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Homework 2.90 (p.103). 1. Compute the KME and Nelson-Aalen estimator of the survival
function and the estimators of their standard deviations using Group 0 leukemia data.

Sol. Survival times: X3, ..., X,, from Sx(¢).

If X,’s are all observed, the NPMLE of Sy is Sx(t) = 32, I(X; > t)/n.
If X,’s are right censored, that is, X1, ..., X,, may not be observed, but one observed

RC data: (Z1,01), .., (Zn,0n).
the NPMLE of Sy is Sy (t) = [l <(1- f—:), where ¢, < --- < t,,, are distinct values of Z;’s
with 9; = 1,

dy is the number of person died at time t;, and

7t is the number of person at risk at time ¢, (= >, I(Z; > ty)).

. 2 .
An estimator of o e is

~9 ~ 2 fpl(tk)
o4 = — Sp t ~ A : 1
Spi(t) n( (1)) k:ztk;t Sz (tk—)Sp(tr) <>

(1) The data are 6+, 6, 6, 6, 7, 94, 10+, 10, 11+, 13, 16, 17+, 19+, 20+, 22, 23, 25+,
32+, 32+, 34+, 35+ (m=21),

Table 1. Calculation of KME
Exact remission (1-— ‘:—:) Spi(ag)
Time
6 18/21 18/21
18 . 16
! 16/17 182 160 14
10 14/15 182 16 14012
13 11/12 %-g'ﬁ'%
16 1o AR I
> o 33!
23 5/6 712151721
By (1), in order to compute &Spl, we need
1 if t <6, .
1-18/21 ift=6

. 18/21  ift € [6,7)

Sou(t) = o falt) =< 18/21 —96/119 ift =7,
W= 96110 ittepmioy M0 / /119
4 (
%ZiI(Zi > t) Htkgt(l - ﬁ_]lj)
1 if t <6, 1 if t <6,
Sy(t) = 17/;1 1£t €[6,7) “Ja 1£t €1[6,7)
15/21 if t € [9,10) T8L if t € [9,10)
\’ \




158 CHAPTER 4. LIFE INSURANCE

y 1. Soi(tr)
T8,(t) _n(Spl(t)) k:%;t gz(tk_)gpl(tk)
0 if t <6,
ks 4 e(6.7
| #6119 2 + AR it e [7.10)

~ dg
The other estimator is the Nelson-Aalen estimator: Sy(t) = e “Zuse T Its variance

can be estimated by &%NA@) = (SNA( t))? UH(t where UH th<t (rj—lﬁ =
1 if t <6,
~ exp(—3/21 iftel6,7
Sna(t) = p(~4/21) o0

exp(—3/21 —1/17) ift € [7,10)

0 if t <6,
Y exp(—6/21) 5y if t €[6,7)
TGnalt) — 3%18 16%1 .
exp(—3/21 — 1/17)[20 oz T oz ift €[7,10)

2. Compute the MLE assuming X ~ Sx(z) = e~*/?I(z > 0), the NPMLE and F (see Eq. (1))
of the cdf using Group 1 leukemia data. Compute the estimators of their standard deviations.

x=c(1,1,2,2,3,4,4,5,5,8,8, 8,8, 11, 11, 12, 12, 15, 17, 22, 23)
X=(1+1+---+23)/21=2

The MLE of S(t) is S(t) = exp(—t/X) = exp(—2t) for t > 0.

The NPMLE of F(t) and F are given in the textbook.

o . 1 ift<1
The NPMLE of S(t) and $ are S(t) = 1 — F(t) = { B8 and
) i if ¢t < 1
S(t)=1— F(t) = {0 st

ar(S(t)|0) = E((S(1)?) — (E(S(t))).
( ()| ) (eXp( Zn—tX)) _ Ooo eXp(_%)liC;:);?p(_x/e)dx,

Znt)

0o exp(—228) g1 exp(—z/0
B((S(8)%0) = fy° S = g
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The estimator of the standard deviation of S(t) is

. > p2-1exp(—x/(26/3) — %) 221 exp(—2/(26/3) — 21t) ]
- \//0 T'(21)(26/3)2 dv - (/0 T2T)(26/3)7 d)

Since g(t) = %Z?:l I(X; > t),
Ug(t) - U?(Xpt)/n = F(t)S(t)/n.
0 ift<l1

Gy =\ FMSH)/m =L ifte[l,2).

