
Homework #12
(due Saturday midnight)
1. Carry out a simulation study by mimicking Example 2 of Chapter 13 as follows.
Generate n=1000 RC regression data (Mi, δi)’s from fY |X , which has loglogistic distri-

bution (see 6 around page 73) with β = 3 and σ = 0.5. X ∼ U(0, 10). Censoring distribution
is Exp(1). Then pretend you do not know the truth and try to fit the data to normal, Exp()
and Loglogistic dist. Make comments on the estimates of (α, β) and E(Y |X = 4) based on
the 3 models, as well as the 95% approximate confidence intervals. Compare it to the true
values. Hint: the mean and median of log-logistic distribution are given in notes around
p.73. The variance of the estimators can be derived by the delta method.

2. Treat the previous RC data (Mi, δi) as complete data Mi’s and derive the MLE of
E(Y |X = 4) and its CI under Loglogistic distribution. Make comments on what you observe
in comparing to the results in problem 1 and explain why.

3. Let (Mi, δi), i = 1, ..., n be RC data from Exp(θ), where θ = 1/E(X). Derive the
MLE of µ. Discuss whether the MLE is still consistent if one treat RC observations as exact
observations.

Homework #13
1. Carry out a simulation study: Generate n=1000 RC regression data (Mi, δi)’s from

fY |X , which has loglogistic distribution (see 6 on page 77) with β = 0.3 and σ = 0.5.
X ∼ U({0, 1, 2, 4}). Censoring distribution is Exp(1). Then pretend you do not know
the truth and
(a) try to fit the data to normal, Exp(), Loglogistic dist, semiparametric Cox’s model
hY |X(y|x) = eθxho(y) and log-linear regression model log(Y ) = α+ βX + ǫ;
(b) use MD plot and a diagnostic test to check whether the data fit any of these models
(except Cox’s model);
(c) make comments on whether the estimates of (α, β) and E(Y |X = 4) based on the
5 models are consistent, based on the theory (but you do not need to prove it);
(d) compare those estimates to the true values and comment on whether the simulation
results support the statement in (c).
Hint for (b): The baseline So under the LR model can be estimated by the PLE
based on (Mi, Xi, δi)’s with Xi = 0. See also Remark 4 on pages 4 and 5 of Appendix
attached.

Appendix. The marginal distribution (MD) approach. Notice that existing model
checking tests for testing

H0: Y = βX +W and X ⊥ W v.s. Ho
1 : H0 is false. (1.1)

like the F-test and t-test tests are valid if
(1) Y = βX + θg(X) + ǫ is true,
(2) X ⊥ ǫ,
(3) ǫ ∼ N(0, σ2).
If (1) or (3) fails, the existing tests are not valid, and can be worse than random

guessing, let alone being consistent. Of course, if no better choice, something is better than
no choice.

We shall introduce a new approach for model checking, which is always consistent for
testing H0: Y = βX +W and X ⊥ W v.s. Ho

1 : H0 is false.
A.1. Preliminary. We assume that
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(X1, Y1), ..., (Xn, Yn) are i.i.d. observations from Fx,Y , with density function fx,Y ,
where X is a p-dimensional random vector and Y is a response variable.
Let FY |x be the conditional cdf with density function fY |x.
Denote Fo = FY |x(·|0), which is called the baseline cdf of FY |x. The LR model is often
formulated by

Y = α+ β′X+ ǫ, where E(ǫ|X) = 0. (1.2)

If the conditional variance V ar(W |X) does not depend on X, it is called an ordinary linear
regression (OLR) model, otherwise, it is called a weighted linear regression (WLR) model.
Remark 1. Advantages that the LR model is specified by Eq. (1.1) rather than (1.2) are:
(1) Eq. (1.2) but not (1.1) requires that E(Y |X) exists;
(2) In general, β but not α is identifiable under censorship models (Yu and Wong (2002));
(3) It is often less important to estimate α than β, the effect of the covariate X on Y .

Under the OLR model, there are several consistent estimators of β if Fx,Y ∈ Θlse,
where

Θlse = {Fx,Y : Σx is non-singular and Cov(X, Y ) exists}, (1.3)

and Σx is the p× p covariance matrix of X. They include
the semi-parametric MLE (SMLE) (if Fo is discontinuous),
the modified SMLE (MSMLE) (see Yu and Wong (2002, 2003 and 2004)),
the least squares estimator (LSE) and
the quantile or median regression estimator.

