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1. Introduction

In many biomedical studies, the random survival time X of interest is never observed
and is only known to lie before an inspection time Y, between two consecutive inspection
times Y and Z, or after the inspection time Z. This censoring scheme is referred to as
case 2 interval censoring. Examples can be found in cancer studies (Finkelstein and Wolfe
(1985)) and AIDS studies (Becker and Belbye (1991); Aragon and Eberly (1992)). We
assume throughout that X and (Y, Z) are independent and that Y < Z with probability
one. We denote the distribution function of X by Fy and the joint distribution function

of (Y, Z) by G. The available data for the case 2 interval-censorship model are thus
(Yjvzjvl[ngi/}]al[Yj<XjSZJ])a J=1...,n,

where (X1,Y1,721),...,(Xn, Yn, Z,) are independent copies of (X,Y,Z) and I[A] is the
indicator of the set A.

Groeneboom and Wellner (1992) considered the case 2 interval-censorship model with
continuous Fj and absolutely continuous GG. They proposed an iterative convex minorant
algorithm to calculate the GMLE and proved the uniform strong consistency of the GMLE.
They showed that the estimator of Fjy obtained at the first step of the iterative convex

1/3 rate and that its asymptotic distri-

minorant algorithm converges to Fj at the (nlogn)
bution is not normal. The asymptotic distribution of the GMLE remains unresolved. There
are other approaches to derive the GMLE. They include Peto’s (1973) Newton-Raphson
algorithm and Turnbull’s (1976) self-consistent algorithm.

In this paper, we assume that Fy is arbitrary, but (Y, Z) is discrete. This assumption

is used by several authors (Becker and Melbye (1991); Finkelstein (1986)). Let
A={aeR:P(Y =a)+ P(Z =a) > 0}

be the set of all possible values of Y or Z. We establish the strong consistency of the
GMLE at each point in A. From this we can then infer the uniform strong consistency of

the GMLE if Fj is continuous and A is dense in [0, 00). This is done in Section 2.
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In Section 3 we consider the case of finite A. We obtain the joint asymptotic normality
of the GMLE at the usual y/n rate for the points in A and present a consistent estimator

of its asymptotic variance.

2. The consistency of the GMLE

Let B denote the set of all pairs (a,b) such that g(a,b) = P(Y =a,Z =b) > 0. In
other words, B is the set of all possible values of (Y, Z). For (a,b) € B, let

1 n
N"_(a’b):QZI[XJSC%YJ:%ZJ':I)],
j=1

1 n
Ni(a,b) ==Y Tla< X; <b,Y; =a,Z; =1,
n

J=1

1 n
N;(a’b):EZI[Xj>b7}/}:avzj:b]7

j=1
1 n
N = — . — . — .
a(a,h) = = 311 = 0.2, =}
j=1
Then the generalized likelihood is given by

niN, (a nN; (a nNT(a
A, (F) = H F(a) N ( 7b)[F(b) — F(a)] Ne( ,b)[l — F(b)] N (a,b)
(a,b)EB

and the normalized generalized log-likelihood is

Lo(F)= ) {N;(a,b)log[F(a)]+ Ny(a,b) log[F (b) — F(a)] + N, (a,) log[1 — F(b)]}.
(a,b)EB

Here and below we interpret 0log0) = 0 and log0) = —oo. In the above we let F' range
over the set F* of all subdistribution functions. A function Fj is called a subdistribution
function if F} = aF for some distribution function F' and a number a € [0,1]. Note
that A, (F) and £, (F) depend on F only through the values of F' at the points a € A.
Thus there exists no unique maximizer of A,,(F) over the set F*. However, there exists a
unique maximizer F, of A, (F) over the set F* which satisfies F),(z) = sup{F},(a) : a <
x, Y i (I[Y; = a] + 1[Z; = a]) > 0} for all z € R. Here we interpret the supremum of the
empty set as 0. We call F, the GMLE of Fj.
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2.1. Theorem. The GMLE F,, satisfies F,,(a) — Fy(a) almost surely for all a € A.

PROOF: Verify that

with
hap(F) = Fo(a) log[F'(a)] + [Fo(b) — Fo(a)]logF(b) — F(a)] + [1 — Fo(b)]log[l — F'(b)].

It is easy to check that the expression h, ,(F') is maximized by a nondecreasing function
F into [0,1] if and only if F(a) = Fy(a) and F(b) = Fy(b). Thus Fj maximizes L(F') and
any other nondecreasing function into [0, 1] that maximizes L(F) coincides with Fj at the
points in A.
1., .
Note that £,,(Fp) = - > =1 ¥(X;,Yj, Z;), where ¢ is the map defined by

(@, y, 2) = o < yllog(Fo(y)) + 1y < @ < z]log(Fo(z) — Fo(y)) + I[z < a]log(1 — Fo(2)).

Thus it follows from the SLLN that £, (Fy) — L(Fp) almost surely. By the definition of

~

the GMLE, L,,(F,,) > L,,(Fy). Consequently,

lim inf £,,(F},) > liminf £,,(Fy) = L(F,) almost surely.

