DISCRETE AND CONTINUOUS Website: http://AIMsciences.org
DYNAMICAL SYSTEMS-SERIES B
Volume 3, Number 4, November 2003 pp. 643—-654

SUB-HARMONICS OF FIRST ORDER HAMILTONIAN SYSTEMS
AND THEIR ASYMPTOTIC BEHAVIORS

XIANGJIN XU
DEPARTMENT OF MATHEMATICS
JOHNS HOPKINS UNIVERSITY, BALTIMORE, MD, 21218, USA

ABSTRACT. In this paper some new existence results for sub-harmonics are
proved for first order Hamiltonian systems with super-quadratic potentials by
using two new estimates on C° bound for the periodic solutions. Applying
the uniform estimates on the sub-harmonics, the asymptotic behaviors of sub-
harmonics is studied when the systems have globally super-quadratic poten-
tials.

1. Introduction and Main Results. In this paper we study the existence of
sub-harmonic solutions (i.e. kT-periodic solutions) and the asymptotic behavior of
the sub-harmonics for the following first order Hamiltonian system

(HS) —Ji—B(t)u=VH(t,u), uveR*N teR, (1)

where B(t) is a given continuous T-periodic and symmetric 2N x 2N -matrix func-
tion, H € C*(R x R?N R) is T-periodic in ¢, VH := V,H(t,u) and J is the

—In
In 0
the system (H.S) was obtained by Rabinowitz in his pioneering work [13] for con-
stant matrix B and certain conditions on H. Since then there are many papers
on the existence of sub-harmonics of the system (HS), such as [4], [5], [6], [11],
[15], [16], [18], [19]. Especially, in [5] and [15], the authors studied the asymptotic
behaviors of subharmonics of the system (HS) under certain conditions on B(t)
and H(t,u).

In this paper, we firstly obtain two a priori estimates on the C° bound for the
periodic solutions of the modified systems of the system (HS) following the ideas
in [17], [18] and [19]. Applying these estimates to the system (HS) and the ideas
from [13], we have the following existence results on subharmonics:

THEOREM 1.1. For T > 0, suppose H(t,u) € C1 (St x R?>N R) satisfies:
(H1) there are constants pu > 2 and ro > 0 such that

0 < pH(t,u) < (VH(t,u),u), Y|u|>ro,
(H2) H(t,u) >0, for all (t,u) € Sy x R2N,

Ht(t7 u) P Ht(ta u)
——— =10 1 f—-nr—
it () O e TulPH(E, )
(H4) H(t,u) = o(|u|?), uniformly in t as u — 0,
then there is a sequence {k;} C N such that k; — oo as i — 00, and corresponding
distinct k;T-periodic solutions {ug,} of the system (HS).

standard symplectic matrix . The first result on subharmonics of

(H3) limsup =0, uniformly in t.
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REMARK 1. (H1), (H2) and (H4) are usual conditions when one studies the ex-
istence of periodic solutions for non-autonomous Hamiltonian systems possessing
super-quadratic potentials. There are many papers (cf. [4], [5], [6], [11], [15])
studying the existence of subharmonics of the system (HS) with some growth con-
ditions on H (t,u) at infinity of u variable. It is well known that for autonomous
Hamiltonian systems the existence of infinite many periodic solutions was proved
in Rabinowitz’s pioneering work [12] under condition (H1) only. Here the condi-
tion (H3) is on Hy(t,u)/(Ju|*H(t,u)), which measures how far the system (HS)
is away from the autonomous system , or one may consider the system (HS) with
condition (H3) as a perturbed system with a large perturbation. FEspecially from
condition (H3), one can add any super-quadratic autonomous potential to the sys-
tem (HS) and the results will still hold. Such a condition on Hy(t,u)/H(t,u) as
(H3) was first introduced in [10] to study the existence of periodic solutions of the
system (HS).

Using the same conditions on H(t,u) as in [13], we have a slightly more general
existence result on subharmonics for the system (HS) as following:

THEOREM 1.2. Suppose H(t,u) € C1 (S x R*N R) satisfies (H1), (H2), (H}) and:
(H5) There is a constant ¢ > 0, such that

IVH(t,u)| < (VH(t,u),u),Vu > 19.

then there is a sequence {k;} C N such that k; — oo as i — oo, and corresponding
distinct k;T-periodic solutions {ug,} of the system (HS).

