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Abstract:  Suppose that the observations are i.i.d. from a density f(-;0), where 6 is
an identifiable parameter. One expects that the maximum likelihood estimator of 6 is
consistent. But its consistency proof is non-trivial and various sufficient conditions have
been proposed (see, e.g., the classical textbooks of Ferguson (1996), Lehmann and Casella
(1998), Stuart and Arnold (1999), and Casella and Berger (2001), and more recently Rossi
(2018) among others). All these sufficient conditions require f(x;6) being somewhat upper
semi-continuous (in @), with various smoothness conditions or conditions needed for the
dominated convergence theorem. We show that the sufficient and necessary condition is

just that f is somewhat upper semi-continuous, without additional assumptions.



1. Introduction. In this paper, the sufficient and necessary condition is established for
the strong consistency of the maximum likelihood estimator (MLE) under the assumptions
(Al) Xy, ..., X,, are i.i.d. from a random vector X with its density function f(-;0,), 6, € ©;
(A2) the identifiability condition: [|f(x;60) — f(x;0,)|du(x) = 0 implies that § = 6,,
where p is a measure, 6 is a finite dimensional parameter in © (the parameter space).
While (A1) is a common assumption of the MLE, (A2) is a necessary identifiability condition.

If a parameter is not identifiable, we do not even know what is the true value of 6, let alone

a consistent estimator of §. Hereafter, we assume that (A1) and (A2) hold.

The new result is weaker than all the existing results in the literature (see, e.g., Ferguson
(1996, Part 4), Lehmann and Casella (1998, Section 6.3), Stuart and Arnold (1999, Chapter
18), and Casella and Berger (2001, p. 156)), among others), who only consider sufficient
conditions, and is weaker than the results of Zhang (2017) and Rossi (2018) etc., who study

also necessary conditions under additional assumptions rather than (A1) and (A2).

For illustration, consider first a continuous random variable (r.v.) X, with its density
function f. There are 4 typical cases as follows:
Case 1. [ f(t)Inf(t)dt is finite, e.g., the uniform distribution f(¢) = 1(¢ € (0, 1)).
Case 2. [ f(t
Case 3. [ f(t)lnf
Case 4. [ f(t)Inf(t)dt does not exist, e.g., f(t) = 1(t€(02’te(;t])%[e’oo)).

JInf(t)
JInf(t)dt = —00, e.g., (1) = (r— D1 > 1.
JInf(t)

(t)

t)dt = 00, e.g., f(t) = (r —1) 1(te(0,e~ 1))

W,T>1.

Each distribution in the examples of the four cases leads to a location or scale parameter
family, among other possibilities. Thus we need to study the consistency of the MLE of the

parameter in each case.

In many textbooks, people often say that the MLE is consistent under suitable con-
ditions (see e.g., Bickel and Doksum (1997, p. 139.)). On the other hand, in his classical

textbook, Ferguson (1996, p.114) shows that the MLE of 6 is consistent if the following
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conditions hold:
(A3) limg g f(2;0') < f(x;0) V x (i.e., f(-;0) is upper semi-continuous);
(A4) © is compact;

(A5) 3 a function K (x) such that Ey, (|K(X)|) < oo and log % < K(z) VY (z,0);

(A6) for all & € ©, and sufficiently small § > 0, sup|g_g, <5 f(z;6) is measurable in z.

(A5) is needed in his proof so that the dominated convergence theorem is applicable, but in

the examples of Cases 2, 3 and 4, (A3), (A4) and (A5) do not hold (see Remark 1).

Casella and Berger (2001, p.516) present a set of somewhat simpler sufficient conditions

for the consistency of the MLE of 6 in their popular textbook as follows:
(A7) The densities f(z;0) have common support, and f(z;#) is differentiable in 6.
(A8) The parameter space © contains an open set A and the true parameter 6, € A.

Until recently (see e.g., Rossi (2018)) the sufficient conditions for the MLE under the as-
sumptions of (A1) and (A2) are still essentially combinations of (A3), ..., (A8). Notice that
(A7) implies (A3), and (A7) and (A8) are much stronger smoothness assumptions on the
density. (A8) weaken (A4), but it does not allow discrete © and we may not know the true
A, just like that we do not know the true value of 6,. One can verify that (A7) does not

hold in the examples of Cases 2, 3 and 4 (see Remark 1).

It is actually more desirable to find the necessary and sufficient (NS) conditions for the
consistency of the MLE. The NS conditions are studied for consistency of M-estimates in
regression models with general errors (see Berlinet, Liese and Vajda (2000)) or other models,
but not for the MLE until recently. Zhang (2017) establishes the NS condition for the weak
consistency of the M-estimator under additional assumptions. In particular, Theorem 4 in

Zhang (2017) can be stated for the MLE 6, as follows:
(S1) Suppose that X is a r.v.. p,(#) decreases with 6 < 6,, and increases with 8 > 6,,, where
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pn(0) = =157 Inf(X;;6), 0 € R. Then 6,50, iff

1o i£1f|‘> pn(0) — pn(90)£>5(6) V € > 0 and some d(e) > 0. (1.1)

Zhang’s result has several drawbacks: (1) condition (1.1) is not always easy to check, (2) it
is not a strong consistency result; (3) X is not a random vector, (4) 6 € R, (5) convexity of
L(#) in R may not be true (see Example 7).

Under (A1) and (A2), it is interesting to notice that almost all sufficient conditions in
the literature imply that f(-;6) is upper semi-continuous in 6 (see e.g., (A3) or (A7) (as
continuity implies upper semi-continuity)), or its weakened version:

(A9) n@o f(x;0,) < f(x;0,) V& € W, where [1(x ¢ W)du(z) = 0 and Jim 0, = 0,
(see van der Vaart (1998)). Under (Al) and (A2), in additional to upper semi-continuity
(A3) or its weakened one (A9), all existing sufficient conditions in the literature need some
additional regularity assumptions such as (A5), (A7), (A8) or (S1), among others. In this
paper, it is shown that the sufficient condition for strong consistency of the MLE is only
(A9) alone (see Theorems 1 and 2). The aforementioned parametric families all satisfy (A9)
(see Section 4), but some of them do not satisfy (A3) and (A7) (see Remark 1). It is worth
mentioning that since (A3) implies (A9), if (A3) holds then the MLE is consistent without
(A4), (A5), (A7), (A8) and (S1), as imposed in the literature.

