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1. Introduction

We consider the non-autonomous Hamiltonian system

Jiu+VH(tu)=0, (t,u)eSr x R,

0 —Iy
Iy 0 denotes the

standard symplectic matrix and V denotes the gradient with respect to the u-variable.
We are interested in the existence of T-periodic solutions of (1). For the autonomous
case, i.e. H is independent of ¢, in his pioneer work [8] Rabinowitz first proved the
existence of at least one periodic solution for (1). Many works have been done on
this topics, such as [2—13]. We refer to [2,3,11] for further references. At this paper,
we first consider the case that H is symmetric in the u-variable. In [2] when H is
super-quadratic at infinitely and satisfies
(H2), There are constants c¢,d > 0 and p € (1,2), such that

|VH(t,u)|? < c(VH(t,u),u) +d, YucR?,

where H € C'(RxR?" R) is T-periodic in ¢-variable, and f—(

Barsch and Willem proved there exist 7-periodic solutions with arbitrarily large
L>°-norm when H is symmetric in the wu-variable. We will explain the symmetry
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in Section 3. In this paper we have the following results:

Theorem 1.1. For T > 0, H € C'(S;y x R*,R), S; = R/(TZ), satisfies the following
conditions:
(G) There exists an admissible representation 9:G — O2N) on V =R* which
satisfies 0(g)' Jo(g) =J for every g€ G, such that H is invariant with respect
to this action.

(H1) There are constants pu > 2 and ry > 0 such that
0 < uH(t,u) < zVH(t,u), Vu| = ro.

(H2) There are constants c¢,d > 0, such that
|VH(t,u)| < c(VH(t,u),u) +d, YucR?,

Then (1) possesses a sequence of T-periodic solutions with unbounded C°-norm.

Theorem 1.2. For T > 0, H € C'(S; x R?™ R) satisfies (G), (H1) and

H(t H(t
B /A UL I

H3) =
(/73)  lim sup |u|*H (t,u) [ul—oo |u|FH(t,u)

|u|—o0

=0, uniformly in t.

Then (1) possesses a sequence of T-periodic solutions with unbounded C°-norm.

When H does not have any symmetric conditions, In [3] Li and Szulkin and in [4]
Li and Willem proved the existence of at least one 7-periodic solution of (1) provided
some certain conditions on / near =0, (H1) and (H2),. In [6] Long and the author
proved the same result as [3] by loosing the growth condition (H2), to (H2), and also
proved the existence of at least one T-periodic solution of (1) under a strong form of
condition (H3) as following

(H3)' there exists a constant @ such that

lim Ht(tyu) >
|z]—o00 H(tau)

- 2 . .
a> — T uniformly in ¢.

In this paper, as symmetric case we have the following results.

Theorem 1.3. For T >0, H= %(B(t)u,u) + H(t,u) € C'(Sr x R?N R), satisfies (H1),
(H3) and

(H4) H(t,u) = o(|u|?), uniformly in t as u — 0,

Then (1) has at least one non-trivial T-periodic solution in each of the following
two cases:

(1) The boundary value problem

Fu+Bu=0, u0)=u(T)

has only the trivial solution. . _
(i1) There is a constant p >0 such that H(t,u) >0 (or H(t,u) <O0) for all u
satisfying 0 < |u] < p.
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Theorem 1.4. For T >0, H = 3(B(t)u,u) + H(t,u) € C'(S; x R*",R), satisfies (H1),
(H2) and (H4), Then (1) has at least one non-trivial T-periodic solution in each of
case (i) (ii) in above theorem.

Here is the outline of our paper. In Section 2, we first truncate the H by a in-
creasing sequence {H,} such that H, satisfies the growth condition (H2), for some
pE€(1,2), ie., for the modified systems we may use the results in [2,3] to get the
T-periodic solutions. Then we give two new estimates for the bounded C’-norm of
periodic solutions of (1) when the corresponding critical values of periodic solutions
are bounded. In Section 3, we study the symmetric Hamiltonian systems. Since the
solutions in [2] are gotten by minimax procedure, we show the corresponding critical
values are bounded. Using our estimates obtaining in Section 2 and the properties of
{H,}, we know the solutions of modified systems is the solutions of (1) for »n large
enough. In Section 4, we study the Hamiltonian systems without symmetry. Using the
same way as in Section 3, we prove Theorem 1.3 and Theorem 1.4. We also study
the sub-harmonic solutions of system (1) by following the main idea in [11].

