-integrable. O

We next define expected values of random variables as abstract integrals [ - - - dP.

Definition 4.15 (Expected value of a variable). Let (2, §, P) be a probability space and X a random
variable on that space, possibly extended real-valued.
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If [ XdP exists, we define the expectation or expected value E[X] of X, with respect to P
also simply written as £X, as

(4.44) / XdP = / X (w) dP(w / X (w . O

Proposition 4.11. || %

Let (2,5, i) be a measure space and A € §. Let p4 be the measure defined in Proposition 4.6 on p.48:
pa(A) = p(AnA')

If f € m(3) is p—integrable then f1 4 is integrable with respect to both p and pu4, and then

[ f1adi = [ fradus = [ saus

PROOF: Not entirely trivial. You first prove this for simple functions i and then use
0<h f<=>0<h1A§f1A

to prove the general case. W

The last proposition shows that if f is u—integrable and A € § then [ f14du exists. We are in a
position to define the following.

Definition 4.16. Let (€2, §, 1) be a measure space, A € §.

If f is a measurable function and [ f14dp exists (is not of the form oo — oo) then we call

(4.45) /A fp = [ £+ 1adu

the integral or abstract integral, of f over A with respect to u. We allow the alternate notation

[ raw= [ reaue) = [ s
Observe that [, fdu = [ fdu. O

For the following see SCF2 Theorem 1.3.4. We formulate it twice, once for general measures and
then again for probability spaces.

Theorem 4.3 (Fundamental properties of the abstract integral). Let f be a measurable function on a
emasure space (2, §, ).
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a. If f takes only finitely many function values xo, 1, ..., Ty, then
/fdu = wp (f )
k=0

In particular, if Q) is finite, then

[fan =3 s@inte).

we

b. (Integrability) The measurable function f is integrable if and only if

/f+du<oo and /f_du<oo.

Let g be another measurable function on (2, §, ).

c. (Comparison)If f = ga.e. and f and g are integrable or nonnegative a.e., then

/fdu = /gdu-

d. (Linearity) If o and (3 are real constants and f and g are integrable or if o and [ are nonnegative
constants and f and g are nonnegative, then

/(aXJrﬂY)du = a/fdu+ﬁ/gdu-

PROOF: See SCF2, proof of Theorem 1.3.4. W

And this is the version for probability spaces which you will find as SCF2 Theorem 1.3.4.

Theorem 4.4. Let X be a random variable on a probability space (2, §, P).

a. If X takes only finitely many values xo, 1, ..., Ty, then
B(X) = ) x, P{X = z;}.
k=0
In particular, if Q2 is finite, then

E(X) = ) X(w)P{w}.

weN
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b. (Integrability) The random variable X is integrable if and only if

E[XT] < 0 and E[X7] < o0

Now let Y be another random variable on (0, §, P).
c. (Comparison)If X =Y a.s. and X and Y are integrable or a.s. nonnegative, then

EX = FEY.

d. (Linearity) If o and ( are real constants and X and Y are integrable or if o and (3 are nonnegative
constants and X and Y are nonnegative, then

E(aX +p5Y) = aE(X)+ BE(Y).

e. (Jensen’s inequality:) The following may NOT be true for measures which are not probability mea-
sures. If o is a convex, real-valued function defined on R and if E(X) < oo, then

p(E(X)) = E(e(X)).

PROOF: See SCF2. 1
@@MFx-Auth

A This the placeholder for Theorem 4.13 on p.76 in the addenda to this
chapter.

The following theorem, [SCF2 Theorem 1.3.8, is specific to Lebesque measure. It is true in multiple
dimensions, but we only state it for the one-dimensional case.

Theorem 4.5. Connection between Riemann and Lebesgue integrals] Let f be a bounded function, defined
on R, and let a < b.

b
(1) The Riemann integral [ f(x)dx is defined (i.e., the lower and upper Riemann sums con-

a
verge to the same limit) < the set of points x in [a, b] where f(x) is not continuous has
Lebesgue measure zero.

b
(2) If the Riemann integral [ f(x)dx is defined, then f is Borel-measurable (so the Lebesgue

integral [ f(x)d\(z) is also defined), and both integrals agree.
[a.b]

PROQOF: |[% | Beyond the scope of this course. W

Remark 4.16.
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(1) Theorem 4.5(1) can be expressed as follows: The Riemann integral ff f(x)dzx exists < f(x)
is almost everywhere continuous on [a, b].

(2) A singleton sets {z} in R have Lebesgue measure zero, thus any finite set of points has
Lebesgue measure zero. Thus (1) above guarantees that if we have a real-valued function
f on R that is continuous except at finitely many points, then there will be no difference
between Riemann and Lebesgue integrals of this function.

(3) Lebesgue integrals are the appropriate vehicle to develop and prove mathematical theory.
But to actually evaluate integrals we use the formulas for computing Riemann integrals.

(4) Because the Riemann and Lebesgue integrals agree whenever the Riemann integral
is defined, we use the familiar notation f; f(z)dz for Riemann integrals instead of
f[a’b} f(z) d\(z) even if we do Lebesgue integration.

(5) If the set B over which we integrate is Borel but not necessarily an interval, we write

Jg f(z)de. O

4.4 Convergence of Measurable Functions and Integrals

The following corresponds to SCF2 Chapter 1.4 but note that what is formulated here for arbitrary
measure spaces (2, §, 1) is done there only for the measurable space (R, B(R), A!).

We start by applying the definition of a.e. and a.s (almost everywhere and almost surely, see Defini-
tion 4.10 on p.51), to the convergence of functions. In this case the property of interest for an w € 2
is whether the sequence of numbers or extended real numbers f;(w), f2(w), ... has a limit.

For the next two definitions see SCF2 Definitions 1.4.1 and 1.4.3.

Definition 4.17 (Convergence almost everywhere).

Let (€2, §, ) be a measure space, and f,, f : 2 — R Borel-measurable functions (n € N). Let
A= {we: nhﬁn;() falw) = f(w)}.

If u(A%) = 0 then we say that the sequence f,, has limit f ;—almost everywhere and we
write

lim f, = f p—a.e. or fn— f p—a.e.asn — oo; [

n—oo

Definition 4.18 (Convergence almost surely).

Let (2,3, P) be a probability space and X,,, X a sequence o random variables with domain
2 such that li_>m fn = f p—a.e. as defined above. We prefer to say that the sequence X, has

limit X P-almost surely and we write

lim X,, = X P-as. or X, > X P-as.asn — oo [

n—oo
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The following is SCF2 Example 1.4.4.

Example 4.6. Let (0, F, 1) := (R, B!, \!) the real numbers with Lebesgue measure. Let f, : R — R
be the continuous and hence (B!, B!)-measurable functions

n na?

(4.46) fan(x) = e 2 density function of the N (0, n)-distribution ,
V2T
0 ifx#0,
(4.47) f@) = { il
oo ifz =0.

Then f,(w) — f
Jg fn(@)d\ (z) =

(w) as n — oo for all w, thus f, — 0 A-a.e., since A\!{0} = 0. But observe
1 for all z whereas [; f(z)dA\!'(z) = 0. So when can we switch [ and lim,? O
Here is another such example.

Example 4.7. Let (0, F, 1) := (R, B!, \!) the real numbers with Lebesgue measure. Let f,, : R — R
be defined as

(4.48) fo =1 n=1,2,3,..., ie, fn(z) =1forz = nand zero else.

Then each f,, is Borel measurable (why?) and f,,(w) — 0 as n — oco. But the integrals fR fndX\ do
not converge to [ 0dA! = 0 since each [, f, dA! equals infinity. [

We have had two examples where a sequence of functions converges a.e., but the integrals do not
converge to the integral of that limit function. We are now formulating conditions under which this
cannot happen.

The following corresponds to SCF2 Theorem 1.4.5.

Theorem 4.6 (Monotone Convergence Theorem).

(1). Let (0,3, 1) be a measure space and let f, f1, fa, -+ : 0 — R be m(F, B1).

IfOS fisfos...aeand 1i_>m fn= fae., then h_)m /fndu: /fd,u.

(2). Let X and X1, Xo, X3, ... be random variables on a probability space (2, §, P).

IFOSX)SXo=...as and lim X, = Xas., then lim E[X,] = E[X].

n—oo n—oo

PROOF | % | : Will not be given. Observe though that (2) matches (1) in the special case that
w)=1. N

Remark 4.17. || %

Observe that neither Example 4.6 nor Example 4.7 satisfy the condition of the theorem. The func-
tions in both are nonnegative and in example 4.7 they even are monotone but there they are non-
increasing rather than non-decreasing. [
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Just as useful as the Monotone Convergence Theorem is the following one (SCF2 Theorem 1.4.9.)

Theorem 4.7 (Dominated convergence Theorem).

(1). Let (Q, 3, u) be a measure space and let f, g, f1, fa,- -+ : Q — R be m(F, BL). Further assume
that g = 0 and g is integrable, i.e., [ gdp < oo.

If|f;| £ gas. foreach j and lim f, = gas., then lim [ f,dp = /fd,u.
n—oo n—0o0
A. Let X,Y and X, Xo, X3, ... be random variables.

If|X;| £Y as. foreach j and lim X, = X as., then lim E[X,] = E[X].
n—o0

n—oo

PROOF % | : Will not be given. Observe again that (2) matches (1) in the special case that
w@)=1. N

Understand how useful the above two theorems are for your other Math classes where integration
or summation or probability plays a role. Here is an example which you can find, e.g., in [1] Bauer,
Heinz: Measure and Integration Theory.

Proposition 4.12. |k | Let (Q,§, p) be a probability space and a < b two real numbers. Assume the
function f :]a, b[x§2 — R satifies the following.
(1) For any fixed a < t < b the function w — f(t,w) is u—integrable (and thus by necessity §—

measurable).
(2) For any fixed w € Q the function t — f(t,w) has a partial derivative
0
fr:sm— fi(s,w) = a‘7):(5,(41).

(3)  There exists a non-negative and p—integrable function g : Q — R which dominates | f:|:

|ft(s,w)| = g(w) foralla < s <b, we.

Then we can differentiate under the integral. More specifically,
s — / f(s,w)dp(w) is differentiable for each w,
Q

w — fi(s,w) is u—integrable for each a < s < b, and

[ o) du@) = 5 [ floow)duto).

PROOF: Fix a < sp < band an arbitrary sequence a < s,, < b of real numbers such that s,, # so for
all n and lim,, s,, = sg. Define h,, : Q@ — R as

Fsn ) = f(50,0)

Sn — S0

hp(w) =
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Then h,, is p—integrable for each n by assumption (1) and, by assumption (2),

(4.49) lim h,(w) = fi(so,w) forallw € Q.

n—oo

In particular, the function w — f;(so, w is measurable as limit of the measurable h,,.

We next show that |h,| < g so we will be able to apply dominated convergence. According to the
mean-value theorem of differential calculus we can find for each s,, a value «,, in the open interval
with endpoints s,, and s such that

- f(Sn,W) - f(SOaw)

Sn — S0

= ft(an,w) .

From assumption (2) we thus obtain |h,(w)| £ g(w). w — fi(so,w) thus is p—integrable. We apply
dominated convergence to formula (4.49) and obtain

(4.50) lim [ hp(w)du(w) = /ﬂft(s[),w)du(w).

n—o0 Q

From the definition of h,, and linearity of the integral we obtain

/ b (w) dp(w) = Jo fsn = Jo fls0,w) dpfw) foralln,
Q Sn — S0

and this sequence of difference quotients has limit

lim [ hy(w)dp(w) = = /fso, ) dp(w

n—o0 Q

We apply formula (4.50) and obtain

/ft807 ) dp(w dt/fso, ) dp(w). |

Here is a simple consequence of monotone convergence.

Theorem 4.8.

(1). Let (Q,F, 1) be a measure space and let f = 0 be an extended real-valued, Borel-measurable
function on Q). Then the set function

(4.51) v:§ —[0,00], v(A) = /Afd,u

defines a measure on §.

PROOF:
A. To show that that 13 = 0, thus f - 1y = 0. Thus

u(@)Z/Od,u = u(4)-0 = 0.

(We might have had to use the rule oo - 0 = 0 once or even twice!)

65 Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

B. v is monotone since A C A’ for measurable A and A" implies f-14 < f - 14/, thus

V(A):/f-lAdu < /f-lA/du = u(4)).

C. v is o—additive: Let A,, € § be disjointand A := [ A,. Fork € Nlet By, := [ A;. Then
neN i<k

0> fla, = f-lp, Tf 1a
j=1

and thus, by monotone convergence,

k

k
o) = [ 7o radu=tim [ fotn. =t 3" [ 7o = m Yoy = Sovay) @
2 A A

Jj=1 Jj=1

4.5 The Standard Machine — Proving Theorems About Integration

Introduction 4.3. The easiest way to prove facts about integration in general and expectations in
particular is often to proceed as follows.

Step 1: prove the statement for indicator functions 1 4.

Step 2: Use the linearity of f — [ fdu to prove the statement for simple functions.

Step 3: Approximate measurable f = 0 by simple functions f,, 1 f and use the Mono-
tone Convergence Theorem to extend the result to such f.

Step 4: Prove the case for general f = f* — f~ by applying step 3to f™ and f~.

Shreve calls this procedure the standard machine. [J

We proceed according to the standard machine to prove the following generalized version of SCF2
Theorem 1.5.1.

Theorem 4.9. (2, §, ) be a measure space and let (Y, §') be a measuragle space. Assume that f : Q —
is m(§,§'). and g : Q' — Ris m(§',B). We denote again by s the image measure of p under f on §,
defined in Definition 4.11 on p.54 and given by

pp(A) = plf e A} = p{weQ: f(w) e A},
Ifg 2 0or go fis integrable then
(452) [oosin = [gans, ie, [g(r@)dn) = [ o) duse).

PROOF:
Step 1. Assume that g = 1 4/ for some A’ € §'. Note that

La(fw) =1 & flwed & we f (A,
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thus
[t ante) = [ @) = w4 = ua) = [ L) dug(e)

We have shown the validity of formula (4.52) for g = 14/.
Step 2. Let g 2 0 be a simple functiong = ) ¢;1 A (n € N,¢; 2 0). It then follows from the linearity
=1

J
of the integral and what we already haven proven in step 1 that

/QOfdu = ZCj/lA;Ofdu = ch'/ Lyrdpy = / gdug.
Q = e = 0%

Step 3. Assume that g is a nonnegative, §' — —B! measurable function. For each nonnegative
integer n let

| -
Bjn = {*7§g<”+ } (j=0,1,...,4" — 1),

2n 2n
1
gol@) == Y 2018, (),
7=0
Then g, is a simple function which is constant on the preimages ¢~(| 2]—;1, ]2%1 [) of the partition
1 2 4n
0 <o <gm< v 27:2”.

We have g,, < g,+1 for all n since each partition is a refinement of the previous one.

Moreover g, (w’) T g(w’) for each w since, if j is the index such that Zj—n S g(W') < ginl, then

Jj+1
on

11

on on — on’

[IA

J
W € By, thus ga(x) = 2o < g(') < L=, thus Jgu(w) — ()] <

It now follows from Step 2 and the monotone convergence theorem that

/gofdu = lim/gnofdu = lim/gnd/,Lf = / gdpy.
Q n—oo [¢) n—oo Q/ Q

If f = 0 then we are done.

Step 4. From now on we may assume that g o f is y—integrable, i.e., both [(go f)"du < co and
[(go f) du < co. We have shown in step 3 that the nonnegative functions g* o f and g~ o f satisfy

(4.53) /g+0fdu = / 9" duy, /g_Ofdu = / g~ duy,
Q Q Q Q

We also have

(4.54) g
g

67 Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

It follows that

/ngOfldu Z/Q(gof)erqu/Q(gof)—du
“zh /ﬂ(g+0f)du + /Q(QOf)du

(4.53) _
= /lg“'d,uf—i—/ﬂlg dpig.

All quantities here are finite since [(go f)Tdp < oo and [(g o f) du < co. We thus may subtract

and obtain
/gOfdu =/ g+duf—/ g dpy. H
Q Q Q

4.6 Equivalent Measures and the Radon-Nikodym Theorem

It is not necessary for you to learn the next definition. It is of a technical nature to ensure that certain
important theorems are valid.

Definition 4.19 (o—finite measure). || *

o Let (Q,F, 1) be a measure space. We call i a o—finite measure if there exists a sequence
A,, € § such that

p(A,) < oo foralln, and [J A4, = Q O
neN

Example 4.8. || %

All finite measures are o—finite. In particular, all probability measures are o—finite
Lebesgue measure \" is o—finite: For k € N let Ay, := [k, k]".
Then \"(Ax) = (2k)" < 0o, and Ay T Q.
e Summation measure ¥ (Definition 4.7 on p.46) is o—finite:
ForkeNlet Ay :={je€Z:|j| £ k}. ThenX(Ax) =2k+1<oo,and A; 1 Z. O

The next definition is an important one to remember.

Definition 4.20 (Radon-Nikodym derivative).

Let ;o and v be measures on a given measurable space ({2, §), assume that y is o—finite (see Definition
4.19 (o—finite measure) on p.68), and let f = 0 be in m(F, BL). If u, v, and f satisfy formula (4.51) of
Theorem 4.8 on p.65, i.e.,

(4.55) v(A) = /Af(w)d,u(w), forallA € 3,
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then we call f the density of v with respect to ;1 on § or also the Radon-Nikodym derivative of v
with respect to i on §. We write

_dv

(4.56) I =

or dv = fdu or dv(w) = f(w)du(w). O

Remark 4.18. It follows from Theorem 4.13 on p.76 that if f is a second function that satisfies v(A) =
i) 4 fduforall A € §,and if f and f are u~integrable, then f = f u-a.e.

One can prove that under the given assumptions which include the o—finiteness of ; and nonnega-
tiveness of f and f this almost everywhere uniqueness of the Radon-Nikodym derivative remains
true, and this allows us to refer to “the” Radon-Nikodym derivative. [

Remark 4.19. || % We explain now why we call the function f in formula (4.55) a derivative.

Consider the normal distribution with mean ;. and variance o2, i.e., the measure v on B! defined
by

b
(4.57) v(la,b]) = / f(z)de = fd\', a,beR,a<b.
a ]a,b]
where f is the normal density
fla) = g e T
) = —=e 27 .
V20?2

Observe that formula (4.57) extends to arbitrary Borel sets (see Fact 4.1 on p.44). In other words, if
we write p for \!, then \!, v, and f satisfy formula (4.55), thus

v,
A\’

Actually v is already defined by its values on intervals of the form | — oo, z] since

f=

v(Ja,b]) = v(] —00,b]) — v(] =00, a]).

This is of course known to us: The N(u,o?) distribution is given by its cumulative distribution
function

F@) = [ fwdu= [ f@)iN)
—00 |—o0,x]
It follows from the Fundamental Theorem of Calculus that f(z) = dl;f). We have seen that

[ f(x)dA\'(x) equals [ f(z)dx for Riemann integrable f, so we take liberty and write dz for dA.
We have both

fly = T ey = 2D

This is the reason why a function f that satisfies formula (4.55) is called a (Radon-Nikodym) deriva-
tive.

A last comment: This example has nothing to do with normal distributions. All we needed was
that the function f in formula (4.57) is nonnegative, in m (B!, 8'), and such that the function x —
F(z) = v(] — o0, z]) is differentiable so that we can apply the Fundamental Theorem of Calculus.
Continuity of f at all points suffices for that. [
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Definition 4.21 (y—continuous measure). || %

Let 1« and v be measures on a given measurable space (€2, §).

e We call v a continuous measure with respect to it on § or a /—continuous measure on
§, and we write v < p, if

w(A) = 0 = v(A) =0, forallAeg. O

e We call 1 and v equivalent measures and we write i ~ v, if both

p<v and v < p. OO

Remark 4.20.
(1) Two measures ; and v on (€2, §) are equivalent if and only if

uw(A) = 0 < v(4A) =0, forallAeg.

Thus the relation i ~ v above is an equivalence relation on the set of all
measures for (9, ).

(2) Two probabilities P and P on (Q,§) are equivalent if and only if the P-
almost sure events coincide with the P-almost sure events. []

Proposition 4.13. Let ;v and v be measures on a given measurable space (2, §) and assume moreover that
the measure v has a Radon—Nikodym derivative with respect to jron §. Then v < p.

PROQOF: * For convenience we write f rather than r for the Radon-Nikodym derivative.
Thus f satisfies v(A) = [, fduforall A € §.
We must show that

u(d) =0 = /flAdu = 0.

It suffices to show that | hdu = 0 for all simple functions h that satisfy 0 < h < f14 since [ fladu
is the supremum of all sucn integrals.

Since f14 =0on Al and thus0 < h < fla = 0 on A we obtain h = hl.

h has the formh = ) cjla, for suitablen € N, ¢; € R, and A; € §. Thus
=1

/hd,u = /hlAdu = ch/ la;dp = cj,u (AN Aj) ch,u =

The last equation follows from the assumption p(A4) =0. W
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Theorem 4.10 (Radon-Nikodym Theorem). Let y and v be measures on a given measurable space (€2, §)
and assume moreover that the measure p is o—finite. Then

v possesses a Radon—Nikodym derivative of v with respect to pon§ < v < p.

PROOF: |[% | The “=" direction was proven in Proposition 4.13. The proof of the reverse direc-

tion is outside the scope of this lecture. W

Corollary 4.2. Let P and P be equivalent measures on a given measurable space (€2, §). Then both Radon—

Nikodym derivatives %5 and dP exist, and they satisfy the relation
P dp _
dP 4p

PROOF: |[% | The Radon-Nikodym Theorem guarantees the existence of both 75 dP and dP . For all
A € § we have

dP dP dP [ dP dP - -
(A) v deP /dP <deP> /deP /AdP = P(A).

Let Z := % 4B~ Assume to the contrary that we do not have Z = 1 a.e. Then

P{Z>14¢e}>0 or P{Z<1—¢}>0 forsome suitablysmalle > 0.

We may assume that P{Z > 1+ ¢} > 0. Then also ]S{Z >1+¢e} > 0since P ~ P. We write A for
{Z > 1+ ¢} and obtain

P(A) (A)/ ZdP = (14 2)P(A) > P(A).
A

We have reached a contradiction. W

Remark: Assume as in Corollary 4.2 that P and P are equivalent measures. We write Z := % for
convenience. Let By := {Z = 0}. Then P(By) = 0 because

P(By) = / ZdP = / 0dP =
Bo Bo
Since P ~ P we also have P(Bj) = 0.

Let X be an arbitrary, nonnegative, random variable. Then
/XZdP: XZdP-l—/ XZdP = O—I—/ XZdP. :/ X1(z101Z dP.
B B§ B

The above holds in particular for indicator functions X = 14 of any A € § and tells us that we may
replace Z with Z1;70y. This should have been expected since a Radon-Nikodym derivative is a
conditional expectation and thus determined only almost everywhere.

We thus may assume that
dP dP
— =1/—=.01
dpP dP
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Remark 4.21. There is a more general version of the last corollary.

Let p, v, and p be three measures on a given measurable space ({2, §). Assume that the measures
and v are o—finite, that p < v and v < p. Then g—z exists and satisfies

dp dp dv
dp — dv dp
For the existence part observe that p < v and v < pimplies p < p. O

4.7 Independence

All material in this chapter is standard an no effort is made to present the material different from
SCF2. Consult SCF2 ch.2.2 (Independence) for examples and more background information.
Introduction 4.4. We proceed in stages. Let (2, §, P) be a probability space.

Stage 1.

We say that two sets A and B in § are independent if

P(AN B) = P(A)- P(B).

Stage 2.

The following is SCF2 Definition 2.2.1. Let (€2, §, P) be a probability space, let & and $) be sub—o-
algebras of §, and let X and Y be random variables on (12, §, P).

(@) We say that the o-algebras ® and $) are independent if
P(AN B) = P(A)-P(B) forallAc &, Be$.

(b) We say that the random variables X and Y are independent if the o—algebras they
generate, 0(X) and o(Y), are independent.
() We say that the random variable X is independent of the o—algebra & if the o—
algebras o(X) and &, are independent.
Note that independence of the (Borel-measurable) random variables X and Y implies that

X and Y areindependent <& P{X e¢UandY €V} = P{X €U} -P{Y €V}
for all Borel subsets U and V of R.

Stage 3.

SCF2 Definition 2.2.3 generalizes independence from two sub-o—-algebras or random variables to
countably many.

Let (2, §, P) be a probability space, let &1, &5, B4, ... be sub—o—algebras of §, and let X, X, X3, ...
be a sequence of random variables on (Q, §, P).

(@) We say that the o—algebras &, &, ..., 6, are independent if

P(Al ﬂAQ'--ﬁAn) = P(Al)P(AQ)P(An) fOI'aHAj€6j, j=1,...n.

(b) We say that the random variables X, X», ... X,, are independent if the o—algebras
they generate, 0(X1),0(X1),...,0(X,), are independent.
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(c) We say that the sequence of o—algebras &;, j € N is independent if, for eachn € N,
the o—-algebras &;, j = 1,...,n are independent.

(d) We say that the sequence of random variables X, j € N is independent if, for each
n € N, the random variables X, j = 1,...,n are independent.

It is not hard to see that items (c) and (d) of that definition areequivalent to

(') We say that the sequence of o-algebras &;, j € N is independent if, for each finite
subsequence ny,ng, . .., ny of distinct integers n;, the o-algebras &,,,, j = 1,...,k
are independent.
(d’) We say that the sequence of random variables X;, j € N is independent if, for
each finite subsequence ni,ns, ..., n; of distinct integers n;, the random variables
Xn;, j=1,...,k are independent.
We will use this observation to define independence of arbitrary (possibly uncountable) families of
sub—c—algebras and random variables. [

Definition 4.22 (Independence). Let (2, §, P) be a probability space, let &;,i € I, be an arbitrary,
indexed family of sub—o—-algebras of §, and let X;,i € I, be an arbitrary, indexed family of random
variables on (2, §, P).

(@) We say that the o—algebras &;,7 € I, are independent if, for each finite subsequence
i1,12, ..., of distinct indices i; € I,

P(A;, N A;,---N Azk) = P(A“)P(AZ?)P(A%) forallA,-j Gﬁij, 7=1,...k.

(b) We say that the random variables X;,i € I, are independent if the oc—algebras they
generate, 0(X;),¢ € I, are independent.

Theorem 4.11 (SCF2 Theorem 2.2.5). Let X and Y be independent mndom variables, and let f and g be
Borel-measurable functions on R.

Then f o X and g o Y are independent random variables.

PROQOF: A simple consequence of the fact that the measurability of f and g yields o(f o X) C o(X)
and o(goY) C o(Y), so fewer equations of the form P(AN B) = P(A)P(B) need to be verified. W

You will have to consult SCF2, ch.2.2 if you need a refresher on joint distributions to understand the
next theorem.

Theorem 4.12 (SCF2 Theorem 2.2.7). Let X and Y be random variables. We have equivalence
1= 2 < 06 = @<= 6

of the following conditions.
(1) X andY are independent.

(2) The joint distribution measure (image measure of P under the measurable functions w — X (w),w —
Y (w),w— (X (w), X(w))) factors:

(4.58) Pxy(A x B) = Px(A)- Py(B) forall Borel sets A, B C R.
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(3)  The joint cumulative distribution function factors:

(4.59) Fxy(a,b) = Fx(a)- Fy(b) foralla,b e R.
(4) The joint moment—generating function factors:

(4.60) E [ XY ] =B [eX] - E[e"Y] forallu,v € R

for which the expectations are finite.
(5) If there is a joint density then it factors:

(4.61) fxy(@y) = fx(x)- fy(y) forallz,y e R.
The conditions above imply but are not equivalent to the following.
(6) If there is a joint density then it factors:

(4.62) E[X Y] = E[X]- E[Y], provided E[|X -Y|] < oc.

PROCQF (outline): See the SCF2 text. W

4.8 Exercises for Ch.4

Exercise 4.1. Let (2, §, 1) be a measure space with a sub-o—algebra & and let y/ := ,u} & be the
restriction 1/ (G) := pu(G)(G € &) of p to &.

Prove that if f is a nonnegative and &—measurable function then

/fd,u = /fd,/. O

49 Addendato Ch4

Definition:
The following has been added to Definition 4.5 (Abstract measures) on p.43:
e We call any subset N of a set with measure zero a y—null set. Note that /N need not
be measurable. O

You should visualize the next proposition for the case of one, two, three, and four events A;.

Proposition 4.14. || %

Let (€2, §) be a measurable space in which a finite or infinite sequence of events Ay, As, ... is a partition of §)
and generates §. Let J := {1,2,...,n} in case of a finite sequence A; : 1 < j < n, and let J := N in case of
a sequence A; : j € N. Then our assumptions can be stated as follows.

(4.63) AinAj =0 fori#j, HA; =9, §=o{4;:jeJ}.
JjeJ

Under those assumptions it is true that § consists of all countable unions Ay, | Ap, 1) . ...
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PROOF: Left as an exercise.
Hint: What is the complement of the union A4, [{ 4,, 4...? B
@@MFx-Auth

The following definition should be part of Definition 4.9 of a random variable. See

p-50.

It seems awkward not to call a measurable function 2 — Q' from a probability space (€2, §, P) to a
measurable space (€, §’) a random variable only because its function values are not numbers.

we will call them random items.

Definition 4.23 (Random item). |[/%

e Let (92,3, P) be a probability space, (€',F’) a measurable space, and let X : Q@ — Q' be
m(F,§’). We call such a function a random item.

Note that all random variables are random items.

@@MFx-Auth

A The following proposition belongs after Corollary 4.1 on p.52.

Proposition 4.15. || %

Let (92, F) be a measurable space and f, g extended real valued Borel measurable functions. Then each one of
the sets

{f<gy, {f=gt, {r>9h {fzgh

is §—measurable.

PROOF:

For the set {f < g} we proceed as follows. For ¢ € Qlet A, := {f < ¢ < g}. Then 4, = {f <
q} N{q < g} is measurable as the intersection of two measurable sets. Note that

f(w) <g(w) <« thereis (atleast one) ¢ € Q such that f(w) < ¢ < g(w),

and thus

{f <g} :UAq-

9€Q
It follows that { f < g} is measurable as the countable union of the measurable sets A,.

From this we obtain measurabilty of the set { f < ¢} since

{f=g} = ﬂ{f<g+71l}-

neN

Lastly, {f > g} and {f = g} are measurable as complements of the measurable sets { f < ¢} and

{f<g} N
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@@MFx-Auth

A The following theorem belongs after Theorem 4.4 on p.60.

Theorem 4.13. Let (2, §, i) be a measure space and assume that the extended real—valued functions f, g €
m(F,B) both are p—integrable. We have the following.

(4.64) If/ fdu = /gd,u forall Ac§ then f < gpu-ae.
A A

(4.65) If/ fdu = /gd,u forall Ae§ then f = gu-ae.
A A

PROOF: || Let A := {f > g}. We will prove (4.64) by showing that the assumption p(A4) > 0
leads to the contradiction [, fdu > [, gdp.

Forn € Nlet A, := {f > g+ 1}. Then A, 1 4, hence 1i(A4,) 1 u(A). See Proposition 4.5 (Continuity
properties of measures) on p.47.

Assume to the contrary that /1(A) > 0. Then there exists v > 0 such that ;1(A) = 2y and hence some
n € N such that u(A,) = 7. Since f > g+ < onall of 4,

1 1 ¥
/fdué/ <g+>du=/gdu+ﬂ(x4n)é/gdu+>/gdu.
Ay, A n An n An n An

We have reached a contradiction, thus (4.64) holds.
Proof of (4.65): Note that, according to the already proven validity of (4.64), the assumption

/fd,u = /gdu forall A€ § implies f < gp-ae, and g = f p-ae.
A A

This proves f =g p—a.e. R
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5 Conditional Expectations

We will explore in Section 5.1 (Functional Dependency of Random Variables) in what sense a o—
algebra can be interpreted as holding some or all stochastically relevant information about a random
variable before devoting the remainder of this chapter to the subject of conditional expectations.

For a random variable X on a probability space (€2, §, P) we will define its conditional expectation
E[X | &] with respect to a sub—c—algebra & of § not as a number but as a &-measurable random
variable (a function of w!) which satisfies the

partial averaging property / E[X | ®]dP = / X dP forall G € &.
G G
This property gets its name from the fact that it implies matching averages
1 / 1 / . s
—— | EF[X|8]dP = ——— [ X dP forall G € & with probability P(G) >0,
P(@) Jo PO = B Jo probability 1

i.e., for that part of the stochastically relevant information about X that is accessible in &.

In Section 5.2 (c—Algebras Generated by Countable Partitions and Partial Averages) we examine
this first in the special case where & is generated by a countable partition

0=l ol

of events GG; before treating the general case in Section ?? (Conditional Expectations and Their Core
Properties in the General Case)

5.1 Functional Dependency of Random Variables

Proposition 5.1 (Doob Factorization Lemma). || %

Assume that Q) is a nonempty set, not necessarily a measurable space, that (', §') is a measurable space, and
that f : Q — Q' is a function about which we assume nothing. Then f transforms ) into a measurable space
(Q,0(f)) by means of the o—algebra

o(f) = {f71(A) : A €5}

See Definition 4.12 on p.54 and the proposition preceding it. Further assume that ¢ : Q@ — R is an extended
real valued function with domain ). The following then is true:

(1) ¢ is (o(f),B')-measurable < there is (F',B')- f
measurable g such that ¢ = go f, ie, p(w) = (Q,0(f)) — (,F)
g(f(w)) forall w € Q. !

(2) If f 2 0 then g can be chosen such that g = 0. @\A V9

(3) If|f| < oo then g can be chosen such that R V%l)
9| < o0 ’

PROOF (outline):

We will only prove the nontrivial direction “=" of (1). The other direction is trivial since if there is
(3',B')-measurable g such that ¢ = g o f then ¢ is (o(f), B')—measurable as the composition of
the (o(f),3’)—measurable f with the (§', B')-measurable g.
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The proof of “=" is done according to the standard machine.

Step 1: ¢ is a o(f) measurable indicator function, i.e., f = 14 for some A € o(f). But any such set
A must the preimage f~1(4’) for some A’ € §'. Note that if f is not bijective then A will generally
not uniquely determine A’. We define

g = 1A’7

and it is easily verified that go f = 14.

k
Step 2: For a nonnegative step function ¢ := }_ c;la; (¢; 2 0, A; € o(f)), we define
j=1

k
g = Z cilars
Jj=1

where each A’ € §' is chosen such that 4; = ffl(A;-). Then go f = .

Step 3: For general measurable ¢ = 0 there exiss a sequence of simple functions ¢, such that ¢,, 1 ¢.
See the proof of step 3 of Theorem 4.9 on p.66. According to Step 2 there exist §'—measurable
(simple) functions g,, such that ¢,, = g, o f for each n. Clearly the sequence g, is non—-decreasing
and thus has a §-measurable limit g, and this function satisfies ¢ = g o f.

The proof of (1) for general g and that of (3) will not be given since it is somewhat tedious to consider
the case co — co. But note that we also have done the proof of (2). W

Corollary 5.1. | %" | Given are a probability space (2, §, P), a measurable space (', '), a random item’

X by which we simply mean a (§,§')-measurable function X, 16 and a random variable Y on (2,3, P).
Note that our assumptions imply
o(X) CF and oY) C §

so that all probablities P{X € A’} and P{Y € B} exist forall A’ € §' and B € ‘B.

X
(9737 P) - (Q/ugl)
Then o(Y) C o(X) & thereis (§',B')-measurable g such that :
Y =goX,ie,Y(w)=g(Xw)) forallwe Q. v ig
(R,8%)

PROOF (outline): This is an immediate consequence of the Doob Factorization Lemma, Proposition
5.1,since o(Y) Co(X) & Yis (0(X),B')-measurable W

Remark 5.1. Given a probability space (€2, §, P), a measurable space (€', ), and a random item X
in m(§, %), in particular, if (€', §’) = (R,B!) and thus X is random variable,

we can interpret the o—algebra o(X) as the container of all stochastically relevant informa-

tion of X

in the sense that knowledge of all events that belong to o(X) means knowledge of the probabilities
of all those events A C (2 that can be described in terms involving X.