REMARK 2. In [13], B(t) was further assumed to be a constant matriz and the same
result as Theorem 1.2 was proved there.

In the second part of this paper, we study the asymptotic behaviors of sub-
harmonics. Firstly we show there is a uniform C! bound for the subharmonics of
the system (HS) when the system has the globally super-quadratic potential

(H1)’ there is constant pn > 2 such that

0 < uH(t,u) <zVH(t,u), Vu|>0,

THEOREM 1.3. Suppose H(t,u) satisfies the globally super-quadratic condition (H1)',
(H2)- (H4), then there exists infinitely many distinct sub-harmonics {uy} of the
system (HS) and there is a uniform bound M for {||uk|lct }ren-

Using the uniform bound on the subharmonics from Theorem 1.3 and the ideas
in [5] and [13], when B(t) satisfies condition:

(B)¢ a(A)NR # 0, where A = —(J(d/dt) + B(t)) and o(A) is the spectrum of
the self-adjoint operator A on W2 (Sp, R*V).
we have the following result:

THEOREM 1.4. Assume B(t) satisfies (B)¢ and H(t,u) satisfies the conditions
of Theorem 1.3, then there is a sequence of pairwise geometrically distinct sub-
harmonics {ug(t)}ren C CH(R,R2N) of the system (HS) such that ||ug||cr — 0 as
k — oo.

Using the uniform bound on the subharmonics from Theorem 1.3 and the ideas
in [15], when B(t) satisfies condition:

(B) c(A)NR = 0, where A = —(J(d/dt) + B(t)) and o(A) is the spectrum of
the self-adjoint operator A on W/2(Sp, R*V).
we have the following result:



SUB-HARMONICS OF HAMILTONIAN SYSTEMS 645

THEOREM 1.5. Assume B(t) satisfies condition (B) and H(t,u) satisfies the con-
ditions of Theorem 1.3, then there is a sequence of pairwise geometrically distinct
subharmonics {ug(t)tren C CH(R,R?N) of the system (HS) such that
(i) there are constants m, M > 0 independent of k € N such that

kT 1
mf/ [5(—Jﬂk,Uk)—H(t,uk)]dtSM;
0

(i1) moreover {u(t)}ren is compact in the following sense: for any sequence of
integers k, — oo, there exists a subsequence {kn, }ien and a nontrivial homoclinic
orbit ueo (t) emanating from 0 such that

Uk, (t) — uso(t) in CL (R, R*M), asi — oc.

REMARK 3. in [5], [13] and [15], the authors dealt with the system (HS) with a
constant matriz B and conditions on H(t,u) as these in Theorem 1.2. Here we use
the functional setting for the linearized system as used in [3], by which one can let
B(t) depend on t variable. And applying the uniform C* bound on the subharmonics
of the system (HS), one can directly apply those results in [5], [13] and [15] to our
situation.

We organize this paper as following: in Section 2, two a priopi estimates on C°
bound of the periodic solutions of the modified systems of the system (HS) are
proved. In Section 3, Theorem 1.1 and Theorem 1.2 are proved by applying these
estimates. In Section 4, the asymptotic behaviors of sub-harmonic solutions of the
system (HS) are studied and Theorem 1.3 - 1.5 are proved.

Acknowledgements: The author of this paper would like to express his thanks
to his advisor of Master degree, Professor Yiming Long, for many years instruction
and valuable suggestions on his thesis for Master degree when the author studied
in Nankai Institute of Mathematics. This paper grows from partial results of the
author’s thesis for Master degree. The author also want to express his thanks to
the referees for their helpful suggestions on this paper.

2. Two Estimates. In this Section we study the C° bound of the periodic solu-
tions of the following modified systems

(HS)"  Ju+VH,(t,u) =0, (t,u)e€ Sy xR,
Here {H,} satisfy

PROPOSITION 2.1. For H satisfying (H1), o € (0,1] such that po > 2, and two
sequences {K,} and {K]} in R, {H,} satisfies

(i) K, is monotonous increasing to infinity, as n — oo, and K, < K], Vn € N.

(ii) for any given t € Sy, H,(t,-) € C*(R?N ,R), for every n € N.

(iii) Hp(t,u) = H(t,u),Vju| < Ky, for every n € N; and for some X\ € [0,1], such
that H,(t,u) = c,|u|**,Y|u| > K, for every n € N.