2. Two estimates

In this section, we consider the Hamiltonian system
Ju+VH(tu)=0, (t,u)eSr xR?¥.

Let X :=H'"2(S7,R?Y) be the Sobolev space of T-periodic R*V-valued functions with
inner product (-,-)y and norm || - ||.

Set og = min,—p,ses, H (L, 1), Po=maxX,| < es, |[H(tu)|. Condition (H1) imply that
for some fi3 >0

oo lul < H(tu), V |ul = ro,
oolul* < H(tu) + fo < (VH(tLuu+ B3), VueR™.

Modifying [5] (cf. appendix of [5]), choose o €(0,1), such that yuo > 2, we truncate
H as following proposition:

Proposition 2.1. Assume conditions (H1) then there exist two sequences {K,} and

{K]} in R and a sequence of functions {H,} such that

(1) 0 <Ky <K, <K,y1, VnEN, and K, — oo, as n — oo, where Ky = max{l,r,
Po/oo(1 — 0)}; and K, < K], Yn€R.

(ii) for any given t € Sy, H,(t,u) € C'(R®*™,R), for every n€N.

(iii) H,(t,u)=H(t,u), Y|u| < K,, for every n € N; and for some A€ (o,1), such that
H,(t,u) = (1, + Du*, Y|u| = K, for every n€N.

(iv) Hy(t,u) < Hy1(tu) < H(t,u), Y(t,u) € Sr x R,

(v) 0 < uoH,(t,u) < VH,(t,u)u, Y|u| = ro, for every ne€N.

Note that in [5] the truncating functions are constructed for autonomous Hamiltonian
functions. In fact the proof also works for time dependent H (¢, u).
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Define the functional 7, : X — R by
1 T T
L(u) = ~ / (— Fii - u)dt —/ Hy(t,u) dt.
2 0 0

It is well known that 7, € C'(X,R) and finding T-periodic solutions of (1) with H
replaced by H, is equivalent to finding critical points of 7, in X.
The periodic solutions of (1) are obtained as critical points of the functional

T T
I(u)z%/o —fb'rudt—/o H(t,u)dt

defined on the Hilbert space H'*(Sy,R*") and I(u) is C' at u € H'(S7,R?"). For any
periodic solution u of (1) we have

1 (T T
—f/ fbl-udt:/ VH(t,u)-udt
2 Jo 0

Now we will prove two new estimates for 7'-periodic solutions of non-autonomous
Hamiltonian systems with growth condition (H2) or (H3).

Remark 2.1. For autonomous Hamiltonian system possessing super-quadratic potentials,
such estimate is trivial since we have H(u(¢)) = constant when u(¢) is a solution of
autonomous system:

Lemma 2.1. Suppose H(t,u) satisfies (H1), (H2) and u(t) is a critical point of I,
such that I,(u) < N, then we have the following estimate:

lullco < M

where M is independent of u and n.

Proof. Since u is a critical point of I, and each H,(t,u) satisfies (iii) and (v) of
Proposition 2.1, we have

T T
I(u) = %/0 ffipudt—/o Hy(t,u)dt

1 (7 T
= f/ VH,(t,u) - udt — / H,(t,u)dt
2 Jo 0

11 ’
> (- —— / VH,(t,u)-udt — C;
2 wo/ J

T
> (@—1)/ Hy(t,u)di — Cs,
2 0

where Cy,C, are independent of n. From above we have

T T
/ VH,(t,u)udt < M, / H,(t,u)dt < M,
0 0
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for some constants M; and M, independent of n. Now integrating (v) of Proposition
2.1 we yields

H,(t,u) = alul"’ — b, Vue R*,
where a and b are independent of n since
H,(t,u)=H(t,u), ¥|u| <ry and VneN.

