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The proof of Theorem 3 is quite long. We need to establish certain preliminary results for its
proof.

Let @ be a probability measure and F C Ly(Q) be a class of functions. We say a measurable
function Fr is an envelop of F if supscz|f| < Fr. Define a ball with radius € > 0 and center
f € Fby B(f,e) = {g € F| [ |g — f|*dQ < €*}. Define the covering number N (¢, L2(Q),F) as
the smallest integer m such that there exist fi, fo, ..., fm € L2(Q) satisfying F C U™, B(fi,¢€).
Let h(z,y) be a symmetric function in the sense that h(x,y) = h(y,x) and h is said to be a Q-
degenerate kernel if E(h(Z1, Z2)|Z2) = 0 almost sure, where Z7, Z are i.i.d. with the distribution
associated with the probability measure Q).

Let (D,d,By) be a metric space with metric d and Borel sigma algebra B, generated by all
open subsets of D. Let (X, By, P) be a probability space, define outer measure P* as

P*(B) = AGBT,&DBP(A)’ for BC X,

and inner measure P, as
P.(B)=1-P*(X\B), for BC X.

The outer expectation of D, denoted as E*D, is defined as the infimum over all EU, where
U: X — R, U is measurable and U > T. Analogically, the inner expectation is defined as
E.D = —FE*(—D). Denote Cy(D) the collection of all bounded continuous functions from D — R.
Let {X,,,n > 1}, X be maps from X to D, and X be measurable. {X,,,n > 1} is said to be

asymptotically measurable if

E*(f(Xn)) — Eu(f(Xn)) — 0, for all f € Cy(D).
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And {X,,,n > 1} is asymptotically tight if for every e > 0, there is a compact subset K, of D such
that

lim inf P, (X, € K°) > 1 —¢, for all § > 0,
n—oo

where K® = {x € D|d(x,y) < 6, for some y € K }.
A measurable map X from X to D is said to be tight if for each € > 0, there is a compact set
K. C D such that

P(XeK)>1—¢

We denote ~~ as weakly convergence, that is, X, ~ X if E*f(X,) — E(f(X)), for each f €
Cy(D), where X is measurable. A common choice of I is [°°(T"), which is defined as the collection

< b, we

~

of all bounded maps ¢ : ' — R and equipped with norm ||¢| = sup,er |¢(t)|. By an
mean that there exists a positive number c¢ such that a,, < cb,, for all large n.

Lemma 0.1 (Kosorok (2008) Lemma 7.1). Let X and Y be tight and measurable with values in
metric space (D, By, d) and G be a subset of Cy(D) such that

(). G is a vector space containing constant functionals;
(i1). If g € G, then max(g,0) € G;
(iii). For any point x,y € D, there exists functional g € G such that g(z) # g(y),

then X and Y has the same distribution if and only if E(g(X)) = E(g(Y)) for all g € G.

Lemma 0.2 (Kosorok (2008) Lemma 7.12). Let {X,,n > 1}, X be maps from X to D and X is
measurable. Assume X, ~ X. Then X is tight if and only if X,, is asymptotically tight.

Lemma 0.3 (Kosorok (2008) Lemma 7.14). Let { Xy, Y,,n > 1} be sequences of maps from X to
D. Then the following are true:

(i). {Xn,n > 1} and {Y,,n > 1} are asymptotically tight if and only if (X,,Y,),n > 1 is
asymptotically tight.

(ii). Asymptotically sequences {X,,n > 1} and {Y,,n > 1} are asymptotically measurable if and
only if (Xn,Yn),n > 1 is asymptotically measurable.

Lemma 0.4 (A version of Prohorove’s Theorem in Kosorok (2008) Theorem 7.13). Let {X,,,n >
1} be a sequence of maps from X to D which is asymptotically measurable and asymptotically

tight, then there exists a subsequence {Xy,,k > 1} converging weakly to a tight random variable
X.

Lemma 0.5. Let X (t),Y(t) be tight Gaussian processes on 1°°(T) and T is the index. The se-
quences of processes Xp(t) ~ X(t) and Y, (t) ~ Y (t) in *°(T"). And for each positive integers
k,m and each indezes ti,..,tg, 81,y Sm € T, (Xn(t1), ..., Xn(tr), Yn(s1), .-, Yn(Sm)) converges in
distribution to some (k+m)-dimensional normal random vector (Zt(ll)7 e Zt(i), ng), - Zs(fn)) Then

there exist a tight 2-dimensional Gaussian process (D1(t), Da(t)) in I1°°(T) such that



(). (Xn(8), Ya(t)) ~ (D (8), Da(t)) in 1°(T).
(ii). (Di(t1), D1(t2), ..., D1(tx), D2(s1), D2(s2), ..., Da(Sm)) has the same distribution as
) 2 2
(z1, . 2D, 22 2.

