Formula Collection for Math 454 Midterm 3 — Not all items are relevant!

Abbreviations: e rv = r.v. = random variable; r.elem = random element e meas = measure e mble = measurable e fn =
function e prob = probability e distr = distribution e conv = convergence e cont = continuous/continuity e Riem- [-ble
= Riemann integrable e w.r.t = with respect to ¢ RN = Radon-Nikodym e cond.exp = conditional expectation e BM =
Brownian motion e BAM = binom. asset model e BS = Black-Scholes e PF = portfolio e arbPF = arbitrage portfolio
self—fin = self-financing

(@) e power set 2 = { all subsets of Q} eVz...: Forallz... @3z s.t. ... Thereis an x such that . ..

@I xs.t. ... Thereisaunique z s.t. ... @p = ¢qlfpistrue then gistrue @ p < ¢ piff ¢, i.e, p true if and only if ¢ true
e Intervals: Ja,b[={z € R:a<z<blabz={x€Z:a<z<b[a,blo={r€Q:a<x<bhetc

e countable set A: can be sequenced: @ A = {a1, a2, ...,a,} (finite set) @ A = {1, a2, ...} (“countably infinite” set)

@ Z and Q are countable, but R is uncountable e family (mz)le ;+ index set I may be uncountable o |J,.;4; = {z :

Jig € Jstx € Ay} o, A = {z:VieJx e A;}. eCanuse AlY B for AU B if disjoint sets e De Morgan: [
(Ur40)° = Ne A% @ (N, A)® = U, AL o Distributivity: @, (BnA,) = BnU, 4; @(N,c, (BUA;) = BUN, 4;
e Cartesian products: | X1 x -+ X X, | = |X1|---|X,| eIndicator fn1(w) =? e preimagesof f: X — Y

Arbitrary index set J and B, B; CY: @ f (N, Bj) = Nyeys F71(By) B U,es Bi) = Uje, f71(B))
@Bt = (f—l(B))G EBINB=0 = f1B)NF Y (B)=0 eACQ = 1a(w) = lifw e Aand 0else

(b) Integrals [ 4 fdu: e monotone & dominated conv. & other laws for J fdp eJensen ineq valid for what p?

. snnple fng: [gdp =? e [h(Z)dZ (Riemann) vs [hd\? e B¢ = o{ d-dim rectangles } e For what ¢ is A —
J 4 p(w)p(dw) a prob meas? o ILMD method used how? for what theorems?

o Use Fubml forboth [, f(7)djand [ fdA? to compute multidim [. e 14 Riem-[-ble => \?(A) defined how?
emble f: (Q,F,un) — (Q’, §') img meas py(A ) (— ?7??) on §'. Distrib Px of a r.elem X defined how?

e f:Q— R, u,v o-finite meas on (2, §) s.t. v(A) = [, fdu, = f =(def) RN derivative d”. emeasv K u < [u(A) =
0=v(A4) = 0]' vep e u( A) =0ev4)= 0] o[v < pand p,v cr—ﬁmte] & [RN derlvatlve = exists .
o g0 flw = Juy 9(&)ps(d’) (what are f,g wirt. 2) o [ f(w) 2 (w)u(dw) = [ f(w () (v v, & ~2);

o f<gu-ae & f W fdu S f ,gdp forall A€ § oY functionally dependent onX & a(_) C o(___) in what sense?

(c) Cond.Exp: e prob space (2, §, P); o—algebras $ C & C §; ¢ : R - Rmble. Then @ E[c1 X + Y |8] = c1 E[X|6] +
E[Y|6]. @ If X is 6-measurable, then E[X - Y|6] = X - E[Y|6]. @ E[E[X|¢]|H] = E[X[$]. @ X independent of
& = E[X|¢] = E[X]. @¢convex = ¢(E[X |®]) £ E[po(X)|®6]. ecountable partition Q = | [G, : j € J] s.t.
Gj € Fand P(G;) > 0forall j; & :=0c{G,:j € J}; rv. X; @ Then E[X | &](w) =

(d1) 1-dim Stoch. calculus: e simple process Z; = Itd integral fot ZydWy = ... e dtdW; =7dWdW; =7;

o [td isometry =? o [td processes dX: = A¢dt + BrdWy, dY; = Uidt + VidWy; then @ dX.dY; =? @ d[X, X]; =?