16See Definition 4.23 on p.75 in the addenda to ch.sec:basic-meas-prob-theory.

78 Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

In this context the corollary to the Doob Factorization Lemma says the following:

If a random variable Y is stochastically known to a random variable X in the sense that its
stochastically relevant information o(Y) is part of that of X, i.e., 0(Y) C o(X) then that

by itself implies that Y is known to X on an w by w basis since the functional dependency
Y = g o X via the function w’  g(w') determines Y (w) from X as g(Y (w)). O

5.2 o-Algebras Generated by Countable Partitions and Partial Averages

Introduction 5.1. We consider o-algebras as stores of information from a different perspective. In
Section 5.1 (Functional Dependency of Random Variables) we were comparing the sigma-algebras
ocX and oY of two random variables X and Y and saw that a functional dependency ¥ = go X
exists if 0(Y') C o(X).

Now we relate a random variable X on a probability space (€2, §, P) to a o—algebra & C § which
only contains some but not all of the stochastically relevant information about X, i.e., we examine
the relationship of X and & in case that

o(X) is not contained in &.

(A) Is there a random variable X in m(®,B') which is, in some sense, the best possible
approximation of X?
(B) Issuchan X uniquely determined?
(C) What happens in the extreme case & = {0,Q}?
Since we expect & and X to be about stochastically relevant information of X and since all such
information is about probabilities, we should only expect uniqueness of X up to a set of probability
zero. We have at least a partial answer to (B):

Xe is only determined up to a set of probability zero.

In other words, any random variable X in m(®, B') which satisfies X = Xy P-a.e. will serve as
well.

Consider the special case in which a finite or infinite sequence of events G'1, Go, . .. is a partition of
(2 and generates &, i.e., if J denotes the finite or infinite index set for this sequence,

(5.1) GinG; =0 fori#j, G =, & =0{G:jel}

jed
The partitioning events G; are the “atoms” of & since each ¢ € & is a union of some or all of the
Gj. See Proposition 4.14 on p.74. Let n be the finite or infinite number of sets G;.

(1) If|J| = 1thenQ = Gy,ie., & = {0, Q}. Only constant functions 2 — R are &—measurable,
and the best estimate w — Xg(w) of a random variable X by a number is its expectation
X (w) = E[X]. We have the answer to question (A).
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(2 If |J| = 2 then Q = G1H Gy, thus Gy = GE, and & = {0, Gy,G2,Q}. We now can
separately consider the cases w € G, w € G5 and take the weighted averages on GG; and
G, i.e. we define

Xo(w) = P(%ﬁ) E[X1g,] %fw € G,
P(Gz2) E [Xle] ifw e Gs.
1 1
— P(Gl) E [XlGl] . 1G1(w) + M E [X1G2] . 1G2(w)

1
) J';z eh i (X1, - 1e,(w).

(3) For general J we take the weighted averages on each GG; and splice them into a function
of w:

Xo(w) = P(Gj)E[Xlgj]iwaGj, ie, Xe(w) = jGZJP(lGj)E[Xlgj] g, (w).

We have to amend the equations given in (2) and (3) to account for the indices j for which P(G;) = 0.
We partition our index set .J into two index sets

J=Jil4)Jo, definedas Ji:={j €N:P(G;) >0}, Jo:={jeN:P(G)=0},

We have seen already that X can be determined at best up to a P-null set A := [} ;  G; has probabil-
ity zero as the countable union of P-null sets. Thus we do not change any stochastically properties
if we set X to some arbitrary, constant, value, most conveniently zero. In other words, we replace
the definition given in (3) with

(5.2) Xo(w) = Z P(lG) E[X1g,] - 1g,;(w).
JeJ1 J

We now quickly explore the connection between X and conditional expectations E[X | G| with
respect to events G € &. You have encountered such conditional expectations in your probability
course if X is a discrete random variable or if there is a conditional density:

EX |G| = Z:):P{X =z | G} if X is discrete, or

EX |G] = / rfx|q(z)dr if there is a conditional density fx|z(7), i-e.,

—0o0

PA|G) = /AfXG(x) dx for all events A.

We obtain for indicator functions X = 14(A € §)

= ZP(A | Gj) - 1g,;(w) = ZE(lA | Gj) - 1g;(w) = ZE(X | Gj) - 1g,(w).
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This relationship

(5.3) Xe(w) = Y B(X|Gy) 1g,(w).

J
between X and conditional expectations of the form E[X | G;] can be extended by use of the
standard machine to arbitrary nonnegative or integrable random variables X

The proposition following this introduction will show that the integral equation

(5.4) /G X dP = /G X dP

holds for events G C &. It will be the key to generalizing the definition of X from o-algebras
which are generated by a finite or countable partition 2 = G, G2 |4 - - - of F—measurable sets G;
to arbitrary sub—o—algebras of §.

We will find for any o—-algebra & C § and nonnegative or integrable X a &-measurable X which
satisfies formula (5.4). Since this formula yields matching “averages”

1 1
(5.5) P(G)/GX®dP :P(G)/GXdP

for all events G € & which have positive probability, there is hope that this random variable X is
the answer to question (A) that was raised above. [

Proposition 5.2. | % | We work under the assumptions of the introduction.

(1) Given are a probability space (2, §, P) and a finite or infinite sequence G1, Ga, . .. of elements of
§ which constitute a partition of Q2. We write J for the finite or infinite index set for this sequence.
and Jy for the set of those indices j such that P(G;) > 0.

(2) Let & := o{G; : j € J} For an integrable or nonnegative random variable X on (Q2,§, P) we
define again the &—measurable random variable X via (5.2):

Xo(w) = P(gj)E[XIGj] g, ().

Then formula (5.4) holds for all G € &.

PROQOF: We employ the standard machine.
Step 1. If X = 14 for some A € § then foreach k € J,

1
XgdP = / Elale] 1g dP
G Jép(Gj) G [ ] -1,

1
= / P(AﬂGj)-lgi dP
) Ja, :

= P(AQG])P(GkﬂG])dP
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But the G; are disjoint, thus P(G, N G;) = 0 for k # j, and P(G, N G;) = P(G},) for k = j. Thus all
terms in the sum except the one for j = k vanish and we are left with

XgdP = ———
¢ ° P(Gy)

:/ 14dP = X dP.
Gy Gy,

Since all elements of & are a finite or infinite union G;, |t/ G, 1) - - - of the sets G this last result

extends to
/ XsdP = / X dP.
G G

Step 2. If X = Z a;ly, forsomem € N, Ay, ..., A, € §, and nonnegative o4, ... oy, we obtain by
=1
first using the def1n1t1on of X, then linearity of expectations, then using the result obtained in step

Step 1 for each random variable 1 4,, then linearity of the integral,

/XﬁdP (Gj /

1
; E[141¢] 1¢g, dP
;a > s [, Elae] 1

m
1 jEL
m

Za,/ 14,dP = /Zalu dP = /XdP

=1

for an arbitrary event G € &.

ZallA 1G] ‘g, dP
=

This proves the proposition in particular for all simple functions.

Step 3: Monotone convergence allows us to extend the result from simple functions to any nonneg-
ative random variable.

Step 4: If X is integrable then we apply the result obtain step 3 to X+ and X~ and thus obtain it
alsofor X =Xt -X". H

5.3 Conditional Expectations in the General Setting

What we have seen in the previous section was just of a motivational nature. We are ready now to
attack the general case of an arbitrary sub—o—algebra & of 3.

Theorem 5.1 (Existence Theorem for Conditional Expectations). Let (€2, §, P) be a probability space,
& a sub—o—algebra of §,

I Let X be a nonnegative random variable on (Q,§, P), Let v be the measure A — [, XdP on §. Let
Py = P] ® be the restriction of P to &, and let vg = u\ & be the restriction of v to &, i.e., Pg and vg are the
set functions defined as

Pe(G) = P(G),  w(G) = v(G), (Ge®).
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See Definition ?? (Restriction/Extension of a function) on p.??. Then Pg is a probability measure and v is a
measure on the measurable space (2, &), vy < Pg. The Radon—Nikodym derivative

dV@

Blx o] = op°

is ®—measurable and plays the role of X in formula (5.4) on p.81 in the following sense. E[X | & satisfies

(5.6) /E[X | 8] dP = / X dP forall G € &.
G G
(I) Let X be an integrable random variable on (Q, §, P). The random variables E[ Xt | &] and E[ X~ | ]
exist according to (I). Define
E[X|®] = E[x'|6] - E[Xx|¢].
Then E[X | &] satisfies formula (5.6).

PROOF: |[ %

PROOF of I: It is trivial that vy and Pg are measures on the shrunken domain & since they assign
the same function values v(G) and P(G) to their arguments G as v and P.

We now show that vy < Pg, i.e., if G € & such that Ps(G) = 0, then vg(G) = 0. We obtain this
from v < P (see prop.4.13 on p.70) as follows.

Ps(G) =0 = P(G) = Ps(G) = 0 = v(G) =0 = vs(G) = v(G) = 0.

According to the Radon-Nikodym theorem this suffices to guarantee the existence of the Radon-
Nikodym derivative, determined uniquely P-a.s. '/ We decide to name it E[X | &] rather than

dl/@
dPg "

The next point is subtle and very important. Since the measures v and Pg live on the measurable
space (€2, ®) the Radon-Nikodym theorem applies to this space and E[X | 6] is (6—measurable
and not only (§-measurable!

Now we prove formula (5.6). Let G € &. Since the function £ [X | (’5} 1¢ is ®—measurable it follows
that

(5.7) /GE[X|(‘5] dp = /E[X|@5]1de = /E[X\QS]1GdPQi = /GE[X|(’5] dPe.

(See Exercise 4.1 on p.74 for the second equation.) Further,

ie, E[X|®]dPs = Z%dpQj — dve.
[t5]

e
dPg’
We obtain from equations (5.7) and (5.8) that
/E[X|Q§]dP = /dy@ = v = V(G) = /XdP
a a

G

(5.8) E[X|6] =

The equation next to the last holds since the set functions v¢ = v| and v are identical for arguments
Ged

PROOF of II (Outline): Formula (5.6) holds for Xt and X . It is a straightforward exercise to show
the validity of (5.6) from the linearity of the integral. W

7For the a.s. uniqueness of the Radon-Nikodym derivative see Remark 4.18 on p.69.
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Remark 5.2. We state once more that the partial averaging property (5.6) determines the &-
measurable random variable E[X | ®&] P-a.e. in the sense that if X* is another &-measurable
random variable such that

XdP = / X*dP forallG € &
G G

then P{X* # E[X | 6]} =0. O
This last remark allows us to make the following definition (see SCF2 Definition 2.3.1).

Definition 5.1 (Conditional Expectation w.r.t a sub—o—algebra).

Let (2, §, P) be a probability space and X a nonnegative or integrable random variable.

For a sub—o—-algebra & of § we call any(!) random variable X* that satisfies
(@) (Measurability) X* is &-measurable,
(b) ®-Partial averaging or Partial averaging

(5.9) /X* dP = / X dP forallG € @,
G G

a conditional expectation of X with respect to &.

In most cases it does not matter which version X* that satisfies (a) and (b) is chosen. It is
customary to let the symbol E[X | &] denote any such X* and refer to it as the conditional
expectation of X with respect to &.

If Z is another random variable on (2, §, P) then 0(Z) C §, thus E[X | o(X)] is defined. In
this case we will generally use the notation

E[X | Z] := E[X |a(2)].

We call E[X | Z] the conditional expectation of X with respectto Z. [

Remark 5.3. We can think of E[X | &] as an estimate of X based on only the information that is
available in &.

The term “partial averaging” indicates that only averages
.
—— | XdP, Ge®and P(G) >0,
PG) Jo ()

are stochastically relevant information for E[X | &]. Those averages constitute just a part of the
averages

1
—— | XdP, AegFand P(A) >0,
i, )

are stochastically relevant information for X itself.

Partial averaging makes it plausible that £[X |®] is a well chosen estimate of X since all its averages
over sets in ® match those of X. The larger ®, the better an estimate for X we obtain.
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Consider in particular the case of the introduction 5.1 to this chapter on p.79 where & was generated

by a partitioning sequence 2 = G [ G2 - - - . In that case, we have
1
1 E[X = E | X1l¢g.| - 1a.
(5.10) X | &](w) ; Gy FX1a] 1g, (),
1

where J; is the set of indices for which P(G; > 0). See formula 5.2 on p.80. So the estimate
E[X | 8] of X is constant on each atom G of &. Moving to a partition with more sets with smaller
probabilities will definitely improve this estimate. [

Remark 5.4 (Factored conditional expectation). |[% | According to Proposition 5.1 (Doob Factor-

ization Lemma) on p.77 the 0(Z)-8; measurable function on €2,
E(X|Z]:Q—R, w~ E[X|Z](w),

can be written as a function

(A) E[X|Z] = goZ,

where z — g(z) is B!-B! measurable. Very confusingly it is common to write

(B) E[X | Z = 4]

for this function g(z). Thus the functional relationship E[X | Z](w) = g(Z(w)) which is obtained
by replacing the dummy variable z with the function value Z(w), becomes

(© EX[Z|(w) = EX [ Z=Z(w)]. O

The following is SCF2 Theorem 2.3.2 which I reproduce here essentially unaltered. In particular
I use his phrase “Taking out what is known” which sounds awkward but I would not know to
improve upon: the fact that a &-measurable random variable, i.e., one for which & all its stochasti-
cally relevant information, can be pulled out of a conditional expectation E[- - - | &| the same way a
constant number can be pulled out of an ordinary expectation E. . .].

Theorem 5.2. Let (2, §, P) be a probability space. let & be a sub—o—algebra of §.

(a) (Linearity of conditional expectations) If X and Y are integrable random variables and ¢,
and cy are constants, then

(5.11) E[e1X + Y |®] = 1 E[X|®] + e, E[Y|&].

This equation also holds if we assume that X and Y are nonnegative (rather than integrable) and
c1 and ¢y are positive, although both sides may be +oc.

(b) (Taking out what is known) If X and Y are integrable random variables, XY is integrable, and
X is &—measurable, then

(5.12) E[X -Y|¢] = X - E[Y|®].

This equation also holds if we assume that X is positive and Y is nonnegative (rather than
integrable), although both sides may be +oo.
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(c) (Iterated conditioning) If $) is a sub—o—algebra of & ($) contains less information than &) and
X is an integrable random variable, then

(5.13) E[E[X|6|9] = E[X|$).

This equation also holds if we assume that X is nonnegative (rather than integrable), although
both sides may be +oc.
(d) (Independence) If X is integrable and independent of &, then

(5.14) E[X|®] = E[X].

This equation also holds if we assume that X is nonnegative (rather than integrable), although
both sides may be +oo.

(e) (Conditional Jensen’s inequality) Let ¢ : R — R be a convex function, (see Definition 2.24
(Concave-up and convex functions) on p.27) and that X is integrable. Then

(5.15) Elpo (X | 8] Zp(E[X | ®]).

This equation also holds if we assume that X is nonnegative (rather than integrable), although
both sides may be +oo.

PROOQOF: See the SCF2 text. W

Proposition 5.3. Let (2, §, P) be a probability space, & a sub—o—algebra of §, and X a nonnegative or
integrable random variable. Then
E[EX | 6]] = E[X].
PROQF: The proof is left as an exercise. W
Note that
(5.16) E[E[X|8]] = E[X].
This equation simply is the partial-averaging property applied to G = (2.
In other words, E[X|®] is an unbiased estimator of X.

The next theorem which Shreve calls the Independence Lemma can be very useful to actually com-
pute conditional expectations. This is SCF2 Lemma 2.3.4.

Theorem 5.3 (Independence Lemma). Let (2, §, P) be a probability space, and let & be a sub—o—algebra
of §. Suppose the random variables X1, ..., Xk are B—measurable and the random variables Y1, ...,Yr,
are independent of &. Let f(x1,...,%K,y1,...,yr) be a function of the dummy variables x1, ...,z and
Yi,- - -, YyL, and define

(5.17) g(z1,...,2x) = Ef(z1,..., 25, Y1,...,YL).
(5.18) Then — E[f(X1,..., X, Vi,...,YD)|®] = g(X1,..., XK).

PROOF: See the outline given in the text. W
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6 Financial Models - Part 1

This entire chapter closely follows the book [3] Bjork, Thomas: Arbitrage Theory in Continuous
Time and we use to a large degree the notation found there.

Definition 6.1 (Adapted stochastic processes — Informal definition). Everything considered in this
chapter happens in the context of a once and for all given probability space (£2,§, P). We must
introduce informally a few concepts which will be properly defined in a later chapter.

(1) We consider on (€2, F, P) a collection of sub-c—algebras §; of § which are associated with
the trading times ¢, and which we interpret as the information aavailable up to time ¢ in a
financial market. It is natural to assume that information never decreases as time proceeds,
and we assume that, if ¢t < ¢/ then §; C Fy. We call (F¢): the information filtration or also
simply the filtration of the financial market.

(2) Let (€,§) be some measurable space. This will usually be R with its Borel o—algebra. A
stochastic process is a collection X = X; = X;(w), indexed by the trading times ¢, of §—F'-
measurable functions X; : Q — . We say that X is adapted to the filtration §; and we call
X an §;—adapted stochastic process if X; is actually §;—§'—-measurable for each time ¢.

(c) A stochastic process X; is a Markov process if its future development only depends on
its present state and not on any past information: E[p(X7)|3:] = Elp(Xr)|X,] for all
nonnegative, Borel-measurable functions x — p(z). O

Remark 6.1. See chapter 7.1 (Stochastic Processes and Filtrations) as follows.

For the exact definition of a stochastic Process see Definition 7.1 on p.113.
For the exact definition of a filtration see Definition 7.5 on p.116.

For the exact definition of an adapted Process see Definition 7.6 on p.117.
The definition of a Markov process is precise. See Remark 7.9 on p.118. [

6.1 Basic Definitions for Financial Markets

Introduction 6.1. The finance part of this course is about pricing financial derivatives which are
financial instruments defined in terms of (derived from) one or more underlying assets like stocks
and bonds. Such financial derivatives are also called contingent claima. A prime example is a
European call option for which the underlying asset is a stock. This option is a contract written at
some time . It specifies that at the time of expiration 7' > ¢, the holder of this option has the right,
but not the obligation, to buy a share of this stock for the price of K (dollars), the so called strike
price, regardless of the market price St of that stock at time T'.
We see several features in this example.

e The stock price S is a stochastic process S;(w) since it depends on time ¢ and is non-

deterministic, i.e., it depends on randomness w.
e The value of this contract at time of expiration is a function of the stock price S7(w) at

that time: The contract allows us to make a profit X7 — K if the price of the stock at time
T exceeds the strike price, and it is worthless (but does not lead to a loss) otherwise.
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We call this contract value at time 7" the contract function X'(w) of this option. What we
just saw is that

X(w) = ®(Sr(w)), where ®(z) = (z— K)* = max(z — K,0).

We will write I1(¢; X) or II;(X') for the price process of a contingent claim X'. It is obvious
that
Iy (X) = X,

since paying more for the claim at expiration time would be an unwise decision by the
buyer, whereas offering the option for less would lead to a loss by the seller.

Not so obvious: What is the appropriate price II;(X') at a time ¢ prior to 7? In particular,
what should be the price of this contract at the time ¢y when it is written? [J

Definition 6.2 (Financial Market). A financial market model, usually just called a financial market,
is defined in the context of a filtered is comprised of the following.

e A collection of financial assets & = (O, M ™),
e.g., stocks, bonds, options written on stocks, ...

e Trading times ¢ > 0 at which the assets &/(/) may be bought or sold. We speak of a
continuous time financial market if those trading times consist of an interval o, T" or
to, 00 and of a discrete time financial market if those trading times consist of a finite
or infinite sequence ¢y < t; < t < ... In either case we usually have ¢, = 0.

e Unit prices S(w) = (St(o) (w), St(l)(w), cee St(n) (w)) of the assets &/ ).

e There usually will be a bank account asset. We then reserve slot zero for that asset. We

)

often write B; rather than St(o to improve readability. [J

Remark 6.2. Interest is earned by holdings in a bank account and increases their value as time
progresses. We will consider different ways in which interest is earned.

This can be as simple as the case of trading times t = 0,1,2,3,... with a fixed interest rate R per
unit time. In this case the value of the holdings increases by the factor 1 + R, so it increases between
times t and ¢ + k by a factor of (1 + R)*.

On the other end of the scale, if the interest rate is stochastic and varying in time, i.e., it is a stochastic
process R;(w), then the value of the holdings increases between trading times ¢ and ¢’ by the factor

tl
el Budu

We list here a few more financial derivatives in addition to the European call.

Definition 6.3.

A European put option is a contract written at some time ¢(. It specifies that at the time of
expiration T' > ty the holder of this option has the right, but not the obligation, to sell a share
of an underlying security for the price of K (strike price). Note that the contract function
which specifies the value of this derivative at time 7" to the contract holder is

U (Sr(w)), where ¥(z) = (K — 2)7 = max(K — z,0).
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e An American call option is a contract written at some time ¢,. It specifies that at any time up
to the time of expiration 7' > ¢, the holder of this option has the right, but not the obligation,
to buy a share of an underlying security stock for the price of K (strike price).

e An American put option is a contract written at some time ty. It specifies that at any time up
to the time of expiration 7' > ¢ the holder of this option has the right, but not the obligation,
to sell a share of an underlying security for the price of K (strike price).

e A forward contract is a contract between two parties A (the seller of the contract) and B (the
buyer), written at some time t,. It specifies that at the time of expiration 7' > to A has the
obligation to sell a share of an underlying security for the price of K (strike price) and B has
the obligation to buy at this price. Clearly the value of the option to the buyer at time 7" is

U (Sr(w)), where ¥(z) = 2z — K. O

Trade happens in this market, so people will have portfolios which list for each asset how many

units are being held. We have access to the market information Stg up to the time ¢ of the trade, i.e.,
we can base our trades on the development of the asset prices up to that time, but we cannot peek
into the future.

Definition 6.1 on p.87 gave the definition of a stochastic process adapted to the filtration (§;); which
represents the market information up to time ¢ For the definition of a portfolio strategy we replace
each §; with the smaller o—algebra

3 = o(SY ust0<j<n)

of the information generated, up to time t, by the price processes S, ..., S, We will also utilize
the definition of a Markov process given there.

Definition 6.4 (Portfolio strategy).

A portfolio or portfolio strategy is an 35 —adapted stochastic process

—

©6.1) B =Hw) = (HOw),HW),...,H” ))

which denotes the holdings (quantity) Ht(j ) someone has in asset &), Negative values
indicate that this quantity is not owned but owed. We speak of a Markovian portfolio if A
is a Markov process, i.e., it depends on current stock price S; only and not also on its past,
i.e., on all of S;?

We say that H has a long position in o/ () if Ht(j ) > 0. We say that H has a short position
in this asset if Ht(j ) <0. O

Definition 6.5 (Portfolio value in continuous time). Assume that we have a portfolio H in a contin-
uous time financial market.
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The portfolio value associated with H is the stochastic process

62) VE =He5 =Y BISY = 8PS + BYSY + ... + BPSM. O
§=0

Things are more complicated to formulate in the case of discrete trading times.

Definition 6.6 (Portfolio value in discrete time).

Assume H is a portfolio in a discrete time financial market with a finite or infinite sequence
of trading times 0 < ty < t; < - --. The portfolio value of H is the stochastic process

VA =H,e8, =Y HYSY,
6.3) 70
VE =Hy o8, = BYSY itk #o0.
j=0

Remark 6.3. Let us examine why portfolio value is defined differently in discrete and continuous
trading models.

A. The continuous case.

We interpret, for each trading time ¢, ﬁt as the holdings (number of shares) in asset &/ () at that
precise time ¢. The value of those &/(/)-holdings is

quantity x price = Ht(j ). Séj ),

Thus the sum of those holdings, > H, t(j )Sﬁj ), is the value of the entire portfolio at time ¢.
5=0

B. The discrete case.
B1. The case t;, > tg,i.e., k > 0.

We interpret, for each trading time t;, > to, H;, as the holdings in asset &) during the interval
[tk—1,tx]. In other words, the quantities H;, are bought and sold at time ¢;,_; and held constant until
the next time of trade t;. The value of those &/ (/)-holdings at that time #;, is based on the quantity

Yo /4

ﬁtk traded at the previous trading time ¢;_; and on “today’s” asset price St(i ). This value thus is

quantity x price = Ht(g ). 5

tk7

and V//! is the sum ) Ht(j )St(j ) of those holdings.
5=0

B2. The case k£ = 0.

As in the case B1, H;, is interpreted as the holdings in asset /() established at the intital trading
time #; (and held constant until the future time ¢;). The value of those &/ )—holdings at time ¢ is
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). This value

based on the quantity H;, traded “today” at time ¢, and on “today’s” asset price Sﬁg
thus is , .
quantity x price = HY/) . 5%

to

and V' is the sum Y Ht(j )Sﬁj ) of those holdings. O
j=0

Example 6.1. If &/(®) denotes IBM stock which is traded at time ¢ at a price of St(B) = $120.15 per

share and Ht(3) = —27.78 shares then IBM stock contributes —3337.767 dollars to the value V,/ of
that portfolio. [

We stated earlier that money that is tied up in a riskless asset (zero coupon bond or bank account)

t
will appreciate between times ¢; < t2 by the amount elio =95 \vhere the process R = R;(w) is the

interest rate at time ¢. We can turn this around and think of how much we are willing to pay at
time ¢; for such a riskless asset if it pays the amount Z;,(w) at time t,. The answer is that we will
discount that price to the amount

t
R 2 Reds
Zt1 = e 1 Zt1
since this amount accrues, when invested at ¢; in a riskless asset, to the amount Z,,.

Definition 6.7 (Discount process).

Assume that R; is an interest rate process, for the riskless asset &), ie., Ry(w) is the
interest rate given at time ¢. Then the process

t
(6.4) Int; := exp [/ Ry ds}

0
represents the interest accrued between times 0 and ¢, i.e., an investment By in a bank ac-

count at time zero will have accrued to B; = By int; at time ¢. We call this process the money
market account price process of and we call

(6.5) D; := exp [—/Ot R ds}

the discount process of &7 (?). [

Note that we have

(6.6) Dy = — = Bo assuming that Int; # 0.

The term money market account price process for Int; has been adopted from SCF2 Chapter 6.5. It
represents the value at time ¢ of one currency unit which was invested in the riskless asset at time
zero and continuously rolled over at the interest rate R, 0 S v = ¢t. O
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Definition 6.8 (Self-financing Portfolio Strategy). A portfolio strategy is a self-financing portfolio
strategy if money can be shifted around at times of trade by selling some assets and reinvesting the
proceeds into other assets, subject to the following;:

e Itisnotallowed to move any proceeds out of the portfolio to finance, e.g., the purchase
of consumer goods or the next vacation.
e There is no infusion of external money to purchase additional shares.

In other words, the acquisition of additional shares in such portfolios must be financed through the
sale of shares in some other asset. [J

Remark 6.4. The above definition is not very mathematical and we should make precise its mean-
ing. That is done by means of a so called Budget equation which will look completely different
in the case of discrete time trading models such as the multiperiod binomial asset model (Chapter
6.2.2) than will be the case in continuous time trading models such as the Black-Scholes market
(Chapter 9). O

Remark 6.5. In calculus quite a bit of time is spent on how to model reality using differentiation
and integration. We interpret

dy Ay
6.7 "(2) = =2 = lim =2
(67) F@ = = i x
as the quotient of an “infinitesimally small” change dy(z) in function value y = y(z) and an “in-
finitesimally small” change dx in argument . This allows us to build a bridge between continuous
and discrete time trading. We amend what was said in remark 6.3 about the continuous case as
follows. Rather than viewing H + as

“the holdings in asset /7) at that precise time ¢”

we have the following two choices.
(1) we interpret

e H, = the holdings in asset &/ (/) purchased at time ¢ — dt at the asset price St(i )dt, ie.,
the trade took place “just before” time ¢ and we paid the price S\ )dt in force at that
time for each unit of the asset.

(2) we interpret

° ﬁHdt = the holdings in asset &/ (@) purchased at time ¢ at the asset price St(j ), ie., we

use ¢ + dt which stands for the time “just after” ¢ to label the positions traded at time

)

t and purchased at the price St(j in force at time ¢ for each unit of the asset. [J

We are now ready to elaborate, also in the continuous case, on Definition 6.8 of a self-financing
portfolio (p.92) where it was stated that such a portfolio strategy must satisfy

(1) Itisnotallowed to move any proceeds out of the portfolio to finance, e.g., the purchase
of consumer goods or the next vacation.
(2) There is no infusion of external money to purchase additional shares.

This will be done by means of a budget equation.
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Definition 6.9 (Budget Equation). A Budget equation for a portfolio states that exactly the value
resulting from the holdings established at the last trading time before the present trading time
will be used to establish the new holdings. This will look different for discrete time markets and
continuous time markets.

Budget equation for a discrete time financial market:

(6.8) Z Y 89 =vH = Z HDSY for ty > to.

In the case of continuous time trading we write, according to choice (2) of Remark 6.5, H t( +)dt for the
holdings traded at time ¢:

Budget equation for a continuous time financial market:

(6.9) Z Hdt =VH = ZHt(j)StFj) for t > 1.
=0

Note that time ¢( has been excluded because there is no reinvestment of the money that comes from
a previous trade. [

Remark 6.6. Formula (6.9) for the continuous time budget equation is preliminary. We need knowl-
edge about multidimensional stochastic calculus to transform it into

N
AV = HyedS; = hi(t) dS;(t

Proposition 6.1 (Self-financing criterion).

A portfolio strateqy H is self~financing if and only if it satisfies the budget equation of Definition
6.9.

PROOF: This follows from the observation that both budget equations simply state that precisely
the value V,/7 of the entire portfolio is reinvested in that portfolio. Thus H is “rebalanced” at each
time of trade without any inflow or outflow of funds. W

Definition 6.10 (Arbitrage Portfolio).
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A portfolio H; is an arbitrage portfolio if it allows with zero probability of risk to create
money out of nothing with positive probability and does so without the infusion or with-
drawal of money at any trading time ¢ > 0.

In other words, H; is self-financing with a value process V;# which satisfies

(6.10) VE =0,
(6.11) P{Vi >0} = 1,
(6.12) P{VH >0} > 0. 0O

Note that the above is equivalent to replacing 7" with some 0 < ¢ < T since we can invest the
positive amount V,// entirely into the riskless bond and (asuming a nonnegative interest rate) have
at least that much profit at time 7'.

We are designing a model and will make some simplifying assumptions even though they may be
unrealistic in the real world.

Assumption 6.1. The market adheres to the following:

e The processes St(j ) and Ht(j ) can equal any real number.

e There is no bid-ask spread: The trading house will not charge more to sell an asset to
you than the price at which it is willing to buy it from you.
There are no costs for executing a trade.
The market is completely liquid: one can buy and/or sell unlimited quantities of any
asset. In particular one can borrow unlimited amounts from the bank (by acquiring a
short position in a bond).

The following condition is so central that we list it separately for emphasis.

e The market is efficient and thus free of arbitrage, i.e., it does not allow the existence

of arbitrage portfolios. [

Definition 6.11 (Contingent Claim). A contingent claim (financial derivative) is a §7—measurable
random variable X' (w). We call X a simple claims if there is a function s — ®(s) of stock price s
such that

X=do ST.

We occasionally refer to ® as the contract function of that claim. [

Definition 6.12 (Hedging/Replicating Portfolio). Given are a contingent claim X and a portfolio H.

94 Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

(@) We say that H is a hedging portfolio or a replicating portfolio for X, and we say
that X is reachable by H, if H is self-financing and

Vi = X almost surely.

(b) If all claims can be replicated then we say that the market is complete. [

Remark 6.7. We stress that part of the definition of a replicating portfolio is the condition that it be
self-financing. [

Part of Assumption 6.1 about a market is that there be no arbitrage. The next theorem states that in
such a market all hedgeable contingent claims can be priced correctly (without admitting arbitrage)
by means of their replicating portfolios. Bjork refers to the next theorem as a pricing principle.

Theorem 6.1 (Pricing principle).

Given is a contingent claim X with a replicating portfolio strategy H.
For H to be free of arbitrage it it necessary that

M) = VA e, T(X) = VI, forall trading timest.

PROOQOF:
The case t = T is immediate: We mentioned already in the introduction 6.1 to Chapter 6.1 on Basic
Definitions for Financial Markets (see p.87) that we must have Il (X’) = X since otherwise we could
borrow money to purchase the lesser valued item and immediately sell it at the higher price.
It follows from the definition of a replicating portfolio that X = V.!/. This proves in conjunction
with II7(X) = X that I (X) = VA,
Let us now assume that there is some 0 < to < 7" such that I, (X) # V}f . We examine separately the
cases ITy, (X) < Vi and TI;,, (X) > Vi and show that each one allows for arbitrage opportunities.
Case I: I, (X) >V,
1. t=tp: Wesell short a claim X" at a price of II;,(X').
2. t =ty : We us the proceeds to purchase a replicating portfolio ﬁto at its value, Vté{ .
3. We invest the difference A := Il (X) — V}" in the riskless asset.
4. Compounded interest will make that investment grow to A’ 2 A at time ¢ = T. The specific
value of A’ will depend on the interest rate process.
5. Hy, will grow in value from V;/ at time ¢ = #; to V! at time ¢ = T. We then sell the portfolio
and use that money to buy one unit of the claim. We use that security to cover the short sale
at time t = t.
6. We have made a profit of A’ without investing any of our own money.
Case II: IT;, (X) < V;H
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t = to : We sell short a hedge H;, for X at a price of Vi

t = to : We us the proceeds to purchase a claim X at a price of II;, (X).

We invest the difference A := V" — II;, (X) in the riskless asset.

That investment will grow to A’ at time ¢t = T..

X will be worth V! at time ¢ = T since H replicates this claim. We then sell the claim, buy
H from the proceeds, and use H to cover the short sale at time ¢ = to.

6. We have made a profit of A’ without investing any of our own money. W

N e

6.2 The Binomial Asset Model

The binomial model is characterized by the following assumptions.

Assumption 6.2 (Binomial Asset Model). Trading in this model only happens at times ¢ =
0,1,2,.... Thusitis a discrete time financial market in the sense of Definition 6.2 (Financial Market)
on p.88. There are only two assets.

(1 &9 is a bond/bank account. We denote its price at time ¢ by B;. Interest is compounded
only at the trading times ¢ = 1, 1,2, ... (no interest is due yet at start time zero), thus

(6.13) Bi = (1+R)Bo, .... By = (1 + R)B,1 = (1 + R)"By.

(2) & is a stock. No superscripts are needed and we denote its price process by S;.

(3) S; remains unchanged between trading times. At the next such time it will either go up by
a factor u with a probability p,, or it will do down by a factor d with a probability pg. Thus
the dynamics for S; are

6.14) 5 _ 7 Sn—1, with probability p,, > 0,
: nomonel A A Sn—1, with probability p; > 0,
(6.15) Here P with probability p, > 0,
' " " ] d, with probability p; > 0.

is an iid sequence of Bernoulli trials with success probability p,,

(4) We assume that By = 1 and S; has the deterministic value Sy = s.

(5) We assume that trading ends at time 7" (an integer). The meaning of 7" will often be the time
of expiry of a contingent claim. [J

Remark 6.8 (Portfolio Strategy for the binomial model).
According to Definition 6.4 (Portfolio Strategy) on p.89

a portfolio strategy for the binomial asset model is a process
(6.16) Hw) = (HOw), HY W), t=1,2,...,T

which denotes the holdings Ht(j ) of an investor in &® and &) during the interval [t — 1,¢]. Neg-
ative values indicate that this quantity is not owned but owed.
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Its portfolio value is

Vit = O + HM s,

(6.17)
vA =HYs + HYsW ift>0. O

We next specify the budget equation that must be satisfied by a self-financing portfolio. See Defini-
tion 6.9 (Budget Equation) on p.93.

Proposition 6.2 (Budget equation in the binomial asset model). A portfolio strategy
Hw) = (HOw), B W), t=12....T

for binomial asset model (see Remark 6.8 on p.96) is selffinancing if and only if the following condition holds
forallt=0,...,T—1

Budget equation:

(6.18) HO(1+R) + HYS, = HY, + HY.S,.

