Math 386 Test 2  November 30, 2022 SOLUTIONS

(1) (24=1044+10 points) Consider a sequence hg, hi, ho,... given by the recurrence
relation h,, = 2h,_1 + 8h,,_o (for n > 2).
(a) Use the method of characteristic polynomial (also called auxiliary polynomial)
to find the general solution (the one with constants ¢; and ¢3).
Solution. The polynomial is 22 = 2z + 8, which has the solutions z = 4, —2.
Thus, the general solution is h,, = ¢14™ + co(—2)".
(b) Use your general solution to find the specific solution that satisfies the initial
conditions hg = 1 and hy = 3.
Solution. We set hg = 1 = ;4% +¢5(—2)" = ¢;+ ¢y and hy = 3 = 4" + ¢ (—2)1,
ie.,
c1 +c=1and 4¢c; — 2¢cy = 3.
The values are ¢; = % and ¢, = %, so the specific solution we want is h,, =
o4+ 5(=2)m
(¢) Then use your general solution in (a) to find the sequence that satisfies h,, =
2h,—1 + 8hy—o + 9n (for n > 2) and the initial conditions hg = 1 and h; = 3.
Solution. First step: Find a specific solution of this inhomogeneous recurrence.
We try h,, = an + b. This gives

an +b=2(a[n — 1] +b) + 8(a[n — 2] + b) + 9In,
which simplifies to
an + b= (2a + 8a + 9)n + (—18a + 100).

Comparing coefficients of the two polynomials gives a = 10a+9 and b = —18a+
10b, so a = —1 and b = —2. Thus, our special solution is —n — 2. Now
we combine this with the general homogeneous solution from part (a) to get
hp = 4™ + co(=2)" —n — 2.

Second step: Fit this to the initial values: ho =1=c¢; + ¢ —2 and hy =3 =
—4cy 4 2co — 3. The values are ¢; = 2 and ¢, = 1, so the specific solution we
want is h, = 2(4)" 4+ (=2)" —n — 2.

(2) (6 points) What is the sequence h,, n = 0,1,2,..., whose generating function is
1/(1 — 4x)11?
Solution. By Newton’s Binomial Theorem,

1/(1 — 42)! = i (” o 1nl - 1) (42)" = i <” Tolo)élna:”.

n+10) 4n

Thus, the sequence is h, = ("



(3) (20 points) Use the method of generating functions to solve the recurrence h, =
Shp—1 + 3" (for n > 1) with initial condition hy = 1.
Solution. First, set up the generating function (which I call H(z) but you can
call it whatever you please):

(0.1) H(z) =Y hna" = ho+ iz + hoa” + haa’ + - .
n=0
(The dots are required because this is not a finite sum.)
Next, get the equation involving the generating function by summing x" times the
recurrence (for n > 1):

(0.2) f: hpa™ = io: Shp_12"™ + c.
n=1 n=1

We need to get this in terms of H(z).

— The first sum is hyx + hox? + hgz® + -+ = H(z) — ho.

— The second sum is 52y - | h,—12""" (we matched the subscript to the exponent)
=Y _ohmx™ by the substitution m = n — 1. This gets the sum into the form
> hpa™, as in H(x), and since it begins at m = 0, this sum = H(z).

— The third sum is > 7 (3z)" = 3z Y _~_(3z)™ (by the substitution m = n — 1)

= ﬁgx by the geometric series or Newton’s Binomial Theorem.
Now we can put H(z) into Equation (0.2):
3w
H(x) — hy =5xH .
() ~ ho = SzH(z) +
Solve for H (z):
3T 3T 1
(@ =50) =ho+ ;g =1 05, = 15,

and therefore .

(1—-5z)(1—3x)

Use partial fractions to get “pure” denominators:

1 A B
(1-52)(1—3z) 150 13z

so 1 = A(1 — 3z) + B(1 — 5z), whose solution is A = 2 and B = —3. Therefore,

5 1 3 1
T 21—5r 21-3z

Finally, we get the answer by applying Newton’s Binomial Theorem (actually,
simply the geometric series):

H(z)=

H(z)

5w n 3 < n < 5nn 3nn Oo5n+1_3n+1n
n=0 n=0 n=0 n=0
Comparing to (0.1) we see that the coefficient of 2" is h,,, so
n+l _ a9n+l
R
2

2



Note: Optionally, you can check your answer by testing hy and h;. The formula

gives hg = 3-8 — 1, which is correct. It also gives h; = 52;32 = 8, which agrees

2
with the recurrence, h; = 5hg + 3! = 8. That gives me confidence I did it right.

(4) (15 points) Miss Clavel takes 6 little girls to the little carousel, which has 6 little
horses, each of a different color. The little girls get on the horses and enjoy a ride.
The ride ends and they all get off for ice cream. Then they go back for another ride.
In the second ride, no girl sits diametrically across from the same girl she did on
the first ride. How many ways can the little girls sit in the second ride? (Sorry, no
illustration; I can’t match the original Madeline.)

Solution. The little horses are distinguishable, so we can number them from 1 to
6 around the carousel and let’s number the girls also, according to which horse they
sit on in the first ride. Notice that girls 1 and 4 are opposite, as are girls 2 and 5,
and also girls 3 and 6. The opposite pairs each differ by 3.

