RELATIVE VERTICES ARE TRANSLATES

We assume &7 is an affine hyperplane arrangement in A"(K), K afield. Its projectivization
is op = {hp:h € o} U{hy} in P"(K), where for an affine flat s, sp denotes its extension
to a projective flat by adjoining the necessary ideal points, and h. is the ideal hyperplane.

The relative vertices are the maximal elements of £ (.<7); that is, the affine intersection
flats that are minimal in the containment ordering of affine flats.

Theorem 1. All relative vertices of an affine arrangement A are translates of one another.
In fact, every relative vertex v of A satisfies vp N hy = 1 := () Ap.

Proof. E|We implicitly use the modular law of dimension in projective space, several times.

Let 7 be the rank of £L(Ap), and assume by way of contradiction that v is a relative vertex
of rank at most r — 2 (i.e., vp K i), that is, vp is covered by v := vp N hy, Which itself is
covered by some ideal flat £,

We have two ways to complete the result.

Geometrical Pmofﬂ We claim to, = tpMNhy, for some t € L(A), which means that ¢ > v in
L(A), contradicting the choice of v as a relative vertex. To see this, let h € £L(A) such that
too = vp N hp. Define t :== hNwv. Then t € L(A) and t > v, so long as t # &. If t = &, then
h[@ﬂvp Q hooa SO ]’L]Pﬂv[p = hpﬂv[pmhoo = h[pﬂvoo = tooa a contradiction. Thus h[@ﬂvp Z hooa
S0 tp = ts and t # . Therefore vp < 1 = vp N hoy. This means that all relative vertices v
have the same ideal part, namely 1, and we are done.

Geometric Lattice Proof. By atomicity of L(Ap), there is a hyperplane hp € Ap such that
loo = Voo A hp. Then hp £ vp (since to > vs) S0 hp A vp > vp and by semimodularity
vp A hp < ts. Since vp A hp = ¥4 leads to the contradiction that too = vo, vp A hp is a
projective flat of Ap but not an idea flat. It therefore is the projective extension of an affine
flat ¢ of A, which is > v. This contradiction shows that vp < 1 and vs = 1, which implies
that all relatlve vertices have the same ideal part, which in turn implies they are translates
of each other. O

It is recommended to draw a Hasse diagram to illustrate the proofs.
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