In Section 2, we present the sufficient condition for the strong consistency of the MLE
when the observations are random variables (see Theorem 1). The extension of Theorem
1 to the case that the observations are p x 1 random vectors is studied in Section 3 (see
Theorem 2). In our proof of consistency, we need to modify the Kullback-Leibler (KL)
(1951) inequality. In Section 4, we establish the consistency of the MLEs of the parameters
related to the examples in Cases 2, 3 and 4. In Sections 5 and 6, we explain that Theorem

2 can be applied to multivariate regression analysis and survival analysis, respectively. In
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Section 7, it is shown that (A9) is the necessary condition in some sense. Some proofs are
relegated to Appendix for a better presentation.

2. Main results when observations are random variables. In order to motivate our
main results, we shall first study some special cases. The examples in Cases 2, 3 and 4
can lead to parametric families that the existing sufficient conditions for the consistency of
the MLE are not applicable. In some cases such as in Example 1, the MLE has an explicit
solution. Their consistency proofs are relatively easy in such cases, but not so otherwise.

Example 1. Consider an example in Case 4 with the density function

AP if > 1 1— o ifz>1
f(x):{(l-l-émc)%; — andF(.’E):P(ng):{ 05 +Inx 1T r ~

T o€ (0,1) s iz e(0,1),
It leads to a location parameter family. Suppose that Xi, ..., X,, are i.i.d. from F(z — «).
The likelihood function is

L(a) =0.5" J[[1(a < X)((1 = In(X; — ))*(X; — a))~ L(Ximac(0.1])]
i=1
n =0 if « > X(l)
< [Tt < X0 (1 + (X, — a))2(X; — @) 1= d =00 if 0 = Xy
i=1 <oo if a< Xp).

Thus the MLE under the location parameter family F'(z — «) is & = X(3). It is well known
that P(& > t) = P(X(1) > t) = (P(X1 > t))", thus the consistency follows, as well as the
distribution of &. It is proved in Appendix that & is also strongly consistent.

The cumulative distribution function (cdf) F(-) in Example 1 also leads to a scale

parameter family {F'(-/0) : 6 > 0}. The density is
x;0) =0 (x/0) = 0.5/{[(1 + n(x/6))%2] 1> [(1 — In(x/6))22] L =€} x>0
=0.5/{x(1 + In(z
=0.5"/] H H
gu

/9))21(m>9>0)( o ln<x/0))21(xe(0,9])} £> 0
— In(X,/0))21(X:/0€00D (1 4 (X, /9))21(Xz/9>1)]

+ 1I1 X( )/9))21(X( )>9>0)] H (1 . ln(Xi/9>)21(O<X(i)§9), X(l) >0

1=m-+1

(1
=0. 5“/1_[ (1

=1



def

g9(Ing) =

—00
i
_Z;;k
— > icon(1+1n é ) —

—00

In(1+In
X @)

e

where Xy = 0. Let h(x)

gty = >, (+hnXe-t) " -
[ X(i)>€t
k
—Z +InX) — )7
>k =
g't)= > (I+InXy—t)2
[ X(i)>€t

if ¢ 7é lnX(k), k= 1,...,
NS (X(i)aX(i—‘,—l))? 1€ {0,1,...,
X1 =1and X5 =e. Then

X

- Zln(l + IHT) — ;ln(l —1In

=) = Ve In(1
In(1 + lnT) — >k (1 - @)

= In(a + z), then A’ =

2(1 —InX(;) +t)
+ D

(InL(0) + Z InX; + nln2)/2

9(1)) I Xy <0< Xgg1), 0<k<n

it 6 = 0+
if0<¢9<X(1)

1fX(k) §¢9<X(k+1), 1<k<n

ifX(n) <40
it 0 = o0

X
- o)

+(a+ )" and A"’ (z) = (a + )72, Thus

> (=X +1)7!

7: X(Z)Se*
lift £ InXg), k=1,...,n

(1—-InXg +6) >0

i X( )<€’L

n. Thus ¢'(Inf) is a monotonely increasing function of Inf for

n}. For example, consider a special case by letting n = 2,

g(t)==1(0>t)ln(l —¢) —1(0 < t)ln(1 +¢) — 1(1 > t)In(2 — ¢) — 1(1 < t)In(t).

(—1(0 > t)In(1 —¢) — 1(1 > t)In(2 — t) = if t = —o0
—1(0>t)In(1 —¢) — 1(1 > t)In(2 — t) = —ln2 if t =0—
—1(0<t)ln(1+¢)—1(1 > t)ln(2 —t) = —In2 if t = 0+
gt) =4 “100 < (1 +1) —1(1 > Hn(2 — 1) = —In2.25 if ¢ = 0.5
-10<t)ln(1+¢t)—1(1 >t)In(2 —-t) = —In2 ift=1-
—1(0 <t)ln(1 +¢t) —1(1 < t)ln(t) = —In2 if t =1+
( —1(0 < t)In(1+¢) — 1(1 < t)ln(t) = if t =00
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o _1(1(13) B 1(1t§t) =0— ift=o00
_1(1(515) B 1(1t§t) <0 ift=1+
lo<t) | 1a>e) if t =
F0=3 ity i e e
1<o§f+ 1050 >0 ift _ 0—
1—t 2—t

Loo>t) | 1>t e
T+ 55 =0+ ift=—00

\

: —00 0— 0+ 1— 14 00
J): 0+ A 15 —05 S04 405 —15 2 0
g(t): —oo S —In2 —-In2 N\, /A —In2 —-In2 \, —o©

Notice that

(1) £(#) is a continuous function in 6;

(2) twice differentiable in the intervals (X(;_1y, X(3)), i =0, ..., n;

(3) but not differentiable at X(;)’s;

(4) g"(t) > 0 for t € (eXa-v eX®) i=0, ..., n;

(5) thus ¢’(t) is strictly increasing for t € (eXt-1 eX®) i =0, ..., n;

(6) thus ¢’(t) = 0 at the local minimum points.

The MLE 6,, = argmax,cry, . x,19(Int) where
g(InX ) =375 (1 + (X)) /X))~ = 2icp (1 = In(X () /X))~ b =0,...,m.

The examples in Cases 2, 3 and 4 can also lead to certain location or scale parameter
families. The existing sufficient conditions for the consistency of the MLE are not applicable
(see Remark 1).

The example in Case 2. f(t) = (r — 1)1(¢t > e)/[t(Int)"], r > 1.

The location parameter: f(t;a) = (r — 1)1(t —e > a)/[(t — a)(In(t — )], r > 1.
f(t;a) tin a € (—oo,t — €], as = 1 and m 1. Thus £(a) T in o € (=00, X(1) — €],
the MLE of a is &, = X(1) —e.