Hence we have

T no
N> ILu) > (% . 1) a/ [ dt — C; = Gy (min |u(t)|) — G
0 teSy

for some n-independent constants C; and C4. Then we have

min [u(?)] < N
teSr

where N; is independent of n. Without loss generality, we may assume |u(¢)| obtains
its minimum at 1 =0,

t d t
o) = a0 = [ o) ds = [ ats) i) o) ds
< /0 ' u(s) -5 Ju(s)] ds < /0 i) ds

t
= / |VH,(t,u(s))| ds.
0
From (H2) and (iii) of Proposition 2.1 we have
|VH(t,u)| < «(VH(t,u),u) +d, for |u| <K,
We first show for large enough n,
”uHC0 < Ky

If not, by passing a subsequence, for each n €N, there exists u,(¢) and ¢, € Sr, such
that |u,(#,)| =K, and |u,(¢)| < K, for  €[0,¢,). Hence we have

ty
Ky = un(t)] < / IV H, (5, 100(5))| ds + [1(0))
0
Iy
<c / (VHy(5.ta(5)). () ds + AT + [10,(0)]
0
T
< C/ (VHu (s, un(8)),un(s))ds + Ny + Ny < cM| + Ny + Ny,
0

where ¢, My, N; and N, are n-independent constants. But we have K, — oo, as n — oo,
this leads a contradiction. Hence there exists m € N, which is determined by H(¢,u)
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and N only, for any n = m, |lu||c0 < K, holds. Repeating about computation, for any
n = m, we have

lu(t)| < cMy + Ny +N,, VteSr.
For k < m, from (iii) of Proposition 2.1, we have
\VH(t,u)| < (VHi(t,u),u) + Di,  V(t,u) R x R

for some suitable constant D;. Hence we have
t
()| < [u(0)] + / (VH(s,u(s)),u(s))ds + Dy T < My + Ny + Dy T + C,
0

vVt e Sy,
where C; and Dy are determined by Hjy for k =1,2,...,m — 1. Then we have
||uHC0 < max{cM1 +N+Nyy, M +Ni +DyT+Cy, k=1,2,...,m — 1} =M.

Hence our Lemma holds. [

Lemma 2.2. Suppose H(t,u) satisfies (H1), (H3) and u(t) is a critical point of I,
such that I,(u) < N, then we have the following estimate:

[ullco < M,
where M is independent of u and n.
Proof. As the first part Proof of Lemma 2.1, we have

T T
/ VH,(t,u)udt < M,, / H,(t,u)dt < M,
0 0

for some constants M; and M, independent of n. And min,cg, |u(t)| < Ny where N; is
independent of n. Now integrating (H1) we yields

H(t,u) > alul* —b, YucR¥,
where a and b are independent of n. Since H(t,u) satisfies (H3), define

Ht(tsu)
aglr)= Su I res—
( ) u>r,tIéSr |u|P‘H(t,u)
and
5( ) Ht(tau)
r = —
uzrtesy |u[*H(t,u)

then (H3) means
lim o(r)=0 or lim 6(r)=0.

Case 1: suppose we have lim,_, a(r) = 0.
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By the definition of o(r), we have o(r) is decreasing to 0. Since H,(t,u) > 0 for
|u| = ro, we have

T
My > / Hy(t,u) dt
0

:/ Hn(t,u)dt+/ H,(t,u)dt
{Hy(tu)=0} {Hy(tu)<0}

2/ H,(t,u)dt — T sup |H(t,u)|
{H,(tu) >0}

u<ro,t€Sr

Hence we have

/ H,(ttu)dt <M+ T sup |H(tu)|=Ms,

{H,(tu)=0} u<ro,tEST

where M3 is a constant independent of n and u. Fix a large R > ry, such that
a— a(R)M; > 0.

