Quiz 5 FOR MATH 304-08, 3/1/2023 YOUR NAME

Show all necessary reasoning and work for full credit.

(1) (6 points) Find the coordinate vector, [p(t)]s, of p(t) = 5t° + 2t — Tt* with respect
to the standard basis B = {t°,t;,t?} of Py(¢).
)
Answer: [p(t)]s = | 2 |, which are the coefficients of the basis vectors in p(t).
-7

(2) (446 points) A linear transformation T : Py(t) — R? is given by the rule

ag — Ao
T(aoto + alt + &Qtz) = 2&2
a; + ag
(a) Evaluate T'(3t — 5t2).
Answer: In this polynomial, ag = 0, a; = 3, and as = —5. Therefore,
0—(=5) 5
T(3t — 5t%) = -5 | =1]-5
3+0 3

(b) Find the coordinate vector, [T'(3t — 5t%)]e, [OMIT: of p(t) = 5t° + 2t — 7t?] with
respect to the standard basis & = {ej, es, e3} of R3.

5
Answer: First find T'(3t — 5¢%) (in part (a)). Then [T(3t — 5t?)]e = |-5],
3
because T'(3t — 5t%) = 5e; — bey + 3es.
g — a9
(3) (8+8+4 points) For the same linear transformation T'(agt® +ait +ast?) = | 2as
ai + ap

as in the previous problem:

(a) Is T' one-to-one (injective)?
Answer: Yes. You need to justify this. Injective means that if T'(p(t)) = T'(¢(t)),
then p(t) = q(t). (See Ch. 10.) Let’s write p(t) = aot’ + a1t + aqt* and ¢(t) =
boto -+ blt -+ bgtg. Then

apg — a2
T(p(t)) = T(apt® + ait + ast?) = | 2a,
ai + ag
and
by — bo
T(q(t)) = T(bot® + byt + bot?) = | 2by
by + bo
We set these equal and see what results from that equation.
apg — a2 bo — be
2@2 = 2[)2

ai + ag b1+b0
1



gives the linear system
ap — az = by — by,
2a5 = 2bo,
ar + ag = by + by,

from which it is easy to conclude that as = by, therefore ay = by, and therefore
a; = by. That is, p(t) = q(t). Since T'(p(t)) = T(q(t)) implies p(t) = q(t), it
follows that p(t) # q(t) implies T'(p(t)) # T'(q(t)). Thus, T is injective.
(b) What is the range of 77
T
Answer: Remember that the range is the set of all |z5| € R? (the target) such
T3
T
that T'(apt’ + ait + ast?) = |x2| has a solution agt® + ait + ast® € Po(t) (the
T3
T
domain). Using the formula for 7', that means we want to find all |z2| such
T3
g — a2 L1
that 2a5 = |x3|, where the z’s are given numbers, has a solution for
ai + ap I3
the a’s. (Be carefull The unknowns are the a’s, not the z’s!) We set up the
augmented matrix and get a row echelon form:

1 0 -1 = 1 0 -1 T 1 0 —1 T

00 2 x| — 1|0 0 2 o — 10 0 1 %.’132 —

11 0 T3 01 1 T3 — X1 01 1 T3 — I
100 a+im 100 a+ix
0 0 1 %132 — (0 1 0 .T3—LC1—%LU2
01 0 a3—a1— 329 001 1o

The only thing that matters here is that the echelon form has no pivot position

in the last column (the “constants” column). Therefore the original equation is
sl

always solvable, no matter what vector |x2| we started with. (We don’t need
L3

an actual solution.) That means the range of T is all of R3.

(c) Is T surjective?
Answer: Yes, because its range is the same as its target.