In the second ride their seating is a permutation sy - - s¢ of {1,2,...,6}, where
s1 is the number of the horse chosen by girl 1, etc. Counting directly gets messy so
we apply the Principle of Inclusion and Exclusion (“apple PIE”).

The universe U is the set of all possible seatings, i.e., all permutations of the
girls, thus |U| = 6!. (We do not use circular permutations because the horses are of
different colors.)

The properties are P;: girls 1 and 4 are opposite; P»: girls 2 and 5 are opposite;
Ps: girls 3 and 6 are opposite. We want to avoid all three properties. With the usual
definition of A; = {x € U : x satisfies P}, we want to find |A; N Ay N A3]. The PIE
formula is

| AN AN As| = |U|— (|Ar] + |Az| + | As]) + (JA N Ag| + A1 N As| + |Aa N As|) — [A1N AN As|.

To find |A;| we notice that girl 1 has 6 choices of horse but then girl 4 must be
opposite (1 choice). Then the remaining girls can sit in any way in the 4 unused
horses (4! ways). Thus, |A;| = 6 -4!. The computations for Ay and Az are similar so
|As] = |Ag| = 6+ 41

To find |A; N As| we let girl 1 choose from 6 horses; then girl 4 must be opposite.
Next, girl 2 chooses from 4 horses and girl 5 must be opposite. Finally, girls 3 and
6 sit in the last two horses (2! choices). Thus, |A; N As| = 6 -4 -2, Similarly,
Al N As| = |AaN Az =6-4-2.

Finally, if the girls satisfy all three properties, then girl 1 has 6 choices, girl 4 has
one choice, girl 2 has 4 choices, girl 5 has one choice, girl 3 has 2 choices, and girl 6
has one choice. Thus, |[A; N Ay N A3 =6-4-2.

Substituting all this into the PIE formula,

|AiNA;NAs| =6 —3(6-4)+3(6-4-2)—6-4-2.

This is the answer.
Note: If you calculated the actual number, it should be 384.



(5) (12 points) The Fibonacci numbers f,,, n > 0 satisfy the recurrence

Jnik—1 = [rfn + fo—1fo1 for all n, k> 0.
Use this recurrence with k = 7 to prove that 8 divides f,, if and only if 6 divides n.
Solution. We need the values of fg and f7, which are in the sequence
n|0[1|2[3]4|5]6]| 7
fa]O]1]1]2[3]5]8]13
so f¢ = 8 and f; = 13. By the recurrence, f, 6 = 8f, + 13f,_1. Therefore,
81 fuis <= 8|(13fu +8fu1) < 8[13f, < 8|,

—the last step because ged(8,13) = 1. This shows that f,, and f,,¢ have the same
property regarding divisibility by 8, namely, both are divisible or both are not divis-
ible.

Therefore, all Fibonacci numbers fo, fs, fi2, ..., f6;, - - - have the same divisibility
property. Since fo = 0 (or fg) is divisible by 8, all of them are divisible by 8. That
is, 8| f, if n is a multiple of 6. This proves half the statement.

Also, all of fi, f7, fi3,- .., fej+1, - - - have the same divisibility property. As f; =1
is not divisible by 8, none of them is divisible by 8. Similarly,

— all fg;4+2 have the same divisibility property as fo = 1 so they are not divisible by
8,

— all fej43 have the same divisibility property as f3 = 2 so they are not divisible by
8,

— all fgj+4 have the same divisibility property as fi = 3 so they are not divisible by
8,

— all fg;45 have the same divisibility property as f5 = 5 so they are not divisible by
8.

This proves the other half of the statement.
One can write a formal proof of the last part with induction, but it is not quite

simple and this is good enough.

A solution by induction on n is impossible.



(6) (10 points) Here is the Hasse diagram of a poset P. The table gives the Mdbius
function of P. There is an unknown function F(x), = € @), and we define a function
G(y), y € @, by the formula

<y

The function G is known (see the table). Use Mébius inversion to find the value of
F(d).

o |0 ] fe |4 :
G@)| 76543 /\
wle,y)la b ¢ e d c1 Co

1 -1 0 0 O
b o 1 -1 -1 1 \ /
c1 0 0 1 0 -1 b
Co 0 0 0 1 -1 p
d 0O 0 O 0 1
Values of p(z,y): = on the left, y
along the top. a

Solution. The general formula for Mobius inversion is F'(y) = >~ . .o, u(z,y)G(x).
Set y = d; then F(d) = ), ., u(z,d)G(x) = > pp(x,d)G(x) since every & € P
is < d. So, -

F(d) = pla, d)G(a) + u(b, d)G(b) + pler, d)G(er) + plea, d)G(ea) + p(d, d)G(d)

= (0)(M) + M)(6) + (=1)(5) + (=1)(4) + ()(3)
= 0.



(7) (13 points) Here is the Hasse diagram of a poset ). Compute the Mobius function

value p(a,d).

1 C2

!
N

Solution. We work upwards from a.

d

pla,a) = 1.

ﬂ(av bl) = _:u(ava) =—1

”(a’ b3) = _:u(aa a) = -1

(a, c1) = —|p(a, a) + p(a, bs)] = 0.

,u(a’ C2) = —[/L(CL, a) + u(a, b3)] = 0.

p(a,d) = —[u(a, a) + pla, bi) + pla, bs) + pla, ¢1) + pla, o)) = 1.

And there is the answer.



