
2. (25 points). Let X1, ..., X5 denote a random sample of size 5 from a pdf f(x; θ) = θe−xθ, x, θ > 0.

2.1 (3 points) The likelihood function L(θ) = ?

2.2 (3 point) Derive the moment generating function of X1.

2.3 (3 point) Derive the moment generating function of
∑5

i=1 Xi.

2.4 (3 points) Notice that Y ∼ χ2(v), which has mgf (1− 2t)−v/2. Then v =?.

2.5 (10 points) Find a most powerful test of size 0.1 for testing H0: θ = 1 v.s. Ha: θ = 2,

simplify it (see (2.4)) and give the RR explicitly using the χ2 table (Hint: use 2.3 and 2.4).

Sol. (1) The likelihood function L(θ) =
∏n

i=1 θexp(−Xiθ) = θnexp(−
∑n

i=1 Xiθ)

MX1
(t) =E(exp(X1t))(2)

=

∫
∞

0

extθe−θxdx =

∫
∞

0

θe−(θ−t)xdx

=
θ

θ − t

M∑
i
Xi

(t) =E(exp(

5∑
i=1

Xit))(3)

=E(

5∏
i=1

exp(Xit)) =

5∏
i=1

E(exp(Xit)

=(E(exp(X1t)))
5

=(

∫
∞

0

extθe−θxdx)5 = (

∫
∞

0

θe−(θ−t)xdx)5

=(
θ

θ − t
)5

Notice that Y ∼ χ2(v), which has mgf MY (t) =(1 − 2t)−v/2. Then v = 10. The reason is as follow:(4)

M∑
i
Xi

(t) = (
θ

θ − t
)5 = (

1

1− t/θ
)5 =(1 − t/θ)−5

M2
∑

i
Xi

(t) =E(exp(2

n∑
i

Xit))If θ = 1, letting W =
∑5

i=1 Xi, then

=E(exp(

5∑
i

Xi2t))

=(1 − 2t)−5

That is, 2
5∑

i=1

Xi = 2W ∼χ2(10) if θ = 1.

(5) Ho: θ = 1, H1: θ = 2. L(θ) =
∏5

i=1 θe
−Xiθ = θ5 exp(−

∑5
i=1 Xiθ) = θ5exp(−Wθ), where W =

∑5
i=1 Xi.

RR :
L(θo)

L(θ1)
=
θ5oe

−θoW

θ51e
−θ1W

f(t) = θ5t5−1e−θt

Γ(5)

=
e(θ1−θo)W

(θ1/θo)5
≤ k θ1 > θo

W ≤
lnk(θ1/θo)

5

(θ1 − θo)
= c 2W ∼ χ2(10)

RR : 2W = 2

5∑
i=1

Xi = χ2(10) ≤ χ2
0.90,10 ≈ 4.865 or W ≤ 2.43

0.1 = P (W ≤ c) = P (χ2(10) ≤ 2c) = P (χ2(10) ≤ 4.865)


