
Math 304 Test 3 (200 points)

Directions: Answer all questions as completely as possible in your blue
book. Answers with no work receive no credit.

1. (15 points) Let A =

24 1 2 3
0 2 0
1 1 0

35.
a. Calculate det(A) by using the de�nition and expanding along the

�rst row.
b. Calculate det(A) by expanding along the second row.
c. Using your result determine if the matrix A invertible? Explain.

2. (15 points) Suppose the characteristic polynomial of a linear transfor-
mation is pT (�) = �

6 + 4�5 � 6�4 � 3�3 + 2�2 + �.

a. What is the dimension of the vector space in which the linear
transformation acts?

b. Is T invertible? Explain.

3. (40 points) Let M =

24 2 2 4
0 3 0
0 0 3

35.
a. Find the characteristic polynomial of M.
b. Find the eigenvalues of M.
c. Find a basis for each eigenspace of M.
d. Find a matrix P and a diagonal matrix D such thatM = PDP�1.
e. What are the eigenvalues of M3?

4. (18 points) Indicate whether each statement is true of false.

a. If A is singular then A is not diagonalizable.
b. If �1 is an eigenvalue of T then there exists a vector v such that

Tv = �1v.
c. If �2 is not an eigenvalue of T then the only vector that satis�es

Tv = �2v is v = 0.
d. pT (�) = 3�

4 � 2�3 + 7�2 + �+ 1 is the characteristic polynomial of
some linear transformation.

e. If pT (�) = (2��)5 then the dimension of the � = 2 eigenspace is 5.
f. Given any matrix A and any invertible matrix B the matrix BAB�1

has the same characteristic polynomial as A:

1



5. (12 points) Let u = (1; 3;�2) and v = (4; 1; 1).

a. Calculate u � v. Are they orthogonal?
b. Calculate the length (norm) of each vector.
c. Normalize u so that it has length 1.

6. (12 points) Let W = Span(

8<:
24 1
2
1

35 ;
24 3
1
2

359=;). Find a basis for W?.

7. (20 points) Let u =

24 1
2
1

35 and v =
24 3

1
�5

35.
a. Show u and v are orthogonal.

b. Find the projection of

24 1
1
1

35 on to the subspace spanned by u and
v.

8. (20 points) Given the basis X =

8<:
24 1
2
1

35 ;
24 1
4
3

35 ;
24 2
1
0

359=; apply the

Gram-Schmidt process to this basis to form an orthogonal basis of R3.

9. (28 points) Consider the following inconsistent system of equations:
x1 � x2 = 2;
2x1 + x2 = 2;
x1 + x2 = 1:

a. Find the least squares solution of this system.

b. Using your work in part a. �nd the projection of

24 2
2
1

35 on to the
subspace spanned by

24 1
2
1

35 and
24 �1

1
1

35.
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10. (20 points) Recall the de�nition of an inner product is a function from
V � V ! R that satis�es the following properties:

1. hu;vi = hv;ui.
2. hu;v +wi = hu;vi+ hu;wi.
3. hcu;vi = c hu;vi.
4. hv;vi � 0.
5. hv;vi = 0 if and only if v = 0.

Prove the dot product on Rn satis�es these 5 properties. (Hint: Write the

vectors as v = (v1; v2; :::; vn) and use the fact that hu;vi =
nP
i=1

uivi).
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