(iv) 0 < opH,(t,u) < (VH,(t,u),u),Y|u| > ro, for every n € N.

REMARK 4. The truncated results on H(t,u) as Proposition 2.1 was first proved by
Long in [7] and [8], where Long got a better monotone truncated sequence {H,} on
H for H(t,u) C? in u variable. In next two sections, we don’t need the monotone
property and we can choose A = o = 1 when we define the truncated sequence {H,}
as in [13] by

Hi(t,w) = xn([ul) H (t,u) + (1 = xn(|u]))cn|ul”
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where xn(s) = 1 for s < Ky, xn(s) = 0 for s > K/, and x/,(s) < 0 for s €
(Kn, K]), and ¢, (depend on n) be sufficiently large constant. In this truncation,
H need only be C!.

Let X := W/22(Sy R?Y), and define the functional I,, : X — R by

T T
I, (u) = 5/0 (fJu’—B(t)u)'udt—/O H,(t,u)dt.

It is well known that I, € C'(X,R), and the periodic solutions of (HS)" are
obtained as critical points of the functional I,,. Using the ideas in [17], [18], [19],
we prove the following two Lemmas on the C° bound of the periodic solutions of
the following modified systems (H.S)™.

LEMMA 2.1. Suppose that H satisfies (H1) and (H5), {H,} satisfies Proposition
2.1, and u(t) is a T-periodic solution of (HS)"™ such that

T T
/ (VHo(t,0), 1) dt < C, / Hy(tu) dt < C,
0 0

then there is a constant M independent of uw and n and depend on C only such that
llullco < M.
Proof. Integrating (iv) of Proposition 2.1 gives
H,(t,u) > alu/*” —b, VYuec R,

where a and b are independent of n by (éi7) of Proposition 2.1. Hence we have
T

T
o> [ Hutu)dt > aT/ [l dt — BT > aT (min [u(t) )" T
0 0 T

Therefore we have minsegs,. |[u(t)| < Co where Cj is independent of u and n. Without
loss generality, we may assume |u(t)| obtains its minimum at ¢ = 0, and |u(0)| > ro,

t t t
=) = [ Gt ds < [ il ds < [ (Bl +19H (5, u(s))]) ds
From (H5) and (i4i) of Proposition 2.1 we have
IVH,(t,u)] < c(VHy(t,u),u), for mo<|ul <K,
We first show for large enough n,
llullco < Ky

If not, by passing a subsequence, for each n € N, there exists u,(t) and ¢, € Sr,
such that |u,(t,)] = K, and |u,(t)| < K, for ¢t € [0,¢,). Let

d= VH, (t,u), u)|},
{(t’u)GSTXIE‘%I)§|H(t7u)<O}{|( ( u) ’U,)|}

we then have
tn

fun(ta)] < / "IV H (5,1 (5))] d5 + [| Bl o / ()| ds -+ [11n (0)

< C/O (VH,(s,un(8)),un(s))ds + C/o |u(s)|7" ds + |u,(0)]

IN

T t'VL

c/ (VHn(s,un(s)),un(s))ds—|—c/ |H (s,u(s))|ds+ cdt + Cy
0 0

cC + cdT + Cy,

N
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where c¢(may different in each step), d, C and Cj are independent of v and n. But
then K,, — oo, as n — oo, which leads to a contradiction. Hence there exists
m € N, depending only on H and C' such that for any n > m, ||u||co < K, holds.
Repeating this argument, we find that for any n > m,

lu(t)] < c¢C + cdT + Co, V t € Sr.
For k < m, from (#ii) of Proposition 2.1, we have
|VH(t,u)| < en(VH(t, u),u) ¥ |u] > ro,
for some suitable constant c;. By the same argument,

lu(t)] < e, C + dpT + Co, Yt € St

where ¢ and dj, are determined by Hy for k =1,2,--- ,m — 1. Therefore
[lullco < max{cC + cdT + Cy, ¢x,C+ diyT + Co, k=1,2,--- ;m —1} = M,
which completes the proof. Q.E.D.

LEMMA 2.2. Suppose that H(t,u) satisfies (H1) and (H3), {H,} satisfies Propo-
sition 2.1, and u(t) is a T-periodic solution of system (HS)™ such that

T T
/ VH,(t,u)udt < C, / H,(t,u)dt <C.
0 0

then there is a constant M independent of u and n and dependent on C' only such
that

[lullco < M.

