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1. Introduction

Let k be an algebraically closed field of characteristic 2. Let W (k) be the ring of Witt
vectors with coefficients in k. Let o be the Frobenius automorphism of either k or W (k).
Let D be a 2-divisible group over k. Let (M, ®) be the (contravariant) Dieudonné module
of D. We recall that M is a free W (k)-module of rank equal to the height hp of D and
® : M — M is a o-linear endomorphism such that we have 2M C ®(M) C M. Let D' be
the Cartier dual of D.

1.1. Standard deformation spaces. The simplest formal deformation spaces associated
to 2-divisible groups over k are the following three:

(a) the formal deformation space © of D over Spf W (k);

(b) the formal deformation space ©_ of (D, \p) over Spf W (k), where Ap : D=D*
is an (assumed to exist) isomorphism that is a principal quasi-polarization of D;

(c) the formal deformation space @ of (D,bp) over Spf W (k), where bp : D=D" is
an (assumed to exist) isomorphism such that the perfect, bilinear form by : M x M —
W (k) induced naturally by bp is symmetric.

It is well known that both ©® and ©_ are formally smooth over Spf W(k), cf.
Grothendieck-Messing deformation theory (see [29, Chs. 4-5], [22, Cor. 4.8], etc.).

In this paragraph we refer to (c). We assume that hp = 2n with n € N*. It is
easy to check that if (D,bp) has a lift to Spf W (k) (equivalently to Spec W (k), cf. [29,
Ch. II, Lem. 4.16]), then by; modulo 2W (k) is alternating. If by; modulo 2W (k) is

alternating, then the subgroup scheme of GLjs/op that fixes by, modulo 2W (k) is an

n(n+1)
2

Sp,,, group and thus the dimension of the tangent space of 4 is . This dimension

is greater than the dimension @ predicted by geometric considerations in characteristic

0 (on hermitian symmetric domains of type D III). Thus D is not formally smooth over
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Spf W (k) and moreover the Grothendieck—Messing deformation theory does not provide a
good understanding of © (this is specific to characteristic 2!). Thus, in the study of good
formal subspaces of ®,, one encounters a serious difficulty. The difficulty splits naturally
in three problems (parts) that can be described as follows.

(i) Determine if by; modulo 2W (k) is or is not alternating.

(ii) If bps modulo 2W (k) is alternating, then show that there exists a closed formal
subscheme D, | of ® that has the following three properties: (ii.a) it is formally smooth
over Spfk of dimension @, (ii.b) a Spf k[[t]]-valued point y of © factors through
D if and only if the crystalline realization of the isomorphism of Barsotti-Tate groups
of level 1 over Spf k[[t]] that is associated to y and lifts bp[2], is alternating, and (ii.c) it

lifts to a closed formal subscheme © . of ©®, which is formally smooth over Spf W (k).

(iii) If ©,, exists, then show that one can choose ©®,, in such a way that it has
all the desired geometric interpretations. For instance, one required property is: if V is
a discrete valuation ring which is a finite extension of W (k), then for each Spf V-valued
point of ®, 1, the corresponding Barsotti—Tate group of level 1 over Spec V[%] is naturally
endowed with a principal quasi-polarization (an alternating bilinear form).

If ©, , exists, then properties (ii.a) and (ii.b) determine it uniquely. But if the 2-rank
of D is positive, then the lift D, of ®,, mentioned in (ii.c) is not unique. For instance,
if D is ordinary, then ® has a canonical structure of a formal torus and we can replace
D, . by its translate through a 2-torsion Spf W (k)-valued point of ® that factors through
D4 \ D44. This is why we also require in general the property (iii).

The formal deformation spaces ®, ©®_, and © pertain naturally to the study of
integral models in mixed characteristic (0,2) of the simplest cases of unitary, symplectic,
and hermitian orthogonal (respectively) Shimura varieties of PEL type. Shimura varieties of
PEL type are moduli spaces of polarized abelian schemes endowed with suitable Z-algebras
of endomorphisms and with level structures and this explains the PEL type terminology

(see [44], [27], [26], and [30]).

Shimura varieties of PEL type are the simplest examples of Shimura varieties of abelian
type (see [31]). The understanding of the zeta functions of Shimura varieties of abelian
type depends on a good theory of their integral models. Such a theory was obtained in
[39] and [41] (resp. in [42] and [24]) for cases of good reduction with respect to primes of
characteristic at least 5 (resp. at least 3). But for refined applications to zeta functions
one needs also a good theory in mixed characteristic (0,2). Therefore we report here on
recent progress towards such a theory.

1.2. Previous works. Let Z) be the localization of Z at the prime ideal 2Z. The
previous status of the existence of smooth integral models of quotients of Shimura varieties
of PEL (or even abelian) type in mixed characteristic (0,2) can be summarized as follows.

1.2.1. Mumford proved the existence of the moduli Z)-scheme A, 1; that parametrizes
principally polarized abelian schemes over Z,)-schemes which are of relative dimension
n and which are endowed with a level-l symplectic similitude structure (see [34, Thms.
7.9 and 7.10]); here n € N* and | € 1 4+ 2N*. The proof uses geometric invariant theory
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and standard deformations of abelian varieties. Artin’s algebraization method can recover
Mumford’s result (see [1], [2], and [15, Ch. I, Subsect. 4.11]).

1.2.2. Drinfeld constructed good moduli spaces of 2-divisible groups over k of dimension 1
(see [13]). See [32] and [20] for applications of them to compact, unitary Shimura varieties
related to SU(1,n) groups over R (with n > 1): they provide proper, smooth integrals
models of quotients of simple unitary Shimura varieties over localizations of rings of integers
of number fields with respect to arbitrary primes of characteristic 2.