—> 00 —> 00

A

Let Q' denote the event on which liminf,, . £, (F,) > L(Fy) and, for each (a,b) € B,
N, (a,b) — Fy(a)g(a,b), sup,, N, (a,b) = 0if Fy(a) =0, N2(a,b) — (Fy(b)—Fy(a))g(a,b),
sup,, N2(a,b) = 0 if Fy(b) = Fo(a), N (a,b) = (1 — Fy(b))g(a,b) and sup,, N;F(a,b) = 0 if
Fy(b) = 1. Fix an w € Q. Let the function F* be a limit point of F},(-,w) in the sense that
Fy, (a,w) = F*(a) for all a € A and for some sequence {k,} of positive integers tending
to infinity. We now show that

L(F*) = L(Fp).

Let x, (a,b) denote the value of the random variable

N, (a,b)log(Fy, (a)) + N¢. (a,b) log(Fy,, (b) — Fy, (a)) + N; (a,b) log(1 — Fy, (b))
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at the point w. Thus, by the definition of Q’,

lim inf >y, (a,b) > L(Fyp)
(a,b)EB

and

xy, (a,b) = g(a,b)hq s (F™)

for each (a,b) € B. Note also that zy, (a,b) < 0 for all (a,b) € B. Thus an application of

Fatou’s Lemma yields

hﬂsogp Z azkn(a,b):—lgr_l)ggf Z —xy, (a,b)
(a,b)eB (a,b)EB

<— Y liminf(~ay, (a,b))
(a,b)eB

= Y g(a,b)hap(F)

(a,b)eEB
= L(FY).

Combining the above yields L(Fy) < L(F*). As Fy maximizes L, we can conclude that
L(F*) = L(Fy) and therefore F*(a) = Fy(a) for all a € A. Since w was arbitrary and €’

has probability one, we can infer the desired result. [J

If A is a finite set, then it follows from the theorem that the GMLE is uniformly
strongly consistent on A. For arbitrary A, the uniform strong consistency of the GMLE
requires additional assumptions. The proofs of the following corollary and theorem are

similar to Yu, Schick, Li and Wong (1996) and are thus omitted here.

2.2. Corollary. Suppose that A is a closed set. Assume that Fy(a—) = Fy(a) for every
a € A for which there is a sequence of points {ai}iZI C A such that a; T a. Then the GMLE

is uniformly strongly consistent on A, i.e., sup,c 4 |F, (a) — Fo(a)| — 0 almost surely.

We call a number x a point of increase of Fy if either Fy(x) < Fy(y) for all y > = or

Fy(y) < Fo(z) for all y < x.



2.3. Theorem. Suppose that Fy is continuous and the closure of A contains the set
of all points of increase of Fy. Then the GMLE is uniformly strongly consistent, i.e.,

SUP,cR |F, () — Fy(x)] = 0 almost surely.

3. The asymptotic normality of the GMLE

In this section we shall obtain the asymptotic normality of the GMLE under the

assumption that A contains finitely many elements and
0 < Fy(a) < Fy(b) <1 for all a,b in A such that a < b.

Note that under the current assumption the standard method for finite parametric models
can be used.

Let F denote the set of all distribution functions F* which satisfy 0 < F'(a) < F(b) < 1
for all a,b in A with a < b. For FF € F and a € A, let

B Ny(a,b)  Ng(ab) Ng(ca)  Nif(c,a)
LoalF) = 23( F(a) ‘F@—Fm0+ 2 @ww—ﬂ@‘l—ﬂm>’

b:(a,b)eB c:(c,a)EB
_ Ny (a,b) N7 (a,b)
Lnaalf) == b:(%es ( F?%(a) " (F(b) — F(a))2>
N2(c,a) N (c,a)
ag£BQﬂ®—F©P+O—FWW>
and
N2(a,b)
»Cn,a,b(F) = En,b,a(F) = (F(b) — F(a))z, a,be A,a < b.
Then
Lyo(F)= 8;1;((5)1) and Ly op(F) =Lppo(F)= %, a,be A

Let a1 < ag < -+ < a,, denote the elements of A. For F' € F, let L, (F) denote the
m-dimensional column vector with entries (£, (F)); = Ly q,(F),i=1,...,m, and L, (F)

denote the m x m matrix with entries

(Ln(F))ij = Lnyasa,(F), 14,5=1,...,m.
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Finally set

J = nB[L,(Fo) (Lo (Fo)T] = B[ L (Fo)).

The matrix J is positive definite since

g(aivaj) T
J=D+ (e; —ej)(e; —ej)
1§gj:§m Fo(aj) — Fo(a;) ! !

where D is the diagonal matrix with positive diagonal elements

, _PY=a} P{Z=a}
v Fo(ai) 1 — Fo(ai) ’

=1,...,m,

and ey, ..., e, denote the standard basis in R™. It is easy to verify that

L, (Fy) = B[L,(Fp)] = —J.
It thus follows that on the event {F), € F}
0= Ln(F,) = Lo(Fo) = JA, + op([|Anl]),

where A,, is the m-dimensional column vector with entries Fn(ai) —Fo(a;),i=1,...,m. It
follows from the CLT that n'/2L,,(Fy) is asymptotically normal with mean 0 and dispersion

matrix J. This shows that A, = J=1L,,(Fy)+o0,(n~1/2). Thus we have the following result.

3.1. Theorem. Suppose Fy belongs to F. Then

Fn(al) - Fo(a1)

nl/2

Fro(am) — Folam)

is asymptotically normal with mean (0 and dispersion matrix J='. A strongly consistent

estimator of J is given by — L, (F},).
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