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of Y,,/X,, when X,, — 0 in distribution. Then the sequence of random varibles tends to an

extended random variable.



1. Introduction. We study the generalization of the Slutsky’s Theorem in this short note.
Slutcky’s Theorem is an important theorem in the elementary probability course and plays
an important role in deriving the asymptotic distribution of varies estimators. Thus Slutsky’s
Theorem also has important applications in biostatistics. Let X,, Y,, and X be random

variables and a be a constant. Slutsky’s Theorem states as follows.
D D D D
IfY,—a and X,,—X, then Y,, + X;,,—a+ X and Y,, X,,—aX.

There are some simple generalizations of the theorem. For instance, it is trivially true

that assuming a # 0,
. D D D
if Y;,—a and X,,— X, then X,,/Y,—X/a. (1)

We shall study some non-trivial generalizations.
For instance, if a = 0, is the statement (1) also valid under certain assumptions 7 More-

over, one may wonder whether another generalization of Slutsky’s Theorem is as follows.
D D D
If Y,,—a and X,,— X, then V,,/X,,—a/X, (2)

or +1/ X, 2 +1 /X, with a certain modification. A well-known result is as follows.
Proposition 1. (Mann & Wald (1943)). Statement (2) holds if P(X = 0) = 0.

These problems are interesting. We show in section 2 that the necessary and sufficient
condition for statement (2) holds with a # 0 is Fx, (0—) — Fx(0—); and that for statement
(1) holds with a = 0 and P(Y,, =0) — 1is P(X,, =0) — P(X = 0); among other results.

2. Main Results. In order to study the possible extensions of statements (1) and (2),
we first study some simple examples. Notice that if @ = 0 or {X = 0} # 0, W = a/X

involves % or . Conventionally, 0/0 can be defined as 0 or 1. In this note, we define

co ifa>0
a/0 = { 1 if a =0 Then {W = +oo} # ), and W is called an extended random variable.

—oo ifa <O.
Moreover, if P(X =0) > 0, then P(X = 4o00) > 0,

lim Fw(t) =P(X =0)>0if a <0 and tlim Fyw(t)=P(X #0)<1lifa>0.
—00

t——o0
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In general, statements (1) and (2) are false, and two counterexamples are as follows.

Example 1. Let X ~ bin(1,0.5), the Bernoulli distribution, Xo,,1 = X and Xo, = X — 5

2n’

n > 1. Then X,-25X. Fi/x(t) = 0.51(t > 1), where 1(A) is the indicator function of
the event A. Notice that Fy,x is a degenetate cdf, i.e., limy_,o F1/x(t) < Fy/x(00) =1
and P(1/X = +o0) = 0.5. However, P(1/X2, < 0) = P(X = 0) = 0.5, £ > 1, and

Fi/x,(0—) = Fy/x,(0) = {85 gz 1: ?(/iiin Thus, 1/X,, diverges in distribution. Letting

Y, = 1, then Ynim = 1, but Y,,/X,, diverges in distribution. i.e., statement (2) fails.

Moreover, let Z,, = % Then Z,, — 0, but both Z,/X,, and X,,/Z, diverge in distribution,

2% L 1(X =0)+ 1E=D 1 01(X = 0) ifnis odd
as Z, /X, = _
-1(X =0)+ 1(X__11) — —1(X =0) if n is even.

n

Example 2. Let X ~ bin(1,0.5), X,, = X +1/n, and Y,, = ¢/n, n > 1, where ¢ > 0. It can

be verified that XniX, 1/Xn£>1/X and YH&O. Notice that

Yo/ Xn = cL(X = 0) + 257 1(X = 1) = c1(X = 0),

X, /Y, =1(X =0)/c+2L1(X =1) > 1(X =0)/c+ 00l (X = 1).
Thus, ¢ = 1 iff Yn/XniO/X iff Xn/YnAX/O. In other words, if ¢ # 1, both statements
(1) and (2) do not hold.
Remark 1. Examples 1 and 2 indicate that under the assumptions in Slutsky’s Theorem,

(1) it is not always true that 1/Xn£>1/X;

(2) Slutsky’s Theorem is not applicable to the sequence of extended random variables
Y,/ X, unless additional assumptions are imposed.