PROQF: This is the self-financing criterion (Proposition 6.1 on p.93) since a bank account position
established at time ¢ — 1 has increased, due to interest compounding, by a factor 1 + R. W

If we use the notation of [3] Bjork, Thomas: Arbitrage Theory in Continuous Time and write z; for
Ht(o), ys for Ht(l) then the budget equation (6.18) reads

(1 + R) + yeSt = xp41 + ye41Se. O

6.2.1 The One Period Model

In the one period model there are only two times ¢ = 0 and ¢ = 1. A portfolio Hy = (Héo), Hél)) is
purchased at t = 0.

We follow the notation of [3] Bjork, Thomas: Arbitrage Theory in Continuous Time and write x for
Héo), y for Hél). According to assumption 6.2, parts (4) and (3), the value process is

o Vo=2-By+y-So=xz+y-s

o Vi =2x(R+1)+ ysZ.

Proposition 6.3. The model above is free of arbitrage if and only if the following conditions hold:

(6.19) d <(l1+R) < u.

PROOF that if (6.19) does not hold then there will be arbitrage portfolios:

It is clear that there are arbitrage portfolios if d = 1 + R since we can borrow money from the bank
and invest it in the stock, with a return at least as high as the interest we must pay on our loan.
There is positive probability p, that Z = u, and in this case we will not just break even but make a
profit.
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If u £ 1+ R then we sell that stock short and invest the proceeds in the bank with a return guaran-
teed to be high enough to buy that stock on the market and deliver it to the buyer. There is positive
probability p,; that Z = d, and in this case we will not just break even but make a profit.

The proof of the reverse direction is left as exercise 6.1. See p.112. W

We focus just on the stock price process S = (Sp,S1). Since Sp = s = const, o(Sy) = {0,Q}. Let
A := {8} = su}. Since either ) = suor S; = sdwe obtain A® = {S] = sd} and 5(S;) = {0,Q, A, AL}
and then also (S, 51) = o(S1) = {0, €, 4, AL},

We thus have completely determined the filtration (7 );—01 generated by S as
IS = {00}, F =1{0,0,4 4%

Let us restrict our probability space (2, §, P) to the events known by S, i.e., we downsize § to
§:=0(S0,51) = Sf . Then P is completely specified by p,, as follows.

P@) =0, P(Q) = 1, P(A) = p,, P(A%) = ps =1 — pu.
The relation d < (1 + R) < u yields a unique number ¢, such that 1 + R is the convex combination
(6.20) 14+ R =(1-qud+ quu = qu + qqd (define gz := 1 — qy).

This pair of numbers, ¢, and ¢4, defines a probability measure ) on (€2, §) via

(6.21) QM) =0, Q) =1, QA) = qu, QA% == g1 = 1 — qu.

To summarize, absence of arbitrage allows us to define a probability measure () on the information
o-algebra (S, S1) = §7 = § of stock price S. Q is equivalent to P (see Exercise 6.2 on p.112).

We have seen in formula (6.13) on p.96 that the interest factor by which a hank account holding
increases between times zero and n is (1 + R)". we can turn this around and see that an asset worth
1

V,, at time has to be discounted to WV” if one wants to determine how many units of the riskless

asset o/ (%) are needed today to generate that amount V}, at time n. We see that the discount process
in the binomial model is given by
1 1

6.22 Do=1 Dy = ——. ... D) = —— ..
( ) 0 ) 1 1+R77 ’ (1+R)n

Proposition 6.4. The measure Q defined by q, (and g4 = 1 — qu) of formula (6.20) on Y satisfies the
following.

(a) We obtain the present stock price from its price in the future by discounting that one and
taking its expectation with respect to the measure Q:

1
_ L@
(6.23) Sy = - E*[S1],

(b)  The discounted stock price M,, = Dy, S,,n = 0,1, isan Sﬁ—martingale.
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PROOF of (a): Let E? denote expectation with respect to the measure ). Then

E?[S)] = (su)Q{S1 = su} + (sd)Q{S) = sd} = (su)qu + (s5d)qq
= s(ugu + dga) “Z” s(1+R) = So(1+R).

PROOF of (b): Left as an exercise. W
We give some definitions in the sequel which will be restated later in a more general context.

Definition 6.13 (Martingale Measure). We call a probability measure () that satisfies (a) and thus
also (b) of Proposition 6.4 a martingale measure. We also call it a risk-neutral measure, since,
using it for taking expectations, it has the following property. On average, when we account for the
riskless (“risk-neutral”) growth by discounting S;, this discounted value must equal the (known)
present value of the asset. [

We now compute the probabilities ¢, and g which determine the martingale measure Q.

Proposition 6.5. The martingale probabilities q, and qq of formula (6.20) on p.98 can be explicitly computed
as

14R)—d u—(1+R
(6.24) o = AtR-d  _u-(+R)
u—d u—d

PROOQF: Trivial. R

Definition 6.14 (Contingent Claim). A contingent claim (financial derivative) is a §7-measurable
random variable X (w).

Note that §5 = o(Sp, S1) = ¢(S1) since Sy = s = const. Thus, by Doob’s factorization lemma, there
is a function x — ®(x) of stock price x such that

X:(I)Osl.

We occasionally refer to ® as the contract function of that claim.

In a more general setting it will not always be true that X’ can be written as a function of stock price
at expiration time. We then call contingent claims with a contract function ® simple claims. O

To find an answer to the question how, in the one period model, a derivative A due at time ¢t = 1
should be priced today, we introduce replicating portfolios. In the general case a portfolio was the
entire collection (process) H = H, since assets can be traded at any time ¢. In the discrete case
t =1ty <t <ty <---<T trades only happen at times ¢;, and those holdings

Hy,

J

_ 0 1 n
= (Htj,Htj, ... ,Htj)
remain constant until ¢; ;1. In the finite case t =ty < t; <ty < --- < t,;, = T There is no more trade

at expiration time ¢,,, = 7. Thus things are very simple in the one period model.

e Since T = 1, the only trade that influences V! takes place at t = 0.
e There are only two assets, the risk free asset with prices B, = By, B;, and the risky asset
S; = Sp, S1.
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Our entire portfolio strategy can be described by two numbers Hy = (z, y) which are deterministic
since we know today what our holdings are today

We recall our assumption that the market is efficient and that there is no arbitrage.

In a complete market all contingent claim can be hedged by a suitable portfolio. thus we know how
to correctly price those claims at any point in time: We use the value of the corresponding hedge at
that time. For this reason it is important to know conditions under which a market is complete. For
the one period model we have the following.

Proposition 6.6. If the one period binomial model is free of arbitrage then it is complete.
PROOF: Let X be an arbitrary claim with contract function @, i.e.,
X =®o0S5
We claim that that the portfolio Hy = (z,y), given by
1 u®(sd) — d®(su)

Tr =
1+ R u—d ’
(6.25) 1 ®(su) — P(sd)
y == ———.
s u—d

is a hedge for X'. Rather than doing this the mathematically elegant way and showing that this
choice of z and y will lead to the equation Vj (w) = X' (w) we proceed the opposite way.

We recall from formulas (6.13) and (6.14) on p.96 that, since Sy = const = s, and since money market
investments will increase by a factor 1 = R, the portfolio Hy = (z,y) yields at time ¢ = 1 a value

1 if 7. =
Vlh =z(1+R) + y(sZ1) = {x( +B) + ysu, i 21 =,

z(1+ R) + ysd, if Z; =d.
On the other hand

O (su), if 7 = u,

Vi =X = ®(S)) = ®(sZ)) = {q;(sd) if Zy = d.

We equate the right-hand sides separately for Z; = u and Z; = d and obtain
(14 R)z + suy = ®(su),
(1+ R)x + sdy = ®(sd).

This is a linear system of equations with determinant z(1 + R)sy - (d — u) which is not zero since
d < u. Thus there is a unique solution (x, y). It is easy to see that

. 1 u®(sd) — dP(su)

T1+R u—d :
6.26
(6:26) 1 ®(su) — D(sd)
y = W Z o g
s u—d

We have seen in Proposition 6.4 on p.98 that discounted stock price is a martingale with respect to
risk-neutral measure ). The next proposition states that the same is true for (arbitrage free) pricing
of contingent claims.
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Proposition 6.7. In the one period binomial model the discounted, arbitrage free, price process DI1;(X) of
a contigent claim X is a Q—martingale. In particular, we have risk—neutral valuation

(6.27) Iy(X) = —— - EQX].

PROOF: Let H be a hedging portfolio for X. Since trading only takes place at t = 0, H is determined
by (z,y) == H, Moreover,
MyX) = V& =2-14y-s

We use the expressions (6.26) (p.100) for = and y and afterwards the expressions (6.24) on p.100 for
the martingale probabilities ¢, and ¢;. We obtain

1 [(1+R)—d u—(l—i—R)(I)
1+ R u—d u—d
1

=1 (@060 qu + @(sd) - ga) = H%EQ[Qosl] _ ! oy m

Io; x) = O(su) + (sd)

6.2.2 The Multiperiod Model

After having given special attention to the one period model we now continue with the general
binomial asset moded where expiration time 7' may be greater than one. We recall from Assumption
6.2 for the binomial model that the dynamics that govern the development of the price B; of the
risk-less asset (the bond) and the price of the risky asset (the stock) S; for ¢t = 0,1,...,T) are, for
T = 3, described by the following diagrams.

’ Bond Price Dynamics ‘

(1+R)-1 1+R)? 1 1+R)%-1

’ Stock Price Dynamics ‘
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6.1 (Figure). Stock price dynamics

Notations 6.1. We look at a vertical slice of the diagram in Figure 6.1 by fixing a time ¢y and name
its to + 1 nodes, starting at the bottom, My, 0, M¢y.1, - - -, Nig ¢ This way My, 1, is the node that was
reached from the start since exactly % of the ¢y stock price movements were upward and ¢ty — k of
them were downward.

Thus Ny, « is the node in the ty-slice of the diagram with stock price su*d®~*. Clearly stock price
uniquely identifies the ¢p—node since d < u.

Assuming that the arbitrage free prices for a given simple claim exist we further write II(9%, )
for this arbitrage free price belonging to that node, i.e., to the stock price su*d"~*. We will see in
Theorem 6.2 on p.103 that in an arbitrage free market every simple claim has such prices for every
node in the tree. [

Some definitions such as that of a portfolio strategy and an arbitrage portfolio were already given in
a generality sufficient for the multiperiod binomial model, but those for martingale measures were
only established for the one period model and need to be generalized.

We next specialize Definition 6.10 (Arbitrage Portfolio) on p.93 to the multiperiod binomial model.

Definition 6.15 (Arbitrage portfolio in the multiperiod binomial model). An arbitrage portfolio is
a self-financing portfolio H with the properties

v =0, P{Viz0l =1 PV >0} >0 O
Proposition 6.8. The multiperiod model is free of arbitrage if and only if

(6.28) d <(1+R) < u.

PROQF: Same as for the one period case (Proposition 6.3 on p.97). W

We remind the reader of Assumption 6.1 on p.94 about efficient market behavior.

e The binomial model is free of arbitrage and we thus assume that

d < (1+R) <wu O

We next adapt Definition 6.13 (Martingale Measure) on p.99 to the multiperiod model, remembering
from Proposition 6.4 which precedes it that a martingale measure was characterized by making the
discounted stock price a martingale.

Definition 6.16 (Martingale Measure). We call a probability measure () that satisfies for all trading

times¢ =0,1,2,...,7 — 1 and for all possible values s’ of S, the relation
1
s =g EOUSls = 5
1
ie, S = —— - E9[S;1]S
Le., ot 11 R [St11]54],

a martingale measure or also a risk-neutral measure. [J
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Remark:

Stock price S; in the multiperiod model is clearly Markov since we either have S;1; = uS; or
St41 = dS and thus S;11 does not depend on stock price before ¢. It follows from the alternate
characterization of the Markov property in Remark 7.9 on p.118 that if Y is a random variable that
only depends on stock price information St, Sy1, Sty2, ... then

EClY | §3] = EQ[Y | Sy], foralls’ < t.
In particular, since Y := S; only depends on such information, it follows that
EC[S, | §5] = E@[S, | Sy], foralls’ < t.
In particular it is true for martingale measure () that discounted stock price is a —martingale, since

1 1
TR E®Si1 | 8] = TR B9[S | 8] = Si. O

Proposition 6.9. In the multiperiod model that does not admit arbitrage there is a unique martingale measure
Q. As in the one period model it is defined by the two “martingale probabilities”

_(1+R)—d
I

_u—(1+R)
dd = u—d

PROOF: Same as the proof given for the one period model. See prop.6.4 on p.98 W

Definition 6.17 (Contingent Claim). A contingent claim (financial derivative) is a S%—measurable
random variable X'(w). We call X a simple claims if there is a function s — ®(s) of stock price s
such that

X =005

We occasionally refer to ® as the contract function of that claim. O
In the one period model absence of arbitrage was sufficient to yield completeness of the market, i.e.,

every claim can be hedged. In the multiperiod model we can still show that every simple claim, i.e.,
a claim for which the payoff X is a function ®(S7) of stock price at time 7', can be hedged.

Theorem 6.2.

(1) The discounted option price Wﬂt(ﬁf ) is an 7 —martingale.

(2) The option price is computed at time 0 < t < T for a stock price of Si(w) = su
attained by k upward moves and t — k downward moves, as

kdtfk/

1

(6.29) II(X) = arET

EQ[2(Sr) | S = suFd~F].
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(3) Ewvery simple claim can be hedged. The portfolio quantities i1, yi+1 for the node My,
(remember: x,y; = purchases at time t — 1!) in the tree excerpt shown below are as follows.

1 UH(mH_Lk) — dH(UttH,kH) u
(630) Fitl :1+R u—d ’ St /
. 1 I(Myyrprr) — (M1 k) IT(9,1)
Gl = ; ' u—d i \d~ Sy -d
(M r1.5)

St U
IT(Met1,k41)

PROOF (outline): || *

For the following recall the notation we introduced for the nodes of the binomial tree displayed in
Figure 6.1 (Stock price dynamics) on p.102. Fix a time 0 < ¢ < T and assume that the arbitrage
free claim price are known for all nodes at time ¢ + 1. We can consider those prices as the contract

function @’ of a new contingent claim

X' = @'(s') where s’ = sd'!, sud’, su’d'™!, ..., su'd, su*?

runs through the stock prices that can be attained at time ¢ + 1.

Fix 0 £ k < t and consider the node 91, ;, in the tree. That node was reached by a combination of k
upward movements and ¢ — k downward movements in stock price. The two nodes at time ¢ + 1
that can be reached by either an upward move or a downward move in stock price are 91,1 41 and

Nit1 k-

We now condition on S; = su*d!~*. Since such
conditioning makes stock price constant at ¢
we can apply our findings from the one period
model to the tree which consists of the nodes

Suk+1dt7k

Nk, Mgt k1 and gy q g

With the symbols introduced in Notations 6.1 on p.102 we have

T(Msrir) = B(sut "), and TI(Op1p) = @(sutd ™).

We apply the risk-neutral valuation formula (6.27) of Proposition 6.7 on p.101 to this one- period
tree with the new contract function ® and obtain the arbitrage free price of X for the node N, 4,

which we denote by II(, ;), as

1
M(Nyp) =1(X) = (X)) = m'EQ[X/]
1
_ D (suk g L (b gtk
71+R(q (su™d"") + qq (su®d ))
_ 1
1+R

(6.31)

(qu - T(Mpg1 k1) + ga- TT(MNeg1p))-

Now we see how to do a proof by induction.
The base case T = 1 is valid by direct application of the one period model.
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Our (strong) induction assumption is that the proposition is valid for all simple claims X" in multi-
period models with expiration time 7" < T

We have seen above how to obtain from the claim X = ®(S7) the option prices for the nodes
corresponding to time ¢t = 7" — 1. As we did above we construct from them a new claim

X" = ®"(s") where 5" = sd?, sud' !, sud? 2, ..., sul ld, sul.

According to our induction assumption we obtain from this the arbitrage free option price for a

stock price of S;(w) = su*d'~* attained by k upward moves and ¢ — k downward moves as
1 k t—k
(6.32) I, (X" = TR EQ[®"(Sr—1) | S = suFd™F].

We combine this and formula6.32 and obtain (details being omitted, but we make use of the fact that
the claim is a function of stock price and that stock price is a Markov process, hence conditioning
the future on §; means the same as doing that conditioning on S;)

1 1
(1+R)T-1-t (1+ R)
1

= A+ R E9[2(Sr) | &

I(Mek) = EC[EQ[®(ST) | §7-1] | 8]

St U
H(mt+1,k+1)

The above proves parts 1 and 2 of the theorem. The last
part follows from the formulas 6.25 given in Proposition /
6.6 on 100 for a replicating portfolio Hy = (x,y) in the Se

one period case. The corresponding tree is as shown on | II(9;.x)

the right when we display stock price in the upper half \d~
and option price in the lower half of each node.

Si-d
II(MNey1k)

In other words the portfolio quantities for the node II1(91; ;) are given by

. B 1 . un(mﬁ_l’k) — dﬂ(mt—i-l,k—l—l)
LTIYR u—d ’
1 T ) — (Mg,

yt+1—g u—d

Since this computation can be done for all nodes before expiration time in the tree we know how to
set up the complete portfolia strategy H; fort =0,1,...,7—1. &

In the following we will draw trees which look like
the one to the right. (We did so already in the proof
of Theorem 6.2.) The nodes have an upper half x3 = —80,y5 = 1
which denotes stock price and a lower half which 180

/
denotes the arbitrage free price of a claim. If there 100 \
d

270
190

is a label above such a node then it denotes the
quantities z; and y; of the correspontding replicat-
ing portfolio that correspond to that node.

The following example is taken from chapter 2 of [3] Bjork, Thomas: Arbitrage Theory in Continu-
ous Time.

90
10
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Example 6.2. WesetT = 3,5 := Sy = 80,u = 1.5,d = 0.5,p, = 0.6,pg =0.4and R = 0.
These numbers have been chosen to make computations as simple as possible. Since there is no
interest 1 = 1 + R is the midpoint between v = 1.5 and d = 0.5, thus ¢, = ¢4 = 0.5.

Figure 6.1 shows the binomial tree for this example. There are no values in the lower halfs of the
nodes for the claims prices since we did not yet decide on a claim).

d=05u=15 270
/
180
u
120 d 90
u u
80 d 60
/
d 40 d 30
u
d 20
d 10

Figure 6.1: Stock prices.

The claim we want to price is a European call with a strike price of K = $80.00, with an expiration
date of T' = 3.

This is a simple clain X = ®(St) with contract function ®(s) = (s — 80)" = max(s — 80,0). We
immediately compute II3(X) for the stock prices S3 as follows.

®(270) = (270 — 80)T = 190; ®(90) = (90 —80)" = 10,
®(30) = (30 —80)" = 0, ®(10) = (10 -80)" = 0,

Figure 6.2 shows the updated tree.

We know from formula (6.31) on p.104 how to compute a claims price from those of the two child
nodes to the right. With the notations introduced in Notations 6.1 on p.102,

1

M) =57

(Qu . H(mt+1,k+1) + qq- H(mt+1,k))~
For example, for node 3 » we obtain S, = 180, II(N33) = 190, II(N3 2) = 10. Thus
1
II( =—0.5-190 0.5-10) = 100.
(M22) = - (05-190) + 05-10)
Likewise, for node M3 ; we obtain S = 60, II(N32) = 10, II(N3 ;) = 0. Thus

(M) = 141ro(0‘5 -10) + 0.5-0) = 5.
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d=05u=15 270
/’ 190
180
/ \
120 d 90
80 d 60
u
d 40 d 30
d 20
\‘ o
0

Figure 6.2: Stock prices and contract function values.

We just computed the two options prices for the descendants of node 91; ;, the one with stock
price S; = 120. Its associated price for the European call is

M(My,) = L(o.5-100) + 0.5-0.5) = 52.5.

1+0
270
d=05u=1.5 / 190
180
120 d 90
80 d 60
\ / 5 \
d 0 d 30
/ 0
d 20
\ o
0

Figure 6.3: Stock prices and contract function values.

Figure 6.3 shows the tree with those additional values.

We compute the arbitrage free option prices for the remaining three nodes in this order:
II(N2,0), I(M10), I(Noyp).

The completed tree is shown in Figure 6.4.
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d=05u=1.5

180
100

120

/ A
80
d 40

2.5

60

Kk
Y

20

270
190

90
10

30

10
0

Figure 6.4: Completed tree with all option prices.

The result of all the above: We have managed to compute the arbitrage free prices of the simple
claim with contract function X = ®(S3) = (S3 — K)™ for all possible stock prices Sy, t = 0,1,2,3. In
particular we found that the correct price for the option at time zero is 27.5.

We are not finished yet. Next we compute the quantities z; and y; of the replication portfolio for

this claim.

We start at ¢t = 0, and since we want to reproduce the claim
(52.5,2.5) at t = 1, we can use formulas (6.30) of Theorem 6.2 on
p-103 and obtain z; = —22.5,y; = % since

_ 1 1525-05525 _ 35-1.105 _ 90 _

T1 = 150 1.5-0.5 = 4 = —7 = 225,
_ 1 ®w-®d _ 1 525-25 _ 50 _ 5

b1 =3 u—d = 80 15-05 — 8 — 8

120

x1 = —22.5,y; =5/8 52.5
80 /
27.5
\ 40

2.5

You are encouraged to verify that the cost of this portfolio is indeed 27.5.

If an upward move takes place and S; = 120 then the value of
our hedging portfolio at time 1 is computed from

x1=-225andy; = 2as—22.5-(1+0)+ 3120 = 52.5.
To reproduce the claim claim (100, 5) at t = 2 we again use the
formulas (6.30) and obtain zo = —42.5, 49 = %.

Again you should check that the cost of those holdings, valued
at a stock price of S; = 120,

equals the value 52.5 of the previous holdings x; and y;.

108

180

xo = —42.5,y2 :st’ 100
120
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If instead of an upward move a downward move had taken

place and S; = 40 then the value of our hedging portfolio at 60|
time 1 is computed from the same holdings x2 = ~2.5,y2 = 1/8 B
z1=-225and y; = 3 as —22.5- (1+0)+2-40 = 2.5. 40 /—
To reproduce the claim claim (100, 5) at t = 2 we again use the 2.5

formulas (6.30) and obtain o = —2.5,y2 = 1.8. \—0
Again you should check that the cost of those holdings, valued 0]

at a stock price of S; = 120,
equals the value 52.5 of the holdings 1 and y; established at time zero.

We can continue in this manner with the nodes at time ¢ = 2 and afterwards at expiration time 7" = 3
and in this way compute the hedging portfolio holdings at each node of the tree. The resulting tree
is shown in figure 6.5.

270
Hedging Portfolio 190
x3 = —80,y3 =1
180
xg = —42.5,y2 =95/120 U 100
120 90

x1 = 22.5!5’1VY 52.5 x3 = —5,y3 =1/6 b =
%0 60
27.5 \_2.5,” =18 U >
d 40

Ak
Ak

30
2.5 o —0.y5 — 0 0
20
0
10
0

Figure 6.5: Hedging portfolio holdings.

This concludes the example. [

Remark 6.9. The following is a cookbook recipe for computing the prices of a simple claim using
the risk-neutral validation method.

Step 1: Compute the martingale probabilities!
Note that the martingale probabilities ¢,, g4 are constant for the entire tree since they only
depend on u, d, and R. In this example they are

_ (1+R)—-d 35-1
B u—d B —%

)
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Step 2: Use the risk-neutral valuation formula from the one—period model to compute for
each of the three ¢ = 2 nodes in the tree its option price II(2; X') from the option prices
I1(3; X) of the two t = 3 nodes that can be reached from this ¢ = 2 node. We then compute

II(2; x) = qu - 11(3; X') of upward node + ¢4 - I1(3; X) of downward node] .

This method can be employed for any binomial tree, for arbitrarily many periods.

Step 3: Let N be a ¢t — 1 node in the binomial tree. We denote the reachable node to the
upper left by N, and the reachable node to the lower left by N;. We write II(¢ — 1; N) for
the option price of node N and we write II(¢t; N,,) and II(¢; N ;) for the option prices of N,
and N .

IfII(t; N,) and I1(¢; N 4) have already been computed then we use the risk-neutral valuation
formula from the one—period model to compute II(t — 1; N):

1
(- LN) = 1= |a TEN) + @ TEND) | O

We mention again that this entire chapter 6 (Financial Models - Part 1) closely follows the book [3]
Bjork, Thomas: Arbitrage Theory in Continuous Time.

Notations 6.2. We will write
V(Ouk) (0StST),

for the value process of the replicating portfolio strategy, determined in Theorem 6.2 on p.103 by
the formulas (6.30), when computed for the node M, ;, of the binomial tree. [

Proposition 6.10. Given are a simple claim X = ®(Sr), its associated pricing process I1,(X), and its
hedging portfolio H, with value process Vi If we replace 11,(X) and H; with their tree node equivalents,
(N ;) and V (Ny 1), we have the following.

The replicating portfolio is determined by the recursive formulas

1
V(MNk) = H—R(%V(mtﬂ,kﬂ) + @V (Mis1k))

V(‘)"(T,k) = @(Sudefk).
Here q,, and qq are the martingale probabilities from Proposition 6.9 on p.103, given by
1+R)—d u—(1+R
(6.34) o = LHR—d o = LoAHR)
u—d u—d
Further, the hedging portfolio quantities x4 1, Y41 for the node M ;. are

1 uV (Myp16) — dV (Mg ht1)

(6.33)

Tg+1 = 1+ R ) w—d ’
1 V(M) =V (Migrn)
Yt+1 = ’
S u—d

In particular, the arbitrage free price of the claim at t = 0 is given by V(0).
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PROQF: This is just a rehash of Proposition 6.9 and Theorem 6.2 together with the pricing principle,
Theorem ?? on p.??, which states that
V(Mix) = (M) for all nodes My, in the binomial tree.
|

Considering that stock price S; develops according to an iid sequence of Bernoulli variables Z;
(with success probability p, under the “real world” measure P and success probability ¢, under the
risk-neutral measure (martingale measure) () it should not come as a surprise that the options price
process II7(X) for a simple claim X, and thus also the identical portfolio value process V,! for a
replicating portfolio Hy, have a close connection with the binomial distribution.

Proposition 6.11 (Arbitrage free price at time zero). The arbitrage free price at t = 0 of a simple claim X

at time T is
1
LYy — @
(6.35) I1(0; X) 0T R)7 E¥[X],
where () denotes the martingale measure, or more explicitly
1 (T
(6.36) I1(0; X) = aTRT Z < k>q§q§—k®(sude—k).
k=0

PROOF: (6.35) follows directly from the algorithm above.
To prove (6.36) we proceed as follows.

Fort =1,2,...,T let Z;(w) := 1 if the stock price moves up between ¢t — 1 and ¢, and let Z;(w) := 0
otherwise. We assume that we live in the risk-neutral world, so the probabilities for Z; = 1 and
Zy = 0 are

PUZ =1} = qu PeZ, =0} = qq.

Let K := Z1+ Z2+ ---+ Zp. Then K has a binom(T’; ¢,,) distribution since it tracks the number of
successes (up—moves) of the iid Bernoulli trials Z1, ..., Zr.

Since K = k < Sr = sufd’ % and X = ®(Sr) by def.?? (Contingent Claim) on p.?? it follows that
X = &(S7) = d(sul*dTF).

Fork =0,1,...,T let (k) := ®(suFd? ~F). It follows for the expected value of X under risk-eutral
measure that

E°[X] = EC[@(su”d" )] = E°[(K)]

T
= 3 Gk PO{K = k)
k—

(k) (2) aay "
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We apply (6.35) to the above and obtain (6.36). W

We end this section by proving absence of arbitrage.

Proposition 6.12 (No arbitrage criterion). The market that belongs to the multiperiod binomial model is
free of arbitrage if and only if

d <1+ R < u.

PROOF: The necessity follows from the corresponding one period result. Assume that the condi-
tion is satisfied. We want to prove absence of arbitrage, so let us assume that H (a potential arbitrage
portfolio) is a self-financing portfolio satisfying the conditions

P{VH >0} =1, P{VH >0} > 0.

We first show that E@V//! > 0 for such a portfolio. For n € N let {4, := V;# > 1} Since Q@ ~ P,
P{V} >0} > 0 implies c := Q{V > 0} > 0.
Since A, T {V{# > 0} implies Q(4,) T Q{V{# > 0} we get Q(A,) > £ for some n. Thus

EQVH :/QVIHdQE/ szdQZ/ :LdQ:Q(An)

c
n 2n

v

> 0.

n n

It follows from risk neutral valuation that

1

This violates the condition V! = 0 a.s. of an arbitrage portfolio 7. H

6.3 Exercises for Ch.6
Exercise 6.1. Prove the following part of Proposition 6.3 on p.97 of this document: If
d <(1+R) < u O

then the one period binomial asset model is free of arbitrage.
Hint: Show that

VI = ys(u—(1+R)), if Z=u, ys(d—(1+R)),if Z=d,

and examine this separately for y > 0 and y < 0.

Exercise 6.2. We asserted that the probability measure () defined by (6.21) on p.98 is equivalent to
P ono(Sy,S1). Proveit. O
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7 Brownian Motion

7.1 Stochastic Processes and Filtrations

In finance and other disciplines we are interested in undertanding random evolutions in time, i.e.,
trajectories t — X (t,w) which are thought of be random and thus are a function of randomness
w. Time may be discrete if we we observe X (¢,€2) only at countably many discrete times ¢t = tg <
t1 < ta < --- or it may be continuous if we observe X (t,w) fortgp <t < T or ty < t < T, where
0 <ty < T = oo. For example, X (t,w) can the price of a stock at some time future time ¢ which is
unknown to us, and w captures that uncertainty.

Definition 7.1 (Stochastic Process). A stochastic process X on a probability space (2, §, P), often
just called a process, is a collection of random items X; which take values X;(w) in a measurable
space (€2, §’). Being a random item, each X; is §—§ measurable.

The argument ¢ takes values in an interval of the form [¢y,T"| or [to, | or [, c0[ and is interpreted
as time. Usually the start time ¢, will be zero, and the end time 7" will be the time of expiration of a
financial derivative.

Unless something different is specified the symbol I will denote the index set of the stochas-
tic process X.

Depending on what is convenient we will include or omit the randomness argument w, and the
same applies to the index ¢t. Here is an incomplete list of the notation you will encounter for a
stochastic process.

X = Xt = X(t) = (Xt)t = (X(t))tOStST = Xt((.U) = X(t,w) = ...

Unless stated otherwise we assume that X is numeric, i.e., X;(w) is an extended real number for
each randomness argument w and time ¢. Thus each radom item X; actually is a random variable.
However we will also deal with vector valued stochastic processes

X = X, = [X'@), X2),..., XN ().

We will sometimes use the notation X (-, w) if we want to emphasize that we consider the random-
ness w as fixed and only ¢ varies. We call this function X (-,w) : t — X (t,w) the w—trajectory or
w—path or, in short, the trajectory or path of X.

We will also sometimes use the notation X (¢, -) if we want to emphasize X as the random variable
which results when we look at the potential outcomes at a fixed time ¢t. [

We will introduce some more terminlogy for random items indexed by time which do not qualify
as stochastic processes in the sense of Definition 7.1 (Stochastic Process) on p.113 because the time
index does not live in a contiguous interval.

Definition 7.2. Given are a probability space (2, §, P), a measurable space (£,F’), an index set
I C [0,00[, and a family X = (X;,t € I), of ’—valued random items with index set I. We further
assume that the indices ¢ € I are to be interpreted as points in time.

(a) If I is suitable as index set for a stochastic process, i.e., I is a contiguous interval, then we
also refer to X as a continuous time stochastic process. with start time k.
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(b) If I is an infinite, contiguous sequence of integers 0 < ko, ko + 1, ko + 2, ... then we call X
a stochastic sequence. with start time k.

(¢) If I is an infinite sequence of real numbers 0 < ¢y < t; < 2 < --- or a finite sequence of
real numbers 0 < ¢y < t1 < ty < t, = T then we call X a discrete time stochastic process.
with start time ¢y and, in the second case, with end time or expiration time 7.

(d) If the index set of the form I = 1,2,...n and we interpret X;,... X, as the coordinate
values of an n—tuple then prefer to write

—

X =(X1,...X,) or X(w) = (X1(w),... Xp(w))

and call this a random vector. [J

Remark 7.1. Any nonnegative finite or infinite sequence of real numbers ty < ¢t; < --- is a suitable
index set for a discrete time stochastic process. Thus stochastic sequences and random vectors are
special cases of such processes.

We can classify collections of random items with an index set I C [0, oo as
e continuous time stochastic processes,

e discrete time stochastic processes. [J

Before we can proceed we must discuss the information associated with a stochastic process. We
recall Proposition 4.9 in which we defined o(f) := {f~1(4") : A’ € §'}, the o-algebra generated by
f, for any function f : Q — ' from an arbitrary, nonempty set {2 to a measurable space (€', F).

We can generalize this notion to more than one function as long as they all have the same domain
. Soletg: 2 — Q" also have a codomain which is a measurable space (Q”,§"). we then can define

o(f,g) == c{ACQ: A= f1(A)forsome A € F or A= f~1(A”)for some A" € §"},
i.e., o(f,g) is the smallest o—algebra that contains all preimages of measurable events for both f and
g.

This definition easily scales for any finite or infinite, even uncountable, collection of functions f; :
0 — (€4, §;) which have measurable spaces as codomains.

Definition 7.3. Let {2 be an arbitrary, nonempty set and let f; : Q2 — );, 7 € I be a family of functions
which have measurable spaces (€2;,§;) as codomains and are indexed by an arbitrary, nonempty,
index set I. No assumptions are made about I so do not think of indexing those functions f; by
“time”! We call the o—algebra

(7.1) o(fizi€l) :=d{ACQ: A= f (A;) forsomei € Tand 4; € §; }
generated by all preimages of measurable sets the c—Algebra generated by the family of functions

fi 4

Remark 7.2. This last definition can be applied to the special case of a collection of random items
X, € I on a probability space (£, §, P), indexed again by an arbitrary index set /. Thus each X;(w)
is an element of a measurable spaces (£2;, §;). We then have

(7.2) o(Xi:iel) =c{ACQ: A={X; € A;} forsomei € I and A; € §; }.
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Note that since each X is a random item, each preimage {X; € A;} belongs to §, thus

o(X;:iel)C3.

we can interpret o(X; : ¢ € I) as the container of all stochastically relevant information of

X

See Remark 5.1 on p.78. [

We are now back to stochastic processes and index sets I which can be interpreted as time intervals.

As we just have seen we can associate with each stochastic process X = (X;),t € I the collection
(0(X¢)),t € I. However we are more interested in the stochastically relevant information not of X;
but that of the entire past of the process X up to time ¢ which is stored in 0{ X, : s < t}. This leads
us to the definition of a filtration.

Definition 7.4 (Filtration for a process X;). For a continuous time or discrete time stochastic process
X with index set I we define for ¢ € I,

(7.3) Y =o{X,:sel,s<t)

As made plausible in Section 5.1 (Functional Dependency of Random Variables) in the context of a
single random variable, we can think of T as the stochastically relevant information of the process
X for all times s < t. We call the family (3:X)ter of all those sub—c—algebras of § the filtration
generated by X. [

If this next remark just confuses you then you are advised to just skip it!

Remark 7.3. || For a fixed time ¢ a (§—-measurable) event A is an element of X if there is a

functional dependency of 14 on the trajectory X (s),s € I, s < t, More generally a random variable
7 is §X—measurable if there is a functional dependency on the trajectory X (s),s € I,s < ¢. 18 O

Itis very important that you understand the next example without trying to apply any mathematical
reasoning.

Example 7.1 (Filtrations as seat of the information of the past). In the following we assume that X
is real valued and I = [0, oo.
(1) Let A= {278 < X, < 3.14, for5 < s < 7}. then we have 4 € X but not A € F¥og9
since observing the process X up to time ¢t = 6.999 and seing that 2.78 < X, < 3.14 for
5 < s £ 6.999 does not determine whether or not 2.78 < X7 < 3.14.
(2) For some arbitrary t,h > 0 Let B = {X;}, < 0}. Then B € 3gih' but not B € §;¥, since one
cannot decide whether or not B has occurred just from knowing how X behaved up to and
including time ¢.