The scale parameter: f(t;0) = (r — 1)1(t > ef)/[t(In(¢/6))"], r > 1. Thus the MLE of
0 is 0, = X(1)/e.



The example in Case 3. f(t) = (r — 1)1(¢t € (0,1/e])/[t(Int)"], r > 1.

The location parameter: f(t;a) = (r—1)1(t € [o,a+1/€])/[(t — a)(In(t — @))"], r > 1.
la<X 1)< <Xy <a+1/e])
H” (r—1)[(X; —a)(In(X; —a))"]
Ay = ;X:(1)~

L(a) =

Tin a € [X(,) — 1/e,X(1)]. Thus the MLE of « is

The scale parameter: f(t;0) = (r — 1)1(t € (0,0/e))/[t(In(t/6))"], » > 1. Thus the

MLE of § is 6, = X(ne.

_ p(v—1)1(te(0,1]) (u=1)1(t>1)

An example in Case 4. Let u,v > 1, p € [0,1], f(¢) Comee © e

1 , 1>
g=1—p. Then F(t) = B0 1 gy — 102D

The location parameter a: f(t; ) = pg fg(lt(ta)c)le((f 163 +q

. =0 ifa=X
X(1)- Since L(a) { < 00 otherwisg)

(u—1)1(t—a>1)
(l—Hn(t a))u(t—a)"

Thus a <

, the MLE is &, = X(q).

The scale parameter 0: f(¢;0) = p(vzllllln(é/ /096))(8;1]) + q“{iﬁlﬁ%é%?;?. Since Inf=

—Int+1(t € (0,0))[In(p(v—1)) —vin(1 —Int+1nd)]+1(¢t > 0)[In(g(u—1)) — uln(1+Int —Inb)]

g(n0) X o) + D InX; - Z € (0,0)n(p(v — 1)) = > 1(X; > O)In(g(u — 1))

=— ) 1(X; € (0,0])oln(1 — Int +1nf) — > 1(X; > 6))uln(1 + Int — Inf)

i

n k
=—u) In(1+nX; —nf) — v In(l—InXg) +In) where Xy < 0 < X(jy1),
1>k 1>1

k=0,1, .. nand X = 0. Notice that %g

(Inf) does not exist at § € {X1,..., X,,} and
g'(t) =i X =0® T 21‘21 Tomx oz > 0 if it exists.

Thus 6,, = argmaxge (x ..., X(n)}E(H).

It is worth mentioning that the Newton-Raphson algorithm does not work here.

One can also find the MLE of u. Inf o In(u — 1) — uln(1 + Int).

D lnf(XZ-; u) =Y y,o1l7 — In(1+1nX;)] = 0 yields

1
Y xs1 T = 2ox, >11n(1+lnX) => the MLE ¢ =1+ 2,21

)
in>1 In(14+1nX;)




2
as L3 Inf(X5u) = =2 ox,>1 (u—;l)z < 0.
One can also find the MLE of p, u and v.
Remark 1. Condition (A7) in Casella and Berger (2001) and conditions (A3), (A4), (A5)

in Ferguson (1996) are violated if f(x;6, ) = 3 13(6151(2‘(;‘4'%;9))2 (an example of Case 3).

(A7) fails: f(x;0,«) is not continuous in 0 at § = 6, for x € {a,  + 0, /e}
and for each 6, > 0, due to the factor 1(x € (o, + 0/e]) in f(z;0, ).
_ . []0,1/€] iff=1and a=0
The support of f(z;0,a) is { 0.1/(2¢)] if0=05and a=0
(A3) fails: lim f(z;0,,q,) =00 (£0= f(x;1,0)) if 6, =1 and a,, = (—1)"/n + .
n—oo

not the same).

(A4) fails: © is not compact, as © = (0,00) x (—00,00) # O (the closure of O).
(A5) fails: Letting (6,,,) = (1,0) and 6 > 1, we have

f(x; 0, ) _ 1(z — a € (0,0/e])z(Inz)?
f(z;00,00) (2 —a)(In((z — a)e/0))?1(x € (0,1/€])

=00, if x =a+ > a,and (2.1)

x < 1/e. If (A5) were true, then 3 a function K (z) such that

Ep, 0, ([K(X)]) < 00 and K(z) > In# 5220 (2,0, a),

then K (x) >ln% =logoo Vo =a+ > a,=0and z < 1/e by (2.1),
i.e. K(x)= o0 forall z € (0,1/¢] a,ndfO fo(z;0,)dr = 1.

Consequently oo > Ejy, o, (|K(X)|) = E(c0) = 00, a contradiction. o

pn(0) = = 32— Inf(Xi;0)

— 37" [In(0.56/X,) 4+ 21(X; > 0 > 0)In(

XY 491(0 < X; < 0)In(1 — In%s)]
o« —nlnf +2>"7"  In1(X; > 6 > 0)ln(

Xiy+237" 1 1(0< X; <60)n(l —Int)

o0 if 0 =0+
—nInfd 423" In(1 +nZ2) (o0 |) if 6 < X

={ —nf 4+ 257" (1 +n282) 4257 In(1— 2@ if Xy <0 < Ximy)
—nInf 423" In(1 — nE2) (| —oc0) if Xy <0

Since the existing results on the sufficient conditions of the con31stency of the MLE
are not applicable to the families of distributions in Cases 2, 3 and 4, we propose a weaker

sufficient condition for consistency of the MLE in Theorem 1. The consistency of the MLEs
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in the examples in Cases 2, 3 and 4 can be proved by verifying the sufficient condition
proposed in Theorem 1. This is done in Section 4.
Before we present the main theorem, we shall present some preliminary results. We
shall make use of the following inequality:
KL inequality. [ fo(¢t)In(f,/f)(t)du(t) > 0; with equality iff [ |f(t) — fo(t)|dp(t) = 0.
Kullback and Leibler (1951) show that [ f,(¢t)In(f,/f)(¢)du(t) exists, though it may be oo.
The KL inequality requires that f and f, are both densities w.r.t. the measure pu. That
is, [ fodp = [ fdu = 1. However, we encounter the case [ fdu < 1 in our proof such as in
Example 2.
Example 2. Let f(x;0) = 1(x € (0,6])/6, 0 > 0. F(z;0) = limg o F(x;0) =1(z > 0) V x
f(+;0) is a point mass at 0 and [ f(2;0)de =0<1= [ f(x;0)dx if § > 0.
We thus modify the KL inequality as follows.
Proposition 1. If f >0, f, > 0, u is a measure, [ fo(t)du(t) =1 and [ f(t)du(t) <1,
then ffo(t)lnf“—(t)du(t) > 0, with equality iff f = f, a.e. w.r.t. p.

f(t)
Proof. In view of the KL inequality, it suffice to prove the inequality | f,(¢)ln ! "((t) du(t) >0

t)
under the additional assumption that [ f(t)du(t) < 1, but [ f(¢)d(u(t) + pe(t)) = 1 and

[ fo(t) = 0. Since f, and f are densities w.r.t. the measure v = pu + s,
fo(t) : .
0< [ fo(t)ln D) dv(t) (by the KL inequality)

e ot
= [ somIzSane) + [ romiano
(¢

_ / £omieD g, .