@ Whenis ¢t — fg X.dY, amartingale? e Lévy: contin. paths martingale My; Mo =0; [M,M]; =t = M, =?

o 1-dim and multidim It6 formulas e It6 product rule e GBM and general GBM: [ dX; =7 [ meaning of oy, o

(d2) multidim Stoch. calculus: e d—dim BM W, =? o W@ W], =7 o dW VdW " =7 e dX, = ©,dt + A, e dW;
means? e d-dim Lévy =?

(e) financial markets: e contingent claim X: @ simple if X = ®(Sr); @ II;(X) = correct (no arbitrage) price of X

o self—fin PF H; = ??; arbPF =?? replicating PF = ?? e pricing principle = ?? e complete market =?

(e1) BAM (binomial asset model):

o Notation: P = risk-neutral probab (P = real world probab) on (Q, §, 5¢)

o def. BAM: @ trading times ¢ = 0, 1,2, ...,7; multiperiod BAMif T'> 1 @ Bo = 1; B, = (1 + r)! = money market acct
price; Dy = 1/B; = discount @ Sy = s = const; @ u, d, pu,pa, &, d def’d HOW? @& compute S¢11 from S; HOW?

oPF i, = (HE,HY): @ H, boughtatt —1,soldatt @ V; = Vtﬁ = HPB, + H? S, = sales value of H or= HEB, |



= money in the bank at ¢1; @y, = H; = stock shares bought at ¢ — 1; e noarb < WHAT? e martingales (P? P?) are ...
e hedge PF for simple claim X = ®(S7) att+ 1is HS; = (1+7) ‘2i11 and HY, 1 = yi+1, where 2441, y41 for the node
Ny x (remember: H, = purchased at time ¢ — 1!) in the tree excerpt shown below are, if IT1(M; ) = option price I1;(X)(w)

& Si(w) = su*d'™" & exactly k upward moves and ¢ — k downward moves
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@ Is one period BAM complete? [ Is multiperiod BAM complete?

(e2) contin time financial markets with only 1 riskless asset and self-fin PF H,: e PF Value V, = VtH = HPB, +
S0 ISP o Xo = HPB = Vi — Y,  HY'SY ebudgeteqn: dV, = HEdB: +Y,., H\dS\
o If only 1 stock price S;: @ can write Y; := H AVi=X.+ H’S: = X: + Y:S: @ budget eqn: dV; = HEPdB; + Y:dS:

(e3) Black—Scholes market e model of (classical) BS market: [ constant r, &, 0 € R meaning =?. @ dB; =? @ dD; =7
@ dS; =? @ (t,z) — n(t,x) is C* means ? @ ®(Sr) = 7(WHAT?, WHAT?) e hedge H; for simple claim ®(S7) =

o] d(e_”Vtﬁ) = (a — P)HY e "Sidt + cH e "t S dW, = Htsd(e_”St) @ delta—hedging rule: H? =? @ BS PDE:

m(t, @) + reme (¢, @) + 3 0’2’ mee(t, @) = ro(t,z); 7 mustsatisfy 7(T,z) = ®(WHAT?) e put—call parity means ...

e Europ. call: @ ®(z) =? @ c(t, x) = BSM(7,z; K, r,0) = N (d1(r,2)) — Ke ""N(d—(7,2)), where 0 <t < T,
T=T—t,2>0ds(rz) = ;1= [mg z 4 (r + é) T} o fwd contract: @ ®(z) =7 @ f(t, ) =7
o Europ. put: @ ®(z) =7 @ p(t,z) =? e fwd price For, defined how? e Greeks: Delta, Gamma, Rho, Theta, Vega are??

e Amer. puts and calls: which one should never be exercised before 7°?