1.2.3. Using Mumford’s result, Serre-Tate deformation theory (see [29], [22], and [23]),
and Grothendieck—Messing deformation theory, in [44] and [27] it is proved the existence
of good integral models of quotients of unitary and symplectic Shimura varieties of PEL
type in unramified mixed characteristic (0,2). These integral models are finite schemes
over Ay, 1,1, are smooth over Z), and are moduli spaces of principally polarized abelian
schemes which are of relative dimension n and which are endowed with suitable Z-algebras
of endomorphisms and with level-I symplectic similitude structures.

1.2.4. Using the results of Subsubsection 1.2.3, in [41] it is proved the existence of good
integral models of quotients of arbitrary unitary Shimura varieties in unramified mixed
characteristic (0, 2).

1.2.5. Recently, in [42] and [24] it is proved using new developments in the crystalline
theory the existence of good integral models of quotients of Shimura varieties of Hodge
type in unramified mixed characteristic (0,2) which are finite schemes over A, ;; and
whose special fibers are endowed with abelian schemes that have 2-rank 0 at all points.

All the methods of Subsections 1.2.1 to 1.2.5 are not specific to the prime 2.

1.3. Standard PEL situations. The goal of this paper and of its subsequent Part II
is to complete the proof started by Mumford of the existence of good integral models of
Shimura varieties of PEL type in unramified mixed characteristic (0, 2). We now introduce
the standard PEL situations used in [44], [27], and [26].

We start with a symplectic space (W, ) over Q and with an injective map
[:(G,X) = (GSp(W,¢),S)

of Shimura pairs (see [9], [10], [30, Ch. 1], and [39, Subsect. 2.4]). Here (GSp(W, 1), S) de-
fines a Siegel modular variety (see [30, Ex. 1.4]) and (G, X) is a Shimura pair of Hodge type.
We identify G with a reductive subgroup of GSp(W, ) via f. Let S := Resc;/rGm,c be
the unique two dimensional torus over R with the property that S(R) is the (multiplicative)
group G, (C) of non-zero complex numbers. We recall that X' (resp. S) is a hermitian sym-
metric domain whose points are a G(R)-conjugacy class of (resp. are the GSp(W, ¥)(R)-
conjugacy class of all) monomorphisms S — Ggr (resp. S — GSp(WW ®q R,v)) over
R that define Hodge Q-structures on W of type {(—1,0),(0,—1)} and that have either
2mit or —2mit) as polarizations. Let F(G, X) be the number field that is the reflex field of
(G, X) (see [10] and [30]). Let v be a prime of E(G, &) of characteristic 2. Let O, be the
localization of the ring of integers of F(G, X’) with respect to v and let k(v) be the residue
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field of v. Let Ay := Z ®z Q be the ring of finite adeles. Let ASCQ) be the ring of finite

adeles with the 2-component omitted; we have Ay = Qg X Agf). Let O(G) be the set of
compact, open subgroups of G(A y) endowed with the inclusion relation. Let Sh(G, X') be
the canonical model over E(G, X') of the complex Shimura variety (see [9, Thm. 4.21 and
Cor. 5.7]; see [10, Cor. 2.1.11] for the identity part which holds as [10, axioms 2.1.1.1 to
2.1.1.5] hold for (G, X))

(1) Sh(G.X)c = projlim.meo GQN(X x G(Af)/H) = GQ\(X x G(A)).

Let L be a Z-lattice of W such that 1 induces a perfect form ¢ : L x L. — Z
i.e., the induced injection L — LY := Hom(L,Z) is onto. Let L) := L ®z Z(). Let
Gz, be the schematic closure of G in the reductive group scheme GSp(L(s),). Let
G22 = GZ(Q) X Z 2y Zy, Ky .= GSp(L(2),¢)(Z2)7 Hs = G(Qg) NKy= GZ(2)(Z2), and

B :={b € End(L(y))|bis fixed by Gz, }.

Let G be the subgroup of GSp(W, ) that fixes all elements of B[%] Let Z be the involu-
tion of End(L()) defined by the identity 1 (b(u),v) = ¥(u,Z(b)(v)), where b € End(L )
and u, v € L(z). As B = B[3] N End(L(s)), we have Z(B) = B. As the elements of X fix
B @z 2 R, the involution Z of B is positive. Let F' be an algebraic closure of Fs.

We will assume that the following four properties (axioms) hold:!

(i) the W(F)-algebra B ®z, W(F) is a product of matriz W (F)-algebras;

(ii) the Q-algebra B[3] is Q-simple;

(iii) the group G is the identity component of Gy;

(iv) the flat, affine group scheme Gz, over Zy) is reductive (i.e., it is smooth and

its special fibre is connected and has a trivial unipotent radical).

Assumption (iv) implies that Hy is a hyperspecial subgroup of G(Q2) = Gq,(Qz2)
(cf. [38, Subsubsect. 3.8.1]) and that v is unramified over 2 (cf. [31, Cor. 4.7 (a)]). Let
G9°" be the derived group of G. As the case when G is a torus is trivial from the point of
view of good integral models, in all that follows we will assume that G is not a torus (i.e.,
G9°" is non-trivial). Assumption (ii) is not really required: it is inserted here only to ease
the presentation. Due to properties (ii) and (iii) and the fact that G is not a torus, one
distinguishes the following three possible (and disjoint) cases (see [26, Sect. 7]):

(A) the group G%er is a product of SL,, groups with n > 2 and, in the case n = 2,
the center of G has dimension at least 2;

(C) the group GE* is a product of Sp,,, groups with n > 1 and, in the case n = 1,
the center of G has dimension 1;

(D) the group G&* is a product of SO,,, groups with n > 2.

We have G' # G if and only if we are in the case (D) i.e., if and only if G4 is not
simply connected (cf. [26, Sect. 7]). In the case (A) (resp. (C) or (D)), one often says

1 One can check that the property (iv) implies the property (i).
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that Sh(G, X) is a unitary (resp. a symplectic or a hermitian orthogonal) Shimura variety
of PEL type (cf. the description of the intersection group Gr N Sp(W ®q R, ) in [37,
Subsects. 2.6 and 2.7]). We are in the case (D) if and only if B ®z,, R is a product of
matrix algebras over the quaternion R-algebra H (see [37, Subsect. 2.1, (type III)]).