"We are not mathematically exact here since we have do not have “product o-algebras” available as a tool to appro-
priately generalize Doob’s factorization lemma to families of random items (X¢); in place of just a single X;.
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(3) Assume that X has continuous trajectories s — X;(w) so that the Riemann integral Z(w) =
j’:Xu(w)du is defined for any given T > 0 and w € Q. Z is §4-measurable since knowing
‘?he behavior of the trajectory X (-,w) between times 0 and 7" is enough to understand the
behavior of Oqu (w)du. But note that Z is not m(gz_;) for any § > 0, no matter how small.

(4) Assume that X has continuous trajectories s — X;(w) and let
T(w = inf{s 2 0: X (w) = 20},

i.e., the random time 7 denotes the first time that the trajectory enters the interval [20, co].
Then the event {7 < 8.5} is in g 5 since

T(w) £ 8.5 < Xs(w) =20 forsome s < 8.5,

and this clearly is determined by the behavior of X (w) for 0 < s < 8.5.
(4a) More generally assume again that X has continuous trajectories. Let v be an arbitrary real

number. Let
T(w = inf{s 2 0: Xs(w) =~}

be the time of first entry into [y, oo[. Then {7 < t} is in §; for any ¢ > 0 since

T(w) <t & Xg(w) =~ forsomes < t.

(5) Assume that X has continuous trajectories s — X (w) and let
p(w = sup{s 2 0: X(w) = 20},

i.e., the random time p denotes the last time that the trajectory is inside the interval [20, col.
Then the event {p < t} is not in §; for any ¢ > 0 since we cannot predict at time ¢ the future
behavior of the trajectory. (Why did I exclude the case t = 0?)

Remark 7.4. It is obvious that, for a time ¢ after time s, more info (more measurable preimages) has
accrued until time ¢ than just until the time s of the past. In other words,

if s <t thengy C FX.

This property by itself is so useful that we want to encapsulate it in its own definition. [

Definition 7.5 (Filtration-general). Let (€, §, P) be a probability space and I C R. Assume that
for each t € I there is a sub—o—-algebra §; of § and that this family (J;),.; satisfies monotony with
respect to ¢:

Ifs<t then§s C &

for all s,t € I. We call such a family a filtration on (Q2,F,P), and we call the quadruple
(€, 3, (8t)ier > P) usually denoted by (£2,F, (3:), P) if there is no confusion about I or its particu-
lars are irrelevant for the discussion at hand, a filtered probability space. [
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We have a special definition for a processes X = (X;);c; if its trajectories X, s € I, s < t are deter-
mined by the member §; of a filtration (§¢),.;-

Definition 7.6 (Adapted Process). Let X be a discrete time or continuous time process with index set
I on a filtered probability space (2, §, (J¢),c;» P)- If the trajectory X (s),s € I,s < t is determined
by the information in §; for each time ¢, i.e., if

X, is §—measurable for each s € I, s < ¢,

then we say that X is adapted to the filtration §;, O

Remark 7.5. In a financial market filtrations appear, e.g., as follows. Given are one or more “under-
lying assets”, e.g., stocks, whose prices S @, ...,8m depend on time ¢ and randomness w, i.e., each

stock price SU) is a stochastic process S,Fj ) (w). They will be “driven”, i.e., stochastically determined,
by one or more processes W) ... W™ called Brownian motions or Wiener processes. By this
we mean that each stock price S/) is adapted to the filtration defined by

§i = o(WY :1<j<m,s<tsecl) foreacht eI,

i.e., to the filtration generated by those Brownian motions.

Conditional expectations with respect to this fitration will play a key role in determining the price
of a financial derivative which is based on the underlying assets. [

Key properties of Brownian Motion will be that this process is both a martingale and a Markov
process and that stock prices are Markov processes. The next two definitions which are about those
two concepts are standard. They are straight copies from the SCF2 text.

Definition 7.7 (Martingale). Let (€2, §, (8¢),c; , P) be a filtered probability space.

We assume that I is the index set of an extended real valued, adapted, continuous time or
discrete time process X. We call X

(@) amartingale if E[X; | §s] = X, a.s.,, forall s < t¢suchthats,t, €1,
(b) asubmartingale if E[X; | §s] = X, a.s., forall s < tsuchthats,t, €1,
(c) asupermartingale if F[X; | §s] < X ass.,, foralls <tst s, t,el. O

Remark 7.6. A simple proof by induction shows that if I = N then
(@ X isamartingale & E[X,11 | §,] = X, as., foralln €N,

(b) X is asubmartingale < E[X, 11 | ] = X, as., foralln eN,

(0 X isasupermartingale & E[X,;1 | §n] £ X,, as., forallneN. O

Remark 7.7.

Comparisons on an w-by—w basis involving conditional expectations can generally only be
asserted to hold almost surely since such conditional expectations only are determined up

to a set of probability zero. We will follow the example of Shreve and often drop the “a.e.”
in such statements. [
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Proposition 7.1. A martingale X satisfies E[X | = E[X| for any s,t € 1.
PROOF: The proof is left as an exercise. W

Definition 7.8 (SCF2 Definition 2.3.6 - Markov Process). Let (€2, §, P) be a probability space, let T' be
a fixed positive number, let (§¢).c[o, 7], be a filtration of sub-a-algebras of §, and let X = (X¢);c(0,77,
be an adapted stochastic process for which the codomain €’ of the random variables w — X;(w) is
the real numbers or R™. It is thus more appropriate to write z = X;(w) instead of w’ = X;(w).
Assume that for all 0 £ s < ¢ £ T and for every nonnegative, Borel-measurable function f; : z
fi(x), one can find another Borel-measurable function fs : = +— fs(x) such that

(7.4) E[fi(Xe) | §s] = fs(Xs).
Then we call X a Markov process (with respect to the filtration (§;).c07. O
Remark 7.8. It is customary in this definition of a Markov process to consider the family (fu)ue(o,7]

of functions with argument z as a single function (u, ) — f(u,x). Definition 7.8 thus is equivalent
to the following.

The process X is a Markov process if and only if the following is satisfied.
Let 0 =t < T, and let f be an arbitrary, nonnegative, Borel-measurable function z — f(x).
Then there is a function (u, z) — f(u,x),0 < u < ¢, such that

(7.5) Elf(t,X)I8s] = f(s,Xs) forall0 S s <¢ O

Remark 7.9. There is yet another alternate definition of the Markov property which has the advan-
tage of being very well suited to determine in practical terms whether a process X is Markov:

The process X is a Markov process if and only if the following is satisfied.

Let 0 = ¢t = T, and let ¢ be an arbitrary, nonnegative, Borel-measurable function z — ¢(z). Then

(7.6) Elp(X7)[3:] = Elp(X7)|X{].

The interpretation is as follows:

The future development of a Markov process does not depend on the past, only on the
present.

The equivalence of (7.4) and (7.6) is not hard to see.

First assume that (7.4) holds true. Let ¢ be nonnegative and Borel-measurable. By assumption there
is a function f; that satisfies

Elp(XT) | & = fi(Xy).

Yhttps:/ /en.wikipedia.org/wiki/Markov_property
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Since the right-hand side is a function of X; the same must be true for the left-hand side, i.e.,
Elp(Xr) | §¢] is o(X;)-measurable. Thus

Blp(Xr) | §] =E[Ble(Xr) | § | Xi] = Elp(X7) | Xi].

Here we have used “taking out what is known” followed by the Iterated Conditioning property.
See Theorem 5.2 on p.85.

Now assume that (7.6) is satisfied. Let f; be nonnegative and Borel-measurable and s < t. Then

E[f:(X:)I8s] = Elfe(Xe)|Xs).

We argue as before and see that E|[f;(X;)|X,] is o(X,)-measurable since it equals, by definition,
E[f;(X¢)]|o(Xs)]. We use Doob factorization and conclude that we can write this as a function
fs o X for a suitable Borel measurable function fs. In other words,

E[ft(Xt) ’SS] = fs o Xs.
This is formula (7.4). O

Remark 7.10. The concept of a Markov process also exists for discrete time stochastic processes.
Just replace the index set [0, 7] with the set I of the countable set of times and adjust the conditions
for such indices.

For example, the condition “for all 0 = s < ¢” becomes “for all s,¢ € I such that s < ¢”.

The above applies in particular to random sequences X1, X2, X3,.... If such a random sequence
satisfies one of the equivalent conditions (7.4), (7.5), (7.6), then it is customary to speak of a Markov
chain rather than a time discrete Markov process. [

Example 7.2. Here are two informal examples of Markov chains.

(1) The random sequence X (w) = X,,n = 0,1,2,3,..., is defined as follows. We assume
that X, = ng for some fixed ng € Z, and

¥ _ Xn—1 + 1 with probability 0 < p < 1,
" Xp—1 — 1 with probability 1 — p.

Cleary, this sequence satisfies (7.6) since the value of X,,(w) does not depend on any
Xj(w) for j < n — 1. This Markov chain is called a random walk on the integers. In the
special case p = g = 3 we speak of a symmetric random walk. The beginning sections
of SCF2 Chapter 3 are about the symmetric random walk.
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(2) The price S = S, (w) of a stock at times n = 0,1,2,3,... develops according to the fol-
lowing rules: Sy = so for some fixed real number sy, and

g u-Sp—1 with probability 0 < p < 1,
" )d- Sn—1  with probability 1 — p,

for two fixed real numbers 0 < d < w. Typically we will have d < 1 < u so that u
signifies an upward movement in stock price and d signifies a downward movement.
This sequence also satisfies (7.6) since the value of S, (w) does not depend on the stock
price at times prior ton — 1.

We will examine this process as part of the binomial asset model in Chapter 6 (Financial
Models - Part 1). [

7.2 Digression: Product Measures || %

This optional section is very skeletal and its only purpose is to justify certain properties
b
[ Jo Xs(w) dwds.

Definition 7.9 (Product spaces and product measures of two factors).

Let (21,81, ) and (Q2, §2, ) be two measure spaces with o—finite measures ; and v.

We call the o—algebra
(7.7) F19F2 == c{A1 xAy: A €F1,A1 €51},

which is generated by all “rectangles” of measurable factors A; and A,, the product o—
algebra of §; and §2. One can show that the set function

(7.8) Ar X Ag — pu(Ar) v(Az)

can be uniquely extended to a measure ;1 x v on all of §; ® F2. We call p x v the product
measure, also just the product, of 1z and v, and we call

(1 x Q2,F1 ® o, X V)

the product space, [J

Example 7.3. We examine the case of two Euclidean spaces (R™,8™,\"™) and (R", 8", \") with
their Borel sets and Lebesgue measures. It can be shown that

%m ® %n — %m—s—n7
and it is obvious from the formula
N x N (By x By) = N"(By) \"(Bg) = \"™1"(B; x By)

and the uniqueness of the product measure, that A x A" = X", In particular, \> = A x \. O
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Theorem 7.1 (Fubini-Tonelli). Let (21, §1, 1) and (Qq, F2, v) be two measure spaces with o—finite mea-
sures pand v. Assume that the extended real valued function

Fo( x Q2,51 ©F2,pxv) = (R, B

is §1 ® Fo—Bl-measurable. Then wy — f(w1,ws) is F1—measurable for each fixed wy (and thus can be
integrated with respect to p1), and wa — f(w1,wse) is §1—measurable for each fixed w;.

If f 2 0or fis pu x v—integrable then

/Ale2 fapxv = /A1 < o f(‘*Jl’WZ)dV(wz)) dp(wy)
B /Az ( Ay f(wl’WQ)dM(W1)> dv(wz).

In particular switching the order of integration yields the same result.

(7.9)

Remark 7.11. |[ %

o We have omitted some technical details concerning ;1;—a.e. and pp—a.e. properties in the
case of integrable f.

o The case for integrable f was proved first by Guido Fubini in 1907, the case for nonnega-
tive f two years later by Leonida Tonelli, both Italian mathematicians. Since Fubini was
first Theorem 7.1 is often just referred to as Fubini’s theorem.

e For general A € §; ® §2 one defines “w;—slices” A, = {w2 € Q2 : (w1,w2) € A} and
“wo—slices” Ay, = {w1 € Q1 : (w1,w2) € A} and evaluates integrals over A as iterated
integrals involving those slices. We omit the arguments:

/Afduxy:/m(/mlfd,,) duz/%(/A

e We are interested in the case of an extended real valued continuous time stochastic pro-
cess X = X (t,w),t € I which we assume B(/) ® §—measurable. Recall that expectations
are integrals d P. Thus Fubini-Tonelli says that for [a, b[C I,

b b
/ Xd)\le:/E[Xt]dt:E[/ Xtdt]
[a,b[x Q2 a a

fd,u) dv. [

w2

7.3 Basic Properties of Brownian Motion

Definition 7.10 (Brownian motion). Given are the index set I := [0, 00|, a filtered probability space
(Q, 3§+, P) with t € I and a stochastic process W = W, t € I.
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We call W a Brownian motion with respect to the filtration §; if it satisfies the following.

(1) W is adapted to §;.

@ P{Wy=0} = 1.

3) P{t+— W,is continuous for ALL¢} = 1.

(4) Let0 = s <t < oco. Then the increment W; — W; is independent of the o—algebra 3.
(5) Let0=s<t<oo Then W, — Wy~ A(0,t — s),ie., Wy — Wy is normal with

E[W, — W,] =0,

(7.10)
Var [Wy — W] =t — s. O

Remark 7.12. If W; is a Brownian motion with respect to a filtration §; then it also is one with
respect to its own filtration S}’V defined as

In that case independence of the increments can be verified by showing that

(4") For any finite selection of times 0 <ty < t; < --- < t;;, < 0o the increments
Wy, — Wiy, Wy = Way, oo, Wy, — Wy, are independent.
In this case we simply speak of Brownian motion without mentioning the filtration }" .
O

A proof acceptable to mathematicians that definition 7.10 is free of contradictions and Brownian
motion actually exists (the tough part is proven continuity at all times ¢ for the trajectories ¢ — W (w)
belonging to a set of probability 1) was first given by Norbert Wiener. For this reason you will find
books which refer to Brownian motion as Wiener process.

Definition 7.11 (Moment—generating function). Let X be a random variable on a probability space

(Q,3, P). If u is a real number then the random variable w — ¢*X“) is nonnegative as an exponen-
tial, thus its expected value E [¢“X] is always defined (though it may be infinite).

Here is the multidimensional analogue. If X = (X,...,X,) is a random vector on (2, §, P) and
4= (u1,...,un) € R" then the expected value of the random variable

is always defined (though it may be infinite). In the above, as usual,
if @=(a1,...,an) €ER", b= (b1,...,by) €ER", then deb = Y ab;
j=1

denotes the standard inner product of R”

We can thus associate with any random variable X and random vector X the functions
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(7.11) ®y : R — [0,00], definedas ®y(u) = E[e""].
(7.12) ®; : R" — [0,00], definedas ®g¢(u) = E {emf(w)}'

We call @y (resp., ® ¢), the moment-generating function of X (resp., of X ). In the multi-
dimensional case we also call @ ;) the joint moment-generating function [J

Proposition 7.2.

2

Let Z be a normal random variable with mean p and variance o on a probability space (2, §, P).

Then its moment—generating function is

1.2, 2

(7.13) Oy(u) =elutzo v,

PROOF: I was not able to locate the proof in [6] Wackerly, Mendenhall and Scheaffer: Mathematical
Statistics with Applications). but it can be found in most text books on probability theory You can
find it for the case ;x = 0 in the proof of SCF2, Theorem 3.2.1. W

Proposition 7.3. Let W;,0 < t < oo be a Brownian motion on a filtered probability space (2, F, S, P). If
s,t € [0, 00] then

(7.14) EW:] =0,
(7.15) Cov[W,, W] = E[WsWy] = min(s,1).

PROOF: See SCF2,ch.3.3.2 R

Proposition 7.4. || %

Let Wy, 0 < t < oo be a Brownian motion on a filtered probability space (2, §, ¢, P). Let 0 < tp < t1 <

-+ < ty. Then the covariance matrix for the m—dimensional random vector (th, Wi, ..o, th) is
E[Wiy, Wy, | EWe, Wiyl oo E[Wiy, Wey] ot b
E[Wt2Wt1] E[Wt2Wt2] E[WtZth} t1 to ot
EWiy, W] EWe,, Weyls o B[Wep, Wey,, ] fota et

Moreover the moment—generating function for (Wy,, Ws, ..., Ws,,) is

o(ul, ..., uy) =F [exp {uthm + U We,,_, + - + uthl}]

1 1
(7.17) =exp {5 (w1 + u2 + up)’t + 3 (ug + us + wm)*(ta — t1) + -+
1 1
o+ 5 (umfl + um)z(tmfl - tm72) + §U72—n(tm - tmfl)}'
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PROOF: See SCF2,ch.3.3.2 N

It is well known that moment—generating functions uniquely determine the distribution of random
variables and random vectors Thus we have the following.

Theorem 7.2 (SCF2 Theorem 3.3.2 — Characterizations of Brownian motion). | %" | Let (2,5, P) be

a probability space with a process W;,0 < t < oo such that Wy(w) = 0 and the assignment t — W;(w)
defines a continuous function of t for each w € €.

Then we have equivalence
D < 2) < 6
of the following:
(1) Forall0 =ty <ty < --- < ty,, the increments

Wi, = Wig, Wiy = Wy oo, Wy, = We
are independent, and each of these increments is normally distributed with mean zero and variance
V(IH’[th — th—l] = tm — tm—1-
(2) Forall0 =ty <ty < -+ < ty, the random variables Wy , Wy, ..., Wy, are jointly normal with
means E[Wy,] = 0 and covariance matrix (7.16).

(3) Forall0 =ty < t; < --- < ty, the random variables Wy, , Wy, ..., Wy, have the joint moment—
generating function (7.17).
If any of (1), (2), (3), holds (and hence they all hold), then W;,0 < t < oo is a Brownian motion with respect
to V.

PROOF: R
The following is SCF2 Theorem 3.3.4.

Theorem 7.3 (Brownian motion is a martingale). Let W = W, t = 0, be a Brownian motion on a filtered
probability space 2, §, §t, P. Then W is an §,—martingale.

PROQF: For 0 < s < t, we have

E[Wt‘gs] :E[(Wt_ws) + Ws|gs] = E[(Wt_ws) |gs] + E[Ws‘gs]
= E[W, -~ W] + W, = W,.

The third equation results a) from the independence of W; — W, and §s and b) from the §,—
measurability of W,. W

7.4 Digression: L' and L? Convergence |[*

In this section we use the same symbol || - || for very different ways to define the size of an item, and
the same symbol d(-, -) for very different ways to define the distance of two items.

Example 7.4. Here we give six examples of measuring sizes and distances. The first is well known
from linear algebra.
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(a)

(b)

(c)

(d)

For vectors ¥ = (z1,...,2,) € R"and ¥ = (y1,...,yn) € R” we all accept that

(7.18) 7|2 == and  da(7,9) = |7 — 92

are a good way to measure the size of # and the distance between & and y. If n = 2 then
Z and ¥ are e—close, i.e., have distance less than ¢, < ¢ lies within a circle of radius ¢
around Z.

This is not quite as plausible but we might also be willing to accept

(7.19) IZl =) |zl and  di(@9) = |7 — gk
j=1

as a way to measure the size of ¥ and the distance between & and 3. Now, if n = 2, the
vectors Z and i are e—close < 7 lies within the tilted rectangle with edges (z1 %+ €, y2)
and (z1,y2 £ ¢).

For real valued functions f, g : [a,b] — R, defined on an interval [a,b] C R, we could
measure the size || f||;1 of f by the area enclosed by the graph of f, the z—axis, and the
vertical lines, y = a and y = b, and we could measure the distance d(f, g) between f and
g by the area which is enclosed by the graphs of f and g, and the vertical lines, y = a and
y = b. In other words,

b
(7.20) 1l = / F@®dt and  dp(fig) = |f — gl

This time working with squares is not quite as plausible as what we did in (c), but we
might also be willing to accept for f, g : [a,b] — R to measure the size || f|| of f and the
distance d( f, g) between f and g as follows.

b
(7.21) 1l = / f02dt and  dga(f.g) = IIf — gllge

In the remaining examples we extend (d) to integrals of a more general type. The reader can easily
do the corresponding generalizations of (c).

(e)

We canreplace [ ...dt with [ ...¢(t)dt for some fixed, measurable, nonnegative, ¢ : R —
R This includes the case of an interval —oco < a < b < oo since we can choese the density
¢ to be zero outside [a,b]. So now we define for f,g : R — R, size and difference as
follows.

(7.22) IfllLz = \//_OO f@Pe@)dt  and  dpa(f,9) = |If — gllre-

This last example allows us to make the transition from functions defined for real arguments to

functions defined on an abstract domain by replacing [ ...(t)dt with the abstract integral

—00
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Jo - -dp(w).

(f) Let (2,3, ) be a measurable space with a o—finite measure ; and assume that f and ¢
are real valued and Borel measurable functions on 2. We define size and difference as

follows.
02) Wl = [ F@Rdn)  and dpa(hig) = If gl O
It can be shown that the functions || - || which occur in all the examples above satisfy the properties

of the following definition if we exclude elements = for which ||z|| = oc.

Definition 7.12 (Seminorm). Let V' be a vector space (in the abstract sense). A function

-1 V—R, x|

is called a seminorm on V if it satisfies the following.

(7.24a) ||| 20 forallz € V and |0| =0 positive semidefiniteness
(7.24b) |laz|| = |a| - ||z|| forallz € V, a € R absolute homogeneity
(7.24¢) |z +yl < ||z|| + [ly]| forallz,y eV triangle inequality O

It can also be shown that the functions d(-,-) in all examples satisfy the properties of the follow-
ing definition if we exclude elements z,y for which d(x,y) = co. Matter of fact they are satisfied
whenever we set

d(z,y) = |y — |

for a seminorm || - || as defined above.

Definition 7.13 (Pseudometric spaces). Let X be an arbitrary, nonempty set.
A pseudometric on X is a real-valued function of two arguments

d(-,-): X x X - R, (z,y) — d(z,y)

with the following three properties:

(7.25a)  d(z,y) 20 and d(z,z)=0 forallz,ye X positive semidefiniteness
(7.25b) d(z,y) =d(y,x) forallz,y e X symmetry
(7.25¢) d(z,z) S d(x,y) +d(y,z) forall z,y,z€ X triangle inequality

Let z,y € X and € > 0. We say that x and y are e—close if d(z,y) <e. O

There is a fundamental difference between the cases (a), (b) and the cases (¢)—(f). In the first two
cases it is easy to see that positive semidefiniteness can be strengthened to “positive definiteness”

(7.26) |#]] =0 & & =0 and d(@§) =0 & &= 7.
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On the other hand, regardless whether we interpret [ ...dt as Riemann integral or Lebesgue inte-
gral, if f(t) = 1 for t = 2t and zero else, and if g(t) = 0 for all ¢, then

I/l =10 —and  d(f,g) =0

even though f # 0and f # g.

One can actually show the following for o—finite measures .

(7.27) /|f|du—0 & /deu_o & f = 0p-ae.
and thus
(7.28) /If—glduzo o /(f—g)2du=0 & f=gpae

There is another difference but it is of more of a technical nature. We never have to worry
about ||Z|| = oo or d(#,y) = oo. In contrast to this we have, for example, fol In(z)dr = oo and

fol (ln(x))2d1: = 00.

Before we continue note that there is no substantial difference between examples ¢ and d. Moreover
d and e are specific cases of example f. We thus focus our attention on a, b, f.

The “positive definiteness” property of formula 7.26 is so important that it leads to the following
definitions which are a lot more important than those of seminorms and pseudometrics.

Definition 7.14 (Norm). Let V' be a vector space (in the abstract sense). A function

-V —R, x|

is called a norm on V if it satisfies the following.

(7.29a) ||z 20forallz €V and |jz||=0 < =0 positive definiteness
(7.29b)  |azx| = |af - ||z|| forallz € V, o €R absolute homogeneity
(729¢) |z +y| E ||z|| + ||y|| forallz,y € V triangle inequality

The pair (V, || - ||) is called a normed vector space [J

Definition 7.15 (Metric spaces). Let X be an arbitrary, nonempty set.
A metric on X is a real-valued function of two arguments

d(-,-): X x X =R, (z,y) — d(z,y)

with the following three properties:
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(7.30a) d(z,y)=0forallz,y € X and d(z,y)=0 < z=y positive definiteness
(7.30b)  d(z,y) =d(y,x) forallz,y e X symmetry
(7.30c)  d(x,z) Sd(z,y)+d(y,z) forall z,y,z€ X triangle inequality

The pair (X, d(-, -)), usually just written as (X, d), is called a metric space. We’ll write X for short
if it is clear which metric we are talking about. [

7.5 Quadratic Variation of Brownian Motion

Notations 7.1. In the following the letter II will not denote the pricing function of a contingent
claim as it did in Chapter 6 (Financial Models - Part 1), but a partition

Hz{to,tl,...,tn}, where 0 = tg, < t1, < - < t, =T

is interpreted as a set of times for a stochastic process with index set I = [0, T'] for some fixed 7" > 0.
The step sizes t; — t;_1 are not assumed to be of equal size. We denote by

HH” = max{tj+1—tj :j:O,...,n—l}.

the maximum step size (difference of neighboring times) of the partition. We will refer to ||/II|| as the
mesh of I[I. [

SCF2 defines the first-order variation of a function [0,7] — R, but we have no use for it Instead we
directly introduce the quadratic variation of such functions. The following is SCF2 Definition 3.4.1

Definition 7.16 (Quadratic Variation). Let f : [0,7] — R be a (Borel measurable) function of time t.
We call

n—1

7.31) £ =l 3 [ Ste5e0) = S0,

the quadratic variation of f up to time 7". Here the limit” hHm is to be understood in the same way
IIj|—0
as
n—1

b
/ fEydt = dim STLFE)NEG — ti), St <t
a j=0

in the definiton of the Riemann integral. In other words, the limit is taken along partitions II =
{0 =ty <t <--- <t,=T}insuch a way that the mesh becomes smaller and smaller. [

Remark 7.13 (Notation for quadratic variation of stochastic processes). Quadratic variation makes
sense for any function that depends on “time” ¢, including the paths ¢t — X;(w) of a stochastic
process X;, 0=t < T.

We will often write [X, X|r and [X, X]|r(w) rather than [X, X|(T) and [X, X]|(T,w). O
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Remark 7.14. Let f : [0,7] — R be a (Borel measurable) function with a continuous derivative.

You will find a proof of this in SCF2 Remark 3.4.2. [

SCF2 Theorem 3.4.3 states the following. Let W be a Brownian motion. Then, for almost surely all
w € Q,
W, W]p(w) = T forallT = 0.

He actually proves a lot less:

Theorem 7.4. Let W be a Brownian motion. For T' > 0 and a partition II = {to, t1, ..., t, } of [0,T, let
n—1
QH = Z(Wthrl — Wtj)Q.
=0
Then

im — 21 = 0.
||r11||HoE[(QH T)’] =0

PROOF: See the proof of SCF2 Theorem 3.4.3. W

Remark 7.15 (About SCF2 Remarks 3.4.4). and 3.4.5]

SCF2 Remark 3.4.4 and 3.4.5 are to a large degree about making plausible the extremely important
relations

Even though I have been able to follow those remarks line by line I fail to see understand how they
make it easier to understand this so called multiplication table for Brownian motion differentials.
I will explain them differently later in the course.

Here is one thing he says that should be clear to all.

Brownian motion accumulates quadratic variation at rate one per unit time. [

7.6 Brownian Motion as a Markov Process

Theorem 7.5. Let W be a Brownian motion on a filtered probability space (2, §, &¢, P). Then W is a Markov
process.

PROOF (outline): Let 0 £ s < ¢ < Tand f; : R — [0,00, = — fi(z) Borel-measurable. According
to Definition 7.8 which corresponds to SCF2 Definition 2.3.6 of a Markov process one must find
another Borel-measurable function f; : = — fs(x) such that

(7.32) E[ft(Wt) ‘ Ss] = fs(Ws)
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It can be shown that
(7.33) fs :R—R, x = Elfi(x+ W, — W)

is the sought after function. For the proof see SCF2 ch.3.5. W

We will show that Brownian motion has a transition density as defined next.

Definition 7.17. || %

Let X = X;,0 =t < oo be a real valued and adapted Markov process on a filtered probability space
(Q, 5§, 5¢, P). Assume there exists a Borel measurable function

(7.34) p:]0,00 x Rx R — R; (7, 2,y) — p(7,2,y)
which satisfies, for every nonnegative Borel measurable function f : R — R the relation,

(7.35) Elf(X:) | s / f)p(r, Xs,y) dy

We call p(7, z, y) the transition density for X. O

Remark 7.16. || %
Let B C R be a Borel subset and f(x) := 1B(x). Then (7.35) becomes

(736) P{XS+T €B ’ %VS}(W) :E[lB(Xt) ’ 38](“1) - /Bp(Tva(w)ay) dy.

We recall from Remark 7.9 on p.118 that the expressions above are o(X;)-measurable. This can
also be seen directly since the random variable w — [ f(y) p(1, X, y) dy is, for frozen 7, a function
of Xs(w) only and hence o(X;) measurable. Thus conditioning with respect to §; is the same as
conditioning with respect to X. This allows us to apply Doob factorization to P{--- | §} just as
we did in Remark 5.4 on p.85 to E{--- | §s}. There is a Borel measurable function = — g¢(z) such
that P{X,;, € B | X} = g o X, Again it is customary to write

P{X,,€B| X, =2z}

instead of g(z) for this function, and this turns out to be the ordinary conditional probability in the
case that discrete random variables or random variables with joint density functions are involved.
Formula (7.36) becomes, if Xs(w) = z,

(737) P{Xs+~r €eB | Xs ::U} = / p(77$7y) dy
B

Thus y — p(7, x,y) is exactly that “ordinary” conditional density for the probability of X ending up
at time s + 7 in a set B assuming that it’s trajectory was at time s in .

The time s of conditioning does not appear in the expression on the right hand Thus this conditional
probability is equal to that of starting at time zero in x and ending up at time 7 in B. This is
informally stated as follows. If I know the postion of X at time s then I can consider s as my new
start time. The trajectories 7 — X, will behave in terms of all probabilistic aspects just as they
were the trajectories X that had originally started at time zeroin z. [
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Proposition 7.5 (Transition density for Brownian motion).

1 ()2

p(T, L, y) = /727_‘_7_ € 2

PROOF: The proof is given as part of SCF2 Theorem 3.5.1. W

7.7 Additional Properties of Brownian Motion

We are skipping all of SCF2 Chapter 3.4.3 (Volatility of Geometric Brownian Motion) except for the
following definition.

Definition 7.18 (Geometric Brownian Motion). Let W be a Brownian motion on a filtered probabil-
ity space (2, §, &+, P). Let Sp, , o be real numbers such that Sy, o > 0 We call the process

1
(7.38) Sy = Sy exp |:0Wt + (a — 202> t] .

geometric Brownian motion or also GBM. We will see in Example 8.1 on p.138 how GBM is ob-
tained as the solution of a SDE (stochastic differential equation) which models the price of the risky
asset (stock) in the Black-Scholes option pricing framework. [

Definition 7.19 (Exponential martingale).

Let W = W;,t =2 0, be a Brownian motion on a filtered probability space €2, §, §¢, P, and
o € R. We call the process Z = Z;,t 2 0, defined as

1
(7.39) Zy := exp [aWt — 2024 ,

the level o exponential martingale of W. [

Z; derives its name from the following theorem (SCF2 Theorem 3.6.1).

Theorem 7.6. Let W = Wy, t 2 0, be a Brownian motion on a filtered probability space 0, §,§¢, P and
o € R. Then the level o exponential martingale of W is an §—martingale.

PROQOF: See SCF2 Theorem 3.6.1 for the proof. W

7.8 Exercises for Ch.7
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8 One-Dimensional Stochastic Calculus

8.1 The It6 Integral for Simple Processes

This chapter is very sketchy as far as proofs are concerned since the material follows extremely closely that of
SCF2 Chapter 4.

Unless explicitly stated otherwise (2, §, §:, P) is a filtered probability space and W = W, is

a Brownian motion on 2 with respect to 3.

Often we assume a fixed expiration time 7' > 0 and W and all other stochastic processes
have index set [0, 7], but occasionally we also consider other index set, e.g., [0, oo[ or [to, T’
for some start time 0 < ¢ty < 7.

The next definition is from SCF2 ch.4.2.1.

Definition 8.1 (Simple Process). Let

IT := {to, t1, ..., tn }, where 0 = ty, < t;, < --- < t, = T be a partition of [0, T]. for some fixed
T > 0, with mesh |[II|| := max{tj41 —t; : j=0,...,n—1}. An adapted process Z = Z, is called
a simple process if ¢ — Z;(w) is constant on each interval [t;,¢;41[ almost surely. [

The next definition is from SCF2 ch.4.2.1.

Definition 8.2 (Itd Integral of a Simple Process). Let II := {to, t1, ..., t,}, where 0 = tp, <
t1, < -+ < t, = T be a partition of [0,7] and let Z be a simple process on €2 which has constant
trajectories on each partitioning interval [t;,¢;41[. We call

8.1) [ AudWe = 3 A () — W) + AW - W),

the It6 integral of Z with respect to W. O

t
Theorem 8.1 (SCF2 Theorem 4.2.1). The Ito integral f Ay dW,, is an §—martingale.
0

PROOQOF: See SCF2. W

t
Because I; = f Z,dW,, is a martingale and 1(0) = 0, it follows that
0

E[I])=0forallt > 0. Thus Var[l] = E[I}].
The next theorem shows how to evaluate E[I?].

Theorem 8.2 (SCF2 Theorem 4.2.2 - It6 isometry). The Ito integral defined by (8.1) on p.132 satisfies
t
(8.2) E[I}] = E| / A2 du).
0
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PROOF: See SCF2. R

Theorem 8.3 (SCF2 Theorem 4.2.3). The quadratic variation (I, I]; up to time t of the Ito integral I, =
t
[ Z,aw, is
0
t
(8.3) [I,1]; = / Z2du.
0

PROOF: See SCF2.

Remark 8.1. If we think of integration and differentiation as operations that cancel each other when
we look at fg Z,dW, as a function of the upper limit of integration then we obtain

t
(A) d / ZydW, = ZydW,
0

¢
Strictly speaking the above is the definition of the differential d | Z,dW, in terms of the right hand
0

side.

This makes a lot of sense for Z; = 1. If we take the partition II = {0,¢} then Definition 8.2 (It0
Integral of a Simple Process) yields

t t
/ 1aw, = 1(W; — Wy) = W, thus applying d on both sides should give d / 1dWw, = dW;.
0 0

Formula (A) gives us exactly that. [J

t
Remark 8.2. We write the It0 integral [, = [ Z,dW,, as a differential
0

t
dl; = d/Zuqu = ZidWs.
0

We square both sides of this equation and obtain

dl; dl; = Z2 dWydW; = ZZdt. O

8.2 The It6 Integral for General Processes

Definition 8.3 (L? convergence of stochastic processes). | %

We specialize the last observation from Example 7.4 on 124 to the following.

Given is a filtered probability space (€2, §,$:, P) where ' > 0 and 0 < ¢t < 7. We can consider a
stochastic process Y as a measurable function of two variables,
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(8.4) Y : ([0,T] x Q,8'®F) — (R, B); (t,w) = Yi(w).

See Definition 7.9 (Product spaces and product measures of two factors) on p.120 for the definition
of %1 & St.

A not very important note on the measurability of stochastic processes. We have been making this measur-
ability assumption and will keep doing so in this course without mentioning it explicitly, together with the
following one for processes assumed adapted to the filtration (J:),:

Let t be fixed such that 0 < ¢ £ T. Then (u,w) — X, (w), considered as a function with domain [0, t] x €, is
assumed to be B! ® F,—measurable forall 0 < u < T

We will keep glossing over such technical arguments and are only mentioning it here because we
integrate stochastic processes with respect to a product measure.