We would also make use of Fatou’s Lemma with varying measures as follows.

Lemma 1 (Propositions 17 and 18 in Royden (1968, page 231)). Let (S,B) be a measur-

able space, {jin}n>1 a sequence of measures which converge setwise to a measure {1 (i.e.,
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lim p,(B) = w(B), YV B € B), g, and f, are non-negative measurable functions, and

n—oo

(fn,gn)(x) converges pointwise to the vector of functions (f,g)(x). Then
(1) [ fdu < lim [ fodpn;

(2) if fn < g:;;od nli_)n;ofgndun = [ gdu, then [ fdu = nli_)rr;offndun.
Corollary 1. Suppose that p, is a sequence of measures on the measurable space (S, B)
such that nh_)ngo pn(B) — u(B), ¥ B € B, f and f, are integrable functions, n > 1.

(1) If fn are bounded below and f(z) = nh—>H<>lo fn(x), then [ fdu < lm [ f,dpn.

n—oo

(2) If f, are bounded below then [ lim f,du < lim [ f, du,.

n—oo n— o0

Proof. (1) Let k = inf,, inf, f,(z). If k£ > 0 then the corollary follows from Lemma 1.
Otherwise, let f, (z) = OA f(2), f;F(z) =0V fn(z), f~ () =0A f(z) and fT(z) =0V f(z).
Then f,F — f* and f,, — f~ pointwisely, as f, — f (assumed in statement (1)). Then
ti [ fodpen = i [ (55 £0dn = i [t [ 5 die
n— oo n—00 n—r00

> lim | ffdp, + lim [ f,du,

n—oo n—oo
= lim [ fldu, —l—/ lim f, du (by statement (2) of Lemma 1, as | f,, (z)| < k)
n—oo n—oo

2/ lim £ du+ /f_du (by statement (1) of Lemma 1, as f;F(x) is nonnegative)
n—oo
:/f+d,u—|—/f_du:/(f++f_)du:/fdu i.e., statement (1) holds.

(2) Let gy (z) = inf{fr(z) : k> n}, then g,(z) — g(x) = lim f,(z). We have

n— o0

/ lim f, du :/ lim g,du < lim [ g, du, (by statement (1), as g, is bounded below)
n—o00

n—oo n—oo

= lim [ inf{fx: k>n}du, < lim [ fudp,. o

n— oo n—oo

Lemma 2. Given each sequence of cdf’s {F(-;0,)}n>1, 3 a pointwise convergence sub-
sequence {F'(+;0,,};>1 with the limit function F(-) € F, where F is a collection of all F

satisfying that F(x) is a nondecreasing function on [—oo0, 00|, F(—00) =0 and F(co) = 1.
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Here F includes F satisfying lim,_, ., F'(z) < F(oc0) =1, orlim,_,_ F(z) > F(—o0) =
0, or limy|, F'(t) > F(x). Lemma 2 is a trivial special case of Helly’s selection theorem
(Rudin (1976) p.167), thus its proof is skipped. F(x;0) = [1(t < x)f(¢;0)du(t) if 6 € O©.
If 6, € © and 0,, — 0, ¢ O, then there is a convergent sub-sequence of {F(-;6,)},>1 by
Lemma 2, say F'(-;6;,) = F(-;0.). Then f(z;6,) needs to be defined. For technical reasons
in the proof of consistency, define

fla;0.) = lim f(x;0;,). (2.2)

n— oo

Remark 2. It is worth mentioning that f(-;60.) defined in Eq. (2.2) may not be a density
function w.r.t. p. If 0. ¢ © then we may not have F(x;0.) = [1(t < x)f(t;0,)du(t). For
instance, let f,(x) = 1(x € (0,1/n))n as in Example 2, where 0,, = 1/n — 0 = 0, and p is
the Lebesgue measure. Then F,(z) = [1(t < x)f,(t)dt — 1(z > 0), denoted by F(x;0.).
Eq. (2.2) yields f(z;0.) = nh_)ngo fn(x) =0, which is not a density function w.r.t. p.

Lemma 3. If (A9) holds and if 3{0,}n>1 C © such that 8, — 0, and lim F(z;0,) exists

n—oo

Y x, then by defining f(-;H*)déf Lim f(-;60,) if 0. ¢ ©, we have
n—oo

n—oo

lim f(z;0,) < f(x;60,) if z € W, where /l(x ¢ W)du(x) = 0. (2.3)

Proof. Assume (A9) holds. If 0. € O, (2.3) follows from (A9). Otherwise, (2.3) follows
from f(50.)" T f(50,) if 0. ¢ ©. o

Remark 3. (A9) is a weakened version of (A3) (the upper semi-continuity) in three senses:
(1) It does not require n@@ f(z;0,) < f(z;0,) for all z;

(2) It allows © be a nowhere-dense set;

(3) It yields Eq. (2.3), which does not require 0, € ©, if © is not compact as in (A4).
Remark 4. (A9) weakens (A7) too: (1) (A9) is implied by the ezistence of % in (A7);

(2) (A9) does not require that the densities f(x;6) have common support as in (A7).
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Remark 5. For technical reason, we define the MLE 6 = 0,, = argmax, g [ [, f(Xi;0),
rather than = argmaxgy g [T, f(X;;0). Hereafter, let E,, be the empirical distribution
function (edf) based on X;’s and €, the subset of the sample space Q such that Fn(ac) —
F(xz;0,) Y x, where F(-;0,) is the true cdf of X.

Theorem 1. Suppose that (A1) and (A2) hold and X;’s in (A1) are random variables.
Then the MLE 030, and f(x;0,)%5 f(x;0,) ¥ = € W, if either (A9) or (A10) holds.
(A10) n@ f(x; éjn)(w) < flz;04(w)) Ve eW, Y weQ, and V convergent subsequence

{0, Yn>1 of the MLE 0,,, where 8;, (w) — 0.(w) and [1(z ¢ W)du(z) = 0.

