15.4. B={(z,y): V22 +y% € [a,b], arctan(y/x) € (o, B]}
R=A{(r,0): r €la,b], 0 € |a,B]}.

//B f(@,y)dedy = //B [z, y)dA = /j /ab f(rsind, rcox@)rdrdd

Example 1. B = {(z,y) : 2°>+y? € [1,4], arctan(y/x) € [0, 7]}
R={(r.0): re[1,2], 0 €[0,n]}.

//R3x+4y2dA
- / /R 3z + 4y?dxdy
:(//Rl+//Rz+//R3)(3x+4y2)dwdy

A L [ s

L3 -
(527 + dzy’ )
0 _

3
dy+/ (52° +4ay?)
1

3
dy+/( x? + dxy?)
4—y? 0 2

1—y?

1—cos(2z)

2
1+4cos(2x)
—a -

// 3z 4 4y2dA
R

™ 2
:/ / (3rcos + 4(rsind)?)rdrdf
o J1
™ 2
:/ / [3rcosf + 2r? (1 — cos(26))]rdrdd
o J1

Example 2. Volumn of the solid bounded by z = 0 and paraboloid z = 1 — 22 — 2.

V://zdmdy://l—m2—y2dxdy,
B B

B={(z,y): =*+y*>€[0,1]}.

// zdxdy
B
1 p/1-92
:/ / 1— 2% — y2dady
—1J—\/1-92
1 op/1-y2
:4/ / 1— 22 —y%dzdy
o Jo



R={(r0): re0,1], 0 l0,2q]}.

/ / 2dudy

Example 3. Area of one of the four-leaved rose B = {(z,y) : 0 < r < cos(26), 0] < w/4}.

Area:// ldzdy

/4 cos(20)

/ / rdrdf
w/4J0
w/4 2 |cos(20)

= / ’L do

/4 2

/”/4 cos>

—m/4

/”/4 1+cos (40)

—df



Fubini’s Theorem for Triple integral. If f(z,y, z) is continuous on the subset B of R?,

then
///B(x,%z)dV:///Bf(x,y7z)dmdydz:///Bf(x,y,z)dzdydx:

-=[[ 5 f(z,y,z)dedzdy How many of them ?
Example5Iff—acyz and B = [0,1] x [-1,2] x [0,3], [ [ [5(f(z,y,2)dV =7

Sol. [ [ [5(f(z,y,2)dV = f03 f_21 fol ryZ2dxdydz = fol ffl f03 ryz?dzdydz

1 2 3 1
:/ xda:/ ydy/ 22dz = (22 /2)
0 —1 0 0

Remark. B in Example 5 is a “3-dim rectangle” or a box. However, it is often that B is
of the following three types:
Type I. B = {(z,y,2) : (z,y) € D,z € [u1(z,y),u2(z,y)]} then

uz(,y)
///fxy, )dV = // xydxdy—/// f(z,y, z)dz]dzdy
u1(z,y)

Type II. B ={(z,y,2) : (z,2) € D,y € [u1(z, 2), uz2(z, )|} then

///fl‘% )dV = // xzdxdz-// /uuii:) f(x,y, 2)dy|dzdz

Type L. B = {(z,y,2): (y,2) € D,z € [u1(y, 2),u2(y, 2)|} then

///fa:y, )dV = // 9y, z dydz_// Ll(yyZZ) f(x,y, z)dx)dydz

Example 6. Compute [ [ [, zdV where B is the solid bounded by the four planes z = 0,
y=0,z=0and z+y+ z = 1. (See the figure).

Sol. Three ways: Types I, II, or III.

Type 1. Integrate z first.

///fa:y, )dV = // xydxdy—// /uu:j f(z,y, z)dz]dzdy

Identify the two bounded hyperplanes: z = ui(x,y) and z = us(z,y) from
z=0and x +y+2=1 (yielding z =1 —z — g).
0 <z<Z<1l—-z—y.
—

3

0

W?/2)| (*/3)

-1

u1(z,y) us(z,y)

D={(z,y): 0<z+y<1l,2>0,y >0} fromz+y+z=1 (how ??) (See the figure).
Sol z=0
olve chytr—1

The previous steps are the most important tricks !



///f(x,y,z)dv
// /ul(:yy) f(2,y, z)dz]dzdy

//D[/ol o yzdz]dxdy
-/ [zz/QJé*f*ydxdy

/ / dxdy (It becomes a double integral problem)

1— -y 1_ _ 2
:// ff)dxdy (as D={(z,y): 0<a+y<l,z>0,y>0})
0

/lflywd(l —z—y)dy why ?

1 3r1y
17

o B I
0 2*3

1

-1

1
/"

B (1—y)4
6x4

=0

1

0

Can we try type II ? Integrate y first.

uz(z,z)
///fxy, )V = /// f(z,y, z)dy]ldzdz
w1 (x,z)

Identify the two bounded hyperplanes: y = u;(z, z) and y = us(z, 2) from
y=0and x+y+z=1 (yieldingy=1— 2z — 2).
0 <y<l—z-—=z
~— ———

uy(x,2) uz(x,z)

D={(z,2): 0<z+2<1l,2,2>0}fromz+y+z=1
y=0

Solve rhytz=1

///fx% )dV = // /:(;:) (z,y, 2)dy|dxdz
://D[/O1 o 7zdy]d:cdz

= // 2(1 — & — z)dxdz (It becomes a double integral problem.)

1—-z
// 2(1 —x — 2z)dzdz

(as z is bounded by x =0 and = + z = 1 (yielding z = 1 — 2))

Does Type IITI work ?



Example 7. Evaluate [ [ [, va? + 22dV where B is the solid bounded by y = 22 4 z?
and y = 4.

Sol. Several approaches: Types I, 1T or III.
Type I. B={(z,y,2): (z,y) € D,z € [u1(z,y),uz(z,y)]} then

[ ][ swvaav=[ [ o xymw—//Aij (s, 2)deldedy

Identify the two bounded hyperplanes: z = ui(x,y) and z = ua(z,y) from
B={(z,3,2): 2*+2> <y <4

=> |z] <y — a2
'Uzl(xvy) =7
up(z,y) =

. z=0 = _ _ 2 _
For D: Solve{y:x2+22 and{y:4 =>y=uzand y =4.

=> 122 <y<4and |z| <2

/// flz,y,2)dV
// A?:ﬁxy)y) (x,y, 2)dz]dxdy

/ / Va? + 22dz|dydz
2 y Iz

=777

To solve [ V22 + 22dz, set z = ztan(f), and use 1+ tan?§ = sec? 6.

Type IL Integrate y first. [ [ [5 f(z,y,2)dV = [ [;] f;Q(;zz)) f(z,y, z)dy]|dzdz.
B={(z,y,2): 22 +22 <y <4}. =>

? 4+ 22<y< 4 and D= {(x,2): 2%+ 2% <4}

——— ~—

uy (z,2) wi (x,z)
[ [ s@uaav
uz(z, Z)
// / f(z,y, z)dy]ldzdz
ui(z,2)

:// [/$2+22 V2 + 2dydadz
// 2?4+ 22))V/2? + 22dydedz

(It becomes a double integral problem.)

_ / ” / (4 — 12)r(rdrdd)
/ZW/ 4r? — ) drdd

—277[3r - T5/5]

0
Which type you like better 7