(ii1). Cov(Di(t), Di(s)) = Cov(2", Z"), Cov(Ds(t), Da(s)) = Cou(Z?, 28 and
Cou(Di(t), Da(s)) = Cov(2", Z?)).

Proof of Lemma 0.5. By Lemma 0.2, we can see both {X,,,n > 1} and {Y,,n > 1} are asymp-
totically measurable and asymptotically tight on {*°(7"). So {(X,,Yn),n > 1} is also asymptot-
ically measurable and asymptotically tight due to Lemma 0.3. Now, it suffices to show that for
any subsequence of {(X,,Y,),n > 1}, there exists a further subsequence converging weakly in
[°°(T) x1°°(T). Abusing notation, denote {(X,,,Y,,),n > 1} as a subsequence, by Lemma 0.4, there
exist a subsequence {(Xy,,Yn,),7 > 1} and a tight random variable (R, R2) such that (X,,, Ys,)
converges weakly to (Ry, R2) on [*°(T) x [°°(T).

Next, we will show (Ri, Rg) is (D1, D2). Now construct a two dimensional Gaussian process
(D1 (t), Do(t)) on I°°(T) x 1°°(T) satisfying (i)-(iii). Let G be the collection of bounded continuous
functionals g : {*°(T") x [°°(T") — R with the form:

g(x,y) = fg(x(tl)v "'vx(tk)a y(Sl), "'7y(‘9m))’

for some positive integers k, m, some indexes t1, ..., t, s1, ..., S, € 1" and some bounded continuous

function f, : R(E+m) R, By definition of weakly convergence, for all g € G, it follows that

zlirgoE(fg(Xm (tl)v e Xni (tk)v Yni(81)7 B Ym(sk)))
= llir&E(g(Xm: Ynz))

= E(g9(Ry1, R2))
= E(fg(Rl(tl), ceey Rl(tk), RQ(Sl), ,RQ(Sk)))

Since (X, (t1), ..., Xn(tk), Yn(s1), ..., Yn(Sm)) converges in distribution to some (k+m)-dimensional

normal random (Zt(ll), - Zt(kl), ng), . ZS,Q), so we have

lim E(fy(Xn(t1), s Xa(tn), Ya(s1), oy Ya(si)))

= E(fy(Di(t1), ..., D1(tg), Da(s1), ..., Da(s)))
= E(g(D1,Dy)).

These two equations above suggest E(g(Di,Ds)) = E(g(R1, Rs)), for all ¢ € G and it is not
difficult to verify that G satisfy the conditions in Lemma 0.1. So it follows that (R;, R2) has the
same distribution as (Dy, D) and satisfies (i)-(iii). O

A map ¢ : D — E between normed spaces D and E is Hadamard differentiable at § € ID if there
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exists a continuous linear map ¢}, : D — E such that

H¢ (0 +tn ZL n) = ¢(9)

—%—%wwz

TL-}OO
for every converging sequence ¢, — 0 and h, — h € D.

Lemma 0.6 (Kosorok (2008) Theorem 2.8). For normed spaces D and E, let ¢ : D — E be
Hadamard differentiable at 6 with derivative ¢j,. Let {X,,n > 1} be maps from X to D and

Tn(Xn —0) ~ X for some sequence of constants r, — oo and some tight random variable X with

value in D. Then r,(4(Xy) — ¢(6)) ~ ¢y(X) on E.