We apply formula (7.23) of Example 7.4 on 124 to the setting above and define L?-size ||Y||;2. and
L*-distance d(Y,Y”). of such stochastic processes as follows.

1Yl = \/ / Vi(w)?d(M x P)(tw),  and  dga(Y,Y") = ||V — Y| a.
[0,T]xQ

IfY 2 0or ||Y|;2 < oo then The Fubini-Tonelli (Theorem 7.1 on p.121) applies, and we obtain

when writing E|...] instead of [,...dP and using Riemann integral notation fOT ...dt instead of
Lebesgue integral notation f[o ) AN

T
(8.5) V|2 = E[/O thdt].

Let X, XM X® XO) ... adapted, stochastic processes on  which satisfy || X|;2 < oo and
| X ™| 12 < oo for all n. We say that the sequence X (™) converges in L2 to X, and we write

T
(86) L~ lim X =X, if lim dp2(X",X) = 0, ie, lim E [/ (x™ — x)2dt| = 0. O
n o0 0

n—o0 n—o0

Remark 8.3. We emphasize that || X||;2 is a pseudonorm only, not a genuine norm, and d;2(Y,Y”)
is a pseudometric only, not a genuine metric. If a sequence of processes X (™) converges in L? to a
process X and X is another process such that the set

A = {weQ: X(-,w)and X'(-,w) differ on a set of Lebesgue measure # zero }

/

has probability zero then we also have L?- lim X = X’

n—oQ

Here is an example. Q = [0,1], § = §1 = Blfor0<t <1,

1 ift =
Xy(w) = BEEE X)) = X/(w) = 0forall0 < t,w < landneN.
0 ift#w,

Then L>-1lim X(™ = X = X’(= 0) even though there is no w for which the trajectories X (-, w)

n—o0

and X'(-,w) are identical. O
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Fact8.1. Let T > 0 and Z,,0 <t < T, be an adapted stochastic process that is square—integrable, i.e.,

T
(8.7) 1Z) 2 = E[/ zzdt] < .
0

Then the following is true.

(a) One can find a sequence Z(n) of simple processes that are also square—integrable such that
L2- lim ZM) = Z (see formula (8.6)).

(b)  There exists an adapted process ® = ®, with continuous paths such that the Ito integrals It(”) =

t
i z™aw, converge in L? to @, i.e.,
0

lim F [/OT (I, — ®,)* du] = 0.

n—o0

(c) We write

t
/ Zr aw, = &,
0

for the process ® = ®, described in (b) and call it the Ité integral of Z with respect to W. [

t

Theorem 8.4 (SCF2 Theorem 4.3.1 - [td isometry). The process I; := [ ZMaw, defined in Fact 8.1 for
0

square integrable and adapted Z satisfies the following.

a. (Continuity) As a function of the upper limit of integmtion t, the paths of I; are continuous.
b. (Adaptivity) For each t, I; is §—measurable.

t t
c. (Linearity) If I, = [ A,dW, and J, = [T, dW,,
0 0
t t
then I £ J, = [ AydWy, £ [ TydWy;
0 0
t
furthermore, for every constant ¢, cIy = ¢ [ Ay dW,.
0
d. (Martingale) I, is a martingale.

¢
e. (Ité isometry) E[I?] = E [ A2du.
0

t
f.  (Quadratic variation) [I,I); = [A2du.
0

PROOQOF: Not given. W

8.3 The It6 Formula for Functions of Brownian Motion

Theorem 8.5 (SCF2 Theorem 4.4.1 - [t6—Doeblin formula for Brownian motion). Let f(t, z) be a func-
tion for which the partial derivatives f;(t,x), fz(t,x), and fy.(t,x) are defined and continuous, and let W
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be a Brownian motion. Then, for every T' 2 0,
T T 1 (T

88)  f(T,Wr) - f(0,W(0)) = / fo(t, We)dt + / Fu(t, We)dWy + 5 / fua (t, We)dt.
0 0 0

PROQF: See SCF2 for a sketch. W

8.4 The It0 Formula for Functions of an It6 Process

Definition 8.4 (SCF2 Definition 4.4.3 - Itd process). Let W;,t = 0, be a Brownian motion, and let
Ft,t = 0, be an associated filtration.

An It6 process on (£, §, §¢, P) is a stochastic process

¢ t

(8.9) X: =x +/ Ay dW,, + / O,du,
0 0

which we also equivalently express as

(A) dX; = AdW; + O.dt,

(B) X =x.

Here A; and ©, are §;—adapted processes, and =z € R. We call (A) the stochastic differential,
also just the dynamics, and (B) the initial condition of (8.9). Furthermore we say that

(A) and (B) express (8.9) in differential notation, and that (8.9) expresses (A) and (B) as an
integral equation. [

Remark:

(1). The phrase “.... which we also equivalently express as ....” is to be taken literally: We do
not mathematically distinguish between the integral equation (??) and the associated set
of stochastic differential (A) plus initial condition (B). They mean exactly the same thing.

(2). We bury into this footnote % a technical remark taken literally from SCF2. O

Lemma 8.1 (SCF2 Lemma 4.4.4). The quadratic variation of the It0 process (8.9) is
t
(8.10) (X, X = / A2du.
0

PROOQOF: See SCF2 for a sketch. W

Definition 8.5 (SCF2 Definition 4.4.5). Given are an Itd process

t t
X; = Xo + / AydW, + / O, du,
0 0

t t
This note literally from SCF2: We assume that [ A,dW, and [ ©,du are finite for every ¢ > 0 so that the integrals

0 0
on the right-hand side of formula (8.9) are defined and the It6 integral is a martingale. We shall always make such
integrability assumptions, but we do not always explicitly state them.
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on (2,3, 3¢, P) and an adapted process I't,t = 0. We define 21

t t t
(8.11) / TLdX, = / Ty AudW, + / I,6,du. O
0 0 0

Theorem 8.5 (Ito—Doeblin formula for Brownian motion) on p.135. which was stated for functions
f(t, W) can be generalized to functions f (¢, X;) where the second argument is an It6 process. This
will be done here.

Theorem 8.6 (SCF2 Theorem 4.4.6 - Itd—Doeblin formula for an Itd process). Let X;,t = 0 be an Ito
process as described in Definition 8.4 on p.136, and let (t,x) — f(t, x) be a function with continuous partial
derivatives fi(t,x), fx(t,x), and fy,(t, z). Then, for every T 2 0,

T

T
F(T, Xr) = £(0,X0) + /0 fi(t, Xo)dt + /0 fo (b, X0)dX,
T
43 | fulex)axi
(8.12) ° .

= f(0, Xo) +/0 ft(t,Xt)dt—l—/O fo(t, Xt) ArdWy

T T
+ /0 olt, X0t + /O Fuo(t, X)) AZd1.

PROOQOF: See SCF2. H

Remark 8.4.

Itd formula for an Itd process in differential notation:

(8.13) df (t, Xe) = fe(t, Xe) dt + fo(t, Xy) dXy + % faa (8, Xy) dXpd Xy

The differential form of X; = X, + f(f Ay dW, + f(f O,du is
dXy = AydW; + Oudt
from this we compute d.X;dX; using the multiplication table as follows.

dX;dX; = (AdW; + Oydt) (ArdW; + Oydt)
= Delta?dW;dW; + 20,0, dWydt + O7dtdt = Aldt

We make these substitutions in (8.13) and group the dt¢ terms:

t t
*'We assume that E | [ FiAidu] and [ |'.©.|du are finite for each ¢ > 0 so that the integrals on the right-hand side
0 0
of (8.11) are defined.
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df (¢, Xy) = fu(t, Xe) Ay dW,

8.14
(8.14) + <ft(t,Xt) + fu(t, X0)Op + ;fm(t,Xt)Af> dt. O

Example 8.1 (Generalized Geometric Brownian Motion). Definition 7.18 on p.131 gave the defini-
tion of geometric Brownian Motion as the process

1
Sy = Sy exp [cht + <a— 202> t] ,

defined on a filtered probability space (€2, §, §+, P) with a Brownian motion W = W;.

We will obtain this process in a more general setting as the solution of a stochastic differential
equation. Let

t t
1
(8.15) Xy = exp {/ oudWy + / (au — 205) du:| ,
0 0

where «; and o, are adapted processes. Then X is an Itd process with differential

1
(816) ClXt = O'tth + <O£t — 20’?) dt, XO =0.

From the multiplication table we obtain its squared differential
(8.17) dXdX; = oldWdW; = oldt.

Let Sy €]0, 00 (i.e., Sp is deterministic), and f(z) := Spe”. Since f does have t as an argument it is
constant in ¢, thus f; = 0. There also is no need for using partial derivatives notation and we can
write f'(x) for f,(z) and f”(x) for f,»(x). Note that

fl@) = f'(z) = f(x) = Soe”.
We define generalized geometric Brownian motion as the process

t t
(8.18) S, = SpeXt = Sy exp / o dW, + / <as — ;#) ds| ,
0 0
Since S; = f(X;) an application of the Itd formula yields
1
dSy =df (Xz) = f'(Xy)dXe + if”(Xt) dXdX;

(8.19) ) .
= SpeXt dX; + 5 SpeXt dXdX, = SpdX; + 3 S, dX,dX;

This last formula describes a stochastic differential equation. It defines the random process S; via

a formula for its differential dS;, and this formula involves the random process itself and also the
differential dW; of a Brownian motion. [J
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Remark 8.5. It follows from formulas (8.16) and (8.17) that

: 1
Stht (8:16) UtSt th + OétSt dt — 50'3575 dt

' 1
(8217) UtSt th + OétSt dt — §St dXtht,
We plug this expression for S;d X; into the last equation of (8.19) and obtain
1 1
dSt — <UtSt dW, + OétSt dt — §St dXtht) + 5 Sththt

= O'tSt th + OltSt dt.

1 1
dsS; = <0't5t AW + oSy dt — 55,5 dXtht> + §Sththt

= O'tSt th + Oétst dt.

That last formula

(820) dSt = atSt dt + UtSt th

describes the dynamics of the process ;. Interpreted as the price of a stock it expresses that
the asset has an instantaneous mean rate of return o; and volatility o;. “Instantaneous”
indicates that ¢ — o;(w) depends on the paricular time (and the sample path w) where the
price is observed.

Generalized GBM is an excellent wasy to model the price evolution of a risky asset for the following
reasons.
e Itis always positive.
e The fluctuations introduced by the random term o;dW; express the risk inherent in in-
vesting in such an asset.
The drawback: The trajectories of S; are continuous at all points in time. To consider asset prices
with jumps a different model is needed.

In the Black-Scholes market we specialize to constant o and . Then (8.18) becomes ordinary GBM
1
(8.21) S = Sy exp {aWt + <a - 202> t } .

If we further assume that the instantaneous mean rate of return « is zero then the asset price and its
dynamics are

1
S =Sy exp {th — 502t } , dS; = oSy dWs.
We recognize S; as the level o exponential martingale of Definition 7.19 on p.131. We obtain a new
proof that S; is a martingale from the fact that dS; = 0S; dW; reveals this process as a stochastic

integral with respect to Brownian motion,

t
St =50 + / ouwSy dW,. O
0
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Theorem 8.7 (SCF2 Theorem 4.4.9 - 1t6 integral of a deterministic integrand). Let W, s = 0, be a
t

Brownian motion and let A be a nonrandom function of time. Define I = [ A;dW,. For each t = 0, the
0

t
random variable I, is normally distributed with expected value zero and variance [ A%ds.
0

PROOF: See SCF2. 1

Example 8.2 (SCF2 Example 4.4.10 - Vasicek interest rate model). Given is a filtered probability
space (12, §, §¢, P) with a Brownian motion W = W;. Assume that the interest rate R = R;(w) in a
market economy is modeled by the SDE

(8.22) dR; = (a — BRy) dt + o dW;,

a, 5,0 €0, 00] are positive and deterministic constants. We call this the Vasicek model.
The solution to this SDE is

t
(8.23) R =e PRy + %(1 —e P 4+ ge Pt / P dws.
0

For a proof see SCF2. [

Example 8.3 (SCF2 Example 4.4.11 - Cox-Ingersoll-Ross (CIR) interest rate model). Given is a fil-
tered probability space (€2, §, §:, P) with a Brownian motion W = W;. Assume that the interest rate
R = Ri(w) in a market economy is modeled by the SDE

(8.24) dR; = (a — BR;)dt + o+/RydW,

a, 8,0 €]0, 00 are positive and deterministic constants. We call this the Cox-Ingersoll-Ross model.

(8.25) B[R] =e PRy + %(1 — e Ph,

This is the same expectation as in the Vasicek model.

2

2
(8.26) Var[R] = %Ro(e—ﬂt _ ety 4 27

In particular,

O
For a proof see SCF2. [
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8.5 Exercises for Ch.8

Exercise 8.1. Let IW; be a Brownian motion, Y; an adapted process on a filtered probability space
(Q,F, 8t P). Assume that the process X has dynamics

dXt = Y? th; XO = 16.
Compute E[X1g].

Hint: Stochastic integrals with respect to Brownian motion are martingales. [J

Exercise 8.2 (Bjork exc-4.2). Let
where X, is an It6 process with differential dX(t) = aX(t)dt + o X (t)dW ().
Prove that Z; also is an It6 process by showing that this process has a differential of the form dZ; =

®.dt + U, dW, for suitable processes ®; and ;.
Hint: Apply the It6 formula with the function f(z) = z~!. O

Exercise 8.3. Let o € R. Compute E[e®"V*] by doing the following.

(1). LetY; := Wt Use Itd’s formula with f(z) := e** to obtain

t t
(A) Y; —1+;a2/ Yudu+a/ Y, dW,,.
0 0

(2). Define m(t) := E[Y;]. Apply Fubini to (A) and then differentiate % to show that ¢ — m(t)
satisfies the ODE (ordinary differential equation)

(B) m'(t) = %Sm(t), m(0) = 1.

(3). (B) shows that m(t) satisfy a relation of the kind y’ = ¢y, y(0) = 1. Convince yourself that
this means that y(z) = ¢ and show that m/(t) = e**t/2
(4). Now itis easy to compute m(t) = E[e®"*] and thus finish the problem. [
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9 Black-Scholes Model Part I: The PDE

Introduction 9.1. This chapter is based on the finance application oriented aspects of GBM (geo-
metric Brownian motion) that were briefly mentioned in Remark 8.5 about generalized GBM (p.139)
and replicating portfolios for a continent claim given in Chapter 6.2 (The Binomial Asset Model).
There the dynamics of price of the risky asset developed as a binomial tree: price either was multi-
plied by an upward factor u with probability p,, or it was multiplied by a downward factor d with
probability pg.

The Black-Scholes market model has in common with the Binomial Asset Model that there is a
single risky asset (a stock) in addition to a single risk free asset (zero coupon bond or money market
account). We will study the dynamics of the discounted asset price and build a hedging portfolio
based on the idea that its value must match, at each point in time, the price of the contingent claim
it replicates. From this condition we will derive a (deterministic) partial differential equation for
the pricing function of the claim. [

9.1 Formulation of the Black—Scholes Model

Notations 9.1. I will stay in this chapter close to SCF2 Chapter 4.5 (Black-Scholes-Merton Equa-
tion). I often will just copy the theorems and propositions presented there and refer to the text as
far as the proofs are concerned.

I also will mostly use that book’s notation and doing so make it easier for you to relate the material
presented here to the SCF2 text even though I much prefer the notation of [3] Bjork, Thomas: Ar-
bitrage Theory in Continuous Time which I used in Chapter 6 (Financial Models - Part 1) of these
lecture notes. The following table summarizes the most important differences.

Bjork  Shreve

price of the risky asset (stock, the underlying).
unit price of the riskless asset. In SCF2 it is always 1.
portfolio (# of shares) vector for all assets.

# of shares (= dollar value) of the riskless asset.

# of shares of the risky asset.

value process of the portfolio.

price process of a contingent claim &X'

pricing function of a European call. ¢(¢, S) equals II(¢; X).
pricing function of a European put. p(t, S;) equals II(¢; X).

The most likely exception to me trying to stick with SCF2 notation will occur with respect to port-
folio holdings and values, but since only two assets are involved, including the bank account, I will

use a modified Bjork notation and write HP rather than Ht(o) for the number of shares (dollars) in

the bank account (B = Bank account) and H} (S = Stock) rather than H, t(l) for the number of shares
in the risky asset.

The portfolio value process thus will be occasionally written as follows.

Vi = HE + HYS;. O
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Definition 9.1 (Black—Scholes Market Model).

The Black-Scholes market model consists of a time T' > 0, a risk free asset (bank account) with
price process B = B;,0 =< t < T, a risky asset with price process S = S;,0 < ¢t < T, a simple
contingent claim X = ®(S7) with expiration date 7, contract function ®(z), and price process
IT;(X), such that the following conditions hold.

(91) dBt = TBt dt; BO = 1;
9.2) dS; = aSidt + oSy dWy; Sy € [0,00[;OC,J E]0,00[,
(9.3) X =®(Sr) (simple contingent claim),

(9.4) II(t; X) =c(t,St) (price process of X)

c:[0,7] x [0,00[ (t, )+ c(t,z) twice continuously differentiable such that

The market is efficient: No arbitrage portfolios. [

Remark 9.1.

(1)

(2)

(3)

@)

@

dB; = rBydt; By = 1 is equivalent to By = ¢!, i.e., an account which pays continuously
compounded interest at rate r per unit time.

Formula (9.2) states that .S; is GBM with constant, instantaneous mean rate of return oz and
constant volatility 0. See Remark 8.5 on p.139. There are more general models (Defini-
tion 12.1 on p.170) in which the constants o and o are replaced by measurable functions
a(t,x),o(t, z) of time and the price of the risky asset:

dS; = (X(t, St)St dt + O'(t,St)St dWrs; So € [0,00[

The symbol ¢ was chosen for the function ¢(¢, z) to remain in sync with the SCF2 text where
only the example of a (European) call is used when deriving the PDE for that function is
derived. Note that this function must satisfy the terminal condition

Smoothness (the existence of partial derivatives of any order) is not really necessary for
c(t,z). It suffices that this be a C? function, , i.e., all partial derivatives of order 2 exist and
are continuous.

You should recall from Assumption 6.1 on p.94 that we have always assumed that the mar-
ket is free of arbitrage, in addition to some other assumptions such as complete liquidity, no
transaction costs and no bid-ask spread. [J

9.2 Discounted Values of Option Price and Hedging Portfolio

Proposition 9.1. The budget equation for a self-financing portfolio strategy in a Black—Scholes market is

(9.6)

dXt = AtdSt + T(Xt — AtSt) dt.
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Further we have the following equation for the portfolio value dynamics.

dX; =rXidt + At(a — ’I")Stdt + Ao Sy dW;.

9.7
( ) = ’I"(Xt - AtSt)dt + T‘AtStdt + (O[ - T)Atstdt + AtO'St th

PROOF: See SCF2, Chapter 4.5.1 (Evolution of Portfolio Value). W

Remark 9.2. Formula (9.7) signifies that a portfolio value change dX; is composed of

a. An average underlying rate of return r on the bank account value X; — A.S;,

b. An average underlying rate of return r + (o — ) = « on the risky asset investment in height
of A¢S;. Since people will not take a greater risk investing in a stock than putting money in
the bank we should expect that a = 7, thus (« — r) is a risk premium for investing in the
stock.

c¢. Avolatility term A;0S;dW; which is proportional to the size A;0'S; of the stock investment.
(]

Remark 9.3. Budget equations in the continuous case will be formulated by means of “stochastic
differentials” once we have the necessary tools from stochastic calculus, and they will look quite
different from formula (6.9). See Remark 6.6 on p.93 which follows the definition of a continuous
trading budget equation. [J

Proposition 9.2. The discounted portfolio value d(e~" X;) satisfies

(9 8) Cl(e_TtXt> == At(a - T‘) e_TtSt dt + AtO'G_rtSt th
' = At d(eiTtSt) .

PROOF: See SCF2, Chapter 4.5.1 (Evolution of Portfolio Value). W

Remark 9.4. Formula (9.8) shows that change in the discounted portfolio value has notthing to do

with a change in the bank account. It entirely depends on the change in the discounted stock price.
O

We now investigate the ramifications of the existence of a deterministic function ¢(¢, ) in the defi-
nition 9.1 of the Black-Scholes Market Model such that I1(t; X') = c(¢, S).

Proposition 9.3. The price dynamics of the contingent claim are

1
(9.9) de(t,Sy) = [ct (t,5:) + aSece(t,S:) + 3 0?8} oo (t, S1) | dt + Sy cu(t,Si) AW
Those of the discounted option price e~ "'c(t, S;) are

d(e "e(Sy)) = e*”[— re(t,St) + ci(t, St) + aSiex(t,Sr) + %UZStZ Caa (1, St)} dt
+ G_TtO'St Cy (t, St) th

(9.10)

PROOF: See SCF2, Chapter 4.5.2 (Evolution of Option Value). W
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9.3 The Pricing Principle in the Black-Scholes Market

According to the pricing principle (Theorem 6.1 on p.95) an arbitrage free price c(t, S;) of the con-
tingent claim requires that a replicating portfolio with value process X; satisfies

c(t,S¢y) = X, for all trading times ¢.
This is equivalent to e " X; = e "c(t, S;) for all t. In terms of differentials:

d(e™"Xy) =d(e "e(t, Sy)) forall t,

(9.11) %o = (0, 50)

We thus may equate the right hand sides of the formulas (9.8) and (9.10). We obtain after canceling
the factor e~"" everywhere and omitting the argument (¢, S;) of the function ¢ and its derivatives

Ct, Cx, Cxa,

Ao Sy AW + At(Oé — T)St dt

(9.12) 1 5.
= 0Sic, dWiy + | —rec + ¢ + aSic, + 50 St cpy | dt.

Since evolution with respect to dt is fundamentally different of that with respect to dWt it is allowed
to separately equate first the dW; terms and then the dt terms of formula (9.12). We first equate the
dW; terms and obtain after canceling ce S, the

delta-hedging rule:

(913) At = Cg (t, St) forallt [0, T[

At each time ¢ prior to expiration, the number of shares A; held by the hedging portfolio of the
short option position is the delta of the option price c(¢, S;) at that time.

Definition 9.2 (Delta (Greek)). For a contingent claim X" in the Black-Scholes market with the func-
tion (t, ) — c(t, z) yielding the price process II;(X') = c(t, S;) we call the partial derivative of ¢(t, )
with respect to stock price z,

(9.14) delta := @,
ox

the delta of the claim. Delta is one of the so called greeks of the claim. O

We next equate the dt terms of formula (9.12). We just proved that A; = ¢, (¢, S¢), thus
cx(a—71)Sy = —re + ¢ + aSicy + % 025,52 Ca-

We cancel the term «.S;c,, on both sides:

1
—regSy = —re + ¢ + 5025’? Coa-

145 Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

We reorder those terms and obtain
I 90
(9.15) rc = ¢ + regSy + 50 Sy cpx-

We bring back the arguments (¢, S;) and recall that the pricing principle asks that all equations we
have encountered must hold for all ¢:

re(t,Sy) = ¢(t,St) + rSice(t,Se) + %(7253 Cex(t,S¢) forallt e (0,17,

together with the expiration time condition ¢(7’, St) = ®(St) of formula (9.5).

We summarize our findings. The pricing principle lets us demand that the pricing function of a
simple claim X = ®(S7) be function ¢(t, z) of time ¢ and stock price x that solves the

Black-Scholes partial differential equation

1
(9.16) a(t, @) + re ey (b, z) + 5 0?1 cyy(t,x) =re(t,z), 20,

subject to the terminal condition

(9.17) o(T,x) =D(Sr).

We use the equations V,/I = X; = c(t,S; and A; = c,(t, S;) to express the hedging portfolio for the
claim X purely in terms of the claim pricing function.

(9.18) Hy = (c(t,S) — calt,St), calt, St))

In other words, at time ¢ this portfolio invests ¢(¢,S;) — c¢;(t,S;) in the bank and holds c,(¢, S¢)
shares of the risky asset.

Remark 9.5. Observe that we only are concerned with stock price parameter = > 0 since S; > 0 is
a GBM. Thus, if we can prove that the solution c(¢, z) is continuous for all 0 < ¢ < T satisfies the
PDE just for 0 < ¢ £ T and = 2 0 then we are fine snce continuity of ¢ — ¢(¢, S;) and ¢ — X, for
0 = t = T implies that the hedge equation X; = ¢(¢, S;) extends from 0 = ¢t < T'tot = T, and the
boundary condition ¢(7, z) = ®(x) yields X7 = ®(X7).

To summarize, it is enough to show that the Black-Scholes PDE holds forallz = 0and ¢t € [0,7] O

9.4 The Black-Scholes PDE for a European Call

The Black-Scholes PDE (9.16) on p.146 is a purely deterministic PDE, and it can be solved by exclu-
sively using tools from the theory of partial differential equations which do not rely on probability
theory.

We need more knowledge of Itd calculus, in particular, the construction of martingale measures,
before we will solve this PDE. Obviously probability theory plays a heavy role there. Here we
simply present the solution for the special case of a European call, i.e., a simple contingent claim X’
with contract function

®(x) =c(T,x2) = (x— K)".
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Remark 9.6. Here are two conditions specific to the European call.

a. In the case of a European call the solution of the Black-Scholes PDE must satisfy the following
boundary condition for stock price x = 0.

(9.19) c(t,0) = 0 forallt € [0,T].

This is true for the following reason. Formula (9.16) states that y(t) := ¢(t, 0) satisfies the ODE

/

y = ry; thus y(t) = const-e"™.
We obtain const by setting ¢ = 0: y(0) = const - 1, i.e., const = y(0) = ¢(0,0). Thus
(A) c(t,0) = ¢(0,0)e™ forall0<t<T.

K >0, thus ¢(T,0) = ®(0) = (0 — K)* = 0. From (A): 0 = ¢(T, 0) = ¢(0,0)e" 7.
But expiration 7' > 0, thus e"? > 0, thus ¢(0,0) = 0.
We use (A) once more: ¢(0,0) =0 = ¢(¢t,0 =0-¢"" =0 forall ¢.
In summary: ¢(¢,0 =0 forall ¢.
B. This solution not only satisfies the initial condition c(¢,0) = 0 for all ¢ which we had deduced in
Remark 9.6 above but also the growth condition
(9.20) lim (c(t,z) — (2~ e"TYK)) =0 forallt € [0,T).
Since # — "™ YK is constant in 2 this condition implies that the value c(t,z) of the call option
grows at the same rate as x as  — oo. It will thus exceed the strike price K by a significant amount
for large  and it is very likely that this will remain true as ¢ approaches 7T'. Since it is very unlikely
for large x that S — K < 0, i.e,,

(Sr — K)© # S — K,
(the holder of the option will almost certainly be in the money, i.e., make a profit), it should not
come as a surprise that the price for a European call approaches that of a claim with contract func-

tion ®(x) = = — K. You may recall from Definition 6.3 on p.88 that this was the contract function
for a forward contract with strike price K. [J

Without proof for now:

Theorem 9.1. The solution to the Black—Scholes partial differential equation (9.16) with terminal condition
(9.17), zero stock price condition (9.19), and growth condition (9.20) is

9.21)  c(t,z) =aN(dp(T —t,2)) — Ke " T DIN(d_(T —t,z)), 0St<T, x>0,

where

1 T o?
(9.22) dy(t,2) = U—ﬁ [log I + <r e ) 7':| ,
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and N is the cumulative standard normal distribution

9.23 N = L / -5 dz = L -5 d

. 2 2 .

6-2) W = 7 / c " \/%/e :
—00 -y

PROOF: Will be given later, in Theorem ?? on p.??. W

Remark 9.7. We will sometimes write BSM(7, x; K, r, o) for ¢(t,x) (where 7 =T —t,i.e.,, t =T — 7).

We call BSM(r, z; K, r, o) the Black—-Scholes—Merton function. Then (9.21) becomes
(9.24) BSM(r,z; K,r,0) =aN (d+(7’, x)) — Ke_”N(d_ (7, :c)),

In this formula, 7 and z denote the time to expiration and the current stock price, respec-
tively. The parameters K, r, and o are the strike price, the interest rate, and the stock volatil-
ity, respectively. [J

Remark 9.8. There is various software to calculate the parameters for Black-Scholes contract func-
tions Here are some links that were active as of April 16, 2021.
a. Magnimetrics Excel implementation:
https:/ /magnimetrics.com/black-scholes-model-first-steps/
b. Drexel U Finance calculator:
https:/ /www.math.drexel.edu/~pg/fin/VanillaCalculator.html
b. EasyCalculation.com:
https:/ /www.easycalculation.com/statistics /black-scholes-mode.php [

9.5 The Greeks and Put-Call Parity

This chapter is largely a summary of SCF2 ch.4.5.5 and 4.5.6.

We assume for all of this chapter that we have a Black-Scholes market with interest rate r, instan-
taneous mean rate of return «, and volatility o. All those are asumed to be constant. We further
assume thatr =2 0 and o > 0.

We denote by F(¢, ) the pricing function for a simple claim X with contract function ®(z):
F(t,S) = IL(X).
For people working in finance it often matters greatly how stable or volatile the function this pricing

function is with respect to

1. changes in the price S; of the underlying asset, i.e., changes in z,
2. changes in the interest rate r and the volatility o.
Those changes are given by the derivatives of F'. As far as derivatives with respect to r and o are
concerned we can examine F' with respect to a variety of values of r and o, i.e., we can think of F
as a function
F: (t,z,r,0) — F(t,z,7,0).

OF 1 OP
So we really mean, e.g., - when we write 3 -.
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Definition 9.3 (Bjork Def.9.4: Greeks).
The following derivatives are part of what is known as the Greeks of the function F.

(9.25) A = or delta
ox
2
(9.26) = ?)T}; gamma
(9.27) p = %—I: rho
(9.28) 0 = 88—]; theta
(9.29) v = g—f vega [l

Remark 9.9. When reading SCF2 you might get the impression that those Greeks only exist for the
pricing function ¢(¢, z) of a European call but that is not so.

One can replace c(t,z) with the pricing function F(t,z) of any simple contigu-
ous claim in the Black-Scholes market where the underlying asset has a geometric

Brownian motion as price process.
In particular the Greeks exist for puts and forward contracts. [

Having stated that the Greeks are defined for all simple claims, the following formulas are specific
for the pricing function ¢(t, z) of a European call.

Proposition 9.4. The following is true for the Greeks of a European call.

(9.30) delta = c,(t,z) = N(d(T —t,z)),
1 /
(9.31) gamma = cy,(t,z) = WN (d4 (T - t,2)),
(9.32) theta = c,(t,z) = —rK e "TIN(d_(T —t,2)) — N%N’(@(T-t,@).

Because both the cumulative distribution function N (x) density N'(x) of a standard normal random variable
are always strictly positive, Delta and Gamma are strictly positive and Theta is strictly negative.

PROQF: Not given here. Those proofs are just an exercise in differentiation. M

The delta hedging rule allows us to compute the replicating portfolio for a simple contract in the
Black-Scholes market.

Proposition 9.5. Let H; = (HP,HY) be the hedging portfolio for a simple claim with pricing function
F(t,x). Thus HtB denotes the number of shares, i.e., dollars, in the bank account, and H,gg denotes the
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number of shares held in the risky asset (stock). Take note that this one incident where we do not use SCF2
notation (he writes X for H})!

The following is true if it is known (or hypothesized) that S; = x.

(9.33) VH =F(t, ),
(9.34) HP =F(t,x) — - Fy(t,z),
(9.35) HY = F(t,x).

PROOF: Formula (9.33) is just the pricing principle which says that the value of a replicating port-
folio must always match the price of the option it replicates.

Formula (9.35) is the delta hedging rule which states the number of shares in the underlying (risky)
asset is the derivative of the pricing function F' with respect to stock price, evaluated at x = S;.

Formula (9.34) just reflects the simple fact that, since the hedge H is self-financing, whatever is not
invested in the underlying is in the bank.

HBE = vH —8,.v®  ie, HP = F(t,z) — z-Fy(t,z)). B

Remark 9.10. The hedging portfolio tells us what amounts must be invested in bank account and
the underying by someone who holds a short position in the claim, i.e., someone who sold the
claim at ¢ = 0 and wants to be able to have the funds available at ¢ = T to deliver the derivative to
the buyer.

In the specific case of a European call option H = c,(t, S;) is positive. See Proposition 9.4. We thus
have the following.

e To hedge a short position in a European call, one needs to hold shares in the under-
lying and must borrow money from the bank to buy those shares.
e To hedge a long position in a Eoropean call, one must do the opposite, hold a posi-

tion of minus ¢, (t, S; shares of stock (i.e., have a short position in stock) and invest,
assuming S; = x, H? = c(t,z) —xc,(t,z) = Ke "T"Y) N(d_) in the money market
account. See formula (9.30). O

We defined in Definition 6.3 on p.88 a forward contract as a simple claim with contract function
O(z) =2 — K.

Proposition 9.6. We write f(t, x) for the pricing function of the forward contract. It is computed as follows.

(9.36) ft,z) = —e T VEK.

PROOF: Assume that this forward contract is sold at time zero for a price of f (0, So) =S —e"TK.
Then a bank loan of e "7 K will allow the seller to buy a share of the underlying We look at the
portfolio strategy H = (H?, H® which thus has been established at ¢t = 0 by the short sale of the
foward contract, i.e.,

HB = —e7TK,  Hy =1.
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This is a static hedge, i.e., there will be no further trades until time of expiration 7". Note though
that the amount owed to the bank will increase due to compounded interest owed on the loan. At
time ¢ the interest factor will be ", thus the portfolio value is

Vth = —6” . Q_TTK + St = St — e_T(T_t)K.
In particular, at expiration time 7', the portfolio value is
Vi = S5p — e T VK = Sp — K = &(Sy).

This static hedge thus is a replicating portfolio for the forward contract. It follows from the pricing
principle that
F,8) =Vl =8 —e T YK forall0<t<T. R

Associated with a forward contract is its forward price For,, the fair price for this contract if it was
to be re-evaluated at a later time 0 < ¢t < 7.

Definition 9.4 (Forward price). The forward price For, of the underlying asset at time ¢ is that value
of K for which the forward contract has value zero at time ¢.

Remark 9.11.

A. Given our assumption of a constant interest rate, For, satisfies the equation
(9.37) Sy — e " T For, = 0. O

B. Note that Forg = K. This should not come as a surprise. Both parties in the contract will agree at
t = 0 to a strike price which does not give one of them an advantage over the other.

C. We solve formula (9.37) for For; and obtain
(9.38) For, =" T71g,.
D. Note that, for a given time ¢,

the forward price For; is NOT the price (or value) f(¢, S¢) of a forward contract. O

We recall from Definition 6.3 on p.88 that a European put with strike price K is a simple claim with
contract function ®(z) = (K — z)*. It is an option to sell, rather than buy, a share of the underlying
at price K. Thus such an option generates a profit K — Sr) if share price at expiration is below K,
and it is worthless otherwise.

In the following we will write p(¢, z) rather than F'(¢, ) for the pricing process of a European put
option.

We relate puts and calls by mean of the following simple identity.

Lemma 9.1. For any real number o,

(9.39) a=a" - (-a)t.
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PROQOF:
Casel: 20 = o' =q, (—a)" =0 = o™ — (&)t = a -0 = a.
Case2: a<0 = o' =0, ()" =—-a = a" — (-a)" =0~ (—a) = a. B
Corollary 9.1.

f(T,S7) =Sp—K = (Sp—K)" — (K—=57)" = ¢(T,Sr) — »(T, Sr).

the contract function of a forward contract with strike price K coincides with that of a portfolio that
is long one European call and short one European put.

PROQF: This is an immediate consequence of Lemma 9.1. W

Proposition 9.7 (Put—call parity). We write, for one and the same strike price K,

o c(t,x) for the pricing function of a European call,

o p(t,x) for the pricing function of a European put,

o f(t,x) for the pricing function of a forward contract.
Then the following formula is satisfied:

Put—call parity:

(9.40) ft,z) =c(t,z) — p(t,z), forallz 20, 0=t =T.