Proof. Since H,(t,u) > 0 for |u| > ro, we have

T
c> / Hy(t,u)dt > / H,(t,u)dt —T sup |H(t,u)|.
0 {H, (t,u)>0} H(t,u)<0,t€S

Hence we have

/ Hy(t,u)dt <C+T sup |H(t,u)| = C,
{Hn(t,u)>0} H(t,u)<0,teSt
where C is a constant independent of n and u. Define
Ht(tv u)
o(r)= sup ————,
( ) |lu|>rteST |U‘MH(t7 u)

Then (H3) means

Ht(t7 U)

d &)= A e
and () fulzrtesy [ulFH(t, )

lim o(r) =0or lim §(r) =0.

T—00 T—00
Case I: Suppose we have lim,_ ., o(r) = 0.
By the definition of o(r), we have that o(r) is decreasing to 0. Fix a large R > g,
such that
a—a(R)C > 0.
First, we show |u|co < K, for large n. If not, by passing to a subsequence we
may assume for each n, there exists u,(t), a, and b, such that

(an,bn) C{t € ST|IR < |u,(t)| < K, }
and |u,(an)| = R, |un(by)| = K,,. Denote

(1) = 5 (B ) + Ho(w), Bt w) = S(B(u,u) + H(t,u)
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Therefore we have

fI(bn, Un(bn)) — H(ap, un(ay))

be g
- / (1 (1)) di

n

bn A~ A~
= [ (T a0, 00) + Bt un(0)

n

bn
= [ (0) + Bt (t),un (1) d

An

IN

by, bn
[ otlun®Dlun®F Bt ua0) e + 1Bl [ un(® de

n n

IN

by, bn
o(R)K" / H(t, up () dt + ¢ / H(t, un (b)) dt
An an
< o(R)CK! + cC.
On the other hand,

H (b, tin (b)) — H(an, un(an))

> WP = b= |Bllso|tn(bn)]? = m H(t,

> alun(bn)] |[B]]oc [ttn (bn)] \u|§Rz,lt)éST| (t, )]

= aK} —||BllK; - (b+ max |H(t,u)|)
|u|<R,tEST

Combine these two formulas, we get that

(a—c(R)O)K! —||B|| K2 <b+cC+ max |H(t,u)l
|u|<R,teSr

Since a — o(R)C' > 0, p > 2, and K,, — 00 as n — oo, the left side tends to
infinity, but the right side is a constant independent of u and n. This leads to a
contradiction. Hence there exists m € N, which is determined by H(t,u) and C
only, such that for any n > m, |u|co < K.

For n > m, if ||ul]|co doesn’t have an n-independent upper bound My, then
following the above proof with K, replaced by M, where M, — oo as n — oo, we
also get a contradiction. For n < m, as the proof in last part of Lemma 2.1, we
have

|u(t)\ < CH+dpyT+Cy, Vit e Sy,

where ¢ and di are determined by Hy, k =1,2,--- ,m — 1.
Hence we have

l|lu||co < max{My, ¢;C +dpT+Co, k=1,2,--- , m—1} =M

Case II: Suppose we have lim,_,, §(r) = 0.
We need only to modify the proof of Case I a little. We have

(a+6(R)C)K" —||Bl|oc K2 <b+cC+ max |H(t,u)l
[u|<R,teST

where a + 6(R)C > 0, > 2, and K,, — 0o as n — oo. Using the same argument
as in Case I, we have

l[ullco < M

By combining these two cases, we prove this Lemma. Q.E.D.
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REMARK 5. Here we proved the Lemmas for general potentials H, which doesn’t
assume any condition nearby u = 0 on the potential H(¢,u). Such kind estimates
was first proved in [18] when the author studied the existence of periodic solutions
of the first order Hamiltonian systems possessing super-quadratic potentials. In
this paper H(t,u) > 0 is satisfied, which implies d = d, = 0 and C' = C, then the
bound M is independent of the period T and depends only on C' and H(t,u) from
the proofs of the Lemmas. This is one key observation to apply these estimates
to get the existence of subharmonics and to get the uniform estimates for sub-
harmonics {uy} in the next sections.