Firstly we show |u|co < K, for large n. If not, by passing a subsequence we may
assume for each n, there exists u,(t), a, and b, such that

(am by) C {tESTIR < [un(t)] < K}
and |u,(a,)| =R, |u,(b,)| = K,. Here we have
H(bna un(bn)) - H(am un(an))

by by
VH,(t, un(t)) ’ L.ln(t) dr + Hi(t, ”n(t))dt

an an

by d
:/a,, gt u(n)dr =

bn

by
— [ By de < / (Ot “H (2, 10,(1)) dit

an n

bn
< o(R)K,ﬁ‘/ H(tu,(t))dt < o-(R)K,i‘/ H(t,uy(t))dt
a, {H,(tu,(t)=0}

< o(R)M3K!.
Hence we have
H by, un(by)) — H(an, un(an)) < o(R)M3K.
On the other hand, we have

H(bm un(bn)) —H(Cl,,, un(an)) = a|un(bn)|'u —b— max |H(t7u)‘

[u| <R,1EST

=aK! — <b+ max |H(t,u)|> .

|u| <R,t€St
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Combine above two formulas, we have

(a—o(RM;)KY <b+ max |H(tu)l.

|u| <R,t€St

Since a — a(R)M3 > 0 and K, — oo as n — oo, the left-hand side tends to infinite,
but the right-hand side is a constant independent of u and ». This leads a contradiction.
Hence there exists m € N, which is determined by H(f,u) and N only, such that for
any n > m, if u(¢) is a critical point of I, such that I,(u) < N, we have |u|co < K.

For n = m, if |lu||co does not have an n-independent upper bound My, then following
the above proof with change K, by M, where M, — oo as n — oo, we can get the
contradiction too. For n < m, as the Proof in last part of Lemma 2.1, we have

lu(t)] < My + Ny +DyT + Ci, VteSr,

where C; and Dy are determined by Hy, k=1,2,...,m — 1.
Hence we have

lullco < max{My, My + N, +DyT + Cy, k=1,2,....m— 1} =M.
Case II: suppose we have lim,_, ., é(r) =0.
We need only to modify the proof of Case I a little. By the definition of d(r), we
have d(r) is increasing to 0. Fix a large R > ry such that
a—+ 5(R)M3 > 0.

Firstly we show |u|co < K, for large n. If not, by passing a subsequence we may
assume for each n, there exists u,(¢), a, and b, such that

(an,by) C {t€STIR < |uy(2)| < Ky}
and |u,(a,)| = Ky, |un(b,)| = R. Here we have

b,
H(busttn(bn)) — Hamtn(an)) = / it (1)) dt
by
> / 8t () et FH (1,101

> 5(R)K! / H(t,un(2))de
{Hu(tu,(1)=0}

> d(R)M;K".
Hence we have
H(by,un(by)) — H(an, un(an)) = 6(R)M:K};.
On the other hand, we have
H(bn,un(by)) — H(an, un(ay)) < max 5 |H(t,u)| — alup(an)|" + b

|u| <R,t€

= (b—i— max |H(t,u)|> —aK*.

|u| <R,t€St



X. Xul Nonlinear Analysis 51 (2002) 941-955 949

Combine above two formulas, we have

(a4 RM)K! <b+ max |H(t,u)|.
|u| <R,t€S7

Since a + 6(R)M3 > 0 and K, — oo as n — oo, the left-hand side tends to infinite,
but the right-hand side is a constant independent of » and »n. This leads a contradiction.
Hence |u|co < K, holds for large n. Using the same discuss as those in Case I, we
have

lulleo < M.

Combine above two Cases, we know our Lemma holds. [

3. Symmetric Hamiltonian systems

In this section, we consider the Hamiltonian system
fu—i—VH(l‘,u):O, (tau)EST XRZN,

where H(t,u) being T-periodic in ¢-variable and is symmetric in the u-variable, i.e.,
there is a compact Lie group G acting on R?" via a representation ¢ : G — O(2N) and
H 1is invariant under this action: H(t,gu) = H(t,u) for every t€R, g€ G, uc R". We
let V' denote the vector space R? considered as a G-space. If the action is symplectic,
i.e., 0(g) Fo(g)=J for every g€ G, then every periodic solution u of (1) gives rise
to a G-orbit gu, g € G, of periodic solutions of (1).

Definition 3.1. We call V' (or ¢) admissible if given £ > 1 and an open bounded
G-invariant neighborhood ¢ C V¥ of 0 in V¥, any continuous map f : ¢ — V*~! which
commutes with the action has a zero in 0/, where G acts on V¥ via g(vy,...,v0) =
(gv1s---,gv).