PROOFEF: We apply the pricing principle to the formula p(T , ST) = c(T, ST) —f (T, ST) which is
immediate from Corollary 9.1 and obtain

p(t,x) = c(t,z) — f(t,x), forallz =20, 0=t<T7. B

Proposition 9.8. The pricing function p(t, x) of a European put with strike price K satisfies

p(t,z) =x(N(d(T —t,z)) — 1) — Ke (Tt (N(d—(T —t,z)) — 1)

(9.41) — Ke*T(T*t)N( —d_(T —t, w)) — x(N( —dy (T —t, ‘T))u

PROQF: This follows from put-call parity, the explicit formulas (9.21) and (9.22) for ¢(t,z) (see
p-147), and formula (9.36) on p.150 for f(t,z). W

9.6 Miscellaneous Notes About Some Definitions in Finance

In this chapter we list some financial terms that are mentioned in SCF2 without ever having been
formally defined. It will be continually in flow and its references thus are subject to change in newer
editions of these lecture notes.
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Remark 9.12.

The following is based on the Investopedia link http://www.math.fsu.edu/~pkirby/mad2104/
SlideShow /s2_1.pdf (Long Position vs. Short Position: What’s the Difference?).

SCF2 will deal a ot with hedges of short and long positions. Here is my understanding:

(@) A “(short option) hedging portfolio” is a portfolio h = (hB, h") meant to hedge a
short position in the (call) option. Note that I am short an option and NOT a share
of the underlying: I have sold such an option and now use that portfolio to hedge

that sale, i.e., V" (w) = ¢(t, Sy(w)).

(b) A “long position in a call option” is one where I have bought such an option, and
I now want to create a portfolio h = (kB h5) to hedge this long position. Note that
I am hedging the purchase of an option and NOT of a share of the underlying, i.e.,

Vi) = —c(t, Si(w)). O

9.7 Exercises for Ch.9

None at this time!
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10 Multidimensional Stochastic Calculus

We generalize in this chapter the results of Chapter 8 (One-Dimensional Stochastic Calculus)

This chapter is very sketchy as far as proofs are concerned since the material follows extremely closely that of
SCF2 Chapter 4.6.

10.1 Multidimensional Brownian Motion

Definition 10.1 (Multidimensional Brownian Motion). Given are a filtered probability space
(2,8, 8, P)and d € N.

A d-dimensional Brownian motion is a vector—valued stochastic process

—.

W, = WO, w@ . W)
with the following properties.
(1) Each Wt(j ) is a one-dimensional Brownian motion.
(2) If i # j, then the processes Wt(i) and Wt(j ) are independent, i.e., the o—algebras
U(Wt(i) :t20)and O‘(Wt(j )it > 0) are independent.

5.

(3) The process W; is §;—adapted, i.e., the random vector Wt is §;—measurable for
eacht = 0.

(4) Future increments are independent of the past: If t 2 Oandh > 0 then the vector
Wt+h — W, is independent of §;. O

Remark 10.1. Since W) is a Brownian motion for each j = 1, ..., d, all results derived for Brownian
motion apply to each one of those coordinate processes. In particular,

@ WO, wo, =t
@ dawvPat = aw) =0 and dawW aw? =+, O

Definition 10.2 (Cross variation). || %

Given are two adapted processes X; and Y; on a filtered probability space (2, §, §¢, P). Let T" > 0
and II:=0=1ty <t; <--- <ty =T apartition of [0, T]. We call the random variable

n—1

CH[Xa Y]T = Z(thJrl - th)()/thrl - Y;‘/k)
k=0

the sampled cross variation of X and Y on [0, 7] with respect to II.

If there is a stochastic process Z = Z; such that

Hrlli”n_lmE [(CnlX, Y] —Zr)?] = 0

for all T > 0 then we write [X, Y], for Z; and call the process [ X, Y]; the cross variation of X and
Y. O
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Remark 10.2. Note that if X =Y then the process [ X, X|; is the quadratic variation of X. O

Theorem 10.1. Let W; = (Wt(l), Wt(z) ce Wt(d)) be a d—dimensional Brownian motion on a filtered proba-
bility space (2, §, S, P) (d € N). Let i and j be two integers such that 1 < i < j < d. Then

[W@), W(j)L _—

PROOF: See SCF2 ch.4.6.1. W

Theorem 10.2. Let W; = (Wt(l), t(Q) cee Wt(d)) be a d—dimensional Brownian motion on a filtered proba-
bility space (2, §, §¢, P) (d € N). Let i and j be two integers such that 1 < i,j < dand i # j. Then

dW® aw @) = 0.
PROOF: This can be shown with help of Theorem 10.1 on p.155. See SCF2 ch.4.6. for details. W

10.2 The Multidimensional Itd Formula

One can generalize The It6 formula which computes the differential f(¢, X;) to more than one Itd
process X, each of which is driven by a d-dimensional Brownian motion in the sense of the next
definition.

Definition 10.3. |[ %

Let W, = (Wt(l), Wt(z) e Wt(d)) be a d-dimensional Brownian motion on a filtered probability space
(Q,5,3:, P) (d €N).
We call a process X; an Itd process driven by W if X has dynamics

d
dXy = 0.dt + Y oj(t)dW,) = ©,dt + o1(t)dW, " + ... oa(t) dW,”,

(10.1) pa

XO =7z,

for suitable adapted and sufficiently integrable processes ©; and G(t) = (o1(t)...,05(t)). In inte-
grated form (10.1) is equivalent to

t d t
(10.2) Xy =x + / O, du + g / aj(u) dWIEj). O
0 : 0
J=1

All this can be written more compactly if we extend the “bullet notation” 7 e § from vectors to
differentials and integrals as follows.
Notations 10.1. Let n € N. If [, = (Fgl), . .,Fl(t")) and A, = (Agl), . ,Ag")) are vector valued
t ,
stochastic processes for which the expressions f D(f )qu(f ) exist then we define
0

ﬁt [ ] dxzft = Z ng) dAIE]),
(10.3) 7=

t n t
/fu.dgu - Z/ r0) dAd, O
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With this notation we can rewrite (10.1) and (10.2) as follows.

dX, =O,dt + (t)dWy; Xo = ,

—

t t
X, =z + / O, du + / &(u)dW,. O
0 0

Remark 10.3. It should be mentioned that Itd’s Lemma not only generalizes to d—-dimensional Brow-

nian motions for d > 2 but also to functions

f(t7f) = f(t,l'l,CEQ,...,ﬂZn)

in which each dummy argument z;, can be replaced by an It6 process

d
dx" = o dt + 3 oy(t) aw?;
3=0

X® 0

We will not do that but rather follow SCF2 and limit ourselves to two It6 processes X and Y, which

are driven by a twodimensional Brownian motion. [

Notations 10.2. From now on we assume that Wt = (Wt(l), Wt(Q)) is a twodimensional Brownian

motion and that X; and Y; are the following Itd processes, driven by W,.

dX; = @1(t) dt + O'11(t) th(l) + Ulg(t) th(2),

dY; = Oy(t) dt + o1 (t) AW + oaa(t) AW,

The integrands ©;(u) and o;;(u) are adapted processes. We integrate and get
t t t
Xy =x0 + / O1(u) du + /0'11(u) dWQSI) + /0’12(1&) dWQSm

(10.5) °

0 0

t t

Y; =y + /@Q(U) du + /021(u) dWél) + /022(u) dWéQ)
0 0 0

Theorem 10.3. The multiplication rules for the multidimensional Ito calculus are

I

dtdt = 0, dtdw” = o,
aw®aw® =t aw® aw® = 0fori# ;.

156

Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

PROOF: This follows from the onedimensional case (see Remark 7.15 on p.129), together with The-
orem 10.1onp.155. W

Remark 10.4. The multiplication tables make computation of the differential dX:dY; of two It
processes X; and Y; a trivial affair. For example, if those processes are given by (??) then

dX;dX; = [d(O1(t)dt + o1 () AW + o1a(t) W, ?)]?
= @1(t)2dt dt + O1(t)dt o11(t) th(l) + 01 (t)dt o12(t) th(2)
+ oot o) dW ) aw®

Only two of those nine terms survice, those with differentials
aw M awt) = dt and aw? aw? = dt. Thus

dX;dX; = o11(t)2dt 4+ o19(t)? dt.
Here is one more example.
dX,dY; = ©1(t)Os(t)dt dt + O1(t)dt oo (t) AW + ©1(t)dt oaa(t) AW
F o ora(t)oaa(t) AW aw
Again only the two terms with differentials th(l) th(l) and th(z) th(Q) are not zero. Thus

dX;dY; = Ull(t)agl(t) dt + o19099dt. O

Here is the Itd formula for a sufficiently smooth function f(t,z,y) of time ¢t and two more param-
eters which will accept two Itd processes driven by a twodimensional Brownian motion. This is
SCF2 Theorem 4.6.2

Theorem 10.4 (Two—dimensional It6 formula). Let f(t,z,y) be a function whose partial derivatives
fts for fys faows foys fyz, and fy, exist and are continuous. Let X, and Y; be Itd processes driven by a two—
dimensional Brownian motion. The process (t,w) — f(t, Xy(w), Ys(w)) then has the dynamics

df(taanY;ﬁ) = ft(taXh}/t) dt + fm(t7Xt7)/;f) dXt + fy(taXhYt) dl/;‘,
1
(10.6) + B faw(t, X4, V1) dXed Xy + fay(t, Xy, Y2) dXydYs

1
+ 5 foy (1 X0, Y1) dYidYs.

PROOF: Omitted. W

Remark 10.5. Here is the Itd formula with integrals rather than differentials.
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f(t)Xt)YVt> - f(OaX(]v}/O)
t

_ / (011 (w) fo (1, Xy Ya) + 021(u) f, (1, Xo, Ya)] W ()
+ [UIQ(U) fa: (Uinuyu) + 0'22(11,) fy(ua X’M7Yu)] dWQ(U’)

(10.7)

[ [l X Ya) + O1(0) fo (s X Ya) + Os(u) fy (s X Vo)

o\“ o\ﬂ o

+ %(O—%I (u) + 0%2(u)) f:E:J: (u7 XU7 Yu)
+ (Ull(u)agl(u) + Ulz(u)agz(u)) fxy(u, Xu,Yu)

+ %(031(7@) +035(u)) fyy(u,Xu,Yu)} du

Even though this version of the It6 formula is mathematically more precise than (10.6) it is harder
to remember and more cumbersome to use. Here is the other extreme, with all arguments of the

tunction f (¢, x,y) and its partial derivatives omitted.

df (t,.X,Y) = frdt + fpdX + fydY

(10.8) 1 1

The following is arguably the most useful application of the multidimensional It6 formula.

Corollary 10.1 (It product rule). If X; and Y; are two Itd processes then

(10.9) d(X:Y;) = X¢dY; + Yy dX; + dX, dY,.

PROOEF: We apply formula (10.8) with f(¢,z,y) = 2zy. Then f; =0, fo =y, fy =, fax =0, fay = 1,

and fy, = 0. The corollary follows easily. W

10.3 Lévy’s Characterization of Brownian Motion

Brownian motion W, is characterized by the following.
W is an §;—martingale.

Wy =0a.s.

t — Wi(w) is continuous a.s.

W has quadratic variation [W, W], = t a.s.
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A theorem by the french mathematician Paul Pierre Lévy (1886-1971) shows that a stochastic pro-
cess M; with those properties is in fact a Brownian motion, i.e., those properties guarantee that
future increments W, — W, are independent of §; and they have a normal distribution with mean
zero and variance h.

d-dimensional Brownian motion W} is characterized by the following.

e each coordinate I (j), is a (onedimensional) Brownian motion.
e Different coordinate processes W (i) and W (j) are independent and they have
cross variation zero.

The multidimensional version of Lévy’s theorem proves that the reverse is true. Any process M;
with those two properties is a d-dimensional Brownian motion.

first we state the onedimensional version. This is SCEF2 Theorem 4.6.4

Theorem 10.5 (Lévy’s characterization of onedimensional Brownian Motion). Let My, t = 0, be a
martingale relative to a filtration §;,t = 0. Assume that My = 0, My has continuous paths, and [M, M) =t
forallt 2 0. Then My is a Brownian motion.

PROOF: | % || An outline of the proof can be found in SCF2. We just summarize the major steps.

(1) The following can be defined and proven with a continuous martingale M; such
that M, = 0 in place of a Brownian motion W;. e It integrals [ 0'Z,dM,, We
have the same multiplication rules

dtdt = dtdMy = dM;dt = 0, dMydM; = t.

The last rule results from [M, M|, = t.

e [t0 processes X; = X+ f(f A dM,~+ fot ©,du driven by a continouus martingale
M, e The It6 formula for the differential df (¢, X;) where X; is an It6 process
driven by a continouus martingale M,

(2) Fixu € R. The It6 formula is applied to the function

f(t,x) = exp [ua? - ;UZt] .

with the result that

(3) Thus M; has the same MGF as a Brownian motion W, i.e., it is Brownian motion.
[ |

(4) Finally the independence of the increments M, — M; and §; must be shown
forallt,h=0. W

And this is the multidimensional version of Lévy’s theorem (SCF2 Theorem 4.6.5).

Theorem 10.6 (Lévy’s characterization of multidimensional Brownian Motion). Let the process M; =
(Mt(l), . ,Mt(d)) have continuous §—martingales Mt(j ) as its coordinate processes. Assume further that
Mg = 0, that the quadratic variations satisfy [M @) M (j)]t = t for all j, and that the cross variations
(M@, MD], are zero for i # j. then M, is a d-dimensional Brownian motion. In particular, the processes
Mt(l), ce Mt(d) are independent Brownian motions.
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PROOF: |[* | An outline of the proof can be found in SCF2 for d = 2. The idea is similar to that

of the onedimensional case. Make again use of the fact that the Itd6 formula applies to Itd processes
driven by continuous martingales and apply it, for fixed @ = (uy, ..., uq), to the function

d d
1
flt,x1,...,24) = exp E ujT; — Qt E uf
j=1 j=1

to prove that the joint moment-generating functions of M; and W; are identical. This not only
implies that each coordinate process Mt(J ) is a Brownian motion (it better be since that is part of our
assumptions) but also that this MGF factors and thus those processes are independent. We again

refer to SCF2 for further detail. W

The next proposition is a reformulation of SCF2 Example 4.6.6 (Correlated stock prices).

Proposition 10.1. || %

Assume that W, = (Wt(l), Wt(Q)) is a two—dimensional Brownian motion and that St(l) and St(Q) are two
stocks with dynamics

dsM = aysV dt + o180 aw Y,
dS? = 8P dt + 528 [pdw M + V1 - p2aw? ],

where 01,09 > 0and —1 < p < 1 are constant.

(1) Then the process
wr o= p W + V1— w2,

is a Brownian motion.

2
ds? = a,8P at + 0,8 awy,

i.e., not only St(l) but also St(Q) is a GBM with the same constants oo and os.
3) Wt(l) and W} have correlation p for all t. Thus those two processes are not independent.
Thus (Wt(l), W) is not a twodimensional Brownian motion.

PROOQOF:
W is a continuous martingale as the sum ofcontinuous martingales and W = 0. Further,
awy dwy = p2dw awt + 203/1= p2aw M aw® + (1 — p%) aw® aw?
=p?dt + (1 —p*)dt = dt.

Thus [W*, W*]; = ¢ and assertion (1) follows from Theorem 10.5 (Lévy’s characterization of onedi-
mensional Brownian Motion).

Assertion (2) is true by definition of W;* and since we just proved that this process is a Brownian
motion.

To prove assertion (3) we compute Cov[W}!, Wt*]. Since th(l)th(2) =0,
aw M awy = aw ) (paw ) + 1= p2aw?)
= pawVaw + \/1- dW(” av® = pdt.
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We integrate and take expectation and obtain
) t t
wwy = / WD awr + / wxdw ) + pt.
0 0
Since the It6 integrals on the right-hand side are martingales,
t 0 t 0
E [/ wib de;] =E [/ wib de] =0, and E [/ W quﬁl)] = FE U W dWél)} = 0.
0 0 0 0
From this and E[W}] = E[W/] = 0 we conclude that
Cov[w Y, Wy = EW W] = pt.

Assertion (3) follows since Var[Wt(l)] =Var[W;=t] N

10.4 Exercises for Ch.??

None at this time!
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11 Girsanov’s Theorem and the Martingale Representation Theorem

11.1 Conditional Expectations on a Filtered Probability Space

For all of this chapter let (12, §, §¢, P) be a filtered probability space.
The following combines both SCF2 Lemma 5.2.1 and SCF2 Lemma 5.2.2.

Proposition 11.1. Let Z be a nonnegative random variable on a filtered probability space (2, §, T+, P) such
that E|Z] = 1 and P{Z = 0} = 0. Let P be the measure with density Z w.r.t. P, i.e.,

P(A) = /A Z(w) dP(w).

In other words, Z is the Radon—-Nikodym derivative g. See Chapter 4.6 (Equivalent Measures and the

Radon-Nikodym Theorem). Then P is a probability measure which is equivalent to P, i.e.,
P(A) =0 < P(A) = 0.
We write E for the expectation of a random variable Y w.r.t. P, ie.,
E(Y) = /Q UdP.

For the following assume that t,h € [0, 00 [ and that Y is an §—measurable random variable.
Let Zy := E[Z | §] Then the following relations hold.

(11.1) ElY] = E[Y Z)],
(11.2) E[Y|%] = thE[YZt-I-h | §t]
PROOF: |/

A. We show that Pis a probability measure which is equivalent to P.
P(Q) = / ZdP = E[Z] = 1.
Q

This proves that P is a probability measure. Let A € § such that P(A) = 0. To show P ~ P we only
must prove that P(A) = 0 since P < P on account of Proposition 4.13 on p.70.

Let 7/ := (1/Z)12>0. Then
0 =P(4) = /ldP = /ZZ’dP+/1-1Z:0dP = /ZZ’dP+O
A A A A
= /(1AZ’)ZdP = /1Az’dﬁ = /Z’dﬁ = 0.
A

The last equality follows from Proposition 4.13, applied to s := P and f := Z’. We have shown that
all P-null sets are P-null sets, thus P ~ P.
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B. Proof of (11.1). We use in sequence

the definition of P: dP = ZdP,
iterated conditioning

the “taking out what is known” rule
the definition of Z;:

ElY] =E[YZ) = E[E[YZ|3]|] = E[YE[Z|3]] = E[YZ]. ®

C. Proof of (11.2). To prove that Z%E[YZtJrh | 4] is the conditional expectation of Y w.r.t. §; and P
(not P!) we must show that

) Z%E Y Zi1n | ¢ is Fi—measurable,
(2) Z%E[YZHh | §¢] satisfies the partial averaging property

(A) / L By 20150 dP = / Y dP forall A € §.
A Ly A
(1) is trivially since E[- - - | §;] enforces §;—measurability.

To prove (2) we first note that formula (11.1) with 14 Z%E[YZH;L | §¢] in place of Y yields

~ 1 1
(B) E [IAZtE[YZt+h St]} =F [1,4 Z ElYZiih |54 - Zt} = E[ 1AEY Zyyh, | B4 ],

and when we apply it with 14Y in place of Y and Z;}, in place of Z; then we obtain

(©) E[14Y] = E[14Y Zyp).

To prove (A) we write
1 ~ ~ 1 (B)
A%E[th+h3t] dP =F 1AZE[YZt+h|&] = E[14B]Y Zi, |54 ]
C ~ ~
= B[B14YZ1|5)] = E[1aYZi] € ELay] = /YdP.
A

Here we have used the “taking out what is known” rule tobtain the equation after (B) and the
iterated conditioning rule for the equation that follows it. We have shown that (A) is satisfied. W

11.2 Onedimensional Girsanov and Martingale Representation Theorems

The following is SCF2 Theorem 5.2.3.

Theorem 11.1 (Girsanov’s Theorem in one dimension). Let T > 0 and let (2, §, 5+, P) a filtered prob-
ability space where the filtration members §; and all stochastic processes that are used in this theorem only
need to exist for 0 < t < T. Let Wy, be a Brownian motion on this filtered space and let ©,, be an adapted

process which satisfies the integrability condition
T
/ 0?2 7> du] < o0.
0
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where the process Z is defined in terms of ©; by formula (11.4) below.

Let
t . t
(11.4) Z; = exp —/@uqu -3 /@3du ,
0 0
5 . dpP
(11.5) P(A) = / ZrdP forall A e §r ie, Zr = —,
A ar
t
(11.6) i%:m+/bwwiad%=dm+@a.
0
Then P is a probability equivalent to P and Wy, 0 < t < T, is a Brownian motion w.r.t. P.

PROOF | % | : See the proof of SCF2 Theorem 5.2.3. W

Remark 11.1. |[ %

Strictly speaking it is not correct to write Z7 = Z—g in (11.5) because the domain of the probability
measure P is all of § and P only has domain §7. Rather, we have

Zr = o,
dP‘gT

where P’ - is the restriction of the function P : § — [0,1] to §7. See the formulation of Theorem
5.1 (Existence Theorem for Conditional Expectations) on p.82. [

Remark 11.2. The importance of the Girsanov theorem with respect to mathematical finance lies in
the following. We will see later that if stock price is a generalized GBM

(117) dS; = oaySidt + ouSy dWy, 0 é t é T.

and we have a discount process with an interest rate R; which can be stochastic (adapted):

t
(11.8) D; = exp [—/ des],
0

(see Definition 6.5 on p.91), and if we define an adapted process O, to be the so called market price
p pted p p

of risk,

(11.9) o, = “—fit

Ot

then the discounted stock price has the dynamics

(1110) d(DtSt) == O'tDtSt [@tdt + th]
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We apply Girsanov theorem and substitute W; with the Brownian motion W, of formula (11.6) in
that last equation. We obtain

(11.11) d(DySy) = 01DyS; dWy].

Itd calculus is defined for any Brownian motion and all its theorems are in force. Thus the process
D,S; is a martingale with respect to the probability P, hence,

(11.12) D;S; = E[DrSr| 8-
Now let us switch to self-financing portfolios
H, = (HE,HY) = (Xi — AuSy, A)
Here we have given both the notion of MF454 Chapter 6 (Financial Models - Part 1) and SCF2:
Recall that SCF2 writes A, for the shares Hts held in the stock and X; for the portfolio value VtH .

From (11.12) it will follow that the discounted portfolio value process has dynamics
(11.13) d(DiXy) = AoyDySy dW.

Thus D; X; also is a ﬁ—martingale. We obtain

(11.14) DX, = E[DrXr |

Now we get to the really important part. If we have a contingent claim & with pricing process
IT;(X) and Hisa replicating (thus self-financing) portfolio, i.e., it is a hedge for that claim, i.e.,
X7 = X. Then of course Dy Xt = DrX and the pricing principle which results from the no
arbitrage condition implies that

(1115) Xt = Ht(X), hence DtXt = Dth(X) for 0 é t é T.

We have found the long sought after pricing formula for a contingent claim based on a risky asset
with generalized GBM as its price process S;. It follows from (11.14) and (11.15) that

1 ~
(11.16) I (X) = EE[DTXT | 8l

This formula will be used, e.g., to derive the formula (9.21) of Theorem 9.1 on p.147 which gives the
explicit solution for the price process c(t, z) of a European call.

Before we get to develop the program outlined here we need some more theory to close the follow-
ing gap. Formulas (11.15) and (11.16) hold for hedging portfolios of a contingent claim. But what
claims are reachable? The martingale representation theorem which we will discuss next can be
used to prove that all claims can be hedged if the information for the stock price S; is contained in
that of the driving Brownian motion W;. [

We have seen that being a martingale represents a very strong condition concerning what such a
process can look like. Lévy’s characterization of onedimensional Brownian Motion (Theorem 10.5
on p.159) tells us that if a martingale has continuous paths, starts at zero and has the quadratic
variation of Brownian motion then it is in fact a Brownian motion. What we will see next is that any
martingale M; with initial condition My = 0 which is adapted to the filtration TV of a Brownian
motion W; is an It6 integral M, = fot I',dW,, for some suitable adapted process I';.

The following is SCF2 Theorem 5.3.1.
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Theorem 11.2 (Martingale representation, one dimension).

Let T > 0. Assume that
o W;,0 =t = T isa Brownian motion on a probability space (2,5, P),

o TV, 0=t < T is the filtration generated by this Brownian motion,
o M, 0 =t <T,isamartingale with respect to this filtration:

o foreveryt, M;is SXV —measurable,

o E[M|F¥]=M,, foral0<s<t<T.

Then there exists an adapted process I',,,0 < uw < T, such that

t
(11.17) M, =My + / TudW,, 0St<T.
0

PROOF: Will not be given here. It also cannot be found in SCF2. W

Remark 11.3.

If the assumptions of the martingale representation hold then all martingales are continu-
ous since they are It0 integrals. This has some undesirable consequences.
If we want to model stock prices S; which can jump at certain times without losing the very

important property that the disounted stock price DT'S; is a martingale and sufficiently
many claims can be hedged then we need to include stochastic information, i.e., uncertainty,
different from or besides that of Brownian motion.

We will not get to that point in this course but note that this is done in SCF2 Chapter 11 (Introduction
to Jump Processes) in which stock price is driven by (generalized) Poisson processes in addition to
Brownian motion. [J

We add the assumption §; = 3}” to Girsanov’s Theorem 11.1. This results in the following corollary
(SCF2 Corollary 5.3.2).

Corollary 11.1. Let T' > 0 and let W, be a Brownian motion on a probability space (2, §, P) Let Oy, be an
adapted process w.r.t. the filtration V05t <T,ie., the filtration generated by W, (!) which satisfies the
integrability condition

T
(11.18) * E /@izgdu < 0.
0
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t t
1
o let Z; := exp —/@uqu —3 /@%du ,
0 0

iP
dP’

e P(A) = /ZTdeorullAGST, ie, Zr =
A

° Wt = Wt + /@u du, i.e., th — th a4 @t dt.
0

o Let ]\Z, 05 t<T,bean SF’—martingale under P (not P!)
Then there exists an )" —adapted process T, 0 < u < T, such that

—~— —_—~— t~ —~—
(11.19) M, =M, + / T,dW,, 0St<T.
0

PROQF: Will not be given here. Just one comment. More needs to be done than just combining
Girsanov’s Theorem with the Martingale Representation Theorem since the process M; is a P—

martingale with respect to a filtration §}", and this filtration is not generated by a P-Brownian
motion but by the P-Brownian motion W;! W

Remark 11.2 on p.164 showed the significance of Girsanov’s Theorem and alluded to that of the
martingale representation theorem when modeling contingent claims with one underlying risky
asset. 11.1. We need multidimensional versions of those theorems to model claims with several
underlying risky assets.

11.3 Multidimensional Girsanov and Martingale Representation Theorems

We will use in this chapter the bullet notation for stochastic integrals f(f fu ° d/_fu and differentials
ft ° dfft which was introduced in Notations 10.1 on p.155.

The following is SCF2 Theorem 5.4.1.

Theorem 11.3 (Girsanov’s Theorem in multiple dimensions). Let 7' > 0 and let (Q2,§, S, P) be a
filtered probability space where the filtration members §; and all stochastic processes that are used in this
theorem only need to be defined for 0 < t < T. Let W, be a multidimensional Brownian motion

W, = (W, wiY)
(thus the coordinate processes W;(t) are independent). w.r.t. the filtration §;,0 <t < T. Let

6, = (e",....eM)

be a d—dimensional adapted process which satisfies the integrability condition

T
(11.20) X E /lléuH%ZZdu < 0.
0
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Here ||Z||2 is the standard Euclidean norm in R%. See Example 7.4 on p.124.

Let

t t
(11.21) 7y = exp —/éuoqu - % /|yéu|\2du :

0 0
(11.22) P A /A ZrdP, e, Zp = %,

— ¢ —
(11.23) W, =W, + / Oy du, ie, dW, = dW, + 6,dt.
0

Then P is a probability equivalent to P and ﬁt, 0 <t < T, is a Brownian motion w.r.t. P.

Note that the vector equations in 11.23 are to be understood componentwise:

t
w9 —wY 4 /@gj) du, ie, AW = dwl +eYat forj=1,...,d.
0

PROOF | % | : Will not be given here. W

Remark 11.4. The following aspect of the multidimensional Girsanov Theorem deserves special

mention. W, being a d-dimensional Brownian motion implies that its component processes WN/t(j )
are independent w.r.t. the new probability P. This is not at all an obvious consequence of the fact

that the components of the original Brownian motion W are independent under the probability P.
O

Next comes the multidimensional version of Theorem 11.2 (Martingale representation, one dimen-
sion) on p.166. This is SCF2 Theorem 5.4.2.

Theorem 11.4 (Martingale representation theorem, multiple dimensions). Let T be a fixed positive
time, and assume that

o Wi, 0 <t < T isa d-dimensional Brownian motion on a probability space (Q,F, P),
o 3F/V,0 <t < Tis the filtration generated by this Brownian motion,
o M;,0=1t=T,isa (one—dimensional) P—martingale with respect to this filtration.

Then there is an adapted d—dimensional process T, = (T1(w),...,Ta(w)),0 < u < T, such that

t
(11.24) M, =My + / F,edW, 0<t<T.
0

We now assume in addition to the assumptions stated so far the notation and assumptions of Girsanov’s
Theorem in multiple dimensions (Theorem 11.3). Then the following also is true.
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Let M, 0 < t < T, be a (one-dimensional) P—martmgale with respect to St <t < T, the
filtration generated by the original Brownian motion Wt Here P is the probabzlzty from Girsanov’s

Theorem, equivalent to P, which makes the process W, defined by
dVIN/t(j) = th(j) 4 ng) dt and Wt(j) =0forj=1,...,d,

an Sﬁ/ —Brownian motion.
Then there is an adapted d—dimensional process I, = (ﬁ(}), e ,fgd)) ,0 < u < T, such that

N ey t -
(11.25) M, =M, + / v dW, 0<t<T.
0

PROOF: Will not be given here. W

11.4 Exercises for Ch.11

11.4.1 Exercises for xxx2

None yet
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12 Black-Scholes Model Part II: Risk—neutral Valuation

In this chapter we elaborate on Remark 11.2 which gave an outline of how Girsanov’s Theorem
(Theorem 11.1 would be crucial in pricing a contingent claim.

12.1 The Onedimensional Generalized Black—Scholes Model

In Chapter 9 (Black-Scholes Model Part I: The PDE), Definition 9.1 on p.143 stated the classical
assumptions of a Black-Scholes market economy. They are rather restrictive. For example, the
instantanous mean rate of return and volatility that are part of the dynamics of the risky asset price
Sy are assumed to be constant. We weaken those assumptions for most of this entire chapter 12.

Definition 12.1 (Generalized Black-Scholes market model). Let 7' > 0 and let (2, F, 3¢, P) be a
filtered probability space We only assume that the filtration §; and all stochastic processes that will
be defined later exist for times 0 < ¢t < T Let W;,0 < t < T, be a Brownian motion w.r.t ;.

We no more requrie that the instantaneous mean rate of return «, the volatility o of the risky asset
S, and the interest rate r that governs investments in the bank account are constant. Instead we
assume the following.

Let Dy, S, R, o, 01 be §; adapted processes.
Assume that o # 0 a.s. for any given ¢.
t

t
1 2
oy — R — [©udW, —1 [©2du
Let ;= ——, and Z; := e © 0

Ot

. Assume that

(12.1)

We speak of a generalized Black-Scholes market model if

(12.2) dD; = — Ry D dt; Dy = 1;
(123) dSt = atSt dt + O'tSt th; S() G]0,00[;Oét,O't E]0,00[;
(12.4) The market is efficient: No arbitrage portfolios.

e We interpret D; as the discount process associated with a riskless asset (bank account): As-
sume that an investment will pay the amount 1 (dollar) at the future time ¢. Then it’s worth
today, at t = 0, only is the amount D;, since this amount could be invested in the bank in-
stead where it would increase to 1 due to interest compounded at the rate R;.

o We interpret S; as the price process associated with a risky asset (e.g., stock). O

Remark 12.1. First some remarks about the process D;.
(1) From (12.2) we obtain

t
(12.5) D; = exp [— / Rudu] .

0
This follows easily from differentiating the right hand side with respect to ¢.
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(2)  We could have worked instead with the interest rate process

t
1
dB; = RyBidt; Bp =1, 1ie.,B; = exp [/ Rudu] = o
0 t

but using D; instead will make it easier to relate the contents of this chapter to the SCF2 text.

Also be aware of the following.

(3) Formula (12.3) states that S; is a generalized GBM with instantaneous mean rate of return
a; and volatility o; for which we have the explicit representation

t t
1
(126) Sy = exp /Uuqu + /(au - 201%) ds|,
0 0

See Remark 8.1 on p.138, the subsequent Remark 8.5, and (8.15) on p.138. .

(4) It was not necessary to explicitly require the adaptedness of the processes S; and D;. For-
mula (12.2) (equivalently, formula (12.5)) implies that, as far as measurability is concerned,
D; only depends on the adapted process R; for s < ¢, and thus only on information in §, i.e.,
Dy is adapted. We conclude similarly that formula (12.3) (equivalently, formula (12.6)) im-
plies that measurability of S; only depends on the adapted process W;. Thus S; is adapted.

(5) Recall from Assumption 6.1 on p.94 that we always assume that, besides being free of arbi-
trage, the market has complete liquidity, no transaction costs and no bid—ask spread. [

Remark 12.2. The degree of uncertainty, i.e., the risk of investing in the bank account is qualitatively
much smaller than that of investing in the stock for the following reasons.

Only the randomness of the process R; within a small interval [¢,¢ + h| affects that of the change
D4y, — Dy. This results in quadratic variation [D, D]; = 0 since dtdt = 0, thus

dDydD; = (—RyDydt) (—RyDydt) = RID?dtdt = 0

In contrast the randomness of o; within [¢, ¢+ h] is multiplied by that of the increments of the Brown-
ian moption W; which are so unpredictable that they result in a quadratic variation [W, W], # 0. As
a consequence the nonzero volatility o; results in fluctuations of S; which too are so unpredictable
that [S, S]; # 0. We see this from the dynamics of Sy:

dS;dS; = a?S?dtdt + 200057 dt AWy + 0252 AWy dW; = o252 dt

From It6 isometry we obtain the strictly positive expression
t+h
(S, Slyin — [S, 8] = / 5252 du.
t

In the words of SCF2,

Unlike the price of the money market account, the stock price is susceptible to instantaneous
unpredictable changes and is, in this sense, “more random” than D;. Our mathematical

model captures this effect because S; has nonzero quadratic variation, while D; has zero
quadratic variation. [
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Formula (11.9) of Remark 11.2 on p.164 already introduced the market price of risk. Here is the
formal definition.

Definition 12.2. For the generalized Black-Scholes market economy of Definition 12.1 on p.170,

the market price of risk. is the process

(12.7) 0, = LRQ

Ot

Note that ©, is adapted as the difference and quotient of adapted processes. [J
Remark 12.3. The assumption (12.1) on p.170,
T
(12.8) E [/ S du] < o0,
0
will allow us to apply Girsanov’s Theorem to the market price of risk process. []

12.2 Risk—-Neutral Measure in a Generalized Black—-Scholes Market

Assumption 12.1.

We assume for the entire remainder of this Chapter 12 (Black-Scholes Model Part II: Risk—
neutral Valuation) that we have a generalized Black-Scholes market as defined in Definition

12.1 on p.170. O

Introduction 12.1. We recall definitions (6.13) on p.99 and (6.16) on p.102 of the binomial asset
model in which we defined a risk-neutral measure, also called there a martingale measure, as a
probability measure  equivalent to the “true” probability which made discouned stock price D;S;
a Q-martingale. To see that, observe that the (not continuously) compounded interest earned be-

tween times ¢ and ¢ + k (k € N) in the bank is (1 + R)¥, thus the discount factor is
1
t =

(1+ R)F

We are now in a position to prove with the help of Girsanov’s Theorem the existence of a risk—
neutral measure for a generalized Black-Scholes market. [J

Definition 12.3 (Risk—-neutral measure).

A risk-neutral measure P for our generalized Black-Scholes economy, also called a mar-
tingale measure, is the following.
(1) Pisa probability measure on g7, i.e., ]B(A) need only be defined for events A C ()
which belong to §7
2) e P,ie., Pand P are equivalent on §r:
IfAecFr then P(A) =0 < P(A) = 0.
(3) Discounted stock price D;S; is a ﬁ—martingale w.r.t. the filtration §;. O
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Proposition 12.1. The discounted stock price has the following dynamics and explicit representation.