In Proposition 1, a sufficient condition is given, that is, P(X = 0) = 0. It is an interesting
problem to find the necessary and sufficient condition for the generalization of Slutsky’s
Theorem as in Eq. (2). To this end, we first establish two lemmas.

Lemma 1. Let X be a random wvariable. Then

Fx(o—)—Fx(S—) ift<0
Fi/x(t) =4 Fx(0—) ift=0 where s =1/t; (3)
Fx(O—)—I—l—Fx(S—) if t >0,
Fx(—1/t) — Fx(0—) ift<0
F_i/x(t) =<¢ 1—Fx(0—) ift=0 (4)

1 —Fx(o—) +Fx(—1/t) if t > 0.
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Remark 2. By the lemma, Fy,x(—o00) = 0 and P(1/X = oo) = P(X = 0). Moreover,
F_i/x(—00) = P(X =0) and P(—1/X = 00) = 0.
Remark 3. If Y, = —1 and statement (2) holds, then Yn/Xn£> — 1/X. By defining

Y = —X, one may derive the expression of F_;,x as follows. Letting s = 1/1,

F—1/X(t) :F1/Y(t)

0—) — Fy(s—) ift<0 Fx(—1/t) — Fx(0) ift<0

0—) ift=0 =< 1—Fx(0) ift=20

0—)+1—Fy(s—) ift>0 1—Fx(0)+ Fx(—1/t) ift>0,

which is false (see Eq. (4)), as Fx(0) # Fx(0—), unless P(X = 0) = 0. The problem in

deriving F_1,x through Y = —X is due to - = —oc0 if X =0, but 3+ =0 if ¥ = =X = 0.

Proof of Lemma 1. It suffices to prove the lemma in these three cases:

(a) t =0, (b) t € (—00,0) and (c) t € (0, 00).
Case (a). If t = 0 then
Fi/x(0)=P1/X<0& X <0)+P(1/X<0&X=0)+P1/X<0& X >0)
=P(1/X<0& X <0)=P(X <0)=Fx(0-),
F_oi/x(0)=P(-1/X<0& X>0)+P(-1/X<0&X=0)+P(-1/X<0& X <0)

=P(-1/X<0& X>0)+P(-1/X<0& X =0)
=P(X >0)+P(X=0)

=1- Fx(0—).
Case (b). If t < 0, then

Fiyx(t) =P(1/X <t& X <0)+P(1/X <t& X=0)+P1/X<t& X >0)
=P(1/X <t& X <0)
=P(1/t <X <0)
= Fx(0—) — Fx(s—), where s = 1/t,

Foyx(t)=P(-1/X <t & X <0)+ P(-1/X <t & X = 0) + P(=1/X <t & X > 0)
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=P(-1/X<t& X=0)4+P(-1/X <t & X >0)
=P(X=0)+P(-1/t > X >0)
=P(-1/t>X >0)

= Fx(—=1/t) — Fx(0—).
Case (c¢). If t > 0, then

Fix(t)=P(1/X <t& X <0)+P(1/X <t& X >0)+P(1/X <t& X =0)
=PX<0&1/X<t)+P(X>0& 1/X <t)
= P(X <0)+ P(X > 1/t)
= Fx(0—)+1— Fx(s—), where s = 1/t,
F_l/X(t):P(_Ylgt&X>0)+P(_71gt&X<0)+P(%1§t&X:0)
=PX>0)+P(X<0& X <-1/t)+ P(X =0)
=P(X >0)+P(X <-1/t)

=1 —FX(O—) —|—Fx<—1/t) ]

Lemma 2. Assume that X,,—2X. Then +1/X,—> + 1/X iff Fx, (0—) — Fx(0—).

Proof. Notice that ¢ is a continuous point of a cdf Fx (¢) iff P(X = t) = 0. For each t, letting

s=1/t, Sx =1— Fx, and Sx, =1 — F,, it follows from Lemma 1 that

FXn(O_)_FXn(S_) ift<0 Fx(o—)—Fx(S—) ift<O
Fx,(0—)+ Sx, (s—) ift>0, Fx(0—) + Sx(s—) ift>0.