In [2], the authors have the following main result:

Theorem 3.1 (Theorem 4.1 in [2]). If H € C'(R x R?*N R) satisfies (G), (H1), and
(H2)p, then (1) possesses an unbounded sequence of classical solutions.

In [2] the solutions are obtained as the critical points of the functional

1T T
I(u):f/ —jirudz‘f/ H(t,u)dt
2 Jo 0
by using the following critical point theorem.

Theorem 3.2 (Theorem 3.1 in [2]). Let E be a G-Hilbert space and ¢ € C'(E,R) be
a G-invariant functional satisfying

(A1). There exists an admissible representation V of G such that E = ®;cz E' is
a G-Hilbert space with E/ =V as a representation of G, for every j€Z.
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(A2). There exists a € R such that for each k > 1

inf  sup P(u) <a,
R>0yep, |lull >R
where E, = @<k EJ.

(43). b =sup,_oinf,cpr =, P(u) — oo, as k — oo.

(44). di = sup,cp, P(u) < .

(A5). Every sequence u, € F, =EL, | =®;>_,E’ such that ¢(u,) > a is bounded
and ($|r,) (uy) — 0 as n — oo contains a subsequence which converges in E to a
critical point of ¢.

Then ¢ has an unbounded sequence of critical values. In fact, for each k = 1 with
br > a, there exists a critical value cy € [by,d}].

Now we will prove our Theorems 1.1 and 1.2 by truncating the potential H(z,u)
with H,(t,u) as Proposition 2.1 in Section 2 to obtain a sequence of new systems such
that the new systems satisfy the conditions of Theorem 4.1 in [2]. Replacing H by H,,
we study a sequence of new systems

S+ VH,(t,u) =0. (2)
From Proposition 2.1, we know each H, satisfies (H1) and (G).
Remark 3.1. For condition (G), we need only to let
() = [ Hit.gu)dg
G
where dg is the standard Haar measure on compact Lie group G.

And from (iii) of Proposition 2.1, we have
H,(t,u) = (1, + D|u|*, for |u| > K,

let p, = Ap/(Zp — 1) €(1,2), we can check H, satisfies (H2), for some C, and D,
which are determined by H,(t,u#). Hence from Theorem 4.1 of [2], we know (2) has
a sequence of classic solutions {u}} with unbounded critical values and we also have
1,(u}) € [b},d}] where b}, d] are defined as those in Theorem 3.1 in [2]. Now we will
study b}, d and a" which obtain from Theorem 3.1 in [2] corresponding to /.

Lemma 3.1. Given n€N, for each k > 1, Ex = ®; < F/,

lim sup L(u)=inf sup [, (u)=—o0.
R=00 ek |lul| >R R>0 ye gy ||ull >R

Proof. For any given n € N, integrating (v) of Proposition 2.1, we have

H,(t,u) > alu|"® —b, YuecR¥,
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where a and b are independent of n. Hence by Sobolev embedding theorem we have

T T
In(u):%/o —/Mudr—/() H,(t,u)

1 _

< SOt = ) = aT Jull 4 + b7
1 _

< SO = 1) = el = aallul s + by
1 _

< SOt = 1) = el 2 = aaljul 5 +

1 1, _
< (31 = alla 1) = 5l =l + o,

where a;, a, and b; are some suitable positive constants. Since for u € Ej, u* e@le E/
which is finite dimensional space, ||u"|| and ||u"||;> are equivalent norms for u* € 69’;:1
E/. Hence for oy > 2, 3 |u"||*—an||ut||75 is bounded for any u™ e®f_, E/. This implies

lim sup  I,(u) = —o0. O
R—=00 e ||u|| >R

Lemma 3.2. Given k€N, {d!} is decreasing as n — oo and bounded by d} and
dp = SUpP,cr, I(u).

