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ABSTRACT. We propose an approach through graph theory that may allow extending
factorization theorems about multary quasigroups to local multary quasigroups.

A multary (or more precisely n-ary) quasigroup on a set Q is a function
f Q™ — Q such that the equation f(x1,zo,...,z,) = xo has a unique solution
for each z; if the values of all other variables z; for 0 < j < n, j # ¢, are given.
One can restate this as the following property (Q):

There exist functions f; : Q* — Q for i = 1,...,n such that

f(xlaan"'axn):xO

— fi(x()axlw"?xiu' ..,l’n) = Ty,
where Z; means the variable x; is omitted.

One can put a topological structure on Q and require f and the f; to be
continuous; that defines a continuous quasigroup. A local quasigroup [1] is a
partially defined continuous quasigroup; that is, f is defined on an open domain
D C Q" and each f; is defined on an open domain D; C Q™ and each function
has property (Q) in some neighborhood of any point of its domain. (Usually, Q
is a manifold. It may have a differentiable structure; then f and the f; should
be differentiable and one says that f defines a local differentiable quasigroup.
One may have different manifolds Q; for each variable x;, but of the same
dimension.)

An n-ary quasigroup has a combinatorial representation as a “biased expan-
sion” of a circle (or cycle, or circuit) graph of length n + 1; that is a graph with
n + 1 vertices and (n + 1)|Q| edges and additional structure to be explained
later. I described this representation in [2] and (with proofs) in [3] and used
it to prove that, if f has enough factorizations—specifically, if its factorization
graph is 3-connected—then it is an iterated group operation (up to isotopy,
i.e., separately renaming each of the variables). Furthermore, if every ternary
retract quasigroup, obtained from f by fixing all but three of the independent
variables, is isotopic to an iterated group, then so is f.

My question is how to apply the method of biased expansion graphs to
deduce properties of local quasigroups. In particular, can one prove a local
analog of the 3-connected factorization theorem or the ternary retract theorem?
My idea is that one can model a continuous quasigroup by defining a topology
on a biased expansion graph, then generalize the definition to topological biased
graphs in order to model local quasigroups.



It is time to define the graph theory terms precisely. A biased graph is a pair
(T, B) consisting of a graph I" and a list B of circles in I" such that, if two circles
are in BB and their intersection is an open path of length at least 1, then their
symmetric difference (which is a circle) also lies in B. A biased expansion of a
graph A is a biased graph (T", B) together with a projection mapping p : I' — A
such that p is bijective on vertices and surjective on edges and, if C' is a circle
in A and e is an edge in C, and if P is any path in T’ that projects bijectively
onto C'\ e, then there is a unique edge é € p~1(e) such that PU {€} is a circle in
B. In particular, if A is a circle egey - - - €, then one can identify p~!(e;) with
the possible values of the variable x; in such a way that a circle égé, ---é, € B
which simply covers A corresponds with an (n+1)-tuple that solves the equation
f(z1,29,...,2,) = 0. (See [2, 3].) This makes a biased expansion model of
the quasigroup.

A subgraph of T' is called balanced if every circle in it belongs to B. The
idea for modelling local quasigroups is that points of the domain D correspond
to maximal balanced subgraphs of (I', 5). One puts a topology on the set of
maximal balanced subgraphs in a way that is analogous to how the topology
on D respects the local quasigroup operation f. I will try to make this more
precise in the talk.
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