Proof. Under assumptions (A1) and (A2), P(£2,) = 1. For each w € §,, let 6, be a limiting
point of én(w), where 0, € ©. Then the MLE 6,, is consistent iff 6, = 6,, Thus the theorem
is proved once we prove 0, = 6,, which is done next.

Hereafter, fixed w € Q,. Then there exists a convergent subsequence of {F(-;0,)}n>1
by Lemma 2. By taking a convergence subsequences of {én}n21 and {F(-; én)}nzl, without
loss of generality (WLOG), we can assume 6,, — 0, and F(-,0,) converges to F(-;0,) (¢ F
(see Lemma 2)) pointwisely. Thus (A9) and Lemma 3 yield Eq. (2.3), with 6, = 0, i.e.,

lim f(2:0,) < f(x;0,), © € W, where /1(:8 ¢ W)du(x) = 0. (2.4)

n— oo

On the other hand, (2.4) follows from (A10) directly.
The normalized log-likelihood is Y1, Inf(X;;0)/n. Let H(t) = tlnt. We have

n

f(Xis00) f f (t;6,,)
Zl KB / /H f(’ O)an(t). (2.5)

i=1

Denote Ay = {t: f(t 7 )) <k, Vn}and By = A \ Ax_1, k > 1. Notice that f((iZ:)) is finite

for each n, provided that t € {z: |F(x + s;0,) — F(x;0,)] >0V s # 0}. Then

[ 10 iBir(o) — 1. (2.6)

13



For each k > 1, let a, = 1(t € Bk)ln(]]:((té ))) and define In0 = —oco. We have

dE,
n—00 J By f(t; 971) (t)

2/ lim lnf(t;—eo)dF(t; 0,)  (by (2) of Corollary 1 as aj, € [~Ink, —In(k —1)], £ > 1)
B

:/ In lim f(t 6o) =1 —2dF(t;0,) (as In(z) is continuous)
B, n—oo f(t, 0n

:/ ln—__f(t;eo)A dF(t;0,)
B, lim f(t;0)

> /B hﬂiﬁiﬁ Z:;dF(t; 6,) (by (2.4) and (A9)) (2.7)
— F(t:0o) ) J(t:05) : see as =tln
=/, H(f(t 0*))f(t 7 )d (t;6,) (see Eq. (2.5), as H(t) = tInt)
_ f00), .. 0 — £t
=/, H(f(t; 9*))f(t,9*)d/~b(t) (as dF(t;0,) = f(t; 60)dp(t))
z/ (—1/)f(:0.)dp(t) (as flnt > —1/e ¥ £ > 0)
>—1/e (as g f(t;0.)du(t) € [0, 1]). (2.8)
Finally, 0 anl_n;o ]{gt ; ian(t) (by Eq. (2.5))
: f(t:0o) 2
= lim ———=dF, by (2.6
252 Ly, f:0,) (t) (by (2.6))
= lim ( ’ 0) v is the counting measure
_nlﬁoo/m/Bk g O (@ i the couniing )
(t, 6,)
> /k>1 nh—>H;o Bk (t, 6n)an(t)dl/(k) (by (2) of Corollary 1 and (2.8))
> [ wdEar o, (by (27)
k>1 J By 7 *
AGLZE )dF(t;GO)
S (t;6.)
_ ( ) o) ..
_/lnf(t,e*)ﬂt 0,)du(t) >0 (by Proposition 1).
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That is, [ Infe0ed £(t;0,)du(t) = 0. Tt follows that [ |f(z;0.) — f(x;0,)|du(z) = 0 by the
second statement of Proposition 1. Consequently 6, = 6, by (A2). Since P(£2,) = 1, the
MLE 6%30, and f(z;0,)%3 f(2:0,) V & € W, o

Remark 6. In view of Remarks 3 and 4, under assumptions (A1) and (A2), Theorem 1
presents a simple sufficient condition, namely (A9) or (A10) alone, which is much weaker
than all similar results in the literature. Notice that in the literature, even though some
people show that the sufficient conditions include (A9), it is not known that the sufficient
condition can be (A9) alone. We shall show in Theorem & that (A10) alone is the NS

condition for the MLE being strong consistent. But (A9) is easier to verify than (A10).

3. Extension of Theorem 1 to Random Vectors. In this section, assume that X is
a p X 1 random vector. Notice that (A1) says that Xy, ..., X,, are i.i.d. observations from
f(:;0), 0 € ©. Here X; can be a random variable or a random vector. (Al), (A2) and (A9),
as well as Eq. (2.2), Lemmas 1 and 3 do not need to be revised except replacing x by x
(= (z1,...,xp)), etc..

For a better presentation, we shall first extend Theorem 1 to the case p = 2. Hereafter,
write x = (z1,x2), etc., denote x >y if x; > y;, i € {1,2}; denote x > y if z; > y; and
To > yo with at least one strict inequality. Lemma 2 is a key in the proof of Theorem 1,

and it is extended as follows.

Lemma 4. Given each sequence of bivariate cdf’s {F(-;0,)}n>1, there exists a convergence
subsequence such that lim;_, F(x;0,,) = F(x;0.) V x, where F(x;0.) € F2, a collection
of all F' such that F(x) > F(y) whenever x >y, F(—00,—00) =0 and F(o0,00) = 1.

Proof. Given a sequence of cdf’s F(-;0,), {F(x,00;6)},>1 is a bounded nondecreasing
sequence in x. Helly’s selection theorem ensures that there exists a convergent subsequence.
WLOG, we can assume {F(z,00;6,)},>1 converges. Likewise, F'(co,z;6,) is a bounded

nondecreasing sequence in x. Helly’s selection theorem ensures that there exists a convergent
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subsequence. WLOG, we can assume F'(co, x; 6,,) converges too. Moreover, {F(z, x;0,) } n>1
is also a bounded nondecreasing sequence, thus Helly’s selection theorem ensures that there
exists a convergent subsequence. WLOG, we can further assume F(z, z;6,,) converges again.
Denote the limiting functions of F(x, 00;6,,), F(co,x;0,) and F(x,x;0,), by Fy, Fy and F3,
respectively. Let Q be the collection of i/2%th quantiles of F}’s for i € {1,2,...,2%F — 1}
and j € {1,2,3}. Notice that @ is a finite set with at most 3(2¥ — 1) elements. For k = 1,
there is a convergent subsequence of {F'(x,6,)},>1 for x € Q1, denoted by {F(x, 01 ) }n>1.
Inductively, for & > 2, there is a convergent subsequence of {F(x,60k_1)}n>1 for x €
U_,Qj, denoted by {F(x,0k,)}n>1. Then the subsequence {F(X,60y ,)}n>1 converges V¥
X € Up>1Qk. WLOG, we can assume F(x,6,,) converges for x € Up>1 Q.

