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1. WHAT 1S A LINE GRAPH?

Graph I' = (V, E): Simple (no loops or multiple edges).

V = {vy,v9,...,0,}, E ={ei,ea,...,en}.
Line graph L(T):
Vi = E(I'), and exe; € B, <= e, € are adjacent in T
Adjacency matriz:
1 if v;,v; are adjacent,
A(T) := (aij)ij<n with a;; = ¢ 0 if not,
0 ifi=j.
Unoriented incidence matriz:
H(=T) = (mi(—T))in e where nig(—T) = {1 ?f v;, € are incident,
0 if not.
Oriented incidence matriz:
+1 if v;, e, are incident,

H(+TI') = i(+1))i<n k<m where n;(+1') = .
0 if not,

in such a way that there are one +1 and one —1 in each column.

Kirchhoff (‘Laplacian’) matriz of T':
K(+T) := H(+D)H(+I)*!
K(-T):=H(-D)H(-D)"

D) = A(T),
D(T) + A(T),

where D(I") := diag(d(v;)); is the degree matrix of I

Theorem 1.1. H(—I')TH(-T) = 2I + A(L(T")).
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2. WHAT 1S AN EIGENVALUE?

Figenvalue of T': An eigenvalue of the adjacency matrix, A(T').

Stage 1 of the History of Eigenvalues > —2.
Corollary 2.1. All eigenvalues of L(X%) are > —2.

Thus began the hunt for graphs whose eigenvalues are > —2.
Hope: They are line graphs and no others.
Hope is disappointed.

Stage 2 of the History of Figenvalues > —2.

Generalized line graph L(T;ry, ... rp):

e The vertex star E(v;) := {ey : e is incident with v;} — wvertex clique
in L.
e A cocktail party graph CP, := Ky, \ M, (a perfect matching).

Alan Hoffman:
L(T;ry,...,m) = L(I") with CP,, joined to the vertex clique of v;.
(Joined means use every possible edge.)

Theorem 2.2. All eigenvalues of L(I';ry,...,r,) are > —2.

A mystery!

Stage 3 of the History of Figenvalues > —2.

Solution by Cameron, Goethals, Seidel, & Shult:
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3. WHAT 1S A ROOT SYSTEM?

Root system:
A finite set R C R% such that

RS1. z € R = —x € R (central symmetry),

RS2. 2,y € R = QM € 7Z (integrality),
T

RS3. z,ye R — y— 22 Y, € R (reflection in y),
x-x

RS4. 0 ¢ R.

Observation: (Ry x {0}) U ({0} x Ry) C R™ x R® is a root system, called
‘reducible’.

Origin: Classification of simple, finite-dimensional Lie groups and algebras
by classifying irreducible root systems. The classification:

Ay =2{z eR" 12 ==£(b; — ;) for i < j},
D,=A, 1U{xeR":x==2(bj+b) fori < j},
BngDnU{bZZSTL},
CngDnU{Qb,ZSTl},
and Fg, Er, Eg, where

Es C E;, C Ex= D, U {%(:I:bl + ...+ bg) : evenly many signs are —}.

Theorem 3.1 (Cameron, Goethals, Seidel, and Shult). Any graph with eigen-
values > —2 is negatively represented by the angles of a subset of a root system
D, for some r € Z, or Es.
Negative angle representation of I':
C9a; ifi 4
Y V — R such that 9 (v;) - ¥(v;) = {2 @i ?fz, 7
if 1 = j.

(The factor 2 is merely a normalization.)
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4. WHAT IS A SIGNED GRAPH?
Signed graph:
Y= (I,0) where 0 : E — {+,—}.
Examples:

+I' = I" with all edges positive.

—I' = I' with all edges negative.

+A = A with all edges both positive and negative (2 edges for each orig-
inal edge).

Underlying graph: |3| :=T.
Positive and negative circles: Product of the edge signs.

Adjacency matriz:

(1 if v;, v; are positively adjacent,
—1 if v;, v; are negatively adjacent
A(Y) = (ay)ij<n with a;; = ' ’

(%) 1= (aij)igsn i =) 0 if not adjacent,

0 ifi=j

Reduced signed graph X:

Delete every pair of parallel edges with opposite sign.
No effect on A(Y).

Incidence matrix:
+1 if v;, e, are incident,

H(E) = (nikj)ign,kgm where Nik = .
0 if not,
in such a way that the the two nonzero elements of the column of e satisfy

NikMNjik = _U(Bkz)-

Kirchhoff (‘Laplacian’) matriz of 3:
K(%):=HEXHX)' = DE) - AX)

where D(X) := diag(d(v;)); is the degree matrix of the underlying graph of
>
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5. WHAT IS THE LINE GRAPH OF A SIGNED GRAPH?
Oriented signed graph: (X,n) where n: V x E — {+, —} U {0} satisfies
n(vi, ex)n(vj, ex) = —o(e) if ex:vv;,
n(v, ex) = 0 if v; and e are not incident.
Meaning:

+ denotes an arrow pointing into the vertex.
— denotes an arrow pointing out of the vertex.

Bidirected graph B: Every end of every edge has an independent arrow, or,
B =(,n).
(Due to Edmonds.)

An oriented signed graph is a bidirected graph.
A bidirected graph is an oriented signed graph.

(Due to Zaslavsky.)
Line graph of ¥: A(X) = (L(|X]),na) where

na(ex, exer) = n(vi, ex)
and v; 1s the vertex common to e, and e;.
That is:
(1) Orient X (arbitrarily).
(2) Construct L(|X]).
(3) Treat each edge end in L as the end in ¥ with the arrow turned around
so it remains into, or out of, the vertex.