3. Existence of subharmonics. We first show that there exists at least one
nonzero T-periodic solution of (HS) under the conditions of Theorem 1.1 and The-
orem 1.2. as did in [13]. We truncate the potential H(¢,u) by {Hp(t,u)} as done
in [13] satisfying Proposition 2.1 with A = o = 1 to get a sequence of modified
systems, and we define I, (u) for these new systems.

We use Theorem 1.4 in [1] to obtain the existence of the nonzero critical point
of I,,. One may check the details of the proof in [13], here we only give a sketched
proof. Let X := H%(ST,R2N), By [9] and standard spectral theory, there exists
a decomposition X = XT @ X° @ X~ according to the self-adjoint operator B by
extending the bilinear form

(Bu,v) = %/0 —Jﬂ-vdt—/o (B(t)u,v) dt

with dim X° = ker B < oo, dim Xt = dim X~ = cc.
We verify the conditions of Theorem 1.4 in [1] for I, set X; = Xt Xy =
X%@ X~ and

T T T
I,(u) = %/0 —Ju-udt—%/o (B(t)u,u)dt—/o H,(t,u)dt

Lo 42 —2 T
= Ul =l = ; H,(t,u) dt.

As the proof of Theorem 6.10 in [14], we have I,, € C1(X,R) and I, satisfies (I1)-
(I3) of Theorem 1.4 in [1]. To verify (I4), we construct S = 0B, N X; which is the
same as that in [1]. To obtain @ with 1 and ry independent of n, following the
proof of Theorem 1.4 in [13], we let e € dB; N X and u = u® + u~ € Xo, then

T
I,(u+se) = 52—||u_\|2—/ Hy,(t,u)dt
0

IN

7 = [Ju”I1* = as([Ju’||* + ") + as

with n-independent constants ag and a4 which are determined by (iv) of Proposition
2.1. Choose r1 so that

B(s) = s —azs" + a4 <0 (2)
for all s > r1. Choose 73 large enough as [13], we have I, < 0 on 9Q with
Q = {se|0 < s < r1} @ (By, N X2). So from Theorem 1.4 in [1], I, possesses a
nonzero critical point u,, with I, (u,) > o, > 0.

Now we need to find an n-independent upper bound for {||u,||co}. In Theorem
1.4 in [1], the critical value ¢ can be characterized as the minimax of I,, over an
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appropriate class of sets (cf.[1]). Observe that @ is one of such sets and H, (¢, u)
satisfies (H2), therefor we have

T
I (up) = cn < sup Ip(u) < sup (82 —|Ju™|? —/ H,(t,u)dt) <ri.
u€Q [|ul+u—||<rs,s€[0,r1] 0

Since w,, is a critical point of I,, and each H,(t,u) satisfies Proposition 2.1, we
have
1 (T T
I,(uy) = —/ (=T, up,) dit —/ H,(t, uy)dt
2 Jo 0

1 (T T
= 5/ VHn(t,un)undtf/ H,(t,u,)dt
0 0

> (4 1)/TVH (t, wn)up dt — C
= o n\l, Un )Up -
2 pJo '

T
> (% - 1)/ Hy(t,un) dt — Cy
0
Where C1, Cy are independent of n. From above we have

T T
/ VHn(taun)un dt < C, / Hn(t,un) dt < C
0

0

for some constant C' independent of n. Hence from Lemma 2.1 and Lemma 2.2, we
have an n-independent constant M such that

[lun]|lco < M, foralln € N.
On the other hand, we have
Hy(t,u) = H(t,u), for |ul <K,.

Hence for large n € N such that K, > M, u, is a nonzero T-periodic solution of
the system (HS).

Next we show that the system (HS) has infinitely many distinct sub-harmonics.
We will follow the ideas in Proof of Theorem 1.36 in [13]. For a given k € N, we
make the change of variables s = k~'t. Thus if u(#) is a kT-periodic solution of the
system (HS), n(s) = u(ks) satisfies

34n
d

Since kH (ks,u) satisfies the conditions of our Theorem too, there is a solution 7 (s)
of (3), which is a critical point of

+ k(B(ks)n+ VH(ks,n)) =0 (3)

Ik(n)zé/ —Jn- nds—k/ k‘sr]nds—k‘/ H(ks,n)ds.
0
Note that n;(ks) also satisfies (3), then if 1, (ks) = ni(s), we have ¢ = I*(n;,) =
k‘[l(nl) = k‘Cl.