We now show that F'(x;6,) converges pointwisely. By the previous construction, it
suffices to show that F(x;0,) converges if x ¢ U;>1Q);. In the latter case, given ¢ > 0, 3

k>0 and 3z, y € U;Q; satisfying z < x < y such that
F(y; gn) - F(Z;'gn) < €, ‘F(y; em) - F(y; 9n>’ < €, and ’F(Z;‘gm) - F(Z; en)’ <€ (31)
whenever n,m > k. It follows that

|F(x;0n) — F(x;60m)|
<IF(y;6m) — F(y:0m) + F(y;0n) — F(y; 0n) + F(x;05) — F(x;6m) + F(2;0) — F(2;60)]
=|F(y;0m) — F(2;0m) + F(y;0n) — F(y;0m) + F(x;0n) — F(y; 0n) + F(2;0m) — F(x;0p)]
<IF(y;0m) — F(2;0m)] + |F(y; 0n) — F(y;0m)]

+ [F(x;6n) — F(y; 0n)| + [F(2;0m) — F(x; 0]
<IF(y;0m) — F(z;0m)| + |[F(y;0n) — F(y;:0m)| +2|F(2;0) — F(y;0m)]  (asz <x<Y)

<4e, whenever n,m > k by (3.1).

Consequently, F'(x;60)) converges pointwisely. This completes the proof of the lemma. o
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Theorem 2.  Suppose that (A1) and (A2) hold and X;’s in (A1) are 2—dimensional
random vector. Then the MLE 0 is consistent if (A9) or (A10) holds.
Proof. Let F), be the empirical distribution function (edf) based on X;’s and €2, the subset
of the sample space Q such that F,(-) — F(-;6,), where F(-;6,) is the true cdf of X. Under
assumptions (A1) and (A2), P(Q,) = 1. For each w € €, let 0, be a limiting point of 6, (w),
where 0, € ©. Then the MLE 6, is consistent iff 6, = 0,, Thus the theorem is proved once
we prove 0, = 0,, which is done next.

Hereafter, fixed w € Q,. Then there exists a convergent subsequence of {F'(-; én)}nZl
by Lemma 4. By taking a convergence subsequences of {0, },>1 and {F(-;6,)}n>1, WLOG,
we can assume 6, — 0, and F(-,0,,) converges to F(-;6,) pointwisely, where F(-;0,) € F;.

Thus either (A10) yields (2.4), or both (A9) and Lemma 3 yield (2.3) with 6,, = 0,,, that is,

Iim f(x;0,) < f(x;0,), x € W, where /1(x ¢ W)du(x) =0 (see (2.4)).

n—oo

The normalized log-likelihood is Z?:l Inf(X;;0)/n. Let H(t) = tlnt. We have

f oy = [ @00 F(t0n) e
Zln () = [ AR TR @) (e 25)

The rest of the proof is skipped, as it is identical to the proof of Theorem 1 after Eq. (2.5),

provided that x is replaced by x. o

Remark 7. The extension of Theorem 1 to the case p > 1 can be done through a
mathematical induction on p. The proof of Theorem 1 can be viewed as the step p =1 in
the mathematical induction. The proof of Theorem 2 can be viewed as the simple version
of step p + 1. For simplicity, we ignore the details.

4. Direct Applications. We first consider the case of a random vector specified in the

next example.

Example 3. Let fx(x;0,a,r) = Hf’ 1 fi(F5), be the density of X = (X1, X2, X3),
where fi(z) = (r=D1l(@>e)  fola) = U= D1@e©,1/¢) 49 falz) = La>e)+l@we©1/e) o g

(Inz)"x (Inz)"z 2(Inz) "z
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@ > 0. Notice that fi, fo and f3 are the examples corresponding to Cases 2, 3 and 4
(mentioned in Section 1), respectively. Then the MLE of the parameter (0, a,r) based on
i.i.d. observations from fx is consistent. It suffices to show that (A2) and (A9) holds.

F: (A2) holds. Or equivalently, (6, «,r) = (0,, o, 7o) if F(x;0,a,7) = F(X;60,,a,,7,) V X.

By taking derivative, it is easy to check that [ m&;xl)r dr = —sign(Inz)|lnz|! =" +¢, where

¢ is a constant. Then

rKT — o Ty —

F(x;0,a,7) =1(x1 > a+ef)[1 — (In (2 € (a,a +60/e))|In

x3

T4

9_ |+ 1(x3 > a+ef)[1—1/(In 39_ )1/2.

x {1(z3 € (a,a+6/e))/|In

If (0,a,7) # (05, 0,70), 0,0, > 0, and r, r, > 1, due to symmetry, it suffices to consider
these 4 cases: (1) a < a,, (2) a+60/e < a, +0,/e, (3) o+ bOe < o+ b€, (4) 7 < 1,. We
shall show that if F'(x;0,a,r) = F(x;60,,a,,7,) V x then none of the 4 cases is possible.

In Case (1), 3 x2 € (a,a, A (v +0/e)) and 1 = x3 ~ oo such that
F(x;0,0,7) = 1(x2 € (o, + 0/3))[In22-% 1" > 0 = F(x;0,, 0, 75), by Eq. (4.1). Thus
Case (1) is impossible.

In Case (2), Jx2 € ((a+0/e) V a,, a0 + 0,/e) and z1 = x3 ~ 0o such that
F(x;0,0,7) = 0 < 122 € (0,0 + 0o /e))[In®252e 1770 = F(x;0,,00,70) by Eq. (4.1).
Thus Case (2) is impossible.

In Case (3), 3 1 € (a+ fe,ap + 0,€) and xo = x3 =~ oo such that
F(x;0,0,7) = 1(z1 > a+0e))[l — (In272)1""] > 0 = F(x;0,,0,7,). Thus Case (3) is
impossible.

The previous discussion implies that if F'(x;0,a,7r) = F(x;60,, a0, 7,) ¥V x then (6, a) =
(0,, o) and thus F(x;0,a,r) = F(x;6,a,1,) V x. The latter equality together with Eq. (4.1)
and z1 = x3 = oo further implies

1(zg € (a,a+0/e))InZ272 " = 1(25 € (o, 0+ 0/€))[InE252 |17 for all z,.