We refer to the quadruple (f,L,v,B) as a standard PEL situation in mized char-
acteristic (0,2). Let M be the Z)-scheme which parametrizes isomorphism classes of
principally polarized abelian schemes over Zs)-schemes that are of relative dimension
dlmQT(W) and that are equipped with compatible level-l symplectic similitude structures
for all numbers [ € 1 4+ 2N*, cf. Subsubsection 1.2.1. We have a natural identifi-
cation Sh(GSp(W,v),S)/Ky; = Mg and an action of GSp(W,w)(A;z)) on M (see
[9, Thm. 4.21], [30], etc.). These symplectic similitude structures and this action are
defined naturally via (L,v) (see [39, Subsect. 4.1]). We identify Sh(G,X)c/Hy =
Gz (Z2)) \ (X X G(ASE))), cf. (1) and [31, Prop. 4.11]. From this identity and the
analogous one for Sh(GSp(W, v),S)c /K2, we get that the natural morphism Sh(G, X') —
Sh(GSp(W,v), S)g(a,x) of E(G,X)-schemes (see [9, Cor. 5.4]) induces a closed embed-
ding (see also [39, Rm. 3.2.14])

Sh(G, X)/Hz — Sh(GSp(W,v),S)ga,x)/ K2 = Mg, x)-

Let A be the schematic closure of Sh(G, X)/Hz in Mo, . Let (A, A) be the pull back
to NV of the universal principally polarized abelian scheme over M.

We fix a monomorphism O,y < W(k) and in all that follows the pull backs of
(morphisms between) O(,)-schemes to Spec W (k) are with respect to it. For a morphism
y : Speck — Ny (k) of W(k)-schemes let

(4, 24) = ¥ (A, A) X Nw )

Let (M, ®,, Ay, ) be the principally quasi-polarized F-crystal over k of (A, A4). Thus M,
is a free W (k)-module of rank dimq (W), ®, : M, — M, is a o-linear endomorphism such
that ®,(M,) D pM,, and Ay, is a perfect, alternating form on M, such that we have
A, (P4 (u), @y (v)) = 20(Ang, (u,v)) for all u,v € M,. Let M, := Hom(M,, W (k)). We
denote also by Ay, the perfect, alternating form on Myv induced naturally by Apz,. We
have a natural action of B®z,, W (k) on M, (see Subsubsection 4.1.1).

It is known that in the cases (A) and (C), N is regular and formally smooth over O,
(cf. [44, Sect. 3]; see also [27, Sect. 6] and [26, Sect. 5]). Accordingly, in the whole paper
we will assume that we are in the case (D). In this paper we study triples of the form
(My, @y, An,) and the closed embedding N — Mo,,,- The goal of Part I is to prove the
following results.

1.4. Main Theorem. Let (f, L,v,B) be a standard PEL situation in mized characteristic
(0,2) such that we are in the case (D). We use the notations of Subsection 1.3 and we

assume that Gz, is a split GSOs, group scheme with n > 2 (thus we have k(v) = Fy, cf.
[31, Prop. 4.6 and Cor. 4.7 (b)]). Then the following two properties hold:

5



(a) there ewist isomorphisms L) ®z ., W(k)=>M, of B ®z., W(k)-modules that
induce symplectic isomorphisms (Lo ®z,,, W (k),¥)=(M,, A, );
(b) the O(y-scheme N is regular and formally smooth.

The locally compact, totally disconnected topological group G(Agcz)) acts on N con-
tinuously in the sense of [10, Subsubsect. 2.7.1]. Thus N is an integral canonical model of
Sh(G, X')/H3 over O, in the sense of [39, Def. 3.2.3 6)], cf. [39, Ex. 3.2.9 and Cor. 3.4.4].
Due to [43, Cor. 30], N is the unique integral canonical model of Sh(G,X)/H; over O,
and thus it is the final object of the category of smooth integral models of Sh(G, X')/Ho
over O, (here the word smooth is used as in [30, Def. 2.2]). In simpler words, A is the
best smooth integral model of Sh(G, X')/Hy over O).

If A is an ordinary abelian variety, then a result of Noot implies that the normalization
N‘f{,(k) of N (k) is regular and formally smooth over W (k) at all points in /\/an(k)(k) that
map to y € Ny k) (k) (see [35, Cor. 3.8]). This and the next result proved in Subsection
7.2 play key roles in the proof of Theorem 1.4 (b).

1.4.1. Proposition. The following two properties hold:

(a) If y € Nwuy(k) is an ordinary point (i.e., if the abelian variety A is ordinary),
then there exists a unique lift zean € Nwy(W(K)) of y such that the abelian scheme
Zean (A Xn Ny iy) over W (k) is the canonical lift of A.

(b) The ordinary locus of Ny is Zariski dense in Nj.

Proposition 1.4.1 (b) points out that the cases covered by Theorem 1.4 (b) are in some
sense at the opposite pole to the cases mentioned in Subsubsection 1.2.5. We would also
like to emphasize that:

(1) no particular case of the Main Theorem was known before, and

(ii) as a new feature compared with the results mentioned in Subsubsection 1.2.5,
N itself is regular and formally smooth over O, (in [42] and [24] one works with the
normalizations of the corresponding schematic closures in Mumford moduli schemes such
as Mo,,, and one can only prove that these normalizations are regular).

1.4.2. Example. We assume that B Qs R = H, that B RZ s Zy = My(Zs), and that
we have dimq (W) = 4n for some n > 2. Thus B[] is a definite quaternion algebra over
Q that splits at 2 and that has a maximal order B which is a semisimple Z)-algebra;
moreover we have a B [%]—module W of rank 4n such that the non-degenerate alternating
form 1) on W defines a positive involution of B[%]. As B ®z,, R = H, we are in the case
(D) and the group G&* is an SOy, group. It is well known that Gq, is a form of the split
GSOy,, group over Qq. Thus if Gz, is a reductive group scheme, then it is either a split
or a non-split GSOg,, group scheme. The Main Theorem applies only if Gz, is a split
GSOs,, group scheme.