Lemma 0.7 (Nolan and Pollard (1987) Lemma 16). Support Fo C L2(Q), Fie C L2(Qi),7 =

1,2,...,k, where Q;’s are probability measures, and F;o and La(Q;) are indexed by © and Q;,

respectively. Suppose that for each pairs fi, fs € Fo where s,t € ©, there ewist fiy, fis € Fio,t =
2, ...,k such that

k
VQIfi — g5 Z Qil fit — gi.sl

Then for all ¢ > 0, it holds that

k

N(2ke, Ly(Q), Fo) < [[ N(e, L2(Qi), Fi)-

=1

Let X be a sample space and C be a collection of subsets of X. For set {z1,x2,....,2,} C X,
define

An(C, {.%'1,.272, ,.Z'n}) = |{C N {$1,$2, ,iL'n}|C € C}‘,
where |A| is the cardinality of set A. The VC index V(C) is the smallest n such that

sup A (Co {1, 22, .y xn}) < 27, (0.1)

T1,L2,...,.knEX

where the supremum is taking over all possible points in X. We say C or {I¢|C € C} is a VC
class if V(C) < oo.

Lemma 0.8 (Kosorok (2008) Theorem 9.2). There ezists a universal constant K < oo such that,
for any VC class of sets C, any probability measure @ and any 0 < e < 1,

N(e, {Ic|C € C}, La(Q)) < KV (C)(4e)V e 2V(C)-1),

Lemma 0.9 (Kosorok (2008) Lemma 9.12). The class {x € Rz < t,8 € R%,t € R} is a VC
class with VC' index d+2.
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Lemma 0.10 (Nolan and Pollard (1987) Theorem 6). Let £ be a class of P-degenerate kernels
with envelop Fe and let U;,i > 1 be i.1.d random vectors with distribution associated with P, then

there exists a constant C' which is free of n such that

sulg|Zg (U, U)| < CE(O + 70 (00 )T, La(T}), E)), (0.2)
9EC iy

where T, = 2n(T, F2)1/2 T}, is a probability measure which may not be the same as P that is associ-
ated with Un, ..., Un, T, F2 = [ F2dT,, J(3, Lo(T, = [ N(e(TWF2)'/?, Ly(Ty), E)de, for all § >
0 and 0, = % sup,ce(Thg® )2,

A class of functions F C Lo(Q) is said to be Q-Donsker, if

W(igyﬂm—Q0~ﬂﬂﬁJ€F7

where Z;,i > 1 are i.i.d with distribution @ and G(f) is a tight Gaussian process indexed by F

with covariance function

Cou(G(f),G(9)) = Q(fg) — QfQg, f,g € F.

Lemma 0.11 (Kosorok (2008) Theorem 2.5). Let P be a probability measure and F C Lo(P)
with envelop Fr. If PF]2_- < o0 and

1
/ \/log sup N (e(F2)1/2, Ly(Q), F)de < oo,
0 Q

then F is P-Donsker (see the next paragraph,).
Assumption Al. The cdf F, = Fy is discontinous.

Remark 1. Under the assumption that Y = X + W and A1 holds, the SMLE and the MSMLE
B of B satisfy P(B # B i.0.) =0 (see Yu and Wong (2002 and 2003)). Under such assumptions
together with W L X, we shall establish the asymptotic distribution of /n(F* — Fy) Since n s
large, WLOG, we can assume that B = B and

7712 D1 2 (Y + BX; < t, X; = 0)
Z:‘L:1 I(X; =0)/n

Let Fy«(t,8) = P(W <t — 3'X). By definition Fy«(t,3) = Fy(t) under the given assumptions.

B (1)

Theorem 3. Suppose that Y = X + W, X 1L W, and Assumption Al holds, and thus P(B #*
Bo i.0.) = 0. Moreover, suppose P(X = 0) = p > 0. Then

Vii(F0) - Fr(@)) - Dilt) - Fy (D2 - Da(0). €
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where Dy = D1 (00), D1(t) and D3(t) are both Brownian bridge with zero mean and covariance

Coo(Dy(0). Dr(s) = 7" [ < [ 10+ 6oz < 0aFx () [ 1w+ o0 < s)df&(w)) dFo(w)

2By OFy(5) + [ Folt ~ Boa)Fos - fox)dFx(z)
LR OFo(s) — Fy ()] + Fy ()[Fo(t) — Fy (8),
Cov(Ds(t), D3(s)) = Fy(tAs)— Fy(t)Fy(s),
CooDr(.03(9) = [ [ 10w+ fur < 01w < s)aFx ()R () — Fr()Fr (s

+/F0(t - 50%)170(8 — ,Box)de(x) — Fy(t)Fy(S),

Remark 2. The theorem is not valid if Hy is not true. In particular, if P(X = 0)P(X =
Up) > 0 for au, #0,Y # BX + W, and Al holds, then 3 a [ such that P(B # f i.0.) =0,
where B is the SMLE. In the latter case, the asymptotic distribution of the test statistic given
in the theorem is not valid and it can be shown that Fy in Cov(D1(t), Di(s) should be changed
to Fy«, and Cov(D1(t),Ds(s)) = [ [I(w + Bz < t)[(w < s)dFx(x)dFy(w) — Fy=«(t)Fy-(s) +
not Fy (t)Fy (s)

//I(w + B < t)I(y < s)Fxy(0,w)Fxy(z,y), where dFx y (0, w) = pdF,(w) if X L W.