Notice that Og 1s a step functiona in t. 05y can be obtained by linear interpolation
through &S(t)

About correction on midterm exam.

2. An actuary models the future lifetime of (30) as follows. T'(30) has force of mortality g,
where p has pdf f,(u) = 400ue=2%, u > 0. Calculate ;pso.

Modify the problem. An actuary models the future lifetime of (30) as follows. 7°(30) has a
uniform distribution U(0, W), where W has pdf fy (t) = 1/40 if ¢ € (40,80). Calculate ;ps0.
Sol. Let ¢ > 0. Conditional on W, Spyw(t) = 1 —t/W, where t € (0,W). yp3g = E(1—t/W)

El—tWZ/ dtZ/ —dt =0...
( /W) w0 40 10 40

E(1—t/W) :/80 ! ;é/wdw = =1- 4—01112 t € (0,40) (Is it correct ?)
B —t/W) :/40 1 _48/“’1@ <wydw  (as fu(w) = L Eiéo’ 80)
—I(t € (0, 40]) /4:0 ! :lé/wdw +I(t € (40,80)) /tso ! ;é/wdw
=I(t € (0,40))[1 — %Olnw‘i | 4 I(t € (40, 80])[4—0 - 4—01 w] [
—I(t € (0,40])(1 — Z—O(IHSO — 1n40)) + I(t € (40, 80])[% . E(11180 Int)]
—I(t € (0,40))(1 — i—f) +I(t € (40, 80])[% - Z—Oln(SO/t)];

Or

(- dnzy if t € (0,40
[t~ LIn(80/t)] if t € (40,80]

40
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z || 90 91 92 93 94
p: | 0.2 0.1 0.05 0.01 O
Solution: I first explained how to find E(K(90)), E(Kogo), ego.1, E(K(90)A1) and E(KgAl).
By (9], E(K(90) A ) = eam = 3]y ki

3. Suppose that

| B(Ko A 2)=

E(K(90)) = i WPe = 0.240.2%0.1+0.2%0.1%0.0540.2%0.1%0.05%0.01 (by [9])
k=1
E(Kg) = E(K(90) 4+ 1) = E(K(90)) +1  (by [8]).
ego:7) = Poo = 0.2 = E(K(90) A1) (by [9]) Or by 447
E(K(90) A1) =) fx(x) = 0- P(K(90) = 0) + 1 - P(K(90) > 1) = P(K(90) > 1) = pgg = 0.2.

T

E(KgN1)=E(K(9)A1)+1=12 7 Wrong ! (1)

Ky €{1,2,3,...} and K(90) € {0,1,2,---,}
Kgo/\lz(K(9O)+1)/\1:‘?

E(Kg A1) Z kfx(k — 1 (by 447)

E(Kg A1) ZP Koo A1>Fk) (by [2] B(X) =32, P(X >k))
—P(K90A1>1)+P(K90/\1>2) o =P(Kg >1)=1.

You need to redo it without copying it if your correction is wrong !

Now consider E(Kg A 2).
Koo = [T(90)] € {1,2,3, ...},
Koo N2 € {1,2},
P(Kg > 1) = P(T(90) > 0) = gpgo = 1,
P(Kg > 2) = P(T(90) > 1) = 1pgo = poo
= P(T'(x) > 1) # P(T'(x) = ¢) !!
E(Kg N2)
=2 e P(Koo N2> k) (by [2]) E(X) =3, P(X > k), X =7
= P(Kgy N2> 1)+ P(Kgy N2> 2)
= P(Kg>1)+ P(Kg>2)=1+4+ P(T(90) > 1) =1+ pgy = 1.2.
E(Kgy A 2)
=0P(KgyN2=0)4+1P(Kgy N2 =1)+2P(Kgy N2 =2) (by 447)
=0+ P(Kg = 1) +2P(Kgy > 2)
= (1—pgo) +2-pgo=(1—-0.2)+2%02=1.2