If t # 0, then ¢ is a continuous point of F,x iff s = 1/t is a continuous point of Fx. On the

other hand, if £ = 0 then s = 0o, and P(1/X = 0) = P(X = +00) = 0, as X is a random

variable. As a consequence, t = 0 is a continuous point of F,x(t). By the assumption that

D o . . e .
Xp—X, and in view of the expressions of F,x and Fy,x, given above, if ¢ is a continuous

point of F,x, then
Fix, (t) = Fyyx(t) iff Fx, (0—) — Fx(0—).
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Consequently, 1/Xni>1/X iff Fx, (0—) — Fx(0—).

By comparing F_;,x, and F_;,x (see Eq. (4) in Lemma 1), as comparing Fj x, and
F/x in the previous paragraph, one can prove that —l/Xng— 1/X iff Fx,(0—) — Fx(0—).
We skip the details. o
Corollary. Suppose that XngX and Ynim, then

Y, £1/X,2a+1/X iff Fx, (0-) — Fx(0—).

Proof. Assume that Xn£>X and Ynim. We shall first prove that

Fx, (0—) = Fx(0—) if a+ 1/X,a+1/X (5)

It can be shown that
FXn(O_)_FXn(3_> ift<a Fx(o—)—FX(S—) ift<a
Fop o (8) =4 Fx,(0-) ift=a and F, 1 (t) = ¢ Fx(0-) ift=a
! Fx, (0—)+ Sx,(s—) ift>a Fx(0—)+ Sx(s—) ift>a

where s = 1/(t —a). If t # a, then ¢ is a continuous point of F, /x iff s = 1/(t —a) is a
continuous point of F'x. On the other hand, if t = a then s = 0o, and P(1/X =0) = P(X =
+o00) = 0. As a consequence, t = a is a continuous point of F},x(t). By the assumption
that Xn£>X , and in view of the expressions of F,1i,x and F,,,x, given above, if ¢ is a

continuous point of Fy,1,x, then
Fa—l—l/Xn (t) — Fa—l—l/X(t) iff FXn (0—) — Fx(o—).

Consequently, a + 1/Xn£>a +1/X iff Fx, (0—) — Fx(0—). Thus (5) holds.

In order to prove the corollary, in view of (5) it suffices to show that
Y, +1/X,2a+1/X iff a+1/X,—a+1/X. (6)
Let y =t be a continuous point of Fi, 1 1/x(y), then V € > 0, 3 n > 0 such that

[Fav1/x(y) — Fay1/x(t)] < € whenever |y —t[ < 7.
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Let t — 7, and t 4+ 7, be two continuous points of F, 1 ,x satisfying 7, € (0,1] (as the
set of continuous points of F, i,x is dense). For the given ¢ > 0 above, 3 n, such that

P(|Y,, — a|l > n,) < € whenever n > n,. We now prove (6).

1 1
(=>). Plat 5 <t[Va—al<no)=PYn+ 5 <t+ (Yo —a) Yo —af <7)
1 1
E(P(Yn+X_ St_noa|Yn_a| Sno)ap(Yn+X_ §t+lrloa|Yn_a| Sno)) (7)

Notice that if n > n,, then

1 1 1
\P(a+—St,!Yn—a!Sﬁo)—P(a+X—§t)!:P(a+X—Sta\Yn—a\>no)<€7

1 1
‘P(Yn‘f’X_St—7707|Yn_a’|Sno)_P(Yn—i__St_nO) <€,

1 1
|P<Yn+X_§t+n07|Yn_a|§no>_P(Yn+_§t+770)|<€'

These three inequalities yield

1 1 1
P(Yn—FX—St—??O)—QGSP(CL—F >

Since F,11,x is continuous at t —n, and t +1,, (8) and (7) yield

Fopi/x(t—m0) —2¢ < lim F,yy/x, (t) < h_>_m Foti/x, () < Fapq/x (t+1,) + 2.
n— 00 n—00
Since € is arbitrary and F, ,,x is continuous at ¢, letting 1, — 0 yields lim F,,,x, () =
Fot1/x(t). That is, a + l/Xnim +1/X.