=> 1= |In®=[""" if x5 € (a,a +0/e)).
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Letting x5 | «, the last equation yields 1 — oo which is a contradiction. It implies that
r =r,. Thus (A2) holds.

Moreover, fx(x;0,a,r) is continuous in (6, «,r) for all x ¢ B, where x € B implies
that either 1 = a4+ fe or x5 € {a,a + 0/e} or 23 € {a,a + /e, + Oe}. Furthermore,
[1(x € B)dx = 0. Thus (A9) holds. o
5. Applications to the multivariate regression analysis. It seems that Theorem 2
is just for non-regression data, however it can also be applied to the regression data. For
instance, the common regression model is the linear regression model, which can be specified
by Y = f'Z+W, where Y is a k-dimensional response vector, Z is a p-dimensional covariate
vector which may take value zero, and F(W) may not exist. The conditional density function

of Y, given Z = z, is
fyiz(ylz) = fw(y — B'z;7), where 3 is a k x p dimensional matrix,

f and ~y are parameters. The marginal density function of Z is fz(z), which does not depend

on (B,7). Then the joint density function of X = (Y’,Z’)’ becomes

fx(x:0) = fw(y — 8'2;7) fz(z), where 6 = (8,7) and x" = (y', 2'). (5.1)

For a random sample from the density fx(-;#), one can apply Theorem 2 to prove the
consistency of the MLE, such as the next example.
Example 5. Suppose that the density function of X is as in Eq. (5.1), where W =

(W1, W), Wy and W are independent, fw, (t;7) = %1@ >e) (1, >1). By Eq. (5.1),

P P
Sx(x:0) = fw (21 — Zﬁljzj77l)fW(x2 - Zﬁ2j2j772)fz(z>v
j=1 j=1
where 6 = (v1,72, 8), and 3 is a 2 X p matrix. The MLE of 6 can be derived by a numerical

method, but the consistency can be proved easily by Theorem 2. In order to prove its
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consistency, it is suffices to prove that

lim fx(x;0,) < fx(x;0.), whenever 0, 0, € ©, and 6,, — 0..

n—

Notice that

zp:%z]’% _ . DIt — 35 Bijpzj) > e) |

= (t: — Zj:l Bijz;)(In(t; — Zj:1 Bijzj))
is continuous in § € © a.e. in x ¢ By, where By = {(t1,t2,21, ..., 2p) : ti — Z?Zl Bijzi = e}
and [ B, 1dx = 0. Thus fx(x;0) is continuous a.e. in x. Consequently, (A9) holds and thus
the MLE is consistent.
Example 4. Suppose that the survival time Y ~ U(0,0), 6 € ©® = R. The censoring
time C' ~ Ezp(1). Y and C are independent. The observable random vector is X = (M, 9),
where M =Y AC and 6 = 1(Y < C. Let (My,61), ..., (M, 6,) beii.d. observations. Then
f(m,9;0) = w(e —m)t9. It is easy to verify that (A4), (A5) and (A6) do not hold.
However, it is easy to show that (A9) holds with W = {0,y} x {0,1} ¥V y > 0. Thus the
MLE of 6 is strong consistent by Theorem 2.
6. Applications to censored data. It also seems that Theorem 2 is only applicable
to complete data. However, Theorem 2 is applicable to various censored data too, such as
the right-censored data, current status data, case 2 interval-censored data and the double
censored data. In particular, in this section, we consider the controlled experiment with k
groups under the right censorship model and the Cox regression model. Then our obser-
vations are i.i.d. from (My,dy,..., My, 0k, Z), where M; = Y; NC, i € {1,....k}, Y1, ..., Yy
are independent random variables, C' is a random censoring variable common to the Y7, ...,
Yk, 6; = 1(Y; < C), where 1(A) is the indicator function of an event A, and Z is a random
covariate vector. Assume that Yj is a continuous random variable. Then the Cox model can
be specified by

Sviiz(ylz) = (So(t; 1), i =1, .k, (6.1)
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where S,(t;7;) = Sy|z(t|0) is the baseline survival function and v = (71, ...,7%) is a param-

eter. One can derive fy,z(t|z) from Sy, z(t|z). That is,
Fria(tlz) = (S, (7)) P E B fo (6 7) = 7 2(So (7)) P E P ho (7). (62)

Let 7« = sup{t : Sc(t) > 0}. Under the right censorship model, Y; is not observable
if Y; > 7¢. Write X = (My,81,..., My, 6, Z')’. Under the right censorship model and

assuming that the densities fz and fo do not depend on (3, 7), the density of X becomes
(fyv,1z(t: 2))° Sy z(tilz)' ™

k

2

H B2 (ti;71)) % (So(ti; 7)) P P2 (6.3)
=1

for max; t; < 7¢, where 0 = (v, ), ¢ = fz(2z) Hle(SC(ti))‘si(fc(ti))l_‘si, ti=t;if0; =6; =

0 and x = (t1,61,...,tg, 0k, 2'). In view of Egs. (6.2) and (6.3), it is easy to prove the next

lemma.

Lemma 5. Under the assumptions leading to Eq. (6.3), if 3{0.} U{0,}n>1 C © such that

lim 6,, =60, and lim Fx(-;0,,) exists, and if

n—oo n—oo

i ho(t;Yin) < fo(tivix) V't €W, where /1(t ¢ W)dt =0, yn = (Y1n; -+ Ven)

n— o0

and Ve = (V14 -y Vix ), then (R9) holds for fx(x;0).

Example 6. Suppose that a random sample of right censored regression data is from
the distribution specified by Eq. (6.3) with & = 2 and the baseline density functions are
folt;vi) = Wl(t > e), where ; > 1, i = 1,2. The density of the random vector X is

2

fx(x) = e [J(exp(8/2) 2~

=1

—1 /
t o t 1(151 > 6))5i (lnti)EXP(B Z)(l_%), X = (t1,51,t2,62,z’)’.

The parameter is 0 = (v, ), v = (71,72), 7 > 1 and 8 € RP, the p-dimensional Euclidean

—L_1(t > €), we have S,(t;;) =

space. Since the baseline density function is f,(t;7;) = t(lnt)'h
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(Int)1=7)1E>€) and h,(¢; ) = L=11(t > e). In order to show that the MLE of # based on

the random sample is consistent, by the previous lemma, it suffices to show that f,(¢;;) is
continuous in 7; a.e in ¢, which is indeed true. In fact, f,(¢;~;) is continuous in ~; except at
t = e, provided that v; > 1.