Proof. From (iv) of Proposition 2.1, for any n € N we have
Hy(t,u) < Hy1(tu) < H(tu), V(t,u)eSr x R,
This implies
L) = L (u) = 1), VueH'"*(Sp,RY).
By the definition of d} we have
di>dl>d/" >dy, VneN

hence our lemma holds. [

Proof of Theorems 1.1 and 1.2. From Lemma 3.1, for any given n € N, we can choose
an a" negative enough such that b} > a” for every k € N, since from the definition of
by, they are increasing to oo as k — oo. Then we know from Theorem 3.1 in [2] that
I, has an unbounded sequence of critical values {c}}, for each k €N, and ¢} € [b],d}],
that means that there exist a sequence of critical points {u}(¢)} such that I,(u}) = c}.
From Lemma 3.2 we have ,(u}) = ¢} <d} <dj, for all n,keN.

Hence for any given k € N, since H(t,u) satisfies (H1), (H2) (or (H3)), and u} is
a critical point of 7, such that ,(u}) < d} holds for all k € N. From Lemma 2.1 (or
Lemma 2.2) of Section 2, we have constant M, which is dependent on d} and H(t,u)
only, such that ||u}||co < M} holds for all neN.
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Hence for large n € N such that K,, > M}, we have
ufllco < My < K.
On the other hand, we have
H,(t,u)=H(t,u), Vu| <K,

This implies that u}(¢) is a classic solution of (1) when ||u}||co < K.
Hence for any given k € N, there exists a large enough n € N such that «/{(¢),...,u}(t)
are classic T-periodic solutions of (1), i.e., Theorems 1.1 and 1.2 hold. [

4. Hamiltonian systems without symmetry

In this section we will study the Hamiltonian systems without symmetry
Ju+B(tu+ VH(t,u)=0, (t,u)eR xR, (3)

let H(t,u) = %(B(t)u,u) + H(t,u), where B(t) is a given continuous 7T-periodic and
symmetric 2N x 2N-matrix value function and H(t,u) is T-periodic in t-variable. In
[6] there is the following result:

Theorem 4.1 (Theorem 1.1 in [6]). For T >0, H € C'(Sy x R*,R) satisfies (H1),
(H4) and (H3'), then (3) has a non-zero T-periodic solution in each case (i), (ii) in
Theorem 1.3.

We will use our estimates in Section 2 to replace those estimates in Proof of [6].
Here we will only give the sketch proof of Theorems 1.3 and 1.4.

Sketch Proof of Theorems 1.3 and 1.4. As Proof in [6], we first truncate the potential
H(t,u) by {H,(¢t,u)} obtaining from Proposition 2.1 in Section 2 to get a sequence of
new systems. As in Section 2, we define 7,(u) for these new systems. Use the same
discuss as in Proof of Theorem 1.1 in [6], we have an n-independent constant N > 0,
for each n €N, there exists a non-trivial critical point u, of I,, such that ,(u,) <N
holds for all n € N.

Since H(t,u) satisfies (H1) and (H3) (or (H2)), by Lemma 2.2 (or Lemma 2.1),
we have a n-independent constant M such that

ltnllco < M, for all neN.
On the other hand, we have
H,(t,u)=H(t,u), for |u| <K,.
Hence for large n € N such that K, > M, u, is a non-trivial T-periodic solution of

(3), i.e. Theorems 1.3 and 1.4 hold. [

In the following part we will study the sub-harmonic solutions (i.e. k7 -periodic
solutions) for non-autonomous systems (3). In [9] Rabinowitz first studied the existence
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of sub-harmonic solutions for systems (3) under some certain conditions. One can also
find some results on sub-harmonic solutions at [12,13]. Here we have the following
result:

Theorem 4.2. For T > 0, H € C'(Sy x R?,R) satisfies (H1), (H3), (H4) and (H5)
H(t,u)=0, for all (t,u) € Sy xR*, then there is a sequence {k;} C N such that k; — oo
as i — oo, and corresponding distinct k;T-periodic solutions {uy,} of system (3).

Proof. We first show that there exists at least one non-zero 7-periodic solution of (3)
under our conditions. We truncate the potential H(#,u) by {H,(t,u)} obtaining from
Proposition 2.1 in Section 2 to get a sequence of new systems. As in Section 2, we
define 7,(u) for these new systems.