(<=). In a similar manner as in deriving (8), one can show

1 1 1
— <t—mn,)—2<PY,+——<t) <P
Xn_t Mo) e < P( —|—Xn_t) (a+

< X—n§t+770)—|-26. 9)

P(a+

Since Fi,11/x is continuous at ¢ — 7, and t 4 1,, (9) yields
Fopi/x(t—mo) —2e < lim Fy, 44/x, (t) < h_)_m Fy, 11/x, () < Fapqyx(t+1n0) + 2e.
n—o0 n—00
Since € is arbitrary and Fj,1;,x is continuous at ¢, lim Fy, 1 /x, (1) = Foq1/x(t). ©

The next theorem is the main result.

Theorem 1. Assume that a # 0, Ynim and Xn£>X. Then
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Fx, (0—) = Fx(0—) iff Y, /X, —23a/X.
Proof. Since a # 0, it yields (a) a > 0 or (b) a < 0. In view of Remark 3, we shall give the
proof separately in these two cases. For simplicity, we put the proof of case (b) in Appendix,
and only give the proof of case (a) here.

In case (a), we can define Y, =Y, /a, X} = X,,/Jaand X* = X/a. Then Y, /X,, =Y/ X}
and a/X = 1/X*. By the given assumptions and Slutsky’s theorem, X, L. X and Ynim #0
ift X Lox* and Y Do Thus, without loss of generality, we can assume a = 1, i.e., Yniﬂ.

(<=). By Lemma 1, t = 0 is a continuous point of F},x(t) and Fy,x(0) = Fx(0—).
Thus statement (2) yields Fy, /x, (0) — Fi/x(0) = Fx(0—). Consequently, statement (2)

also implies that V € > 0 and § € (0,0.1), 3 n, such that
|Fy, /x,,(0) = Fx(0—)| < € and P([Y,, — 1| > §) < € whenever n > n,,. (10)
Verify that

(X, <0} ={Y, /X0 <0,X, <0,[V;, — 1| <5YU{X, <0,V — 1] > 8}
U{Y,./X,>0X, <0,|Y, —1] <4}
={Y,/X, <0,|Y, -1 <0} U{X, <0,|Y, — 1| > d};
{V,/X, <0} ={Y,/X,, <0,]Y, — 1] <5} U{Y,/X, <0,|Y, — 1| > d}.
=> |P(X,, <0)— P(Y,/X, <0)| <2eand
|Fx,, (0-)=Fx (0-)[ < [P(Xpn < 0) = P(Yn/Xn < 0)| + |P(Yn/Xn <0) = Fx(0-)[ < 3¢
(by (10)), if n > n,. Since € is arbitrary, Fx, (0—) — Fx(0—).

(=>). Now assume that Fy, (0—) — Fx(0—), Y1 and X, —+X. Then 1/X,—2>1/X

by Lemma 2. It suffices to show the statement as follows.
D D D
IfY,—a=1and 1/X,,—1/X, then Y,,/X,,—a/X. (11)

If we let Z,, = 1/X,,, then Eq. (11) looks like Slutsky’s theorem. Notice that Slutsky’s

Theorem is proved under the assumption that Z is a random variable and a is an arbitrary
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constant. Since Z = 1/X is an extended random variable, and Examples 1 and 2 suggest that
the extension of Slutsky’s theorem may not be true if Z = 1/X and a = 0, we shall prove
statement (11) rigorously.