In this paragraph we assume that Gq, is a split GSOy,, group. It is easy to see
that there exists a Zo-lattice Ly of W ®q Q2 such that v induces a perfect, alternating
form v : Ly X Ly — Zg and the schematic closure of Gq, in the reductive group scheme
GSp(L2, ) is a split GSOs,, (and thus also a split reductive) group scheme. We can

6



choose the Z-lattice L of W such that we have Ly = L ®z Za = L 9) @z ) Z-. For such a
choice of L, the group scheme Gz, is reductive and Gz, is a split GSOgy, group scheme;
therefore the Main Theorem applies.

1.4.3. On the new ideas and contents. The deformation theories of Subsubsection
1.2.3 do not suffice to show that Nw(k) is formally smooth over W (k) at points above
y € Nw () (k) (see Subsection 1.1 and Subsubsections 4.1.2 and 4.3.2). This explains why
the proof of the Main Theorem uses also some of the techniques of [14] and [39], the main
results of [35], and the following five new ideas.

(i) We get versions of the group theoretical results [26, Lem. 7.2, Cor. 7.3] that pertain
to the case (D) in mixed characteristic (0,2) (see Subsections 3.1, 3.3, 3.4, and 5.2).

(ii) We use the crystalline Dieudonné theory of [4] and [5] in order to prove Proposition
5.1 that surpasses (in the geometric context of the Main Theorem) the problem 1.1 (i) and
that (together with the idea (i)) is the very essence of the proof of Theorem 1.4 (a).

(iii) We use a modulo 2 version of Faltings deformation theory [14, Sect. 7] as a key
ingredient in the proofs of Propositions 6.7 and 1.4.1 (b) (see Subsections 6.3 to 6.7 and
7.2). Subsections 6.3 to 6.7 surpass (in the geometric context of the Main Theorem) the
modulo 2 version of the problems 1.1 (ii) and (iii). In particular, Proposition 6.7 proves
that the reduced scheme N (y) req of Ny (y) is regular and formally smooth over k(v).

(iv) We use a counting argument of suitable Zs-lattices (see Lemma 3.1.4) to show based
on [35] that the number of quasi-canonical lifts Spec W (k) — Ny (x) of a fixed ordinary

'n.(n271) ('

point of Ny () (k) is exactly 2 i.e., it is exactly as predicted by Theorem 1.4 (b) and
Proposition 1.4.1). This implies that Ny (k) is regular at all ordinary points of Ny () (k).

(v) We combine the ideas of (iii) and (iv) with a classical lemma of Hironaka to conclude
that N itself is regular (see Subsection 7.3).

We recall that if the abelian variety A is ordinary, then a quasi-canonical lift
Spec W (k) — NW(k) of y is a lift that produces an abelian scheme over W (k) which
lifts A and whose Hodge filtration is defined by the maximal direct summand of M, nor-
malized by 3®,. Ideas (i) and (ii) are specific to the PEL context of Subsection 1.3. Ideas
(iii) to (v) can be adapted to all characteristics and to all Shimura varieties of Hodge type.

Sections 2 and 3 present tools from the crystalline theory and from the theories of
group schemes and of involutions of matrix algebras over commutative Z-algebras (re-
spectively). Section 5 proves Theorem 1.4 (a). Section 6 checks that N k(v),red 18 TEgular
and formally smooth over k(v). Section 7 proves Theorem 1.4 (b) and Proposition 1.4.1.
Section 4 lists notations, properties, and strategies that are used in Sections 5 to 7.

1.5. On Part II. The hypothesis of the Main Theorem that Gz, is a split GSOay,, group
scheme is inserted only to ease notations and to be able to apply the results of [35]. Part
IT of this paper will prove the Main Theorem without this hypothesis. The proof of the
Main Theorem can be easily adapted to the general case. The main idea of Part II will
be to use relative PEL situations (similar but different from the ones of [39, Subsubsect.
4.3.16 and Sect. 6]) to get that for proving that A is regular and formally smooth over
O(v), we can assume that Gz, is a split GSOg,, group scheme.
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2. Crystalline preliminaries

Let B(k) be the field of fractions of W (k). We denote also by o the Frobenius au-
tomorphism of B(k). If Z is a W(k)-scheme annihilated by some power of 2, we use
Berthelot’s crystalline site CRIS(Z/Spec W (k)) of [3, Ch. III, Sect. 4]. See [4] and [5]
for the crystalline Dieudonné functor D. If £ (resp. FE) is a 2-divisible group (resp. a
finite, flat group scheme annihilated by 2) over some W (k)-scheme, let £' (resp. E') be
its Cartier dual. For a morphism of affine schemes SpecS; — Spec S and for Z (or Zg
or Z,) an S-scheme, let Zg, (or Zg, or Z, g,) be Z xg S1. A bilinear form \j; on a free
S-module M of finite rank is called perfect if it induces an S-linear isomorphism M= MY
where MY := Hom(M, S); if A/ is alternating, (M, \pr) is called a symplectic space over
S. Let py g be the 2-torsion subgroup scheme of the rank 1 split torus Gy, s over S. Let
G..(S) be the group of invertible elements of S. If S is an Fy-algebra, let @5 be the
Frobenius endomorphism of either S or Spec S (thus ® = o), let M3 := M ®5 4.5, let
7@ .= Z xgo ¢, and let az g be the finite, flat, group scheme over S of global functions
of square 0.