(129) d(DtSt) = (Ozt — Rt)DtSt dt + JtDtSt th
t t
1
(12.10) DSy =5, exp{/as dWs + /(as — Ry — 50?) ds},
0 0

In other words, discounting S; transforms this generalized GBM with instantaneous mean rate of
return oy and volatility oy into another generalized GBM with reduced instantaneous mean rate of

return oy — Ry and unchanged volatility oy.

We further can express d(D;Sy) with help of the market price of risk process ©; given in (12.7) as follows.

(1211) d(DtSt) = O'tDtSt (@t dt + th)

PROOF: Formula (12.10) is obtained by multiplying the right hand sides of (12.5) and (12.6).

We replace in the formulas (8.18) on p.138 and (8.21) on p.139 which o, with o — R; and this proves
that the dynamics of the generalized GBM (12.9) are, in fact, given by (12.10).

Formula (??) follows immediately from (12.10) because a; — Ry = ©o;. B

As a consequence of Girsanov’s Theorem we can prove the existence of a risk-neutral measure.

Theorem 12.1. Let the process Z;(0 = t < T') be defined as follows.
t 1 t
Zy = exp —/@uqu -3 /@idu ,
0 0

Here ©; is the market price of risk process, ©; = i Rt, of Definition 12.2 on p.172. Then
Ot

o themeasure P:Aws / Zr(w)dP(w) (A € §r) is a probability on Fr and P~ P.
A

t
e The process Wt = W + / O, du, equivalently, th = dW; + Oydt and Wg =0,
0

is an §—Brownian motion w.r.t the new probability measure P.
o Discounted stock price DSy is a P-martingale.

PROOF: We may apply Theorem 11.1 (Girsanov’s Theorem in one dimension) on p.163 to the market
price of risk process ©; since (12.1) implies that the integrability condition (11.3) of that theorem is
satisfied. The only item that is not an immediate consequence of Theorem 11.1 is the assertion that
D;S;isa ]B—martingale.

We see this by substituting th = dW; + Odt into formula (12.11). We obtain
d (DtSt) = O'tDtSt (th),

(12.12) t _
i.e., DtSt = S() + / UuDuSu qu
0
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We are allowed above to write Sy for Dy Sy because Dy = e~ Jo Budu — 00 — 1 Gince Wt is an §i—
Brownian motion under P D,;S; is the sum of the Fyp—measurable constant Sy and a P-Ttd integral
of an §;—Brownian motion, hence it is a P—martmgale wrttoF;. H

Corollary 12.1 (Existence of a risk-neutral measure).

e The probability measure P of Theorem 12.1 is a risk-neutral measure for the generalized
Black—Scholes market in he sense of Definition 12.3 on p.172.

o The dynamics of discounted stock price when using W, instead of Wy are

(12.13) d(DyS;) = 0:DySi(dW;).

PROOF: Formula (12.13) was established in the proof of Theorem 12.1. The remainder is an obvious
consequence of that theorem. W

Remark 12.4. Note the following.

e (12.13) holds true both under the “real” probability P and the risk-neutral probability P!
It just so happens that the ©;dt part of dV[N/t = dW; + ©.dt prevents D;S; from being a
martingale with respect to P unless ©; = 0,i.e., a; = Ry, for 0 <t < T.

e Think of the above as follows. We may assume that the risk premium o; — R; in the real
market, i.e., under the real world probability P, is positive on average. (See Remark 9.2
on p.144.) The redistribution of probability mass under risk-neutral probability P has the
following effect. The upward trend of discounted stock price which happens under P as
a cause of the ©;dt term is neutralized by P since this probability gives additional mass to

those w for which oy < Ry, at the expense of those w for which a; > R;. 0O
12.3 Dynamics of Discounted Stock Price and Portfolio Value

We saw in Chapter 9.2 (Discounted Values of Option Price and Hedging Portfolio) that in a (clas-
sical) Black-Scholes market the budget equation for a self-financing portfolio is given by formula
(12.14) on p.174,

dXt = AtdSt + T’(Xt — AtSt) dt.

In the generalized Black-Scholes market we obtain d X, by replacing the constant interest rate » with
the varying interest rate R;(w).

Proposition 12.2. The budget equation for a self-financing portfolio strategy in a Black—Scholes market is

(1214) dX; = A dS; + Ry (Xt AV St) dt

Further we have the following equation for the portfolio value dynamics.
(12.15) dX; = R Xy dt + ApoySy [Odt + dWy].
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PROOF: Equation (12.14) is obvious. It just states that the number A; of shares held in the risky
asset increases by the change dS; inasset price, and the value of the bank account holdings X; —A;S;
changes during dt according to the interest rate, R;.

We repeat here the proof of (12.15) as can be found in SCF2, Chapter 5.2.3 (Value of Portfolio Process
Under the Risk—Neutral Measure).

dXy = AydSy + Re(Xy — AL Sy) dt
= Ay (Sidt + 0ySedWy) + Ry(Xy — A Sy) dt
=R Xy dt + Ay — Ry)Spdt + NyoySy dW
=Ry Xy dt + AoyS; [Opdt + dW; .

The last equation follows from a; — R, = 0,0;. B
Proposition 12.3. The discounted portfolio value Dy X, has dynamics
(12.16) d(DiX;) = Aoy DySy AW
PROOQOF: Again we follow SCF2. To obtain d(D;X;) we use the Itd product rule
(A) d(DiX;) = DydXy + XydD; + dD; dX;.
First we note that
dDidX; = (—RyDydt) (ReXy + Ap01SiO4) dt + Aoy S dWy) = 0,
because dtdt = 0 and dtdW; = 0. That plus dD; = —R;D;dt applied to (A) yields
d(DiX¢) = DydXy — X¢(ReDydt) + 0.
Next we apply (12.15) and obtain

d(DyXy) = Dy (R Xy dt 4+ AyoySy [Opdt + dWi]) — Xi(RyDydt)
= DiRy Xy dt + DiAyoySy [©pdt + dWy ]
— Xy Ry Dydt
= Doy Sy [Ordt + dW].

This proves (12.15). W

It follows from Proposition 12.3 that D, X, is a martingale under P, thus
(12.17) D;X, = E[DrXr|3] = E[DpVp |3 forall0 <t < T.

Now assume that X, is the value of the hedging portfolio for a contingent claim X We follow SCF2
notation and write

Vr instead of X, and V; instead of II;(X),
to denote contract value and pricing function of a contingent claim.

It follows from the pricing principle that V; = X; and thus D;V; = D;X; must be satisfied to avoid
arbitrage. We obtain from Proposition 12.3 the following
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Corollary 12.2. Assume that X is the value process of a hedging portfolio for a contingent claim with price
process V; (0 <t < T). Then

DV, = ElDyVe |3, 0St<T.
Vi :E [C_LTR“duVTlgt} , 0 é t é T.

PROOF: The equation for D,V; results from this process being a ﬁ—martingale. The formula for V4
is then obtained by noting that

T t T
Dr = exp (—/ R, du> = exp (—/ R, du) exp (—/ R, du>
0 0 t

and observing that the exponential e™ Jo Rudu jg 3§+ measurable and can be pulled out of the condi-
tional expectation. W

Definition 12.4 (Risk—-neutral valuation formula). We call either one of the Corollary 12.2 formulas,

(12.18) DV, =E[DrVr |8, 0St<T.
(12.19) V, = E [e_ S Ruduy;, ‘ &] J0<t<T

the risk—neutral pricing formula, also the risk-neutral valuation formula for a contingent
claim with contract function Vy. O

12.4 Risk-Neutral Pricing of a European Call

Assumption 12.2. For this entire subchapter we assume the following.

The instantaneous mean rate of return is constant: a;(w)
The volatility is constant: o(w) = o.

The interest rate is constant: R;(w) = 7.
the derivative security payoffis Vr = (Sp — K)*. O

We now derive the Black-Scholes formula for the price of a European call. 2> Since the contract
function for a European call is
Vi = ®(Sr) = (Sr — K)™,

225CF2 does not ask that a; be constant, presumably because this variable does not directly show in the formula
c(t,S) = E [e_T(T_t)(ST -K)* ’&t] .

But without that assumption S; would not be a GBM, only a generalized GBM which would not be Markov since the
entire past enters the dynamics dS; = a;Sidt + oS dt.
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the right-hand side of the risk-neutral valuation formula (??) on p.?? reads
(12.20) E [e_”(T_t)(ST —K)* |3t] .

We are looking for a way to evaluate this expression only using data known at time ¢. This could be
accomplished if there was a function (¢, z) — c(¢, z) of time ¢ and stock price x such that

(1221) o(t,5) =E [0 (sr - K)* [ 5] -

There is hope to find such a function because the geometric Brownian motion S; is a Markov pro-
cess, thus the right-hand side of (12.21) only depends on stock price S; and time ¢, but not on the
stock price prior to time t.

To achieve that goal we fix a time 0 < ¢t < 7" and define

(12.22) =T — t; y = V=W
VT
0_2 +
(12.23) h(t;z,y) ==e "7 <x-exp{—a\ﬁy + <r - 2) 7‘} — K> .

Note that Y is standard normal w.r.t. P since Wt,t >0,isa P-Brownian motion.
We next provide three lemmas which have the following purpose.

e Lemma 12.1 shows that we can work with h(t; S;,Y) instead of e "™ (Sp — K) ™.

e Lemma 12.2 gives the definition of ¢(t, z) in terms of h(t;z,y).

e Lemma 12.3 allows us to actually compute ¢(t, z). The result will be formula (9.21) of Theo-
rem ?? on p.147 where it was stated without proof.

Lemma 12.1. With the above definitions we can rewrite the risk—neutral valuation formula (12.20) for a
European call as follows.

(12.24) Ele (87— K)T|§] = E[ht;8,Y) |5 ]
PROOF: According to (??) on p.??,

t t
S =5p exp{/asdAW; + /(des — ;ajf)ds} =5y exp{aWt + (r — ;0'2> t}.

0 0

For t = T we obtain similarly that Sp = Sy exp {U Wr + (r — 0% T}. Thus

s el (1)) e (- 2)])
) -0},

\V] \

N | =

= oxp {o (r = W) + (r -
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thus

Sy :St-exp{U(WT ~ W) 4+ (r - ;&) (T—t)}

:St.exp{_m—(WT—Wt) (- 1) (T_t)}
T 2
(1222 Sy - exp{—o*TY + (r - ;a2> (T—t)}.

It follows from that equation for St that

h(t; S, Y) =e "7 (St : exp{—a\EY + <r - 022) T} — K>+

=e (S — K)*.
We apply conditional expectations E|- - - | §] to both sides and assertion (12.24) follows. M
We remember our goal: find a function (¢, z) — c¢(t, z) such that (12.21) holds:
(12.25) c(t,8) =F [e—“T—t)(ST ~K)* |gt} .

Lemma 12.1 allows us to reformulate this problem as follows: Let h(t; z,y) be the function given in
formula (12.23). We want to find a function (¢, z) — c¢(¢, z) such that

(12.26) c(t, ) = E [h(t; S, Y) | ] -
The next lemma shows how to define this function c(t, z).
Lemma 12.2. Let

(12.27) c(t,z) = E[h(t;z,Y)].

where h(t; z,y) is the function defined in (??). Then c(t, S;) satisfies (12.26) and hence also the risk-neutral
pricing formula (12.21), i.e.,

(12.28) c(t,S) = E e (St — K)"|3:].

PROOF: We fix 0 £ t £ T. Since S; is §;—measurable and ¥ = —@ is, as a function of the

Brownian increment WT — Wt, independent of F;, it follows for each tixed 0 < ¢ < T from the
Independence Lemma (Lemma 5.3 on p.86) 2 that

c(t,S) =E [h(t; S Y )| 8e] .

There we wrote h(z,y) instead of h(t; z, y)

and g(z) = E[h(z,Y)] instead of c(t,z) = E[h(t;z,Y))

178 Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

This proves the validity of (12.26). We apply Lemma 12.1 and (12.28) follows. W

We have shown that the function ¢(t, ) = E[h(t;x,Y)] allows us to price a European call option,
at time ¢, conditioned on the stock price S; at that time, via the risk-neutral pricing formula

(12.29) Vi = ¢(t,S;) = E [e—r(T—t)(ST Ky ’&} _

It follows from the definition of h(¢; z,y) given in (12.23) that

(e (o (- 5) ) )]

This is an ordinary expected value of a function which depends on w only by means of the P-
standard normal random variable Z. This we have learned to work with and we are able to obtain
a concrete representation of c(¢, z) by computing this expected value. We use again the symbols
d_(r,z) and d (7, z) introduced in (??) on p.??:

c(t,z) = E[h(t;z,Y)] = E

2

(12.30) dy(r,x) = a\lﬁ [log % + (r + J2> 7-] ,

Lemma 12.3. The pricing function c(t, x) for a European call option is given by the formula

(12.31) c(t,x) =xN(dp(r,2)) — e ""K N(d—(7,2)).

PROOF: 1t is true for any random variable U with a P-density f;(u) and for any deterministic
[e.e]

(measurable) function u — ¢(u) that E[p(U)] = | o(w) fu(u) du.
We apply this to the random variable Y which has density fy(y) = %eﬂﬂ/ Y since it is standard

21
normal, and to the function h(¢;z,Y") of Y. We obtain

1
V2T

2 1 2 T
(12.29) o / e 7T <£L' . exp{—a\ﬁy + (r — 02> 7'} — K) e_%dy
—00

Since the function u — log(u) is strictly increasing: v < v < logu < logv/, and since always
e~ "™ > 0, the integrand is positive (i.e., not zero) if and only if

12.27 2
(1227) e_%dy

c(t; )

Elh(t:z,Y)] = / Wtz y)

2
logz + {aﬁy + (r - G2> T} > log K

2
& logz — log K + (7“ — 02>T > o\/Ty
(12.32)

log x o2
= < - —
o\/Ty log K + (T 5 ) T

1 log o?
=Sy < 0_7\/; |:10g},( + <'f’— 2>T:| = d,(T,x).
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Therefore
d_(1,z)
c(t, x) L e " (acex {—U\ﬁ + (r - 102> T} — K) e 2’ d
—00
We can simplify
e T xe—aﬁy—i—(r— %0'2)7' — g7 e—aﬁyem— e—éT _ xe—aﬁy 6—%7—
and obtain
d_(7,x) d_(1,x)
c(t, x) Lﬁ / xexp{ — o1y — G27}dy / e T Ke 2V’ dy
—0o0 \/7
(m,2) )
= \/% / exp {—2(3/ + a\ﬁ)Q} dy — e_TTKN(d,(T,x))
d_(1,x) -
The last equation was obtained by replacing the integral [ e~ 2¥ dy over the standard normal
density with the CDF, N (d_(r,z)). Thus
d_(1,x)+o\T
() = - / 2\ gy~ RN (d ()
c(t,x) = W exp 5 z—e _(r,x

=z N(dy(r,z)) — e ""K N(d_(1,2)).
We have proven formula (12.31). The last equation holds because, according to (12.30),
di(r,z) =d_(1,2) + o\/T

Gf[log—i—(T—i—;Uz)T}I

We have thus given the proof of Theorem 9.1 on p.147 since the classical Black-Scholes market
condidions under which it was stated satisfy the assumptions 12.2 on p.176. The difference is that
the function ¢(¢, ) was given there as the solution to the (deterministic) Black-Scholes PDE (9.16)

(12.33)

1
ci(t,x) +reey (t, x) + 5 022 cpp(t,z) = rc(t,x), x>0,
with terminal condition
C(T,J)) = (x - K)+v

whereas we derived the same function in this chapter as an application of the risk-neutral valuation
formula.

The next theorem just reformulates the results of the preceding lemmas.
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Theorem 12.2. We defined in Remark 9.7 on p. 148, fort =T —t, ie, t =T —,

(12.34) BSM(r,z; K,r,0) :=c(t,x), where c(t,x) = mN(d+(T,:Jc)) — e_”KN(d_(T,x)).

If we redefine BSM (1, x; K, r, o) to be
~ 1 G
(12.35) BSM(T, Z; K, r, O') =F e—TT (x exp {_U\/;Y L <r _ 50’2> T } _ K) 7

where'Y is a standard normal random variable under P, then the following holds true:

(12.36) BSM(t,z; K,r,0) =z N(d(r,z)) — e ""K N(d_(1,2)).

PROOF: Follows from the preceding Lemmas and the fact that the right-hand side of (12.36)
matches the definition of ¢(t, z) given in (12.34). W

12.5 Completeness of the Onedimensional Generalized Black-Scholes Model

We have seen in Corollary 12.2 on p.176 that any contingent claim that can be replicated can be
priced by means of the risk-neutral valuation formula.

(12.37) V, = E [e* S} Buduyz, ]gt] L 0<t<T

The question that has not been aswered is the following. What claims can be hedged? We will
explore that in this cnapter.

We assume that we operate in a generalized Black-Scholes market as was defined in Definition 12.1

on p.170, in particular, that the market price of risk process ©; is such that the integrability condition
(12.1) given in that definition is satisfied and thus Girsanov’s Theorem can be applied.

Assumption 12.3. We need to apply the martingale representation theorem and must make the
following additional assumptions.

The filtration §; is generated by the Brownian motion W; and § only contains information
generated that Brownian motion up to time 7'. In other words,

e =%V = o{Wy:u<t} forall0<t < T,

5 =37

We have the following result. See SCF2, ch.5.3.2 (Hedging with One Stock).

Theorem 12.3 (Completeness of the onedimensional Generalized Black-Scholes market). Given the
additional assumptions 12.3, we have the following.
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The onedimensional Generalized Black—Scholes market is complete, i.e., every contingent claim can
be hedged. Further, the quantity A of the replicating portfolio is given for any 0 < t < T by either
of

(12.38) Aoy DeS; =T,

‘o DSt

(12.39)

Here the process Ty is implicitly defined by the equation

t~ o~
(12.40) DV =V, + / TpdW,, 0St<T,
0

(12.41) ie, d(D;V;) =Ty dW,0<t<T.

PROOF: We create the hedge Hy by first looking at the pricing function V; of the claim X = Vr that
the value process X; of H; must replicate for each t We then deduce from that the quantity A; of the
underlying risky asset (and thus the bank account holdings X; — S;A;) for H;.

Since H replicates X, the pricing principle mandates X; = V; for all t. From risk—-neutral validation
(12.37) we obtain

(12.42) V, = E [e—ftTRuduvT‘gt], 0<t<T.

Since V; = Xy, DV, = D X;. This plus the other risk-—neutral validation formula which expresses
the fact that the discounted portfolio value D; X; is a P-martingale yields

(12.43) DV, = E [DTVT ( gt} C0<t<T

It now follows from Corollary 11.1 (p.166) to the martingale representation theorem in one dimen-
sion that there exists an " —adapted process I'y,, 0 = u = T, such that (12.40) holds. Here we made
use of the fact that

Dy = e~ Jo Rudu _ e =1, hence, DyVy = V}.
We compare (12.41) to formula (12.16) on p.175 for the differential of D, V},
d(DtXt) == AtO't_DtSt th

Since 0¢D;S; > 0 as the product of three strictly positive quantities, we obtain the desired quantity
Ay for the number of shares of a hedge H for our claim if it is chosen by either of (12.38) or (12.39).
[ |

Remark 12.5. Note that the formulas for A, given in the preceding theorem are of no practical value

to compute this process since the process I'; cannot be constructed: The martingale representation
theorem is an existence only theorem. [J
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12.6 Multidimensional Financial Market Models

Assumption 12.4. For this entire subchapter we assume the following.

Given are a filtered probability space (2, §, §¢, P), a d-dimensional Brownian motion
W, = (W W w9y

w.r.t. the filtration §; (d € N), and m risky assets (stocks)
g = (0 gV o),

with stock prices S; = (St(l), e ng)).

We assume that each stock price St(i)

is driven by Wt, with dynamics

(12.44) ds® = a{5W gt 4+ s’)za, tydw?, i=1,...,m,
7=1

and that we have the usual discount process which is based on an adapted interest rate
process R;.

t
(12.45) dDy = —RiDydt,Dy = 1, 1ie., D; = exp (— / R, du) .
0
In the above we assume that the vector valued process @; = (agl), . agm)) which we call the mean
rate of return vector, vector and the matrix valued adapted process (Uzy )y mijt,....q Which we

call the volatility matrix both are §;—adapted processes.
We further define the processes

(12.46) Z o (t

d
(12.47) Z ) i=1,...,m.

(12.48) pir(t) = —— Zaw Yori(t). i k=1,...,m.
t
We also assume that afi) >(0forallt. O

We have the following result.

Proposition 12.4. | %" | Each process By(i) is a Brownian motion. The multiplication table is

(12.49) aB" aB? =

M=~ <
S
<+ <
ol
~
~—
QU
~
Il
QU
\'PF
~
Il
\’P—‘

j=1\0
(12.50) dBW aB® = ppt)dt i k=1,....m, i £k,
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and the covariances are
(12.51) cov[BYB¥] = E / pir(u

PROOF: See Chapter 5.4.2 (Multidimensional Market Model) in SCF2. W

Corollary 12.3. |[ % || Consider the special case that the volatility matrix is constant in t and w, allowing
us to write

oy = oy(tw), o = o) ().

A. Then the right hand side of (12.48) also is constant in t and w and we can write

1 )
Pik ‘= ,Oik(t) = M;Uijakj forz,kzl,...,m

B. Further Cov [Bt(i), Bﬁk)] = paet and the correlation between B\ and B is py,.

PROOF: * Trivial. as far as constancy of p;; and the equation Cov [Bt@, Bt(k)} = pi - t are

concerned The assertion about the correlation follows from

Var[Bt(i)] =t foralli=1,....m. A

Now some terminology.

Definition 12.5. |[%" | When the volatility matrix is not constant in ¢t and w then we call p;(t) =

pik(t,w) the instantaneous correlation between Bf@ and ng).

Proposition 12.5. |[%1 | Given the dynamics (12.44) for Sy and (12.45) for Dy, the discounted stock price

vector Dtgt has dynamics

(12.52) d(DS") = DiSP [ (ol — R,) dt + Z% ) dw

PROOF: See Chapter 5.4.2 (Multidimensional Market Model) in SCF2. W

We must generalize the definition of risk-neutral measure given in Definition 12.3 on p.172 for a
financial market with a single risky asset price driven by a single Brownian motion to the multidi-
mensional model.

Definition 12.6 (Risk-neutral measure for multiple risky assets).

A risk-neutral measure or martingale measure P in the multitimensional market model
given in the assumptions 12.4 on p.183 is the following.
(1) Pisa probability measure on 7, i.e., ]B(A) need only be defined for events A C ()
which belong to 31
2 P~ P,ie., P and P are equivalent on §r:
IfAecFr then P(A) =0 < P(A) = 0.
(3) Discounted stock price DtS,Fi) is a ]B—martingale w.r.t. the filtration §; for ALL
i=1,...,m. [
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The following is SCF2 Lemma 5.4.5.

Proposition 12.6. | [% | Let H; be a self~financing portfolio with price process X;. If a risk-neutral measure

P exists in the model then the discounted portfolio value Dy X, is an §,—martingale under P.
PROOQF: See SCF2, before the statement of Lemma 5.4.5. R

Remark 12.6. We state here for the reader’s convenience the definition 6.10 of an arbitrage portfolio.
on p.93 in SCF2 notation.

A portfolio Hy is an arbitrage portfolio if its value process X; satisfies

(12.53) Xo =0,
(12.54) P{Xp 20} = 1,
(12.55) P{T >0} > 0. O

Here is how we define the vector valued version of a market price of risk process.

Definition 12.7.

If it exists then the market price of risk process is an adapted process
6, = (6",...,e\)
which solves the system of equations, called the market price of risk equations,

d
(12.56) ai(t) — R = 0y()0;(t), i=1,...,m,
Jj=1

and which satisfies the Girsanov integrability condition (formula (11.20) on p.167). [

Remark 12.7. The existence of a market price of risk process is of central importance for an efficient
market.
(1) If there is no solution to the market price of risk equations, then we have a financial market
model which is not free of arbitrage. It is not suitable for pricing contingent claims. For
a simple example of a model which does not have a solution to the market price of risk
equations and an arbitrage portfolio that this allows to be created see SCF2 Example 5.4.4.
(2) SCF2 does not state Girsanov integrability as a condition for © but we do it here because if
Girsanov’s Theorem cannot be applied then there is no guarantee that a risk-neutral mea-
sure P exists. We thus are not able to guarantee that there are no possibilities for arbitrage.

For this see the first fundamental theorem of asset pricing below (Theorem 12.5 on p.186).
O

Theorem 12.4.

185 Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

If a solution to the market price of risk equations

d
- Rt = Zgij(t)@j(t)a i:1,...,m,
7=1

exists then the market model possesses a risk—neutral probability measure.

PROOF: || Let P be the probability equivalent to P which is created in Theorem 11.3 (Gir-
sanov’s Theorem in multiple dimensions) on p.167. We recall that the process

Wy = (W,..., W) with dynamices

(12.57) th(j) _ th(j) + @Ej) dt, Wéj) — 0,

is a d—dimensional §-Brownian motion under the probability P. We plug the market price of risk
equations into formula (12.52) on p.184: and obtain

d(D;8") = D, Zaw t)dt + Zaw £y aw?
= D,S" Zaw tydt + dw ]

(12 57) Dts(z Z Uzg th(j) ] ‘
j=1

Since each /V[v/t(j Jisa ﬁ—martingale so is each discounted stock price DtSISi). |

Next comes SCF2 Theorem 5.4.7.

Theorem 12.5.

First fundamental theorem of asset pricing:
If the market model given in Assumption 12.4 on p.183 has a risk—neutral probability measure, then
it does not admit arbitrage.

PROOF: |[%!| Let P be a risk-neutral measure and assume we have aelf-financing portfolio H

with initial value Xy = 0. Since D;V T is a ﬁ—martingale and thus has constant expectation across
0
all times 0 < ¢t < T and Dy = e~ Jo Budu = ¢0 — 1 we have

(12.58) E[DrXr] =E[DoXo] = Xo = 0.
Assume further that H satisfies condition (12.54),

(12.59) P{Xp >0} = 1. Then P{Xp <0} = 0, thus P{Xp <0} =
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If we can show that it is impossible for Hto satisfy (12.55): P{Xr > 0} > 0, then we are done since
this means that no self-financing portfolio can satisfy all three conditions (12.53) (12.54), (12.55) of
an arbitrage portfolio. So

(A) let us assume to the contrary that P{Xr > 0} > 0.

Since P ~ P and thus both probabilities assign zero to the same events, we also have P{X7 > 0} >
0. Moreover { X7 > 0} = {Dr X > 0} because Dr(w) is strictly positive for all w as an exponential.

Let Aj :=={Dr X1 2 %} and A := {Dp Xy > 0}. If we write 2a for P(A) then a > 0. Since
A= |JA; andthusby(427b)onpd7,  P(4;) 1 2a,
JEN
there is some index jj such that IB(AJ-O) = a. We have

(12.58) ~

0 E[DrXr] = / DpXpdP = / DpXpdP + / DpXpdP + / DypXpdP.
Q A {DTXTZO} {DTXT<0}

The second integral of the right hand expression is zero because the integrand vanishes on
{DrX7r = 0}. The third integral of the right hand expression is zero any integral over a set of
measure zero is zero. This follows from Proposition 4.13 on p.70. Hence,

/DTXTdJ5 = 0.
A

Since A;, C Aand Dr Xt >0onA,

4 50

1\

~ ~ 1 =~ 1 ~
0 :/DTXTdP > / DypXpdP 2 / —dP = — P(4j,)
A Ajy A, JO Jo
Thus assumption (A) has lead us to the contradiction 0 > 0. This proves that P{Xr > 0} > 0

and thus H is not an arbitrage portfolio. Since H was an arbitrary self-financing portfolio We have
shown that the model is free of arbitrage. W

Remark 12.8. Take a moment to reflect on how the proof of that last theorem was able to switch
between the equivalent probabilities P and P by making use of

Theorem 12.3 (Completeness of the onedimensional Generalized Black-Scholes market) in Sub-
chapter 12.5 (Completeness of the Onedimensional Generalized Black-Scholes Model) gave con-
ditions under which the onedimensional market is complete, i.e., every contingent claim that is
reasonably integrable can be hedged. See Definition 6.12 (Hedging/Replicating Portfolio) on p.94.
We now want to examine under which conditions the multidimensional market is complete.
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Assumption 12.5. We add to Assumption 12.4 the following conditions.

(1) The market price of risk equations of Definition 12.7 on p.185,

d
ai(t) — Ry = Y 035()0;(t), i=1,...,m,
Jj=1

have a solution process 6; = (@,El), e @gd) ).
2 3 = 3/, ie., our filtration is generated by the d—dimensional Brownian motion
W, O

Remark 12.9. The first of the above conditions implies that the conditions of Theorem 12.4 on p.185
are satisfied, hence there exists a risk-neutral probability P.

Both conditions together ensure that the multidimensional martingale representation theorem is
satisfied: Every §;—martingale M; under risk-neutral probability P is of the form

d t
M, = My + Z/ Ly dW,.
j=170

Here the process Wt is the P—d-dimensional Brownian motion

. t
Wt == Wt + / @u du.; O
0

Theorem 12.6 (Completeness of the multidimensional market).

This item has been removed!

The next theorem is SCF2 Theorem 5.4.9.

Theorem 12.7.

Second fundamental theorem of asset pricing:
Assume that a risk—neutral probability measure exists. Then

The market is complete < The risk-neutral probability measure is unique.

The proof is not given here. See SCF2! W

12.7 Exercises for Ch.12

Exercise 12.1. Prove the formula (12.9) of Proposition 12.1 on p.173:
thSt = (at — Rt)DtSt dt + UtDtSt th
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directly from the dynamics given in Definition 12.1 on p.170,

dD; = — RyD, dt,
dSt = OétSt dt + UtSt th,

by applying the It6 product rule to dD.S;. O

Exercise 12.2. Prove the “=" direction of Theorem 12.7 (Second fundamental theorem of asset pric-
ing) on p.188 of this document: If the multidimensional market is complete then the risk-—neutral
probability measure is unique. [

Exercise 12.3.

This item has been removed!
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13 Dividends

Many if not most stocks pay a dividend per share at discrete times, say, anually or semi-annually
or quarterly, We also consider stocks that pay dividends continually. Such stocks do not exist in
reality but they provide insight into modeling aspects and they also are a good approximation for a
mutual fund which holds many different kinds of stocks which all pay their dividends at different
dates.

Note that whatever money is paid out as a dividend to shareholders diminishes the company assets
and thus reduces the share value accordingly.

e If a quarterly dividend of 2 dollars per share is paid at time ¢ then stock price per share
Sy will go down by 2 dollars.

e If dividends are paid continuously at a rate A;(w) per unit time then a dividend of (ap-
proximately) A;S;dt is paid per share during [t,t + dt] and we must subtract A;S;dt from
dS;.

Both cases will yield more powerful results if we specialize to constant dividend rates which vary
neither with time ¢ nor with randomness w. Accordingly, we subdivide this chapter into

e continuously paying dividends

e dividends paid at discrete times,

e constant dividend rates.
We will limit ourselves to the onedimensional case: A single (onedimensional) Brownian motion
which drives a single underlying risky asset (stock).

We try to use SCF2 notation whenever feasible.

It will be shown in Proposition 13.2 on p.192 that the probability measure P which is constructed
in Girsanov’s Theorem by means of the market price of risk process ©; is no longer a risk—neutral
measure as was defined in Definition 12.3 on p.172 since it does not make discounted stock price
D;S; a martingale.

It turns out though that discounted portfolio value D;X; for a self-financing portfolio remains a
P-martingale.

We thus decide to use in this chapter on dividends the term Girsanov measure or Girsanov

probability rather than risk-neutral measure for that probability P.

13.1 Continuously Paying Dividends

Assumption 13.1. Unless stated otherwise we assume that we have a generalized Black-Scholes
market as defined in Definition 12.1 (Generalized Black-Scholes market model) on p.170, with the
following modification.
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We assume that the risky asset pays a continuous dividend at a rate of A;(w) per unit time
and that this continuous time dividend rate process A; is §—adapted and non—negative
We noted in the introduction to this chapter that this will affect the stock price dynamics
and we replace formula (12.3) with the following.

(131) dS; = oSy dt + 01 Sy dW; — ApSy dt; So E]0,00[; Qy, Ot E]0,00[;

All other processes remain unchanged. In particular we have the same discount process Dy,

market price of risk process ©,, Girsanov measure 15, and the process Wt = W + fg O.,du

which becomes a Brownian motion under P. 0O

We thus have
(13.2) dD; = — RD;dt; Dy = 1,
R
(13.3) 9, = 1"
Ot
(13.4) AW, =dW, + ©,dt; Wy =0. O

Proposition 13.1. The value and discounted value of a self-financing portfolio have the following dynamics.

(135) dXt = RtXt dt + AtStUt(@t dt + th) = RtXt dt + AtStO't th,
(136) d(DtXt) = AtDtStO't th

In particular, the discounted portfolio process Dy X, is a P-martingale.

For the proof see SCF2 ch.5.5.1. W

Remark 13.1. A. Discounted portfolio value being a ﬁ—martingale is all it takes to use risk-neutral
valuation for contingent claims. Let H with portfolio value X; be a hedge for a contingent claim
X = Vp with pricing process V; = II;(X). Then X¢ = Vr, thus DrVp = D7 Xp and, according to
the pricing principle, V; = X; for all 0 < ¢ < T. Moreover, since D, X; is an §;—martingale under P,

DV, = DXy = E[DrVp | §] for0 <t ST,
_ -1 ) —fTRudu <+ <
thus V; =E[D;'DrVy | ] = Ele Vi | §i] for0<t<T.

B. Note that formula (13.5) for dX; matches formula 12.15 on p,174, and Note that formula (13.6)
for d(D;X;) matches formula 12.16 on p,175.

C. A closer inspection of the proof of Theorem 12.3 (Completeness of the onedimensional General-
ized Black-Scholes market) on p.181 shows that it only depends on risk-neutral valuation and the
items mentioned in points A and B of this remark. We thus obtain the next theorem in the case of a
stock with a continuously paying dividend. [

Theorem 13.1. Given the assumptions 12.3 on p.181 in addition to the assumptions 13.1 made at the begin-
ning of this chapter we have the following.
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The onedimensional Generalized Black—Scholes market with continuous dividend payments is com-
plete, i.e., every contingent claim can be hedged. Further, the quantity A, of the replicating portfolio
is given for any 0 < t < T by either of

(137) AtUtDtSt = ft,
b O'tDtSt ’

(13.8)

Here the process Ty is implicitly defined by the equation

t~ o~
(13.9) DiVi =V + / FydiWy, 0t <T,
0

(13.10) ie, d(DyV;) =Ty dW,0<t<T.

PROOF: % | We can copy the proof of Theorem 12.3 word for word This follows from the

previous remark and the fact that the definitions of ©; and thus P and W, have not changed. W

We have seen that the discounted value of a self-financing portfolio is a P-martingale. The next
proposition shows that this is no more true for discounted stock price.

Proposition 13.2. |[ % If Ay # 0 then the process DSy is not a P-martingale. Instead the process

elo AuduD, S, is g P-martingale. That process has explicit representation

t __ 1 t
efot Asdspy, G, — exp{/ osdWs — 2/ a? ds}.
0 0

PROOF: See SCF2.

13.2 Dividends Paid at Discrete Times

We now examine the case when the stock pays its dividend not at all times ¢ but only at times
O<ti <ta< - <ty <T.

At each time ¢; the risky asset loses value in height of the dividend that is paid, If we assume that
the dividend paid at time ¢; is a;S5},, i.e., the dividend rate is a;, then stock price will go down by
that amount.

We need to be able to model continuous time processes that possess a jump at some time ¢*.