Next we show that ¢, = I*(n;) is bounded from above and the upper bound
is independent of k. In the proof for the existence of one solution, we have ¢, <
r?(k) and the parameter (k) is determined by condition (2). The corresponding

condition satisfied by (k) is
or(s) = s — kags" + kay <0,
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for all s > r1(k). It follows that we can let

wnems((2) 7 (5))< @) 2)

Now, for any given m € N if for some k > m, ni(s) = n,,(s) holds for all s € R,
we have that 7 (s) as kT-periodic function is % folds of n;(s) as IT-period function
and 7,,(s) as mT-periodic function is 5t folds of n;(s) as [T-period function, for

some [ € N such that I|k and [|m and some corresponding 7;(s). Hence we have

k m
cr = 1"(m) = fl(m)’ em = 1" (Nm) = 711(771),

that means

k

Cp = —Cyp-
m

On the other hand, we have ¢,;, > 0 and {c;} is bounded by a k-independent
constant from (4). This implies that there are at most finitely many & > m such
that 7, (s) = nm(s) for any given m € N. Hence Theorem 1.1 and Theorem 1.2 are
proved.

In [6], by using the iterated Maslov-type index theory and estimating the Maslov-
type indices of the critical points of the direct variational calculus, Liu studied the
existence of subharmonic solutions for the system (HS) under some conditions on
H. Replacing the condition (H4) in [6] by our condition (H3), we have the following
result:

THEOREM 3.1. Suppose H € C*(Sy x R?*N R) and satisfies (H1)-(H}), and

(H6) B(t) is a symmetric continuous matriz with period T, |B|co < w for some
w >0, and B(t) is a semi-positive definite matrixz for all t € [0,T].
then for each integer 1 < k < 3—’} there is a kT -periodic nonconstant solution uy
of the system (HS). If all {uy} are non-degenerate, u; and u,; are geometrically
distinct for p > 1.

Especially for B(t) = 0, for each integer k > 1 there is a kT -periodic nonconstant
solution uy, of the system (HS). If all {uy} are non-degenerate, u; and u,; are
geometrically distinct for p > 1.

If one doesn’t assume non-degenerate condition on {u}, u; and uy,; are geomet-

rically distinct for p > 2n + 1.

The proof of this Theorem follows the proof of Theorem 1.1 in [6]. The only
difference is how to remove the growth restriction on H under our condition (H3),
and notice that apply our Lemma 2.2, we get a K-independent upper bound for
{uk} for each k € N, where u¥, is the kT-periodic solution obtained in [6] for the
modified system (HS)g. The Theorem is proved.

4. Asymptotic behaviors of subharmonics. In this section the asymptotic
behaviors of the sub-harmonics of the system (HS) are studied when the potential
H(t,u) of the system (HS) satisfies the globally super-quadratic condition (H1)".
We firstly show that there is a C' uniform bound for sub-harmonics {u;} as stated
in Theorem 1.3.

Proof of Theorem 1.3. From the proofs of Theorem 1.1, we need only to show
there exist a uniform bound for all {||un k||co}n ken Where {uy k}n ken are those
sub-harmonics that we obtain for (H.S)™.
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Let ¢ = Iﬁ(un,k), where Iﬁ is the functional defined by H, for kT-periodic
solution. From the Proof in Section 3, we have ¢, < r}(k), where

1 1
2\"2  [2a4\*

ri(k) < <—) + <ﬂ> ’
as as

which are independent of n and k. Hence from the globally super-quadratic condi-
tion (H1)’, we have

1 kT kT
€2 halwns) = 5 [ (“Fios= BOwL) wnsdt~ [ Hltwns)de
o 0
1 kT kT
_ 7/ VH(t ) ungdt — | H(t,up ) dt
2 Jo 0
1 1 [T
Z _ — — VH t,anJe ‘unkdt
G- VHCwD
u kT
> (-1 H(t,up ) dt
2 0
which implies
ET kT
t/ Y H,,(t i, g )un g dt < C, Hy(t, un k) dt < C.
o 0

Here C is independent of k. From Lemma 2.1, Lemma 2.2 and Remark 2.1, we
know there is a constant M independent of n and k such that

[t kllco < M.