Let y =t be a continuous point of Fy,x(y), then ¥V € > 0, 3 > 0 such that
|Fi/x(y) — Fi/x(t)| < € whenever |y —t| <. (12)

Let t —7, and t 47, be two continuous points of F /x satisfying n, € (0,7]. Let g(Y,,) =t/Y,,.
Since g(x) is continuous at = = 1, for the given 7,, 3 6 € (0,1/2) such that [t/Y,, —t| < no
whenever |Y,, —1| < 4. For the given € > 0 above, 3 n,, such that P(]Y,,—1| > J) < € whenever

n > n,. Thus

Y, 1 t
P(— <t,|Y, — 1| < =P(— < —,|Y,—1| <
(<t ¥a 118 = Pl < g Y~ 1] £9)
1 1
G(P(X_ St—%,\Yn—U S(S)?P(X_ St‘i‘no,’Yn_l‘ Sé))v (13)

if n > n,. Notice that

P(Y, /X, <t)=P(1/X, <t/Yy,|Y, — 1| <8+ P(Y,/X, <t,|Y, — 1] > 6),
P(1/X, <t+4+mn,) =P(1/X; <t 400, |Yn — 1] <0) + P(1/ X, <t 410, Y, — 1] >0), (14)

P(l/XnSt_no> :P(l/Xngt_n05|Yn_1| §6)+P(1/Xn§t_770;|yn_1| >5)] (15)
Since F,x is continuous at ¢ — 1, and ¢ + 75,

Fiyx(t) —2e < Fiyx(t —n,) — e (by (12), as 1, € (0,7))
=lim P(1/X,, <t —mn,) — € (as Fy,/x is continuous at t — 1,)
< lm P(Ya/X, < 1) (by (13), (15) and P(Y, — 1| > 6) < ¢)

n—o0
< n@ P(Y,/X, <t

<lim P(1/X, <t+mn,) +e€ (by (13), (14) and P(Y, — 1| > ) <€)
= Fi/x(t +no) + € (as Fy/x is continuous at ¢ +17,)

< Fiyx(t) +2e (by (12), as n, € (0,7)).
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Since € is arbitrary, Fy, /x, (t) = Fi/x(t) if Fi,x is continuous at t. Thus (11) holds. o

In Theorem 1, we impose the condition a # 0. Notice that in Proposition 1, it allows
a = 0 but assumes P(X = 0) = 0. It follows from P(X = 0) = 0 and X,-2X that
Fx, (0—) — Fx(0—). The next two examples illustrate what may happen if P(X = 0) > 0
and a = 0. The complication is due to %.
Example 3. Let X ~ bin(l,p), W ~U(-1,1), X L W, X,, = X + L and V,, = W/n.
Then X,, — X and Y, — 0. Moreover, = = W1(X = 0) + %X;” S WX =0) # 2.
Furthermore , it is also not true that X,/ Y, 2 X /0, as
X, 1(X=0) n+l 1(X =0)

An A=Y (x =1
Y, o T e

F1(X = D)ool (W > 0)— 0ol (W < 0)] # )0—(

Example 4. Let X ~ bin(1,p), W ~U(-1,1), X L W, X, = X+ and V,, = L[14(-1)"].
Then X, — X, Y, =0, Fx, (0—) = Fx(0—), and 1/X,,—251/X. Moreover,

2WL(X =0)+1(X = l)ﬁ] —2W1(X =0) ifniseven

v/, = | o
0 if n is odd.

Since P(W1(X =0) #0) =1—-p > 0, Y,,/X,, diverges in distribution. Moreover, X,,/Y,,

diverges too.

In view of Examples 1, 2, 3 and 4, if a = 0 then the generalization of Eq. (2) does
not relate to Fx, (0—) — Fx(0—). In particular, Fx, A (0—) — Fx(0—) does not imply
Y,/ X, converges in distribution, vice verse, Y,,/X,, converges in distribution does not imply
Fx, (0—) = Fx(0—).

Theorem 2. Suppose that P(Y,, =0) — 1 and Xn£>X. Then

(a) Y,/ Xn—230/X iff P(X,, = 0) — P(X = 0);

(b) X,/ Yu—2X/0 iff Fx (0—) — Fx(0—) and Fx, (0) — Fx(0);

(€) Xp/Yn—25X/0 iff P(X, =0) — P(X =0).

