HANDOUT I: CONSTRUCTION OF MAGIC SQUARES

NOTES BY EMANUELE DELUCCHI

1. MAGIC SQUARES

Definition 1. A magic square M of order n is an m x m-array filled
with the numbers 1,2, ..., n? so that each number appears exactly once,
and with the requirement that the sum of the numbers over any row
is equal, and equals the sum over any column and along the two main
diagonals. This sum is called the magic sum associated to M and is
denoted by Syy.

Remark 1. Since the numbers of every row of a magic square M sum
up to Sys and the sum over all rows is the sum 1 +2 43+ ...+ n? =
in?(n? + 1), we know that Sy has to be one n-th of this total. Thus,
every magic square M of order m has the same magic sum, namely

n(n?+1)
5 .
There is exactly one magic square of order 1, and there is no magic

square of order two (the magic sum would be 5). We want to address
the problem of constructing a magic square of every given order.

Sy =

Example 1. A magic square of order 3, and one of order 4:

16 3 2 13
5 1¢ 5 10 11 8
3 5 7
49 9 9 6 7 12
4 15 14 1

Exercise 1. Construct another magic square of order 4.

2. “PRIME” MAGIC SQUARES

We will indicate in this section a method to construct magic squares
of order p, when p is a prime number bigger than 3.

Definition 2. A quasimagic square of order n is a square array () of
n? boxes filled with natural numbers, such that the sums along every
row, every column, and both diagonal are all equal. This quantity is

called the magic sum, Sq.
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Thus, a magic square is a quasimagic square with the additional
requirement that the boxes are filled using exactly once all the numbers
from 1 to n?. The important point is that the sum of two quasimagic
squares is again a quasimagic square. The sum of two squares is the
square obtained by taking in each box the sum of the entries of that
box in each of the squares. The sum of the two squares ()1 and ()5 is
written Q1 + Qs.

Example 2. Two quasimagic squares and their sum:
1 2 3 2 2 2 356

2 3 1 +2 22 =42514
31 2 2 2 2 5 3 4

Now let p > 3 be a prime number. We are going to build our magic
square M of order p as the sum of two quasimagic squares, Q1 and (s.
We need to design )7 and ()5 so that their sum contains exactly once
the numbers 1,...,p% To this end, consider the sets

{]‘727"'7p}7 {07p’2p7"‘7(p_1)p}

and notice that by taking all possible sums between elements of these
sets we get exactly once every number between 1 and p?.

We thus have to construct a quasimagic square (1 with the numbers
1,...,p and a quasimagic square (s with entries from 0,1,2,...,(p—1)
so that the pairs of numbers associated to the same entries of ()1 and
()2 never repeat — that is, every entry corresponds to a unique pair of
numbers, and so to a unique sum. Once we have done that, we will
just have to evaluate

M = Q1+ pQs.
2.1. Construction of @);. The first row of (); will be given by the
numbers 1,2,...,p arranged in increasing order. The second row is

obtained by shifting the first row (to the left) by some number k of
places. The third row is obtained from the second the same way the
second was constructed from the first — and so on. For example, if
k = 2, we obtain

1 2 3 p—2 p—17p
3 45 P 1 2
Q=156 7 3 4

Fact 1. Since p is a prime number, for every choice of 0 < k < p we will
obtain an array with every number from 1 to p appearing exactly once
in each row and each column. To ensure that the down-left-to-top-right
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diagonal also contains every number once, we must require k& > 2. To
ensure the same for the other diagonal, k£ < p will be enough.

Exercise 2. Give a proof of Fact 1.

Notice that it is here that we need to assume that p > 3. For if p = 3
there is no number £ that can meet the requirements!
Thus, we truly have a quasimagic square with sum
p(p+1)
So, = 5
2.2. Construction of ();. We apply to the sequence 0,1,2...,p—1
the same shifting method we used for ()1, with one caveat: we cannot
take the same shift as above, or else we would have plenty of repeated
pairs of entries, which, as we pointed out, we do not want to happen.
We will then let

0 1 eop—1
EokK+1 -0 K —1

Q2= o ok +1 ... 2% —1 -

where k' must satisfy 1 < ¥ < p — 1 (by the general rule for the shift)
and k" # k — 1 (in order not to have the same shift as in ¢)).

This concludes the construction of magic squares of prime order big-
ger than 3.