-~

not [ Fo(t—Box)Fo(s—Box)dFx (x)—Fy (t)Fy (s) A
In general, if Hy is not true, then it is not clear whether the SMLE and MSMLE (B always
converge. Then the asymptotic distribution may not exist. Since we are testing Hy, the data may
not satisfy Ho. The advantage of the bootstraping distribution of F* — Fy over the approach in
the theorem is that it does not need that the data satisfy Y = BX + W, and the test statistic is

still valid regardless whether or not Hy holds.

Proof of Theorem 3. We only prove the case when p = 1 and the extension to the case when
p > 1 can be done analogically. Let u = (x,y) € R? and U; = (X;,Y;), i = 1,2, ...n which are i.i.d.
Consider a class of functions F = {I(y + Box < t)|t € R}. For each g or g; € F, define the kernel

Kg(ui,u2) = I(y1 <t — Poxa)I(|z1| =0),

and corresponding symmetric kernel

K K
hg(u1, uz) = g(ULW); g(UQ7UI)-

Define classes of functions Kr = {K,|g € F} and Hr = {hy|lg € F}, and for each measurable

function h on R? x R?, define a stochastic process by

Mn(h):n(nQ_l) S h(ULU) — B (h(UL, Ua)), (0.3)

1<i<j<n
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and define Ph(-,u) = E(h(Uy,Us2)|Us = u), Ph(u,-) = E(h(U1,Us)|U1 = u) and P ® Ph =
E(h(Uy,Us)). For each symmetric kernel hg, letting

hg(u1,uz) = hg(u1,u2) — Phg(u1,-) — Phy(-,u2) + P ® Phy,

the Hoeffding decomposition tells us that Eg is a degenerate kernel and it yields the decomposition

My (hg) = Mp(hg) +

7 ii(Phg(U"") — P® Phy). (0.4)
=1

Let Hr = {?Lg\g € F}, then it follows that

E(sup | My (hy)))
geF

where 0, = 5 sup

IN

IN

<

967'~lf(

E( sup | M, (h)|)
heHr

2) ~ -
E( sup ‘ Z h(Uz,UJ) - F h(Ul,UQ) ‘)
n(n—1) hefly 1<icicn ( )

1 ~ -~
1E< sup | SO h(U,U) B (h(U1,02)) |>
TL(TL B ) ﬁeﬁf i#£] —

=0 since h is degenerate

n(nc—l)E(en + T (0n/Tn, LQ(Tn),ﬁ]—‘)) (by (0.2) in Lemma 0.10)
C -
mE@” + 8nJ(1/4, La(Tr), HF))
(as SUP), 77, |h| <4 and thus 46,, < 7, < 8n)
2C ~
—— B +4J(1/4, Ly(Tn), Hr)), (0.5)

Tn92)1/2, Tn = 2n(TnF%F)1/2, and T, is defined in Lemma 0.10.

Next we will establish a bound of the empirical entropy J(1/4, La(T},), Hr). Let g;(u) = I(y +

Box < t;),i = 1,2. It is not hard to verify using triangular inequality and Jensen’s inequality that

Tn‘hgl - h92|2

= \/Tn|(hg1 — hg,) = (Phg, (u,-) = Phg,(u,)) = (Phg, (-,u) — Phg,(-,u)) + P ® P(hg, — hg,)|?