Proof. We first prove statement (a). Notice that
Fox(t)=1(t > 0)P(X #0) +1(t > 1)P(X = 0) and
Fy, ;x,t) =1t > 0)P(X, #0=Y,) +1(t > )P(X,, =0 =Y,) + P(Y,,/X,, < t,Y, #0).
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Since 0/X € {0,1}, P(X = 0) + P(X #£0) =1 < P(X,, = 0) + P(X,, £ 0 = Y,,) + P(Y,, # 0)
and P(Y,, # 0) — 0, statement (a) is trivially true.

We now prove statement (b). Since X/a = —c01(X < 0) + c01(X > 0) + 1(X = 0),
Fx/q(t) = P(X <0)+1(t > 1)P(X =0). (16)
Since P(Y, =0) — 1, V € > 0, 3 n, such that P(Y;, # 0) < € whenever n > n,. For n > n,,

Fx, v, (t) =P(X, /Y, <t,Y, =0)+ P(X,/Y, <t,Y, #0)
=P(X, <0,Y, =0)+1(t > 1)P(X, =0,Y,, = 0) + P(X,,/ Y, <t,Y, #0).
|Fx, /v, (t)—Fn(t)| <€, where

F,(t)=(P(X, <0,Y,=0)+1(t > 1)P(X,, =0,Y, =0)). (17)
Since X/a is an extended random variable, and Fx/,(t) is continuous at ¢ ¢ {1, %00},
X/ Yu—2X/a iff Fx, v, (t) = Fxa(t) if t ¢ {1, +00}. (18)

Since F,(t) and Fx/.(t) are both constant on (—oo,1) and [1,00), respectively, and e is
arbitrary, (16) and (18) yield

X, /Y, 25X /a ift lim Fy, /v, (0) = Fx/a(0) and lim F, /v, (1) = Fxja(1).  (19)

n—oo

By Eq. (17), [Fx, v, (0) — Fx,(0-)] < &, |[Fx, /v, (1) = Fx, (0)] < € Fx/a(0) = Fx(0-) and
Fx/a(1) = Fx(0), hence statement (19) yields

X, /Y25 X /a iff limy oo Fyx, (0—) = Fx(0—) and lim, o0 Fx, (0) = Fx(0). This
completes the proof of statement (b).

Since P(X,, =0) = Fx,(0) — Fx,(0—) and P(X =0) = Fx(0) — Fx(0—), statement (c)
follows from statement (b). o

Notice that it is not necessary to assume X»,Li)X in Theorem 2. It is assumed in

Theorem 2 that P(Y,, = 0) — 1, but not in the next theorem.
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Theorem 3. Suppose that Ynio and Xn£>X. Then

(a) 50/ X iff P(|Y,/X, — 1] < 8) = P(X =0) ¥ 6 € (0,0.1);

(b) £ 5X/0 iff P13 — 1] < 8) = P(X =0) ¥ § € (0,0.1), and P(¥x < 0) - P(X < 0).
Remark 4. Notice that P(|}(/—Z —1]<d) - P(X =0) and P(|‘§<,—: —1]<d) - P(X =0) are
not equivalent, as X,,/Y,, is not continuous at (X,,Y;) = (0,0).

Proof of Theorem 3. We shall give the proof in 3 steps.

Step 1 (preliminary). Ve >0, 3 s € (0,1) and 3 n, such that

(i) Fix(t) is continuous at t € {—s, s},

(if) P(X € (=5,0)U(0,5)) <e

(ifi) | P(Xn € (—5,0) U (0,5)) — P(X € (—s,0) U (0,5))| < € if n > n, (by (i), as X,—X),
(i

v) P(|Y,| >0) <eifn>mn, (asY—>O) where 0 < es.

Consequently,
Yo /Xn| < |Yal/s <6/s <eV (Xy,Y,) € {X, & (=s,5),|Ya| <6} (20)
X/ Yal 2 5/|Yul 2 5/6 > 1/ ¥ (X, Y2) € {Xo & (=5, 5), |Ya| < ). (21)
P(X, € (-s,00U(0,5)) <|P(X, € A)—P(X € A)|+ P(X € A) < 2 (22)

by (ii) and (iii), where A = (—s,0) U (0, s). By (20) and (21),

P(|Xn/Ynl 2 1/¢) =P(|Yn/Xn| <€) (23)
P({[Yn/Xn| < e N{Xy & (=s,5), Y| < 6})
P({Xn & (=s,5),|Ya| <6}) (by (20))
P(Xyn ¢ (=s,5)) — P(|Yn| > 9)
>1— P(X, € (—s,5) —¢ (if n > ny)
31— P(X € (—s,5)) — ¢ (as np — 00)

—1—-P(X=1)—cass 0.