2.1. Ramified data. Let V be a discrete valuation ring that is a finite extension of
W (k). Let K be the field of fractions of V. Let e := [V : W(k)]. Let R := W (k)[[t]], with
t as an independent variable. We fix a uniformizer 7 of V. Let f. € R be the Eisenstein
polynomial of degree e that has 7 as a root. Let R. be the local W (k)-subalgebra of
B(k)[[t]] formed by formal power series Y .- a;t* with the properties that for all i € N
we have b; := ai[%]! € W (k) and that the sequence (b;);en of elements of W (k) converges
to 0. Let I.(1) := {d 0y ait’ € Relag = 0}. Let ®x, be the Frobenius lift of R that is
compatible with ¢ and that takes ¢ to t2. For m € N* let

U = K[t]/(1™) = E[[2]]/ (£™).
Let S, be the W (k)-subalgebra of B(k)[t] generated by W (k)[t] and by the J:.—%’s with
i € N. As f. is an Eisenstein polynomial, S, is also W (k)-generated by W (k)[t] and by
the %’s with ¢ € N. Therefore the W (k)-algebra S. depends (as its notation suggests)
only on e. The 2-adic completion of S, is R.. Thus we have a W (k)-epimorphism R, — V'

that takes t to m and whose kernel has a natural divided power structure. We identify
canonically R./I.(1) = W(k), V = R/(f.), and V/2V = U..

2.2. On finite, flat group schemes. Let E; be a finite, flat group scheme annihilated
by 2 over a commutative W (k)-algebra S; this implies that Ey is commutative. Let
Apg, : By — Ey xg Ey be the diagonal monomorphism of S-schemes.

2.2.1. Definition. A principal quasi-polarization of Ej is an isomorphism Ag, : Ey—=>Ef
over S such that the composite cog, : Fo — py g of (1g,,Ag,) © Ag, with the coupling
morphism cug, : By X Ef — pg g factors through the identity section of ., .

Let r € N*. Until Section 3 we will take S = V', Ey to be of rank (order) 227, and Ag,
to be a principal quasi-polarization. Thus the perfect bilinear form on Ey g induced by
AE, is alternating. Let (No, ¢o, vo, Vo, by, ) be the evaluation of D(Ey, Ag,) (equivalently
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of D((Eo, A\g,)v.)) at the trivial thickening of Spec U.. Thus Ny is a free U.-module of
rank 27, the maps ¢g : Né2) — Ny and vg : Ny — Néz) are U.-linear, Vg is a connection
on Ny, and by, is a perfect bilinear form on Ny. We have ¢y ovg = 0 and vy o ¢g = 0 as
well as the adjunction identity by, (¢o(z),y) = by, (%, vo(y))? for all z,y € Ny. As A\g, is a
principal quasi-polarization, the bilinear morphism cug, o (1g,, Ag,) over S is symmetric.
Thus by, is a symmetric form on Ny. We expect that (at least) under mild conditions the
form by, on Ny is in fact alternating. Here is an example over £k that implicitly points out
that some conditions might be indeed required.

2.2.2. Example. Let F; be the 2-torsion group scheme of the unique supersingular 2-
divisible group over k of height 2. The evaluation (N1, ¢1,v1) of D(FE7) at the trivial thick-
ening of Spec k is a 2-dimensional k-vector space spanned by elements e; and f; that satisfy
¢p1(e1) = vi(er) = f1 and ¢1(f1) = vi(f1) = 0. Let by, be the perfect, non-alternating
symmetric bilinear form on Nj given by the rules: by, (f1,e1) = by, (e1,e1) = by, (€1, f1) =
1 and by, (f1, f1) = 0. For all u, x € Ny we have by, (¢1(z),u) = by, (z,v1(u))? and thus
also by, (¢1(x), ¢1(x)) = by, (vi(x),v1(z)) = 0. It is well known that the perfect bilinear
form by, induces an isomorphism Ag, : E1=FE%Y over k. As we are in characteristic 2, the
morphism cog, : E1 — py, over k is a homomorphism over k. But as E; has no toric
part, cog, is trivial. Thus A\g, is a principal quasi-polarization.

2.2.3. Lemma. If V =W (k), then the perfect form by, on Ny is alternating.

Proof: We have e = 1 and thus U, = k. Let D(Ey) = (No, Fo, ¢o, ¢1, Vo) be the Dieudonné
module of Ey as used in [40, Construction 2.2]. Thus Fy = Ker(¢g) and ¢ : Fy —
Ny is a o-linear map such that we have Ny = ¢o(Ny) + ¢1(Fp). Let z € Ny and u €
Fy. We have by, (¢o(z), ¢po(x)) = 2bn,(x,2)? = 0, by, (¢1(u), d1(u)) = 2bn, (u,u)? = 0,
and by, (¢o(x), d1(u)) = by, (w,u)?. Let v € Ng. We choose z and w such that we
have an identity v = ¢g(x) + ¢1(u). As by, is symmetric, we compute that by, (v,v) =
b, (o(x), po(x)) + b, (1(w), p1(uw)) =04 0 = 0. Thus by, is alternating. O

If V£ W(k), then the ring V/4V has no Frobenius lift. Thus the proof of Lemma
2.2.3 can not be adapted if V' # W (k). Based on this, for V' # W (k) we will study pairs of
the form (N, by, ) only in those cases that are related naturally to the geometric context
of Theorem 1.4 (see Proposition 5.1 below).

3. Group schemes and involutions

Let n € N*. Let Spec S be an affine scheme. We recall that a reductive group scheme
IC over S is a smooth, affine group scheme over S whose fibres are connected and have
trivial unipotent radicals. Let K24 and K9 be the adjoint and the derived (respectively)
group schemes of IC, cf. [12, Vol. III, Exp. XXII, Def. 4.3.6 and Thm. 6.2.1]. Let Lie(x)
be the Lie algebra of a smooth, closed subgroup scheme * of K. If M is a free S-module of
finite rank, let GLj; be the reductive group scheme over S of linear automorphisms of M
and let T (M) := @5 menM®* @5 MY®™. Each S-linear isomorphism ig : M =M of free
S-modules of finite rank, extends naturally to an S-linear isomorphism (denoted also by)
ig: T(M)>T (M) and thus we will speak about ig taking some tensor of 7 (M) to some
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tensor of 7(M). We identify End(M) = M ®g M. If (M, \5s) is a symplectic space over
S, let Sp(M, \pr) := GSp(M, Apr)9". We often use the same notation for two elements
of some modules (like involutions, endomorphisms, bilinear forms, etc.) that are obtained
one from another via extensions of scalars and restrictions. The reductive group schemes
GL,. s, Spa, s, etc., are over S.