< \/Tulhg, = gy 2+ \/Tul Phy, (u, ) — Phg(u, )

+/Tal Phy, (- u) = Phgs(-,w)|> + /P ® Plhg, — hy,

= \/Tulhg, — g, +2/To| Phy, (u, ) — Phya(u, )2

+\/P ® Plhg, — hg,|? bBy the fact hy is symmetric)

IN

VTulhgy — gy 2 4+ 20/ T ® Plhg, — hy[2 4+ /P @ Plhg, — [ (0.6)

Moreover, for any probability measure Q(u1,u2), we have



1
Qlhg, — hg|? < 2\//|Kgl(u17u2)_K92(u17u2)|2dQ(u17u2)

+;\/ [ 1565 1) = Btz ) Qs )

IN

;\// [I(y1 < t1 — Boxz) — I(y1 < ta — Bow2)2dQ(u1, us2)

+;\// [I(y2 < t1 — Box1) — I(y2 < to — Boxr)[2dQ(u1, u2) (0.7)

Therefore, (by the definition of N (4¢, Ly(T},), Hr), (0.6)) and (0.7), we can see, for every € > 0,

it holds that

N(4de, Ly(T,), Hr)

IN A

IN

sgp N8(e/8,L»(Q),F), (By taking supernum of all measures)

where the supernum is taken over all probability measures.

Since F is a subset of {I(y + fx < t)|f € R,t € R} U{0,1} and {I(y + Bz < t)|5 € R,t € R}

is a VC class with VC index 3 due to Lemma 0.9. Therefore, applying Lemma 0.8, we can see

~

sup N(e, Lo(Q), F) S .
Q

Since sup, g |h| <4, combining (0.8) and (0.9), we have
- 1/4 -
J(1/4,Lo(To), Hy) = / log N (4¢, La(Ty,), Hr)de
0

1
< / —log ede < o0.
0

Combining (0.5) and (0.10), we obtain that

sup \/E|Mn(hg)| = Op(
geF

) = op(1).

Ell

The previous equality and (0.4) lead to

n

Sup V| Ma(hg) = = S (Phy(Us,) = P& Phy)| = Op—=) =

geF

(0.9)

(0.10)

(0.11)

N(e/2, Lao(Ty), HFr)N%(e/2, Lo(Tn @ P),HFr)N(e/2, Lo(P ® P),Hr) (by (0.6) and Lemma 0.7)
NZ%(e/8, Ly(Ty), F)N*(¢/8, Lo(T,, @ P), F)N*(¢/8, Ly(P ® P),F) (by (0.7) and Lemma 0.7)

(0.8)



By definition, rewrite F* as

PO = L3 R 8x)

1 J 1 Y <t-— XZ)I(’X]‘ZO)
N Z _ I(1X;5] = 0)

;zizl > <Yj <t BX)I(1X;] = 0)
n S (1,1 =0) '

Now let us define

1S Y T < 1 BX)T(X] = 0)
o S (X[ =0) |

Gu(t,B) = n_lzzw<t BX)I(1X;] = 0).

11]1

Gn(ta B) =

Moreover, direct examinations show that for g;(u) = I(y 4+ Sox < t)

Gn(t, Bo) — Z hg (Ui, Uy)|
1<l<j<7’b
= |én(t760) - n(T Zth UZ7U )|
i#]

1 n
= - § Kq, (Ui, Ui
n(n _ 1) — gt(U U)

1 n
< n(n—l);IﬂXl‘ =0).

As a consequence, we obtain

sup v/n|Gn(t, fo) — > hg (Ui Uj)| = Op(n™/?) = 0p(1). (0.12)

teR (n—1) 1<i<j<n
Since for gi(u) = I(y < t — Box), P ® Pg = pFy(t). So in the view of (0.3), (0.4), (0.11)
and (0.12), it not hard to conclude /n(Gn(t, o) — pFy (t)) and n=/2 3" (Phy, (Us,-) — pFy (t))
has the same limit distribution in terms of weak convergence as stochastic processes indexed
by R. In the following we will establish the limit distribution of /n(Gn(t, 80) — pFy (t)) using

n~Y/23°" (Phg,(Us, ) — pFy (1)) as a proxy process.

Next we will show the class PHr := {Phg(u,-)|g € F} is Donsker. Similar calculation to (0.7),
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for any probability measure @, it is not hard to show for g;(u) = I(y + Sox < t;)

\/QIPhg, () — Phy, ()2
\/Q®P|h91 - h92|2

IN

IN

;\// [I(y1 < t1 — Boxa) — I(y1 < t2 — fox2)[?dQ @ P(u1, uz)

+;\// [I(y2 < t1 — Box1) — I(y2 < ta — Box1)2dQ @ P(uy,uz).
The previous inequality and Lemma 0.7 suggest
N(e, Lo(Q), PHF) < N?(¢/4,L2(Q @ P), F)
Therefore, (0.9) and the inequality above imply
Sup N(e,L2(Q), PHF) < Sup N?(e/4, L2(Q), F)
< s