Step 2 (prove statement (a)).
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(=>) Since F,/x(t) = 1(t > 1)P(X =0) + 1(t > 0)P(X # 0),

Fy, /x,(1+6) = Fy, x,(1—09) = P(X = 0) for the continuous points z = 1+4 of Fx(x)
that satisfying x — 1. It follows P(|Y,, /X, — 1| <) - P(X =0) if 6 € (0,0.1).

(<=). Since P(|Y,,/X, — 1] < d) = P(X = 0) if § = 0+, it follows from (23) that
im0 [P(|Yn /X | < €) + P(|Yy/Xn —1] < 6)] > 1~ P(X =0)+ P(X =0) —¢ Ve >0 and
¥ § € (0,0.1). That is, Y,/ X,,—0/X, as 0/X € {0,1}.

Step 3 (prove statement (b)).

(=>) Since Fx/q(t) = 1(t > 1)P(X =0) + P(X <0),

Fx,v,(1+t) = Fx, /v, (1 —t) = P(X = 0) for the continuous points 1 £t of Fiyx that
satisfying ¢ | 0. It yields P(|Y, /X, — 1] <) = P(X =0) if § € (0,0.1).

Moreover, P(X,/Y, <0) = Fx, /v,(0—) = Fx/,(0—) = P(X <0).

(<=). Since P(X,/Y, —1] <) —» P(X =0) if § € (0,0.1), it follows from (23) that
m[P(| X,/ Y,| > 1/€) + P(|Xn/Yn — 1| < 8)] = P(X #0) + P(X = 0) — € ¥V ¢ > 0. Since e
is arbitrary, P(|X,/Yn| > M) - P(X #0)V M > 2 and P(|X,,/Y, — 1| <) - P(X =0).
Moreover, P(X,/Y, € (—oo0,1) U (1,00)) — 0. If P(X,/Y, < 0) - P(X < 0), then
P(X,/Y, >2) = P(X >0) and Fy, v, (1) = P(X <0)+1(t > )P(X =0) if t # 1. 0
Corollary. Suppose that Xn£>X7 Ynim =0 and P(Y,, > 0) — 1. Then Xn/YngX/a
iff P(|1X,,/Y,)—1]<d) = P(X=0)Vde (0,0.1).

Notice that Theorem 2 can also be viewed as a corollary of Theorem 3. It seems that
Theorem 3 can be further modified to study Yn/Xnng(X = 0) and Xn/Ynng(X =
0) — 1(X # 0) where Z depends on {Y;,/X,,},>1, rather than on a/X alone, if Y,,/X,, does
converge in distribution.

Reference.
Mann, H. B.; Wald, A. (1943). ”On Stochastic Limit and Order Relationships”. Annals of

Mathematical Statistics. 14 (3): 217-226.
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Appendix. We give the proof of case (b) in Theorem 1 here. In case (b), a < 0. Define
Y =-Y,/a, X} = —-X,/a and X* = —X/a. Then Y,,/X,, =Y, /X and /X = —1/X*.

n

By the given assumptions and Slutsky’s theorem, Xn£>X and Ynim < 0 iff X;:£>X * and

Y,;f£> — 1. Thus, without loss of generality, we can assume a = —1, i.e., Yn£> — 1. By
Lemma 2, it suffices to prove that ;;7; D, % iff %i%

(<=). Let y =t be a continuous point of F_;,x(y), then ¥ € > 0, 3 1 > 0 such that
|F_1/x(y) — F_1,x(t)| < € whenever |y —t[ <. (a0)