Let SO;%S, O;—n,SW and GSO;%S be the split SOy, Os,, and GSOs,, (respectively)
group schemes over S. The constructions of SO;_n,Z@) and O;n,z(g) (and implicitly of

SO;%S and O;—n,S with S a Z)-algebra) are recalled in Subsection 3.1. Let GSO;mS be
the quotient of SO;L s X5 G5 by a pgy g subgroup scheme embedded diagonally.

In Subsections 3.1 and 3.2 we present some general facts on SO3, group schemes in
mixed characteristic (0, 2); see [7, plates I and IV] for the weights used. In Subsections 3.3
and 3.4 we include complements on involutions and on non-alternating symmetric bilinear
forms. In Subsection 3.5 we review some standard properties of the Shimura pair (G, X)
we introduced in Subsection 1.3.

3.1. The D,, group scheme. We consider the quadratic form
Qn(z) := 2122 + -+ + Top_1T2, defined for z = (z1,...,79,) € L, := Z%;‘)

For o € Zy) and = € L, we have Q,(azx) = a?Q,(x). Let Q, be the closed subgroup
scheme of GL., that fixes Q,,. Let D,, be the schematic closure of the identity component
of O, q in Q,,. The fibres of Q,, are smooth and have identity components that are split
reductive groups (see [6, Subsect. 23.6] for the fibre of Q,, over Fs). We get that D,, is a
smooth, affine group scheme over Z,) whose generic fibre is connected and whose special
fibre D,, g, has an identity component which is a split reductive group. If D2 is the open
subgroup scheme of D,, which is the union of the identity components of the fibres of D,,,
then DY is the complement in D,, of a divisor and thus the homomorphism DY — D,, is
affine. Therefore DY is an affine, smooth group scheme whose fibres are reductive groups.
We conclude that DY is a reductive group scheme. This implies that for each finite, discrete
valuation ring extension b of Zo, DY () is a maximal compact subgroup of DY (b[1]) (see [38,
Subsect. 3.2 and Subsubsect. 3.8.1] applied to D,,,(h)) and thus there exists no b-valued
point of D,, which lifts a b/2b-valued point of D,, that does not belong to D2. Thus, as
D,, is smooth, we get that D,, = Dg and therefore D,, g, is connected. Moreover D,, is a
reductive group scheme; it has a maximal split torus of rank n and thus it is split. We
conclude that SO;n’Z@) is isomorphic to D,, and in this way we have constructed it up

to isomorphism (cf. the uniqueness of a split reductive group scheme associated to a root
datum; see [12, Vol. III, Exp. XXIII, Cor. 5.1]). We get that D1=Gy, 7, , that Do
is the quotient of a product of two SLy 7z, group schemes by a p, 5 © subgroup scheme

embedded diagonally, and that for n > 3 the group scheme D,, is semisimple and D24 is a
split, absolutely simple, adjoint group scheme of D,, Lie type.

Next we study the rank 2n faithful representation
Pn : Dn — GLﬁn.
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If n > 4, then p, is associated to the minimal weight w;. Moreover pj3 is associated to
the weight ws of the As Lie type and py is the tensor product of the standard rank 2
representations of the mentioned two SLy z,, group schemes. Thus p, is isomorphic to
its dual and, up to a G, (Z(2))-multiple, there exists a unique perfect, symmetric bilinear
form %B,, on L,, fixed by D,, (the case n =1 is trivial). In fact we can define 9B, by

B (u,v) :=Qp(u+v) —Qp(u) —Qp(v) Yu,veLl,.

We can recover £,, from B,, via the formula Q,(x) = M, where x € L,,. This
formula makes sense as 2 is a non-zero divisor in Z). We emphasize that we can not
recover in a canonical way the reduction modulo 2Z ) of Q,, from the reduction modulo
2Z3) of B,,. If n > 2, then the representation of a split maximal torus 7,, of D,, on L, is
a direct sum of rank 1 subrepresentations and the 2n characters of 7,, associated to these
subrepresentations are distinct and moreover they are permuted transitively by the Weyl
group of D,, with respect to 7,,. This implies that for n > 2 the special fibre p,, ¥, of p,
is an absolutely irreducible representation. Let J(2n) be the matrix of %B,, with respect to
the standard Z,)-basis for L,; it is formed by n diagonal blocks that are ((1) (1)) Therefore
B, modulo 2Z,) is alternating.

As Q,, F, is smooth, we easily get that D,, is the identity component of Q,,. We check
that Q,, is isomorphic to O;’n Zes) i.e., we have a non-trivial short exact sequence

— 1

(2) 1-Dp — Qp — (Z/QZ)Z<2>
that splits. We can assume that n > 2 (as the case n = 1 is easy). As p, r, is absolutely
irreducible for n > 2, the centralizer of D, r, in Q,F, iS a pyp, group scheme and
thus connected. Thus the group of connected components of Q, r, acts on D, g, via
outer automorphisms that are as well automorphisms of p,, g,. This implies that Q,, r,
has at most two connected components (even if 2 < n < 4). But it is well known that
9Q,,q has two connected components and thus the open closed subscheme Q,, \ D, of

9, has a special fibre which is either empty or connected. The 2n x 2n block matrix

il ::(é]gii) is an element of (Q, \ Dy)(Z()) of order 2 (as this is so over Q); here

I3, o is the (2n — 2) x (2n — 2) identity matrix. From the last two sentences we get that
Qn = D, U{D, is a smooth group scheme over Z and that the short exact sequence (2)
exists and splits (due to the existence of f). The short exact sequence (2) is non-trivial as
its generic fibre over Q is non-trivial. One could rephrase (2) by: D, is the kernel of the
Dickson invariant epimorphism Q,, — (Z/ 2Z)Z<2>' We recall an obvious fact.