Yu and Wong (2002) show that
the MSMLE is still consistent if E(lnfW (W )) exists, and
the MSMLE (or SMLE) β̃ satisfy P (β̃ 6= β infinitely often) = 0 if the cdf FW isn’t cts.
However, the LSE is inconsistent if E(|Y ||X) = ∞.
Given Fx,Y ∈ Θ, the family of all joint cdf of (X, Y ), Fo = FY |x(·|0) is well defined,

even if (X, Y ) does not satisfy the linear regression model in H0: Y = β′X + W , where
E(W ) may not exist. We first consider the test of H0. Let

Θ0 = {Fx,Y : Y = β′X+W , where W ⊥ X, β and FW are unknown} (2.1)

(FW = Fo). Then H0: Fx,Y ∈ Θ0. The next lemma characterizes various LR model and
motivating the MD approach for the LR model.

Lemma 1. FY |x is a function of (Fo, β), FY (t) = E(FY |x(t|X)). If Fx,Y ∈ Θ0, then
FY |x(t|x) = Fo(t− β′x).
For convenience, we write FY (t) = FY (t;β), as FY is a function of the parameter β.
Given β and Fx,Y , which may or may not belong to the LR model, define another r.v..

Y ∗ = β′X+W ∗, where FW∗(·) = FY |x(·|0) and X ⊥ W ∗. (2.2)

By Lemma 1, the cdf of Y ∗ is

FY ∗(t) (= FY ∗(t;β)) = E(Fo(t− β′X)) (denoted also by FY ∗(t;β)). (2.3)

Theorem 1. If Fx,Y ∈ Θ0 (see Eq. (2.1)), then
(a) Fo(·) = FY |x(·|0) = FY∗|x(·|0),
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(b) FY |x = FY ∗|x, and
(c) FY = FY ∗ .

If Fx,Y ∈ Θ \Θ0, then
(e) Fo(·) = FY |x(·|0) = FY∗|x(·|0), and
(d) FY |x 6= FY ∗|x.
Notice that if Fx,Y ∈ Θ0 as in (2.1), E(Y |X) may not exist.

Corollary 1. (1) Fx,Y ∈ Θ0 iff FY |x = FY ∗|x;
(2) Fx,Y ∈ Θ0 => FY = FY ∗ .
Corollary 1 motivates the MD plot and the MD test. Given data (Xi, Yi)’s from Fx,Y ,

if Fx,Y ∈ Θ0 in (2.1), then β in FY ∗(t;β) is uniquely determined by Fx,Y . It is often that
β in FY ∗(t;β) can also be uniquely determined by Fx,Y even if Fx,Y /∈ Θ0, such as in the
case that Fx,Y ∈ Θlse (see (1.3)). One estimates β by the LSE if one feels confident that
Θp = Θlse, or by the modified semi-parametric MLE (MSMLE) otherwise. In this course,
we only use the LSE.

A.2. The MD plot. The edf of FY (t) is F̂Y (t) = 1
n

∑n
i=1 1(Yi ≤ t). We call the 95%

pointwise confidence interval of FY (t), i.e., F̂Y (t)±1.96

√

F̂Y (t)(1− F̂Y (t))/n, the confidence

band (CB) of FY . The MD plot is
to plot y = F̂Y ∗(t) and y = F̂Y (t), or together with the 95% CB of FY ,

or to plot y = ŜY ∗(t) and y = ŜY (t), or the CB of SY ,
where SY = 1− FY , ŜY = 1− F̂Y (t), etc.

F̂Y ∗(t) = 1
n

∑n
i=1 F̂o(t− β̂Xi),

β̂ is a consistent estimator of β,
F̂o(t) → Fo(t) a.s.

If the two curves are close, e.g, the curve of y = F̂Y ∗(t) lies within the CB of FY ,
then it suggests that the model does fit the data.

If most of the curve of y = F̂Y ∗(t) lies outside the CB of FY ,
then it suggests that the model does not fit the data.
The key of our new approach is to construct an estimator of the baseline cdf Fo, say

F̂o, which satisfies that for each t, F̂o(t)
P
→Fo(t) ∀ Fx,Y ∈ Θ.

We now explain how to construct the estimators F̂o and F̂Y ∗ .
For simplicity, we first explain in the case of complete data that

X ∈ R and Y = βX +W , where fX(0)) > 0. (2.4)

Then, there are observations X1, ..., Xm satisfying |Xi| < rn for some rn = cn1/3. If n ≈ 100
then ideally choose c so that m ≥ 20.

F̂o(t) =
1

m

m∑

i=1

1(Yi ≤ t) → Fo(t) (= FY |X(t|0)) if n → ∞ (2.5)

F̂Y ∗(t) =
1

n

n∑

i=1

F̂o(t− β̂Xi) =
1

mn

n∑

i=1

m∑

j=1

1(Yj + β̂Xi ≤ t) =
1

mn

n∑

i=1

m∑

j=1

1(W ∗
j + β̂Xi ≤ t),

where β̂ is a consistent estimator of β e.g. the LSE based on (Xi, Yi)’s. One can replace

