
Quiz on Friday: 447: [9]–[25], 448: [1]-[13]

Ex. 9.13. Assuming X1, ...., Xn
i.i.d.∼ Gamma(α, β), find an MME of (α, β).

Sol. Note that E(X) = αβ and V (X) = αβ2.

Sketch: X = αβ and X2 = αβ2 + (αβ)2

=> X2 = Xβ + (X)2.

=> β̂ = X2−(X)2

X

and α̂ = (X)2

X2−(X)2
.

§9.7. The Method of Maximum Likelihood.

[13] Given a random sample X1, ..., Xn from f(x; θ), their likelihood is L(θ) = ,

the MLE θ̂ of θ maximizes . If g(θ) is a function of θ, the MLE of g(θ)

is .

key:
∏

i f(Xi; θ), L(θ). 1− 1, g(θ̂),

Ex. 9.14. Given a random sample X1, ..., Xn from bin(1, p), find the MLE of p.

Sol. Two usual steps.

(1) solve ∂lnL
∂p

= 0 to get p̂;

(2) either check (2a) ∂2lnL
∂p2 < 0 ? or check

(2b) lnL at the boundary points: 0 and 1: whether lnL(a) < lnL(p̂) and lnL(b) < lnL(p̂).

L(θ) =
n
∏

i=1

f(Xi; p)

=

n
∏

i=1

(pXi(1− p)1−Xi)

=p
∑

n

i=1
Xi(1− p)n−

∑

n

i=1
Xi

=pY (1− p)n−Y where Y =
∑n

i=1 Xi ∼ bin(?, ?)

lnL =Y lnp+ (n− Y )ln(1− p)

(lnL)′p =Y/p− (n− Y )/(1− p) = 0

=> Y (1− p)− (n− Y )p = 0

=> Y (1− p)− np+ Y p = 0

=> Y = np =>

{

p = Y/n = X ?
p̂ = Y/n = X ?

which is correct ?

(lnL)′′p = −Y/p2 − (n− Y )/(1− p)2 < 0. Thus p̂ = X is the MLE of p.

lnL(a) < lnL(p̂) ?

lnL(b) < lnL(p̂). ?
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Ex. 9.15. Given a random sample Y1, ..., Yn from N(µ, σ2), find the MLE of (µ, σ2).

L =

n
∏

i=1

f(Yi;µ, σ
2)Sol.

=
1√
2πσ2

e−
Y1−µ

2σ2 × · · · × 1√
2πσ2

e−
Yn−µ

2σ2

=(
1√
2πσ2

)ne−
∑

n

i=1

Yi−µ

2σ2

lnL =− n

2
lnσ2 − n

2
ln(2π)− 1

2σ2

n
∑

i=1

(Yi − µ)2

∂lnL

∂µ
=

1

σ2

n
∑

i=1

(Yi − µ) = 0 => µ̂ = Y

∂lnL

∂σ2
=− n

2
/σ2 +

1

2σ4

n
∑

i=1

(Yi − µ)2 = 0

=> σ2 =
1

n

n
∑

i=1

(Yi − µ)2

=> σ2 =
1

n

n
∑

i=1

(Yi − Y )2

=
1

n

n
∑

i=1

(Y 2
i − 2Y Yi + (Y )2)

= Can it be simplified ?Y 2 − (Y )2

Need to check whether (µ, σ2) = (Y , σ̂2) is indeed the MLE:

(1) ∂2lnL
∂µ2 , ∂2lnL

∂(σ2)2 lnL, ... or

(2) lnL at µ = ±∞ and σ2 = 0 and ∞.

It is more convenienct to check (2) here:

lnL =− n

2
lnσ2 − n

2
ln(2π)− 1

2σ2

n
∑

i=1

(Yi − µ)2

=







−∞ if σ2 = ∞
−n

2 ln0−
n
2 ln(2π)−

1
0+ = ∞−∞ ?? if σ2 = 0+

−∞ if µ = ±∞.

(ln0+,
1

0+
) = lim

x↓0
(lnx,

1

x
) = (−∞,∞)

Since limx↓0
lnx
x−1 = limx↓0

(lnx)′

(x−1)′ = limx↓0
(1/x)

−(x−2) = 0,

−ln(0+)− 1

0+
= −∞.

Thus the MLE of (µ, σ2) is (Y , σ̂2), where σ̂2 = Y 2 − (Y )2.
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Ex. 9.16. Given a random sample Y1, ..., Yn from U(0, θ), find the MLE of θ.

L =

n
∏

i=1

f(Yi; θ)Sol.

=

{

1
θ
× · · · × 1

θ
if 0 ≤ Yi ≤ θ, i = 1, ..., n

0 otherwise.

=

{

1
θn if 0 ≤ Y(1) ≤ Y(n) ≤ θ
0 otherwise

≤ 1

(Y(n))n
.

Thus the MLE of θ is θ̂ = Y(n).

Remark. The usual approach of taking dlnL
dθ = 0 solve for the MLE does not work,

as d
dθ lnL = d

dθ (−nlnθ) = −n
θ 6= 0

6666

Invariance principle of the MLE: If g is a 1-1 function of θ and θ̂ is the MLE of θ then the

MLE of g(θ) is g(θ̂).

Example 9.16 (continued) Find the MLE of V (Y ).

Sol. V (Y ) = σ2
Y = θ2/12. Thus σ̂2

Y = Y 2
(n)/12.

Example 9.15 (continued) Find the MLE of σ.

Sol. V (Y ) = σ̂2
Y = Y 2 − (Y )2. Then the MLE of σ is σ̂ =

√

Y 2 − (Y )2.
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