3.1.1. Fact. Let by be a symmetric bilinear form on a free module N of finite rank over
a commutative Fo-algebra S. We have:

(a) The quadratic map qn : N — S that maps © € N to by(x,z) € S is additive and
its kernel Ker(qn) is an S-submodule of N. We have N = Ker(qn) if and only if by is
alternating.

(b) If S is a field, then dimg(N/Ker(gn)) < [S: @s(9)].

11



3.1.2. Fact. Let G, be the flat, closed subgroup scheme of GL., generated by D,, and by

the center Z,, of GL, . Then G, is a reductive group scheme isomorphic to GSO;}L’Z@).

Proof: The kernel of the product homomorphism II,, : D, Xz, Z, — GL¢, is isomorphic
to py 7, - The quotient group scheme Dy, Xz, Z,,/Ker(I1,) is reductive, cf. [12, Vol. III,
Exp. XXII, Prop. 4.3.1]. The resulting homomorphism D,, xz, Z,/Ker(Il,) — GL¢,
has fibres that are closed embeddings and thus (cf. [12, Vol. II, Exp. XVI, Cor. 1.5 a)])
it is a closed embedding. Thus we can identify G,, with D,, Xz, Z,/Ker(Il,). Therefore

G,, is a reductive group scheme isomorphic to GSO;n’Z(Q). 0

3.1.3. Lemma. Let ! be an algebraically closed field whose characteristic is either 0 or 2.
Let L, Rz ) l =F @ Fy be a direct sum decomposition such that we have Qy(x) =0 for
all x € Fy U Fy. Then the normalizer Py, of Fi in Gy is a parabolic subgroup of G, and

we have dim(G,, 1 /Pn1) = n(n2—1).

Proof: We can assume that n > 2. As we have Q,,(z) = 0 for all z € FyUFy, the cocharacter
of GL Lo®z)1 that fixes Fj and that acts as the inverse of the identity character of Gy, ;
on F1, factors through G, ;. Let p; : G, — Gp, be the resulting cocharacter. The fact
that P,,; is a parabolic subgroup of G,, ; is well known and it is a general consequence of
the existence of y; (for instance, it is a particular case of [8, Prop. 2.1.8]). Let T} be a
maximal torus of G, ; through which p; factors; it is also a maximal torus of P, ;. Let
Lie(G,,1) = Lie(T;) @, co 9o be the root decomposition relative to Tj; thus © is a root
system of D,, Lie type. Let ©y be the subset of © formed by roots o with the property
that p; acts on g, either trivially or via the inverse of the identity character of G, ;. To
check that dim(G,, i/ Pn,) = @, it suffices to show that © \ O has % roots. But
it is well known that there exists a basis A = {aq,...,a,} of © such that © \ ©g is the
set of roots of © that are linear combinations of elements of —A with non-negative integer
coefficients, the coeflicient of a,,_; being —1. There exist w such roots (cf. [7, Plate

IV]) and thus © \ ©¢ has precisely % roots. O

3.1.4. Lemma. Let L, RZ s Zo = Lo ® Ly be a direct sum decomposition such that we
have Q,(x) =0 for all x € Lo U Ly. Let &,, be the set of all Zs-lattices L of L, Rz, Q2
that have the following three properties:

(i) we have Ly C L C $Ly & Lo;
(i) it surjects onto Lo producing a short exact sequence 0 — Ly — L — Ly — 0 of
Z5-modules;
(iii) B, induces a perfect bilinear form on L whose reduction modulo 2Zs is alternat-
ing.
n(n—1)

Then the set G,, has exactly 2= =2 elements.

Proof: Let P, be the parabolic subgroup scheme of G,, z, that normalizes L, cf. Lemma
3.1.3. Let U,, be its unipotent radical: it is a smooth group scheme over Z, that has
connected fibres and that fixes both Ly and (£, ®z - Z3)/Ly. Therefore U,, is commutative
and in fact it is isomorphic to the vector group scheme over Z, defined by Lie(i,,). The
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relative dimension of U, is the relative dimension of G,, z, /P, and thus (cf. Lemma 3.1.3)

n(n—1)
—"(”2_1), We conclude that U,, is isomorphic to Ga,ZQQ

Let {uy,...,u,} be a Zg-basis for Ly. Let {vy,...,v,} be a Zs-basis for Ly such
that we have B, (u;,v;) = d;;. For j € {1,...,n} let ¥; € £ be such that it maps to v,
cf. (ii). We have w; := 0; — v; € 3Lo, cf. (i). By replacing each o; with @; + @; for
some 4; € Ly (cf. (i)), due to the property (iii) we can assume that B,,(0;,7;) = 0 for
all 4,5 € {1,...,n}. Let (0,...,7]) be another n-tuple of £™ that maps to (vi,...,v,)
and such that we have B, (¢{,7;) = 0 for all 4,5 € {1,...,n}. Let @; := 0} — 0; € L1
and let g € GL£n®Z(2)Z2 (Z5) be such that it fixes each u; and maps each v; to v; + ;.

As B, (0;,0;) = 0 = B,(0;,9;), we easily get that B,,(v;,%;) + By (vs, %) = 0 and thus
that B, (g(vi), g9(v;)) = Bp(vi + U, v; + U;) = 0. As we also have B, (g(u;i), g(uj)) =
B, (ui, u;) =0 and By, (g(ui), g(vj)) = By (us, vy +U;) = 0;5, we conclude that g fixes B,.
As the determinant of g is 1, we have g € D,,(Z2). From this and the very definition of g
we get that g € U,,(Z2).