And u,, j satisfies the equation of (HS), then there is a uniform C' bound M for
all sub-harmonics {uy i }n keN-
Q.E.D.
Now we study the asymptotic behaviors of sub-harmonics {ug}ren as k — oo
under some further conditions as in Theorem 1.4 and Theorem 1.5. Here we apply
the uniform C! estimates on subharmonics as in Theorem 1.3 to make use of those
argument in [5], [13] and [15]. Since in those paper, B(t) was further assumed to be
constant matrix, we need make a new functional setting as done in [3] as following.
Let A = —(J< + B(t)) is the self-adjoint operator acting on L*(R,R*Y) with
the domain D(A) = HY(R,R*") and o(A) is the spectrum of A. We use the norm
|| - ||z, which is defined as

ulle = (142 ulf + Jul3)?,
instead of the norm || - ||, in [3], and the Banach space E, which is the completion
of the set D(A) = H'(R,R?") under the norm || - ||, instead of the space E,, in
[3]. As Section 2 in [3], we have these facts: E has the direct sum decomposition
E = E- @ ET, and E is embedded continuous in L” for any v € [2,00) and
compactly in L}, for any v € [2,00). Notice that using our norm || - ||z instead of

|| -]]x, the reader can check the details of these facts following the Proofs in Section
2 in [3]. Set

B, (1) = /R Ho(t, ) dt

It is easy to check ®,, € C*(E,R) since each H, satisfies (H1) and (iii) of Propo-
sition 2.1, and E is embedded continuous in L” for any v € [2,00). We will use
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this functional setting to replace those in [5], [13] and [15], where only deal with
the case that B(t) is a constant matrix.

In [5] and [13], the authors show that the sub-harmonics converge to 0 when the
constant matrix B satisfies:
(A)¢ o(IB) NiR # 0, where o(A) is the spectrum of the matriz A.
Notice that it is the same condition as our condition (B)¢ when B(t) is a constant
matrix. From Theorem 1.3 we have the uniform C! bound M for all sub-harmonics
{tUn ik }nren, we can see all sub-harmonics of the system (HS) are the same as
those of the modified system (HS),, for some large n. Now fixed a large n, from
Proposition 2.1, the modified system (H.S),, satisfies the conditions on H in [5] and
[13], and we use the functional setting on A = —(J< + B(t)) instead of those used
in [5] and [13] for constant matrix B, we prove Theorem 1.4.

REMARK 6. In [13], the author proved that the subharmonics converge to 0 when
o(JB) C iR, and in [5], the author proved the subharmonics converge to 0 under
condition (A)°.

In [15], the author shows that there exists a nontrivial homoclinic orbit for the
system (HS) as the limit of the subharmonics uj; when the constant matrix A
satisfies:

(A) A is a 2N x 2N symmetric matriz such that o(JA) NiR = ().

Notice that it is the same condition as our condition (B) when B(t) is a constant
matrix. Now as above fixed a large n, we see that the modified system (HS)y
satisfies the conditions of Theorem 0.1 in [15], and we use the functional setting
on A= —(J4 4+ B(t)) instead of those used in [15] for constant matrix A, and we
prove Theorem 1.5.

In the last part of this section, we study when the sub-harmonics {ug(t) =
ni(t/k)} obtained in Theorem 1.1 and Theorem 1.2 are uniformly bounded in C*.
Let T1; ' denote the minimal period of ny(t). Then uy(t) = n(kt) has minimal
period Tkl "

THEOREM 4.1. Under the conditions (H1),(H2), (H3)(or (H5)),(H4), if kI, don’t
tend to infinity along some subsequence, then the functions ug(t)'s are uniformly
bounded in || - ||cr.

Proof. We have

a = 1) - S ) w)

/OkT l:%(uk(s),VH(s,uk)) — H(S,uk):| ds

ki'T
_ k‘llk/o [%(uk(s),VH(s,uk(s))) —H(s,uk(s))} ds
From (H1), we have

Ki;'T
— %)/0 (ug(s), VH(s,ug(s)))ds — alklle}

N~

[ k_llk{(

Y

ki'T
k71, {(— — 1)/0 H(s,up(s))ds — anlle}

=
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for some constants a; and as independent of k. Since kl,:l is bounded, we have

kit ki'T
/ VH(t,uk)uk dt S C, / H(t, uk) dt S C
0 0

for some constant C independent of k. From Lemma 2.1 and Lemma 2.2, we have

|luglloo < M, for some constant M independent of k. And uy satisfies the equation

of (HS), then there is a uniform C! bound M for all sub-harmonics {u }reN-
Q.E.D.
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