Let t —n, and t + 7, be two continuous points of F_;, x satisfying n, € (0,1]. Let g(Y,) =
—t/Y,. Since g(x) is continuous at x = —1, for the given n,, 3 § € (0,1/2) such that
| —t/Y, —t| < no whenever |Y;,, + 1| < 6. For the given ¢ > 0 above, 3 n, such that

P(|Y,, + 1| > §) < € whenever n > n,. Thus

Y, 1 t
St Y+ 1<) =P < ——, [V + 1| <
P(Xn_t,\Y +1] <d)=P( X <y Y, +1] <6)
1 1
E(P(_X <t =10, |Yn+1| < 6)’P(_X <t+no, |Yn +1] <6)), (al)

if n > n,. Notice that
|P(Yn/Xp <t) = P(=1/X;, < —t/Y0, [Yy + 1] <) < P(Yo/Xn <1 |[Yn + 1] > 6) <,
|P(—=1/Xn <t+n,) = P(=1/X, <t 410, [Yn + 1] <9)| < (a2)

|IP(—1/X, <t—mn,) — P(—1/X,, <t—mn,,|Y,+1| < )| <e (a3)

F_1/x(t) —2e < F_y/x(t — o) — € (by (a0), as 1, € (0,7))
=lim P(—1/X,, <t —1n,) — € (as F_;,x is continuous at t —1,)
< lim P(Y,/X, <t) (by (al), (a3) and P(Y,, + 1| > J) < ¢)

n—oo
< n@o P(Y,/X, <t)

<limP(-1/X, <t+mn,) +¢€ (by (al), (a2) and P(Y,, + 1| > d) <€)
= F_1/x(t+no) + ¢ (as F_y/x is continuous at t +17,)

< F_y/x(t) + 2¢ (by (a0), as 1, € (0,7)).
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Since € is arbitrary, Fy, /x, (t) = F_1,x(t) if F_;,x is continuous at t,thus,};—zi) — %

=>). Let y =t be a continuous point of F_1,x(y), then ¥V ¢ > 0, 3 7 > 0 such that
/
|F_1/x(y) — F_1/x(t)| < € whenever |y —t[ <. (ad)

Let t —n, and t + 71, be two continuous points of F_;,x satisfying n, € (0,7]. Letting
g(Y,) = =Y, * t, since g(z) is continuous at x = —1, for the given n,, 3 6 € (0,1/2) such
that | — Y, «t — t| < no whenever |Y,, + 1| < §. For the given € > 0 above, 3 n, such that

P(]Y,, + 1] > §) < € whenever n > n,. Thus

1 Y,

P—— <t |V, +1| <) =P(== < =Y, *t, |V, + 1| <§
(—5 SHMa+11<0) = P < —Yoxt,[Vo +1] <)
Y, Y,
E(P(F <t = 1o, [V + 1] < 8), P <t 410, Y + 1 < 9), (a5)

if n > n,. Notice that

|P(=1/X, <t) = P(Yp/Xpn < =Yy 5 t,|Yy +1| < 8)| < P(=1/Xp < t, |V, +1] > 6) <,
|P(Yo/Xn <t +10) = P(Ya/Xn <t 410, Vo +1] < 0)| <, (ab)

|P(Yn/Xn <t—m,) — P(Y,/Xn <t—1n,,|Y,+1] <)| <e, (aT7)
Since F_;/x is continuous at ¢ — 1, and t + 7,,

Foyyx(t) =2 < Foyyx(t —no) — € (by (ad), as 1, € (0,7))
=lim P(Y,, /X, <t—1,) — € (as F_y,x is continuous at ¢t —7,)

< lim P(—1/X, <t) (by (a5), (a7) and P(Y, + 1| > §) < €)

n—oo

< Tm P(~1/X, <1

T n—oo

<lmP(Y, /X, <t+mn,) +¢€ (by (ab), (a6) and P(Y,, + 1| > 6) <€)
= F_1/x(t+n,) + € (as F_y,x is continuous at ¢ + 7,)

< F_q/x(t) 4+ 2€ (by (ad), as n, € (0,7)).

Since e is arbitrary, F_;,x, (t) — F_1,x(t) if F_;,x is continuous at t,thus,—XLg — % .o

15