F̂Y ∗ by F̃Y ∗ , the edf based on n “observations” Y ∗
i = β̂Xi +W ∗

i , i = 1, ..., n, where
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W ∗
i ’s are n samples with replacement from {Y1, ..., Ym} (where Xi ≈ 0 and W ∗

i ⊥ X).
If (2.4) fails (fX(0) 6= 0), then ∃ a mode of fX , denoted by a. Since

β′X+W = β′(X− a)
︸ ︷︷ ︸

=X̌

+β′a+W
︸ ︷︷ ︸

=W̌

, and W ⊥ X iff W − β′a ⊥ (X− a), (2.6)

we can replace Xi by X̌i = Xi − a, i = 1, ..., n.
Eq. (2.5) remains the same, treating X̌i as Xi, where |X̌i| < rn for i = 1, ..., m.
Remark 3. In application, a can be the center of an interval where Xi’s are most concen-
trated.

Without loss of generality (WLOG), we shall assume hereafter that the zero vector
satisfies

fx(0) > 0 and Y1, ..., Ym are the Yi’s where ||Xi|| ≤ rn, rn → 0 (e.g., rn = cn
−1
3p (2.7)

c = r/2 and r = maxi,j ||Xi −Xj ||) and || · || is a norm.

Remark 4. For RC data, we can get the PLE based on (Mi − β̂Xi, δi), i = 1, ..., m.
If the curve of F̂Y ∗(t) lies either entirely outside or entirely inside the confidence band

of F̂Y (t), then the indication is quite clear. Otherwise, it is quite subjective to say whether
the two curves are close. Thus it is desirable to derive certain statistical tests.
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The MD plot under the semi-parametric LR model:
b1. In view of Remark 3 and Eq. (2.6), WLOG, we can assume that (2.7) holds. OW,

replace Xi by X̌i = Xi − a, where a is specified in Remark 3.
b2. Obtain the BJE β̂, based on (Xi,Mi, δi)’s under H0.
b3. Simply take original X1, ..., Xn. Or for MD test, take a random sample of size m from

the Xi’s in a neighborhood of 0, say N (0, rn), where m and rn are as in (2.7), and
take another random sample of size n−m from the Xi’s outside N (0, rn). It yields a

sample of Xi’s, say X
(1)
1 , ..., X(1)

n .

b4. Generate a random sample of size n from F̂o (see Eq. (2.5)), say, W
(1)
1 , ......, W

(1)
n .

b5. Let Y
(1)
i = β̂′X

(1)
i +W

(1)
i , i = 1, ..., n.

b.6. Plot the edf of Y
(1)
i ’s and the CB based on (Mi, δi)’s with survfit().

The MD plot under the semi-parametric Lehmann model or cts Cox’s model:
c1. In view of Remark 3 and Eq. (2.6), WLOG, we can assume that (2.7) holds. OW,

replace Xi by X̌i = Xi − a, where a is specified in Remark 3.
c2. Obtain the PMLE β̂, based on (Xi,Mi, δi)’s under H0.
c3. Simply take original X1, ..., Xn. Or for MD test, take a random sample of size m from

the Xi’s in a neighborhood of 0, say N (0, rn), where m and rn are as in (2.7), and
take another random sample of size n−m from the Xi’s outside N (0, rn). It yields a

sample of Xi’s, say X
(1)
1 , ..., X(1)

n .

c4. Generate a random number from (Ŝo(·))
eβ̂Xi

(or (Ŝo(·))
e
β̂X

(1)
i ) for i = 1, ..., n, say Y ∗

1 ,
......, Y ∗

n .
c5. Plot the edf of Y ∗

i ’s and the CB based on (Mi, δi)’s with survfit().
Remark. In steps b4 and c4, it involves random number generation with discrete distribu-
tion. In particular, the PLE yields a discrete distribution Ŝo(t), with jumps at t1 < · · · < tN ,
by u=survfit() with ti = u$time and Ŝ(ti) = u$surv. A random sample from Ŝo can be
obtained as follows.

t=c(t1, ..., tN )
x=runif(n)
for(i in 1:n) x[i]=min(t[u$surv <=x[i]])
x is the random sample from Ŝo.
n=10
time=1:7
surv=c(1,11/12,9/12,8/12,5/12,4/12,1/12)
w=runif(n)
x=1:n
l=1:n
b=0.3
y=1:n
for (i in 1:n) {
y[i]= min(time[surv**exp(x[i]*b)<=w[i]]) # Yi for for Cox’s model
l[i]=min(time[surv<=w[i]]) Y = Xβ +W , Wi for sample from Ŝo

}
y
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[1] 5 5 3 3 2 2 2 3 2 2
l
[1] 6 6 5 5 4 4 5 7 3 2
sample(c(1,2,3,4), 20, replace = T, prob = c(0.1, 0.3, 0.5,0.1))
# generating random numbers from finite distribution.
[1] 2 3 3 3 4 3 3 4 2 4 2 2 2 3 2 4 4 2 2 3
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