We will use Theorem 1.4 in [1] to obtain the existence of the non-zero critical
point of I,. Let X :=H'?(S7,R?), by [7] and standard spectral theory, there exists a
decomposition X =X+ @ X%@ X~ according to the selfadjoint operator B by extending
the bilinear form

T T
B(u,v):%/o —fﬂwdt—/o (B(t)u,v)dt

with dimX° =ker B < co, dimX* = dimX~ = cc.
We verify the conditions of Theorem 1.4 in [1] for I,, set X; =X+, X, =X p X~
and

T T
I,,(u):%/0 fjwudtf/o H,(t,u)dt

1 _ r.
=3P = Py = [ e de
0

As the proof of Theorem 6.10 in [11], we have I, € C'(X,R) and I, satisfies (I11)—(13)
of Theorem 1.4 in [1]. To vertify (I14), we construct S = 0B, N.X; which is the same
as that in [1]. To obtain Q with r| and r, independent of n, following the proof of
Theorem 1.4 in [9], we let e€ 0B, NX, and u=u® + u~ €.X>, then

T
L(u+se)=s"— |ju"|]> - / H,(t,u)dt
0

< 8% = [lu” | = as(u’| " +57) + a4

with n-independent constants a3 and a4 which are determined by (v) of Proposition
2.1 in Section 2. Choose r; so that

P(s)=5" —azs" +a4 <0 (4)

for all s > r;. Choose r, large enough as [9], we have [, <0 on 0Q with O =
{se|l0 <s <r} P (B, NX2). So from Theorem 1.4 in [1], , possesses a non-zero
critical point u, with I,(u,) = o, > 0.

Now we need to find an n-independent upper bound for {||u,||c0}. In Theorem 1.4 in
[1], the critical value ¢ can be characterized as the minimax of /, over an appropriate
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class of sets (cf. [1]). Observe that Q is one of such sets and H,(¢,u) satisfies (H5),
therefore we have

[n(un) =c¢, < sup [n(u)
ueQ

T
< sup <s2 - / H,(t,u) dt) <
[04] 0

[[u0+u= || <rz,s€
Hence from Lemma 2.2 of Section 2, we have an n-independent constant M such that
ltn|lco < M, for all n€N.
On the other hand, we have
H,(t,u)=H(t,u), for |u| <K,.

Hence for large n € N such that K, > M, u, is a non-zero T-periodic solution of (3).
Now we show that (3) has infinitely many sub-harmonic solutions. We will follow
the idea of Proof of Theorem 1.36 in [9]. For a given £ € N, we make the change of
variables s = k~!¢. Thus if u(¢) is a kT-periodic solution of (3), 5(s) = u(ks) satisfies
dy
7 &
Since kH(ks,u) satisfies the conditions of our Theorem, there is a solution #(s) of
(5), which is a critical point of

1 T ) T
non=3 [ —siends—k [ #snas

Note that #(ks) also satisfies (5), then if ny(ks) = ni(s), we have ¢, = Li(n;) =
kI (m ) = ke.

Next we show that ¢; is bounded from above and the upper bound is independent of
k. In the proof for the existence of one solution, we have ¢, < r?(k) and the parameter
r1(k) is determined by condition (4). The corresponding condition satisfied by (k) is

dr(s) = s> — kazs™ + kay <0

+ k(B(ks)n + VH (ks,n)) = 0. (5)

for all s = ri(k). It follows that we can let

2 1/(ou—2) 2 lou 2 1/(op—2) 2 lou
(@) () ) < Q)T () @
kas as as as

Now, for any given m € N, if for some k > m, n;(s) = n,,(s) holds for all s R, we
have that #;(s) as kT-periodic function is k// folds of #,(s) as [/T-period function and
Nm(s) as mT-periodic function is m/l folds of #,(s) as [T-period function, for some
/€N such that /|k and /|m and some corresponding #,(s). Hence we have

k m
ek =Ir(ng) = 711(’71), cm = Ln(m) = 711(771),

that means
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On the other hand, we have ¢, > 0 and {¢;} is bounded by a k-independent constant
from (6). This implies that there are at most finitely many k& > m such that 1, (s)=n,(s)
for any given m € N. Hence our theorem holds. [J
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