Proposition 5.1. The circle signs in A(X) are independent of the arbitrary
orientation.

Reduced line graph: A(X).

Theorem 5.2. H(X)TH(X) = 21 — A(A(D)) = 21 — A(A(R)).
Corollary 5.3. All eigenvalues of A(T'), or A(T'), are < 2.
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6. WHAT DOES IT ALL MEAN?

First Answer::

Theorem 6.1 (Cameron, Goethals, Seidel, and Shult, reinterpreted).
Any signed graph with eigenvalues < 2 is represented by the angles of
a subset of a root system D, for some r € Z, or Ej.

Angle representation of X:

Sa;  if it
¢ : V — R such that ¢(v;) - (v;) = {Zaj 1fz 7&].
if i = 7.

(The factor 2 is merely a normalization.)

Second Answer::

Theorem 6.2. A signed graph with eigenvalues < 2 s either the line
graph of a signed graph, or one of the finitely many signed graphs with
an angle representation in Eyg.

Those generalized line graphs are line graphs.
¥(r1,...,m) := 2 with r; negative digons attached to v;.

Proposition 6.3. —L(T;7ry,...,7,) = A(=T(ry,...,m)).

Mantra:
The proper context for line graphs is signed graphs.
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7. WHAT Are THOSE LINE GRAPHS OF SIGNED GRAPHS?

Theorem 7.1 (Chawathe & G.R. Vijayakumar). The signed graphs repre-
sented by angles in D, for some n are those in which no induced subgraph is
one of a certain finite list of signed graphs of order up to 6.

Theorem 7.2 (G.R. Vijayakumar). The signed graphs represented by angles
in Eg are those in which no induced subgraph is one of a certain finite list of
signed graphs of order up to 10.

What graphs are (reduced) line graphs of signed graphs?

(1) The reduced line graphs that are all negative are —A for A = general-
ized line graph.
Eigenvalues of —A are < 2; of A are > —2.
Forbidden induced subgraphs (S.B. Rao, Singhi, and Vijayan, with-
out signed graphs).
(2) The reduced line graphs that are all positive, +A, are much fewer and
less interesting.
Eigenvalues of +A are < 2.



LINE GRAPHS, EIGENVALUES, AND ROOT SYSTEMS 2 August 2010 9

REFERENCES

[1] P.J. Cameron, J.M. Goethals, J.J. Seidel, and E.E. Shult, Line graphs, root systems,
and elliptic geometry. J. Algebra 43 (1976), 305-327. MR 56 #182. Zbl 337.05142.

[2] P.D. Chawathe and G.R. Vijayakumar, A characterization of signed graphs represented
by root system D.. European J. Combin. 11 (1990), 523-533. MR 91k:05071. Zbl
764.05090.

[3] F. Harary, On the notion of balance of a signed graph. Michigan Math. J. 2 (1953-54),
143-146 and addendum preceding p. 1. MR 16, 733h. Zbl 056.42103.

[4] S.B. Rao, N.M. Singhi, and K.S. Vijayan, The minimal forbidden subgraphs for gener-
alized line graphs. In: S.B. Rao, ed., Combinatorics and Graph Theory (Proc. Sympos.,
Calcutta, 1980), pp. 459-472. Lecture Notes in Math., 885. Springer-Verlag, Berlin,
1981. MR 83i:05062. Zbl 494.05053.

[5] N.M. Singhi and G.R. Vijayakumar, Signed graphs with least eigenvalue < —2. Furo-
pean J. Combin. 13 (1992), 219-220. MR 93e:05069. Zbl 769.05065.

[6] G.R. Vijayakumar, Signed graphs represented by D.,. European J. Combin. 8 (1987),
103-112. MR 88b:05111. Zbl 678.05058.
And see other relevant papers in [12].

[7] G.R. Vijayakumar, Signed graphs represented by root system Fg. Sankhya Ser. A 54
(1992), 511-517. MR 94d:05072. Zbl 882.05118.

[8] Thomas Zaslavsky, Signed graphs. Discrete Appl. Math. 4 (1982), 47-74. Erratum.
Discrete Appl. Math. 5 (1983), 248. MR 84¢:05095. Zbl 503.05060.
The theory of the incidence matrix.

[9] Thomas Zaslavsky, Orientation of signed graphs. Furopean J. Combin. 12 (1991), 361
375. MR 93a:05065. Zbl 761.05095.

[10] Thomas Zaslavsky, Line graphs of signed graphs and digraphs. In preparation.

[11] Thomas Zaslavsky, Graphs, Gain Graphs, and Geometry: a.k.a. Signed Graphs and
their Friends, Course notes for Math 581: Topics in Graph Theory: Graphs and Geom-
etry, Binghamton University (SUNY), Fall, 2008 Spring—Summer, 2009 Spring, 2010.
In preparation; URL
http://www.math.binghamton.edu/zaslav/581.F08/course-notes.pdf
See Section II.M for line graphs of signed graphs.

[12] Thomas Zaslavsky, A mathematical bibliography of signed and gain graphs and al-
lied areas. Electronic J. Combin., Dynamic Surveys in Combinatorics (1998), No.
DS8 (electronic). MR 2000m:05001a. Zbl 898.05001. Current working update at URL
http://www.math.binghamton.edu/zaslav/Bsg/