Definition 13.1. Let ¢t — f(¢) be a function of time ¢, let t* be a fixed time, and asume that hTm f(t)
tht

exists. We write

F(E"=) = lim £ (1)

the*

and call this expression the left sided limit of f at t*. We usually us subscripts X; rather than
parenthesized time arguments for stochastic processes X;(w). Then we write X+_. O
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To take this into account we must modify the assumptions 13.1 of Chapter 13.1 (Continuously Pay-
ing Dividends) accordingly.

Assumption 13.2.

(1) Unless stated otherwise we assume that we have a generalized Black-Scholes market as
defined in Definition 12.1 (Generalized Black-Scholes market model) on p.170, with the fol-
lowing modification.

(2) We assume that the risky asset pays its dividend only at the discrete points in time 0 < t; <
to < --- < t, < T. The dividend rate at time ¢; is denoted by a; = a;(w) We assume that
those rates are §;—adapted in the sense that each a; is §;,—~adapted. We further assume that
0 = a; = 1 since the dividend cannot exceed the value of the stock. We write ¢y := 0 and
tn+1 =T, and ag := ap4+1 := 0 in case that no dividend is paid at those dates.

(3) We assume that S; is a generalized geometric Brownian motion for each interval
g g
[tj,tj+1]. The initial condition absorbs the drop in stock price:

(1311) dSt = OétSt dt + O'tSt th, where Q, Ot E]O, OO[7

(1312) Stj = Stj— - athtj_

(@)  All other processes remain unchanged. In particular we have the same discount process Dy,
market price of risk process ©;, Girsanov measure P and the process Wt =W; + fo O,du
which becomes a Brownian motion under P.

We thus have
(1313) th = — RtDt dt, D() == 1,
(13.14) o, = 1=t

7
(13.15) AW, =dW, + ©,dt; Wy =0. O
Remark 13.2.

(1) Since the dividend rate at t; is a; the dividend paid on a share of stock is a; S, . Thus stock
price Sy, after the dividend payment is the difference

(13.16) S(t;) = S(tj—) — a;S(tj—) = (1 —a;)S(t;—).

(2) Ifa; =0,nodividend is paid and S;;, = Sy, .
(3) If aj = 1, the full value of the asset is paid and S; = 0 forallt =2 ¢;. O

Proposition 13.3. The value of a self—financing portfolio has the same dynamics as in the case of no dividends
or a continuously paid dividend. See Proposition 13.1 on p.191

(13.17) dX; = Ry X;dt + AtStUt(@t dt + th) = R X;dt + A;Sioy th,
(13.18) d(DiX;) = AyDySioq dW.
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In particular, the discounted portfolio process Dy X is a P-martingale and risk-neutral validation still ap-
plies:

DV, =D Xy = E[DrVp | &) for0St < T,
-1 =r.— [T Rud
thus V; = E[D7*DyVp | §] = Ele o Bedvyy | 3] for0<t < T

PROQOF: | % | For the proof see SCF2ch.5.52. W

13.3 Constant Dividend Rates

First the continuous time case.

Assumption 13.3. We not only assume that a := A;(w) is constant in ¢ and w but that the same is
true for r := Ry, o := oy, 0 := oy. In other words, we have a classical Black-Scholes market as in
Chapter 9 (Black-Scholes Model Part I: The PDE). [

In the case of no divdidends we had seen in Subchapter 9.4 (The Black-Scholes PDE for a European
Call) that the pricing function of a European call is

(13.19) c(t,x) =aN(d (T —t,x)) — Ke " T IN(d_(T —t,z)), 0St<T,a>0,
where

02
(13.20) di(r,z) = U\f [log — + (r + 2) 7-] ,

Here is the main result in the case of continuous and constant dividend payments with rate a.

Proposition 13.4. Under the assumptions 13.3 the pricing process V; for European call can be written as a
function c(t, S¢) of time t and stock price Sy where c(t, ) is the following function:

(13.21) c(t,x) =xe” " N(dp(T —t,2)) — KefT(Tft)N(d_ (T —t,z)),

for0 =t <T,and x > 0 Here we define
1 x o?

= log — —at — .
Uﬁ[ogK+<T ‘ 2>T]

As usual N is the cumulative standard normal distribution

(13.22) dy(7,7)

1

17 .
13.23 N e_* dz = e 2 dz
( ) (y vV 27r v 2T /
-y

For the proof see SCF2 ch.5.5.1. W

Now we switch to discrete time dividend payments.
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Assumption 13.4. We replace the assumptions 13.3 with the following.

We assume that the processes r := R, a := oy, 0 := o0y are constant in ¢t and w, i.e., we have a
classical Black—Scholes market as in Chapter 9 (Black-Scholes Model Part I: The PDE).

In addition we now also have finite list of discrete time dividend rates a; as wa had defined in the
assumptions 13.2 of Subchapter 13.2 (Dividends Paid at Discrete Times) except that

We assume that those rates a; are deterministic.

Proposition 13.5. Under the assumptions 13.3 the pricing process V; for European call can be written as a
function c(t, S) of time t and stock price S; where c(t, ) is the following function:

n—1
(13.24) c(t,x) =z [[ N(di(r,2)) — Ke " N(d_(r,2)),
§=0

for0 £t <T,and x > 0 Here we define 7 :== T — t and

(13.25) dy(r,x) = a\/_ [log — + (r —a=+ %2) T:| :

As usual N is the cumulative standard normal distribution

Yy fe’e)
1 22 1 22
13.26 N = — T2dy = — T2 dz.
( ) (y) V2T / ‘ ® V2T /e ‘
N y

For the proof see SCF2 ch.5.5.1. W

Remark 13.3. The software suggested earlier to calculate the parameters for Black-Scholes contract
functions also handles the case of a constant, continuous dividend:
a. Magnimetrics Excel implementation:
https:/ /magnimetrics.com/black-scholes-model-first-steps/
b. Drexel U Finance calculator:
https:/ /www.math.drexel.edu/~pg/fin/VanillaCalculator.html
b. EasyCalculation.com:
https:/ /www.easycalculation.com /statistics /black-scholes-mode.php O

13.4 Forward Contracts and Zero Coupon Bonds

We now assume that a dividend is NOT paid for the risky asset, thus discounted stock

price D;S; is a martingale under the Girsanov measure P and P is a genuine risk-neutral
measure.

When we speak of having bought a $100 zero—coupon bond with a maturity date 7" then we mean
that we bought a bond which will pay us $100 at time 7" without paying any interest beforehand.
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We will follow SCF2 and think of this as owning 100 zero coupon bonds which pay one dollar each
at time T'.

Definition 13.2.
e A zero—coupon bond is a contingent claim with contract value V7 = 1 at time 7. We call T’
the maturity date of the zero—coupon bond.
e We denote the price of such a zero-coupon bond at time 0 =< ¢ < T'by B(¢,T). O

Proposition 13.6. If P is a risk-neutral probability then
1 ~ _
(13.27) B(t,T) = HE[DT | §¢], for0St<T < T.
t

PROOF: This is risk-neutral validation applied to a contingent claim with constant value 1 at time
7. N

The following is SCF2, Theorem 5.6.2.

Theorem 13.2. || %

Let T' > 0. Assume that there is unlimited liquidity in the market for zero—coupon bonds with maturity date
0<T' <T. Let X be a forward contract with expiration date T for an underlying asset with price S;. Then
the following holds, regardless of the strike price of that contract.

The forward price For at time t (see Definition 9.4 on p.151) is

Sy

t T.
B(t,T)’ 0

T

(13.28) Forg(t,T) =

[N
[N
A

PROQF: The proof given here is the one to be found in SCF2 Remark 5.6.3.

We apply risk-neutral validation to the forward contract. Let K denote the strike price of that
contract. Then its value at time T is Vi = Sy — K, thus

1
t

1 ~ K ~
(A) = EE[DTST|315] — EE[DT|St]-

Vi E[Dr (St — K) | ]

Note that D,S; is a martingale under risk-neutral probability P and so is D;V/ if V/ is the pricing
function of a claim with contract value VT’ = 1, i.e., of a zero—coupon bond with maturity 7. Note
that Dy = Dr -1 = DrVj and that V/ = B(t,T') by the very definition of B(t,T). It follows from
(A) that

1 K
=, DiSi = 5 DiBET) = 5 = K B@T).

The forward price Forg(t, T') was defined as that strike price K that would make the foward contract
a fair deal for both parties at time ¢, i.e., that would result in a zero value for the price V; of that
contract at time ¢t. Thus

Vi

0 =S; — Forg(t,T) B(t,T),
and we have obtained (13.28). R
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13.5 Exercises for Ch.13

Exercise 13.1. Theorem 13.2 on p.196 was done by means of a risk-neutral measure argument. In
SCF2 a proof of this theorem (Theorem 5.6.2 on p.241 in the book) is given by means of a no arbitrage
allowed argument, but only case 1 where the “seller” of the forward contract is not allowed to make
a profit is covered in detail.

The last four lines of the proof indicate what must be done for the proof of case 2: The seller cannot
have a loss: »..... If it is negative, the agent could instead have taken the opposite position .....«

Give a detailed proof of that case 2 by modifying the proof of casel. [J
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14 Stochastic Methods for Partial Differential Equations

Many if not most stocks pay a dividend per share at discrete times, say,

14.1 Stochastic Differential Equations

Definition 14.1 (Stochastic differential equation). Let W;,¢ = 0, be a Brownian motion on a filtered
probability space (2, §, §¢, P) and let

B,y :10,T] =R, (t,z)— B(t,x),y : [0,T] =R, (t,z) = ~(t,z),

be two (measurable) deterministic functions.

We call a stochastic differential plus family of initial conditions,

(14.2) Xy =x0, forall0 <ty <t<T and z €R,

a stochastic differential equation with drift coefficient 3, diffusion coefficient v, , and
initial conditions, , (14.2). This can be referred to more compactly as an SDE with drift 3,
diffusion ~, and initial conditions (14.2).

We say that the SDE with stochastic differential (14.1) and initial conditions (14.2) has a solution, if
for EACH (u, a) such that 0 £ v < T and a € R there is a stochastic process X"“* = X,"*(w) with
dynamics and initial condition given by

(14.3) AX = B(t, XY dt + (¢, X) dWy,
(14.4) Xu0 =g,

Since each statement X,’* = a uniquely determines a pair (¢,a) € [0,7] x R and vice versa, it is
convenient to refer to the initial condition (¢,a). O

We will see as part of the next Facts collection that, all processes X** are the same and that we can
discard the superscripts.

Fact14.1. || % | Solutions of an SDE have the following properties.

(1) The SDE of Definition 14.1 possesses a solution under very general conditions on drift B(t,x) and
diffusion ~(t, x) must satisfy.

(2)  This solution is described for all initial conditions X,, = a, i.e., forall 0 < u < T and a € R, by one
and the same process (t,w) — Xi(w). In other words, all processes X,;"* coincide and thus we can
and will drop the superscript and write X, instead of X,"".

(3) For the following review Remark 5.4 (Factored conditional expectation) on p.85. For any initial
condition
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We can associate with every initial condition (u, a) a probability measure P on the codomain
R of the real valued process X which acts like the conditional probability

(14.5)

P“*{X, € B} = P{X,€B | X, =a}

(4) We can express this in terms of the corresponding expectation E"* = [ ... dP"":

(14.6)

E“{h(X1)} = E{h(X:) | Xu =a}

This formula remains valid if we replace a with X, (w):

E XX} = B{MX)) | Xu=Xu(w)}. = B{h(Xy) | Xu}(w).

We finally drop the arqument w and obtain

E"Xufh(X)} = E{h(Xy) | Xu}.

Now formula (14.6) asserts that

(14.7)

E“Y{h(Xy)} = B{h(X;) | X,}. O

The following is SCF2 Theorem 6.3.1.

Theorem 14.1. The original expectation E|...]| of (0, T, %, P) is intimately related to the expectations
E“¢[...] belonging to the initial conditions (u, a) by means of conditioning:

(14.8)

EYX{h(X:)} = BE{h(Xy) | Xu} = E{h(Xy) | Fu}-

PROOQOF:

*

The first equation is a repetition of (14.7).

The solution X; is a Markov process, i.e., conditioning on the present information o (X,,) is the same
as conditioning on the entire past §,. This proves the second equation. W

The following is SCF2 Theorem 6.4.1.

Theorem 14.2 (Feynman—-Kac Theorem).
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Let T > 0. We examine again the SDE with differential (14.1) and initial conditions (14.2),
(14.9) dXy =Bt X)) dt + y(t, Xe) dWy; Xy =20 (0= to < T, 2o € R).

Let x — ®(z) be Borel-measurable such that E**[®(Xr)] < oo, forall 0 <t < T and x € R. Let
(t,x) — f(t,z) be the function

(14.10) f(t,z) = E*[®(Xr)]

Then f(t,x) is a solution to the following PDE plus terminal condition

(14.11) fi(t,x) + Bt x) fa(t, 2) + %VQ(t’fU)fm(t,fv) =0
(14.12) f(T,z) = ®(x) forall x.

You can find an outline of the proof in the SCF2 text. W

The following is SCF2 Theorem 6.4.3.

Theorem 14.3 (Discounted Feynman-Kac).

Let T > 0. We examine again the SDE with differential (14.1) and initial conditions (14.2),
(14.13) dXy :=B(t, Xe) dt + v(t, Xy) dWy; Xy =20 (0 S to < T, zo €R).

Let x — ®(x) be Borel-measurable such that E**[®(Xr1)] < oo, forall 0 < ¢t < T and x € R. Let
(t,x) — f(t,z) be the function

(14.14) ft,z) = E¥e T8 (X7)]
Then f(t,x) is a solution to the following PDE plus terminal condition

(14.15) flts ) + B2 foltr0) + 3726 2)fualty ) = () =0,
(14.16) f(T,z) = ®(x) forall x.

You can find an outline of the proof in the SCF2 text. W

Remark 14.1. The two Feynman—-Kac theorems are general theorems which relate the solution of an
SDE to that of an associated PDE + terminal condition. In stochastic finance we do option pricing
by means of risk-neutral validation and we need a suitable setup in the model. Here is a very
important case.
e The SDE describes the dynamics dS; = ... of stock price.
e The PDE solution f(t, z) will be the arbitrage free price of a simple claim at time ¢ if stock
price then is S; = z,
e The terminal condition f(7,z) = ®(z) will be the contract function of that claim, i.e.
X = ®(S7).
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e f(t,z) = E"[e"T-Y®(X7)] is guaranteed to be the solution of the PDE
fi+ Bfs+ 572 fow —f = 0, but what is it good for if E[...] is not risk neutral measure and
EtSt e (T (X)) is NOT the arbitrage free price V; of the option? since the Brownian
motion W; in the dynamics of

So the following must be done: Find the market price of risk process ©; to find P and W; and
rewrite the dynamics
dSt = ﬁ(t, St) dt + ’}/(t, St) th,

with new coefficients 4’ and v/ and the P— Brownian motion W:
dS; = B'(t,S)) dt + ~'(t,S;) dW,.

Now (discounted) Feyman Kac gives you the correct PDE

fltw) + B 60 folt,2) + 57202 faalts ) — 7f(1,7) =0,
f(T,z) = ®(x) forall z.

for which the solution f(¢, z) does what you wanted: V; = f(t, S;).

Examples for this are SCF2 Example 6.4.4 - Options on a geometric Brownian motion and the interest
rate models of SCF2 Chapter 6.5. O

14.2 Interest Rates Driven by Stochastic Differential Equations

Given is a filtered probability space (€2,F,§:, P) with a risk-neutral probability P and an Si—
adapted Brownian motion W under P.

We assume we have a market model in which the interest rate R;(w) is a stochastic process, but
not of the most general kind, i.e., just §;—adapted and nothing more. We rather assume that R; is
modeled by a stochastic Differential Equation

(14.17) dRy = B(t, Ry) dt + y(t, Ry) dW,.

Since interest rates for short-term borrowing are modeled by such an SDE we speak of a short-rate
model for R;. Very simple models for fixed income markets fall into this category.

We recall from Definition 6.7 (Discount process) on p.91 that

t
Int;, = exp{/ R, ds}
0

is the money market account price process and

1 t
Dy = — :exp{—/ des}
Intt 0

is the discount process of the bank account.

Clearly the dynamics of those processes are

th = — RtDt dt, dIntt = Il’ltt Rt dt.
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We saw in Chapter 13.4 (Forward Contracts and Zero Coupon Bonds) that a zero—coupon bond with
maturity date 7" is a contingent claim wich constant contract value V7 = 1 and that the (arbitrage
free) price B(t,T') at time 0 < ¢ < T is, under risk—neutral probability P,

1~ ~ T
B(t,T) = EE[DT | 3. = Bl F Beds | 3.

Definition 14.2 (Yield). We define the yield of zero—coupon bond between times ¢ and T as

1
(14.18) Y(t,T) = — T3 log B(t,T)

g

Remark 14.2. Formula (14.18) is equivalent to
(14.19) B(t,T) = e Y®&D(T=1),

One sees from this formula that Y (¢, T) is the constant rate of continuously compounding interest

between times ¢ and 7" that corresponds to the price B(t,T') of a zero—coupon bond maturing at 7.
(]

Proposition 14.1.

Given the dynamics of (14.17) for the interest rate Ry, there is a function f(t,x such that B(t,T) = f(t, R.
This function satisfies the PDE plus terminal condition

(14'20) ft(t7 T) + B(t7 r)fT(t7 /r) + %72(t7 r)f’/‘?”(t7 T) = rf(t7 T)?

(14.21) f(,r) =1 forallr.

PROOF: See SCF2, Chapter 6.5. W

14.3 Stochastic Differential Equations and their PDEs in Multiple Dimensions

Theorem 14.4 (Twodimensional Feynman-Kac).

Let T > 0. Let W, = (Wi(t), Wa(t)) be a two-dimensional Brownian motion ( i.e., the components
Wi (t), Wa(t) are two independent, one—dimensional Brownian motions.

et X, := (X1(t), X2(t)) be a vector of two Itd processes which satisfy the system of SDEs

dX1(s) = Bi(s, X1(s)) ds + 71 (s, X1(s), Xo(s)) dWi(s) + vi2(s, X1(s),
dXs(s) = Pa(s, X1(s)) ds + ya1(s, X1(s), X2(s)) dWi(s) + v22(s, X1(s),

(s))
(s))
A. This pair of SDEs has under certain mild conditions on the processes [;(s, X1(s)) and

Y22 (S,Xl(s),Xg(S)) a solution X, starting at X, (t) = x1 and Xo(t) = wo. Regardless of the initial
condition, this solution is a Markov process.

dWy(s),
d .

Xo
X9 Wa(s)
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Let a Borel-measurable function h(yi,y2) be given. Corresponding to the initial condition t,x1, xo, where
0 <t < T, we define

(14.22) g(t,z1,20) = EY07 h(X1(T), Xo(T)),
(14.23) F(t a1, w2) = Ebo1e [e*T<T*t>h(X1(T),X2(T))]
Then
gt + 819z, + B29z,
(1429 + %(7%1 + Y12)9me + (V1721 + M12722)Gwras + %(7%1 + V32)Geras = O,

Je+B1fer + Bafay

1 1
=+ 9 ('7%1 + 7%2)]8231%1 + (711'721 + 712722)f271$2 + 9 (7%1 =+ '7222)fx2332 = rf.

Further these PDE solutions f(t,x1,x2) and g(t, z1,x2) also satisfy the terminal conditions

(14.25)

9(T,z1,22) = f(T,x1,22) = h(z1,z2) forall x; and x,.

PROOF: See SCF2 Chapter 6.6 W

14.4 Exercises for Ch.14

Exercise 14.1. Let T, Xy, ®(x), f(t,x) be as defined in Theorem 14.2 (Feynman-Kac Theorem) on
p-199. Prove that the process
M == f(t,X;) = E"*[®(X7)]

is a martingale. Hint: Use formula (14.8) on p.199. O

203 Version: 2021-05-17



Math 454 — Additional Material Student edition with proofs

15 Other Appendices

15.1 Greek Letters

The following section lists all greek letters that are commonly used in mathematical texts. You do
not see the entire alphabet here because there are some letters (especially upper case) which look
just like our latin alphabet letters. For example: A = Alpha B = Beta. On the other hand there
are some lower case letters, namely epsilon, theta, sigma and phi which come in two separate forms.
This is not a mistake in the following tables!

a alpha 6 theta & xi ¢ phi
B beta v theta T pi ¢ phi
v gamma L iota p tho x chi
0 delta k kappa o tho Y psi
e epsilon »x kappa o sigma w omega
e epsilon A lambda ¢ sigma
¢ zeta ©4 mu T tau
n eta v nu v upsilon
I' Gamma A Lambda ¥ Sigma U Psi
A Delta = Xi YT Upsilon Q2  Omega
© Theta II Pi ¢ Phi

15.2 Notation

This appendix on notation has been provided because future additions to this document may use
notation which has not been covered in class. It only covers a small portion but provides brief
explanations for what is covered.

For a complete list check the list of symbols and the index at the end of this document.
Notations 15.1. a) If two subsets A and B of a space (2 are disjoint, i.e., AN B = (), then we often

write A |4 B rather than AU B or A + B. Both A® and, occasionally, (A denote the complement 2\ A
of A.

b) R- or RT denotes the interval ]0, +-c0[, R>( or Ry denotes the interval [0, +o0],

c) The set N = {1,2,3,- -} of all natural numbers excludes the number zero. We write Ny or Z. or
Z> for N|g{0}. Z>( is the B/G notation. It is very unusual but also very intuitive. [

Definition 15.1. Let (2, ),en be a sequence of real numbers. We call that sequence nondecreasing
or increasing if z,, < x,,4; foralln € N.

We call it strictly increasing if z,, < x,,41 foralln € N.
We call it nonincreasing or decreasing if z,, = x4 for all n.
We call it strictly decreasing if x,, > x,,4; foralln e N. O
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List of Symbols

(X,d(-,-)) —metric space, 128
A; —dividend rate process, 191
B(t,T) zero-coupon bond price , 196
C? - twice continuously diffble, 143
[a,b], ]a,b] —half-open intervals, 16
[a,b] — closed interval , 16
N(z) -std normal cumul. distrib. , 148, 194
For; - forward price at ¢, 151
For; - forward price at ¢, 151
dy(r,z) , 147,194,195
m(§) —measurable fn. , 50
m(F,§) —measurable fn. , 50
= —implication, 9
|Y]|z2 — L?-size (stoch proc) , 134
I fllzr = L*-norm , 125
I fllz2 = L?>-norm , 125, 126
|z|| - (semi) norm , 126, 127
Jell 125
||z||2 — Euclidean norm , 125

_) — extended Borel o—algebra , 42

) — Borel o—algebra of R, 42

") — Borel o—algebra of R" , 42
), 20 _ power set , 13
[4;:i€1],32
Mies Ai 32
Uldi:ieI],32
Uier A, 32
0 —empty set, 7
% - Radon-Nikodym deriv. , 69
JaTdp, [, fw)dpw), [, f(w)p(dw), 59
14 - indicator function of A , 38
i ~ v —equivalent measures , 70
v < i — continuous measure , 70
+oo - =+ infinity, 16
pir(t) —instantaneous correlation, 183
o(f) —o—algebra generated by f, 54
|x| —absolute value , 16
Ja,blo —interval of rational #s, 16
la,blz —interval of integers , 16
la,b[ —openinterval, 16
a; —discrete time dividend rate, 193
c(t,xz) —Eoropean call pricing, 143
d(z,y) — (pseudo) metric, 126, 127
dii(f,g) — L'~distance , 125

dr2(Y,Y’) — L?~distance (stoch proca) , 134
dr2(f,g) — L?~distance , 125, 126

p(t,z) - European put, 151

x € X —element of a set, 6

x ¢ X —not an element of a set, 6
(2,3, (§¢), P) — filtered prob. space, 116
(€2, 3, (8t)sey » P) — filtered prob. space, 116
AL — complement of A, 10

Dy, — discount process, 91

E[X | Z=~z] cond. exp. wr.t Z, 85
P-a.s. —almost surely , 51

Vt(‘ﬁt,k), —hedge at 91 ., 110

X, — X P-a.s. —convergence P-a.s. , 62
A —delta (the greek), 149

I' — gamma (the greek), 149

®(-) — contract function, 94, 99, 103
II(M, ) — arbitrage free claims price, 102
O — theta (the greek), 149

N, —node k at time ¢, 102

X — random vector , 114

[ fd, [ F@)dp(w). [ f@)u(dw), 58
Nop —nonnegative integers, 16

R* - positive real numbers, 16

R>o —positive real numbers, 16

R>¢ —nonnegative real numbers, 16
R0 —non-zero real numbers, 16

R4 —nonnegative real numbers, 16
Z>y —nonnegative integers, 16

Z, —nonnegative integers, 16

N — natural numbers, 14

Q -rational numbers, 14

R —real numbers, 14

Z —integers, 14

Z —integers, 14

X —contingent claim, 94, 99, 103

§1 ® F2 product o-algebra , 120

FX — filtration of stoch. process X, 115
pi—a.e. —almost everywhere , 51

i x v product measure , 120

v —vega (the greek), 149

p —rho (the greek), 149

Int; — interest accrued, 91

fn — f p—a.e. — convergence p-a.e. , 62

({Ej)jej - famlly ,22
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14 —indicator function of A4, 38
22 P(Q) - power set, 13

[X,Y]: - cross variation, 154

x4 —indicator function of A4, 38
CA - complement , 204

AL A2 A", - Lebesgue measure , 45
N, N, 204

R™,R-q, 204

Ry, R>(, 204

R-o,RT, 204

R>o, R4, 204

Z,,Z50,204

epi(f) —epigraph , 27

® x (u) — moment-generating function , 123
|X| —size of aset, 13

{} — empty set, 7

Al B - disjoint union , 204

AN B — Aintersection B, 9
A\ B — Aminus B, 10

A C B — Ais strict subset of B, 8
AC B - Aissubsetof B, 8

A C B — Ais strict subset of B, 8

AAB —symmetric difference of A and B, 10

AW B — Adisjoint union B, 9

AL — complement , 204

B D A — Bis strict superset of A4, 8

B D> A - Bis strict superset of 4, 8
Cn[X,Y]r —sampled cross variation, 154
f:X =Y —function, 20

f(A) —direct image , 35

f(t—) —value immediately before ¢, 192
f~YB) -indirect image, preimage , 35
X;— —value immediately before ¢, 192
(©,§) —measurable space , 40

(Q,F, 1) — measure space , 43

[X, X]7, [X, X](T) —quadratic variation , 128

CA - complement of A, 10
— —maps to, 19

§ —o-algebra , 40

() —measure , 43

1 — finite measure , 43

1 —measure , 43

ITI;(X) — price of claim X', 88

/) — financial asset , 88

0(€) —o-alg. genned by €, 41
o(fi:iel) —o-alg. genned by functions f;, 114
L f 17

AUB - Aunion B,9

A D B - Aissuperset of B, 8

B; —bank account unit value , 88

f \/gvf Ng —max(f,g),min(f,g) ’ 17
St —stock price , 88

V;;H — portfolio value, 90, 97

xVy —max(z,y), 17

r Ay —min(z,y),17

xT,x” - positive, negative parts , 16

a.e. —almost everywhere , 51
a.s. —almost surely , 51

R = RU{—o00,00} —extended real numbers, 39

R; —nonnegative extended , 39
IT - partition of time interval , 128
II(t; X) —price of claim X", 88
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C? function, 143
L?—distance (stochastic processes), 134
L*-size (stochastic process), 134
p—null set, 43
o-algebra, 40

product o—algebra, 120
o-algebra generated by a function, 54
o—field, 40
o—finite measure, 68
e—closeness, 126

absolute value, 16
abstract integral, 57, 58
adapted stochastic process, 87
adapted to a filtration, 117
almost everywhere, 51
almost surely, 51
American call, 89
American put, 89
antiderivative, 27
arbitrage portfolio, 94, 102
argument, 20

assignment operator, 20

Black-Scholes
market model, 143
Black—Scholes Black-Scholes market model
generalized, 170
Black-Scholes PDE, 146
Black-Scholes—Merton function, 148
bond
zero—coupon, 196
Borel o—-algebra, 42
Borel sets, 42
Brownian motion, 117, 122
exponential martingale, 131
geometric, 131
geometric, generalized, 138
multidimensional, 154
budget equation, 92, 93, 97

call

Americall, 89
cartesian product, 21
characteristic function, 38

claim
simple, 94, 99, 103
closed interval, 16
codomain, 20
complement, 10
concave-up, 27
conditional expectation
partial averaging, 84
conditional expectation w.r.t a random variable,
84
conditional expectation w.r.t a sub—o—algebra, 84
contingent claim, 87, 94, 99, 103
reachable, 95
continuous measure, 70
continuous time financial market, 88
continuous time stochastic process, 113, 114
contract function, 94, 99, 103
convergence of stochastic processes in L?, 134
convex, 27
correlation
instantaneous, 184
Cox-Ingersoll-Ross interest rate model, 140
cross variation, 154

De Morgan’s Law, 12, 34

decimal, 14

decimal digit, 14

decimal numeral, 14

decimal point, 14

decreasing sequence, 204

delta, 145

delta-hedging rule, 145

density of a measure, 69

differential, 133
stochastic, 136

differential equation
stochastic, 138

diffusion coefficient, 198

digit, 14

direct image, 35

direct image function, 35

discount process, 91

discrete time financial market, 88

disjoint, 9

distribution, 54
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distribution measure, 54
dividend rate, 193
discrete time, 193
dividend rate process
continuous time, 191
domain, 20
drift coefficient, 198
dummy variable (setbuilder), 7
dynamics, 136

element of a set, 6

empty set, 7

epigraph, 27

equivalent measures, 70

European call, 87

European put, 838

even, 14

event, 44

expectation
conditional, w.r.t a random variable, 84
conditional, w.r.t a sub-o—algebra, 84

exponential martingale, 131

extended real-valued function, 39

family, 22
mutually disjoint, 33
filtration, 87, 116
generated by a process, 115
financial derivative, 94, 99, 103
financial market
continuous time, 88
discrete time, 88
financial market model, 88
finite measure, 43
finite sequence, 22
forward contract, 89
forward price, 151
function, 20
argument, 20
assignment operator, 20
codomain, 20
direct image, 35
direct image function, 35
domain, 20
function value, 20
indirect image function, 35
integrable, 58

209

inverse, 20
maps to operator, 20
measurable, 50
preimage function, 35
simple, 57
function sequence
limit almost everywhere, 62
function value, 20

GBM (geometric Brownian motion), 131
generalized Black-Scholes market model, 170
generalized geometric Brownian motion, 138
generated o—Algebra
by collection of sets, 41
by family of functions, 114
geometric Brownian motion, 131
generalized, 138
Girsanov measure, 190
Girsanov probability, 190
graph, 20
greek letters, 204
Greeks, 149
greeks, 145
delta, 145

half-open interval, 16
hedge
static, 151

iff, 8
image measure, 54
in the money, 147
increasing sequence, 204
independence
o—algebras, 73
random variables, 73
index set, 22
indexed family, 22
indicator function, 38
indirect image, 35
indirect image function, 35
induced measure, 54
induction
proof by, 24
induction principle, 24
infinite sequence, 22
information filtration, 87
initial condition, 136, 147
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initial conditions (SDE), 198
injective, 20
instantaneous correlation, 184
integer, 15

even, 14

odd, 14
integrable function, 58
integral, 57, 58

abstract, 57, 58

definite, 26

indefinite, 27
integral equation, 136
integral over a subset, 59
interest rate process, 91
intersection

family of sets, 32
interval

closed, 16

half-open, 16

open, 16
inverse function, 20
irrational number, 15
Itd integral w.r.t. Brownian motion, 132, 135
Itd process, 136
Itd process driven by a multidimensional Brow-

nian motion, 155

Lévy, Paul Pierre, 159

Lebesgue measure, n-dimensional, 45

left sided limit, 192

limit

left sided, 192

limit almost everywhere of a function sequence,
62

limit almost surely of a sequence of random vari-
ables, 62

long position, 89

maps to operator, 20
market

complete, 95

free of arbitrage, 94
market price of risk, 172, 185
market price of risk equations, 185
Markov chain, 119
Markov process, 87, 118

transition density, 130

210

Markovian portfolio, 89
martingale, 117
martingale measure, 99, 102, 172, 184
mathematical induction principle, 24
maturity date, 196
maximum, 17
mean rate of return, 183
instantaneous, 139
measurable function, 50
measurable set, 40
measurable space, 40
measure, 43
o—finite, 68
continuous, 70
density, 69
equivalence, 70
induced, 54
martingale measure, 99, 102
product, 120
product measure, 120
Radon-Nikodym derivative, 69
risk-neutral, 99, 102
measure space, 43
product space, 120
member of a set, 6
member of the family, 22
mesh, 128
metric, 127
metric space, 128
e—closeness, 126
moment-generating function, 123
joint, 123
money market account price process, 91
multidimensional Brownian motion, 154
multiplication table for Brownian motion differ-
entials, 129
mutually disjoint, 9

natural number, 15

negative part, 16

nondecreasing sequence, 204
nondecreasing sequence of sets, 32
nonincreasing sequence, 204
nonincreasing sequence of sets, 32
norm, 127

null measure, 43

null set, 43
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numbers
integer, 14
irrational number, 15
natural numbers, 14
rational numbers, 14
real numbers, 14

odd, 14
open interval, 16

parallelepiped, n-dimensional, 44

partial averaging (conditional expectation), 84

partition, 13, 33, 128
mesh, 128
partitioning, 13, 33
path, 113
portfolio, 89
arbitrage portfolio, 94
hedging portfolio, 95
Markovian, 89
replicating portfolio, 95
self-financing, 92
portfolio strategy, 89
portfolio value, 90
position
long position, 89
short position, 89
positive part, 16
power set, 13
preimage, 35
preimage function, 35
pricing principle, 95
principle of mathematical induction, 24
probability, 43
probability distribution, 54
probability mass function, 46
probability measure, 43
probability space, 43
filtered, 116
process
stochastic process, 113
product o—algebra, 120
product measure, 120
product of measures, 120
product space, 120
proof by cases, 12
pseudometric, 126

put
American, 89
European, 88
put—call parity, 152

quadratic variation, 128

Radon-Nikodym derivative, 69
random item, 75
random variable, 51
moment-generating function, 123
random variables
limit almost surely, 62
random vector, 114
moment-generating function, 123
random walk, 119
random walk, symmetric, 119
rational number, 15
reachable
contingent claim, 95
real number, 15
recurrence relation, 23
recursion, 23
risk-neutral measure, 99, 102, 172, 184
risk-neutral pricing formula, 176
risk-neutral valuation formula, 176

sampled cross variation, 154

SDE (stochastic differential equation), 198

self-financing portfolio strategy, 92

seminorm, 126

sequence, 22
decreasing, 204
finite, 22
finite subsequence, 22
increasing, 204
infinite, 22
nondecreasing, 204
nonincreasing, 204
start index, 22
stochastic, 114
strictly decreasing, 204
strictly increasing, 204
subsequence, 22

set, 6
difference, 10
difference set, 10
disjoint, 9
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intersection, 9
mutually disjoint, 9
proper subset, 8
proper superset, 8
setbuilder notation, 6
size, 13
strict subset, 8
strict superset, 8
subset, 8
superset, 8
symmetric difference, 10
union, 9
short position, 89
short-rate model, 201
simple claim, 94, 99, 103
simple function, 57
simple process, 132
size, 13
square—integrable, 135
standard machine (for proofs), 66
start index, 22
static hedge, 151
stochastic differential, 136
stochastic differential equation, 138
has a solution, 198
stochastic differential equation (SDE), 198
stochastic process, 87, 113
L2-distance, 134
L?-size, 134
adapted, 87
adapted to a filtration, 117
continuous time, 113, 114
convergence in L?, 134
simple, 132
stochastic sequence, 114
strictly decreasing sequence, 204
strictly increasing sequence, 204
submartingale, 117
subsequence, 22
finite, 22
summation measure, 47
supermartingale, 117
surjective, 20
symmetric random walk, 119

trajectory, 113
transition density, 130

212

triangle inequality, 18, 25

unbiased estimator, 86
union

family of sets, 32

universal set, 10

normed, 127

volatility, 139
volatility matrix, 183

yield, 202

zero measure, 43
zero—coupon bond, 196

Vasicek interest rate model, 140
vector space

Wiener process, 117, 122
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