7. Concluding Remark. In this paper we assume (A1) and (A2). We show that (A9) is
the only sufficient condition needed for the MLE 6 being consistent. In almost all natural
parametric distribution families, (A9) is valid and is easy to verified, thus Theorems 1 and 2
confirm our belief that the MLE is consistent in almost all practical cases. One may wonder
whether it is the necessary condition. The answer is “No”, as shown in Example 7 below.
(x € (0,2])/2 if0=0

Example 7. Let f(z;0) = {kzl exp(—z(k +1)/k) if0=1/k ke K’

and © = {0} U{1/k: k € K}. Then 6, is consistent, (A10) holds but not (A9) and (1.1).

K =1{1,2,3,..1,

Step (1). F: The MLE 6, is consistent. The reason is as follows.

L(@):{Z_ 1(X () < 2) if6 =0,
(B mexp(— Y0, Xi(k+1)/k) if0=1/k, k €K,
2—n if 6 =0, o —o
(B exp(—n(k+1)/k) if0=1/k, k€K, °T
~ 0 if 6 =0, if n is large.
()™ exp(—n) = ()" if 0 =1/m, if 0, = 1/m, m € K,
()™ exp(—n27 5 if 0 =1/k, ke K,

k
0 { 0 if 0.5" > max (B )" exp(— S0, Xi(k + 1) /k)
" 1/m if 0.5" < maxy(52) " exp(— Y1 X L) = (e )nexp(— Y | X, b,

Notice that 0n =0if 8, =0 and n is large, as

m+1

L£(0) =277 > 2% 2" = (2/e?)" = L(1) > L(1/m) = ( =

W, mek.  (7.1)

mexp
Similarly, if 6, = 1/m, then 6, = 1/m if n is large, as £(0) = 0 and it is essentially the
exponential distribution Exp(p), with the MLE p ~ p, (= ™ if §, = 1/m).

Step (2). F: (A9) and (1.1) do not hold. Eq. (1.1) fails as £(0) > £(1) > £(1/2) b

(7.1). On the other hand, (A9) fails by letting 6, = 1/k — 0 = 0, € ©, then

lim f(z;0,) = hm flz;0r) = e > 1(x € (0,2])/2 = f(z;0,) if z € (0, —1In0.5) U (2, 00).

n—oo
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Step (3) F: (A10) holds. We have just proved in Step (2) that 6, = 6, if § = 6, and n is
large enough. Thus 6; (w) — 6.(w), 6. = 6,, and n@o f(2:0;,)(w) = f(2;0. (W) Ve W,
V w e Q,, where [1(z ¢ W)du(z) = 0. So (A10) holds naturally. o
Theorem 3. Suppose that X is a random vector, (A1) and (A2) hold, 0, € © and 0, is
the MLE of 0,. Then statement (A10) holds iff statement (A11) holds.
(A11) 0, (w) — 0, and f(z;0n(w)) = f(2:0,) ¥V 2 € W and w € Q,, where
[ 1(z ¢ W)du(z) =0 and Q, is a subset of the sample space satisfying P(§,) = 1.
Proof. By Theorems 1 and 2, (A10) implies (A11). On the other hand, letting 6, = 6, in
(A11), it is trivially true that (A1l) yields (A10). o
Remark 8. Theorem 3 actually presents the NS condition for the MLE 6, being strongly
consistent, though the consistency is referred to both 0,, and f(; én)
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Appendix For the convenience of readers, we shall give the proofs of some statements in
Sections 1 and 2 here. The Appendix can be deleted later on.

Proof of Example 1. : The MLE & is strongly consistent.

Let X(1), = min;eqy .. ny X, where n is the sample size. Since X (1), (w) > X(1)p41(w) ¥
n and V w, & = X(1),, converges pointwisely as n — 00. X1y p11(w) > € => X(3) n(w) > e.
Thus {w € Q: X(1)p41(w) > €} C{w: X(1),n > €}. Consequently,

{weQ: limy oo Xy n(w) > €} = Npsi{w: Xayn > €} =lim, oo{w: X(), > €}, and

P{we: nh_{I;OX(l)m(w) >e}) = lim P{w: Xy, >¢€}) = lim (P(X; >¢))" =0.

n— o0 n— o0

Thus & is strongly consistent. o
Lemma 6. If » > 1, then (1) [ mdw = sign(lnz)(1 — 7)1 ([lnz|) =" ! + ¢, and

rin|lnz|

2) [ x(lnx) lnm(unm') de = —In|lnz| + 5= + ;= 4 ¢, where ¢ is a constant and [ f(z)dx

is the indefinite integral.
Proof of Lemma 6. If z € (0,1) then

—(—Ing)~"T!
S x(“mw de = [ mdx = — [(~Inz) "d(~Inz) = % +c.

If £ > 1 then [ —rrde = [(Inz) "dinz = =55 (Inz)~"*! 4 ¢. Thus statement (1) holds.

x(llnwl)r
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f $(1§$)2 lnx(lix)T dx (lf xr > 1)
=— —x(ur}w')g [lnz + ln(\lnx|)r]d:c =— x(lnx)dx —f ;(lflnl;)“; dz = —Inlnz — [ rinlnzd(— )

= —Inlnz — rlnlnz(—=) +r f dlnlna: = —Inlng + oz . f (lni)z, dlnz

Inz

_ rinlnz r_
= —Inlnz + =% + — +c.

f x(|lnm|)21nm(|1r11m|)r dr = f :c(—llnx)2 1nx(_11nm)rdx (if T (07 1))
- f m[lﬂl‘ + In(—Inx)"|dx = — f mdm _ f ;l(xﬂll;l;ﬂd
= —In|lnz| — frln|1nx|d(—%)

= —In|lnz| — rin/lnz|(— =) + 7 [ (== )dn|Inz| = (—In|lnz| + rin|Inz| (-

lnm

—rf —(lnlm)Q dlnz

lna:

_ rin|lnz| r
= —In|lnz| + F— + &= +c O

Remark 9. coifw=1and [ ;gporde=(1—7r) H(lnz) " =ccif z =L

1
z(lnz)" —

Proof of the Example in Case 3 (mentloned in Section 1). Consider a family of distri-
butions:

fla;r) = Wm}l)” r € (0,e7!) and r > 1, where r is a parameter.

1 o1
Notice that [ f(x;r)de = (|lnz])~"*| =1 by Lemma 6.

Fo [ f(t:2)Inf (¢ r)dt = oo, where r > 1.

Jo f(fE;Q)lnf(x;r)dx:fO " In(r- l)w(iﬂgg‘m') ) da

=In(r — 1) + [(~In|lnz| + 2ol 4 =) ‘0 = 0o V by Lemma 6. o

“lnz

25