3. PRODUCT OF MAGIC SQUARES

Here we describe a procedure that, given a magic square M of order
m and a magic square N of order n, allows us to construct a magic
square of order mn. Together with the previous section and the two
magic squares of Example 1, we thus have a method that allows us to
construct magic squares for every odd order and for every doubly even
order, i.e., order 4k for some k > 0.

Definition 3. Let a magic square M of order m and a magic square
N of order n be given. Let M; ; be the entry in the ¢-th row and j-th
column of M, and let N;; be defined analogously.

Given any integer number k, let us define the quasimagic square M *)
as the array obtained by adding (k — 1)m? to every entry of M, so that
for all 7, 7 we have

k
Mz‘(,j) =M, ; + (k — 1)m>.
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The composed magic square MY is obtained by creating an n x n
grid of m X m squares, more precisely the square in the i-th row and
j-th column of the grid is M Nis),

Theorem 1. MY is a magic square of order nm.

Proof. The proof consists basically in checking that every row, column
and diagonal amounts to the magic sum of squares of order mn, namely
tmn(m*n?® + 1). We will do this for rows, leaving the check for columns
and diagonals to the reader.

So pick a row of M, let’s say it’s the i-th row in the h-th row of
“M*s”. Then the sum of the entries is given by the sums of the entries
of the i-th rows of all MMrs) for j = 1,...,n. Since the M®*)s are
obtained from a magic square by adding the constant term (k — 1)m?,

their constant sum over rows Sy, equals Sy + (k — 1)m?®:

Z SM(N,W-) - Z SM + (NhJ — 1)m3
j=1

j=1

=nSy +m? Z Ny, ; —nm?®

j=1
——
SN
241 241
TS | LT |

= é(nm +nm® +m’n 4+ m’n® — 2nm?)
2,2
1
_nm(n;n—l— ):SMN. -

4. MAGIC SQUARES OF EVEN ORDER

The construction of magic squares of even order turns out to be
more difficult. The argument above (subdividing M as a sum Q; + @)2)
actually works here too, but it needs to be refined with lots of technical
adjustments. We will thus not carry out the full argument here — the
interested reader will find a thorough explanation in [3].

We will only illustrate two methods, without explaining them.

4.1. Squares of order 4k, k > 0. The method for this case is illus-
trated in exercise 1.8.18 of Brualdi’s Introductory Combinatorics [1],
and we will not repeat it here.
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68|65 96|93 4|1 32‘29 60‘5?
L L L L L
4 1 66 |67 |94 |95 |2 | 3 |20 |31|558 |59

/ 92 |18% |20 [17 |28 | 25 |56 |52 |&e4 |6l

2 3 L L L L L
90 |91 |18 (19 |26 | 27 | 54 |55 |62 |63

1 4 16 |12 [24 |21 |49 |52 |80 |77 |88 |85

| | — L U L L
14 |15 [22 |23 |50 |51 |78 |79 |86 |a7

2 3

37 |40 |45 |48 |76 | 73 |81 |84 | 9 |12

u U- L 18] 10
1 4 22 |39 46 |47 |74 |75 |82 |83 |10 |21
>< 41 |44 |69 |72 [97 [ton] 5 | 8 |23 |36

3 Z — X X X X <
43|42 71|70 99|9a 7‘6 35‘34

FiGUuRrE 1

4.2. Squares of order 4k + 2, k > 0 : “fiat LUX”. This method
is due to Conway [2]. It starts by subdividing the square into 2 x 2-
subsquares, and putting at the intersection of the lines of each such
block the letter L, U or X, according to the following rules:

(1) Put L’s in the first m + 1 rows.

(2) Put U’s in the m + 2-nd row.

(3) Put X’s in the remaining rows.

(4) Switch the middle U with the L above it.

Now we use De La Loubere’s method to generate a magic square of
order 2m + 1. The sequence of the numbers in the boxes of this square
will give us a sequence of 2 x 2 boxes in the big square. We will then fill
in the big square with the numbers 1,2, ...,4m+ 2 in increasing order,
filling the 2 x 2 boxes in the order given by De La Loubere, and within
each 2 x 2 filling the squares in the sequence “naturally” suggested by
the letters L, U, X — as in Figure 1. That figure shows the patterns for
the letters and an example of the construction.
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