Above covering number condition and Lemma 0.11 suggest the PH r is a Donsker class. Hence
n~1/23" (Phg, (U;,-) — pFy(t)) weakly converges to a Gaussian process and /n(Ghp(t, fo) —
pFy (t)) converges to the same Gaussian process. Now, let us define a multi-dimensional process
indexed by R, for g¢(u) = I(y <t — Boz), letting

Va(t) = (Via(t), Van, Van(t))
= V(G o) = B0, YT =0 < 1,0 S I <0 - Fr(n)) t € R
=1 =1
and
Vn(t) = (‘7171(25), ‘72717‘7571(75))
= ﬁ(i > (p ' Phy, (U, ) — Fy (1), ij > I(Xi|=0) -1, % dIyvi<t) - Fy(t)),t eR.
=1 =1 =1

Previous argument suggest V,, and 17n should have the same limit distribution if they converge
weakly. But notice previous argument also shows V3, (t) converges weakly to a Gaussian process.
The limit distribution of Vs, is also Gaussian distribution due to C.L.T. Similar argument can
show that V3, () also converges weakly to a Gaussian process. In order to apply Lemma 0.5, we
still need to check the condition: for each positive integers k,m and each ti,...tx, s1,...,5;m € R,
by C.L.T, it is not difficult to show (Vln(tl), ...,XN/ln(tk),XN/gn,XN/gn(sl), - ‘N/gn(sm)) converges to a
(k+m+1)-dimensional normal random variable (Zt(ll), - Zt(,f)a AOR ZS), ey Zéi?) in distribution,



where
z® =z,
Cou(zV. 20 = p [ ( [ 16w+ o < 0iFx(@) [ 10+ e < s)dFX<x>> dFy(w)
—2Fy(t)Fy(8) + /Fo(t — /Box)FQ(S — ﬂoﬂ?)dFX(l’)

+Fy (8)[Fo(s) — Fy (s)] + Fy (s)[Fo(t) — Fy (t)],
Cov(Z¥,2®) = Fy(tAs)— Fy(t)Fy(s),

Coo,29) = [ |1+ s < 010w < )iFx(@aFs(w) — Fr()Fy (s
+/F0(t — ,Bom')Fo(S - ,Box)de(x) — Fy(t)Fy(S).

Moreover, the equivalence of 171”(15) and Vi, (t) shows (Vip(t1), ...y Vin(tk), Von, Van(81), vy Van(sm))

converges the same limit distribution. Now we can apply Lemma 0.5 to V,,(¢) and it follows that
V() ~ D(t) = <D1(t),D2,D3(t)>, t €R,

where Dj(t), D3(t) are both Gaussian processes with zero mean and covariance
Cov(Dy(t), Di(s)) = p1/ (/I(w + fox < t)dFx(x) /I(w + Bor < s)dFX(:c)) dFy(w)

9By () Fy (s) + / Folt — fox) Fols — Box)dFx (x)
+Ey (t)[Fo(s) — Fy (s)] + Fy (s)[Fo(t) — Fy (1)),
CO’U(D3(t), Dg(s)) = Fy(t VAN S) — Fy(t)Fy(S),

Cov(Di(t), D3(s)) = //I(w + fox < t)I(w < s)dFx(z)dFo(w) — Fy (t)Fy (s)

—|—/F0(t — ﬁo.ﬁt‘)Fg(S — ﬁol‘)de(l') — Fy(t)Fy(S),

and Do = Dy (00).
Now let us apply functional delta method to process V;,(t). Define ¢(v1, va, v3) = v1/ve —v3. It
not hard to verify the Hadamard derivative at point (Fy (t), 1, Fy (t)) is ¢(ry (1)1, (1)) (V1, V2, v3) =

vy — Fy (t)vg — v3. As a consequence, by Lemma 0.6, we have

N (Gn(t, Bo) — % Yo t)) (0.13)

T

By Remark 2, it follows that P(g # By i.0.) = 0. Therefore (0.14) implies that

\/E<Gn(t, B) — ﬁy(t)> ~ D1 (t) — Fy (t)Dy — Ds(t),t € R.
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Finally, the desire result follows the above inequality and following fact

vn

n—1

sup v/n|Gal(t, B) — F*(t)] <

teR

= Op(l).
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