Similarly we argue that the element g € GL£n®Z(2)Z2 (Q2) that fixes each u; and that

it is

maps each v; to ¥; is in fact an element of U, (Q2). The replacement of (v1,...,7,) by
(04, ...,0.) induces the replacement of § by gg = gg. Thus the class [§] € U, (Qz2) /U, (Z>) is
well defined. As each w; € 3Ly, in fact we have [§] € T, where I'y, := [Un(Q2)/Un(Z2)][2]

n(n—1)
is the 2-torsion subgroup. As U,, is isomorphic to G, z, I'n is an elementary abelian
2-group of order 9™
We have £ = §(L,, ®z,,, Z2) and thus L is uniquely determined by [g] € T';,. Thus the

function &,, — I, that maps £ to [g] is injective. As this function is obviously surjective,

o o n(n—1)
we conclude that it is a bijection. Therefore the set &,, has 27 = ~ elements. 0

3.2. Lemma. Let S be a commutative, faithfully flat Zyy-algebra. Let L be a free S-
submodule of L, @z, S[3] of rank 2n such that L[] = L, Rz, S[3] and we get a perfect
bilinear form B, : L ®s L — S. Suppose that there exists a reductive, closed subgroup
scheme D, (L) of GLz whose fibre over S[1] is D, 5111 (it is the schematic closure of
D, 51y in GL_.). Then the perfect bilinear form on L£/2L induced by B, is alternating.

Proof: The statement of the lemma is local in the flat topology of Spec S. Thus we can
assume that S is local and D,,(£) is split, cf. [12, Vol. III, Exp. XIX, Prop. 6.1]. Let T
be a maximal split torus of D,,(L£). We consider the T-invariant direct sum decomposition
L = &7V, into free S-modules of rank 1. Let W be an S-basis for £ formed by elements
of V;’s. As T-acts on each V; via a non-trivial character and as T fixes B,,, for each z € W
we have B, (x,z) = 0. Based on this and on the fact that 98,, is symmetric, from Fact
3.1.1 (a) we get that the perfect bilinear form on £/2L£ induced by B,, is alternating. O

3.3. Involutions. See [25, Ch. I] for standard terminology and properties of involutions
of (finite dimensional) semisimple algebras over fields. Let Spec S be a connected, reduced,
affine scheme. Let F = @]_;F; be a product of matrix S-algebras. Let I+ be an involution
of F that fixes S. Thus [ is an S-linear automorphism of F of order 2 such that for all
x, u € F we have Ir(zu) = Ir(u)lr(x).
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Let n be the permutation of {1,...,s} such that we have Iz(F;) = F,) for all
i € {1,...,s}. The order of n is either 1 or 2. Let Cy be a subset of {1,...,s} whose
elements are permuted transitively by n. Let Fy := @®;ec,Fi. Let Iy be the restriction of
Zr to Fo. We refer to (Fo, Ip) as a simple factor of (F,Ir). We say (Fo, lp) is:

— of second type, if Cy has two elements;
— of first type, if Cp has only one element and Iy # 1z;
— trivial, if Cp has only one element and Iy = 1£,.

3.3.1. Lemma. Suppose that S is also local and (Fy, Iy) is of first type (thus Fy is F; for
some i € {1,...,s}). We identify Fo = End(My), where My is a free S-module of finite
rank. We have:

(a) There exists a perfect bilinear form by on My such that the involution of Fy is
defined by by i.e., for all u, v € My and all x € Fy we have by(x(u),v) = bo(u, In(z)(v)).

(b) The form by (of (a)) is uniquely determined up to a G, (S)-multiple.

(c) If S is also integral, then by is either alternating or non-alternating symmetric.

Proof: Let Aut(GLjy,) be the group scheme of automorphisms of GLjy,. To prove (a)
we follow [25, Ch. I]. We identify the opposite S-algebra of Fy with End(M{'). Therefore
Iy defines naturally an S-isomorphism Iy : End(My)=>End(My'). We claim that each
such S-isomorphism is defined naturally by an S-linear isomorphism ¢y : My=>My. To
check this claim, we fix an S-isomorphism I; : End(My')=>End(M)) defined by an S-linear
isomorphism ¢; : My =My and it suffices to show that the S-automorphism ag := I o I
of End(M)) is defined (via inner conjugation) by an element dy € GLjy, (S). The element
ap defines naturally an S-valued automorphism ay € Aut(GLjy, )(S) of GLyy,.

Let PGL,y, = GL?\}IO. We have a short exact sequence 1 — PGLy;, — Aut(GL)y,,) —
Ey — 1, where the group scheme Ey over S is either trivial or Z/2Z¢ (cf. [12, Vol. III,
Exp. XXIV, Thm. 1.3]). We check that ay € PGLj,(S). We need to show that the
image ay of ag in Eg(S) is the identity element. As S is reduced, to check this last thing

we can assume that S is a field and therefore the fact that ay is the identity element is
implied by the Skolem—Noether theorem. Thus ag € PGLyy, (5).

As S is local, all torsors of G, g are trivial. Thus there exists dy € GLj, (5) that
maps to ag. Therefore ¢y := cl_1 ody exists. Let by be the perfect bilinear form on M,
defined naturally by c¢o. As S is reduced, as in the case of fields one checks that for all u,
v € My and all x € Fy we have bg(z(u),v) = bo(u, Io(x)(v)). This proves (a).

We check (b). Both by and ¢y are uniquely determined by dy. As ag and ag are
uniquely determined by Iy, we get that dy is uniquely determined by Iy up to a scalar
multiplication with an element of G,,(S). From this (b) follows. For (c¢) we can assume
that S is a field and this case is well known (for instance, see [25, Ch. I, Subsect. 2.1]).0

3.3.2. Definition. Suppose that S is local and integral. Let by be as in Lemma 3.3.1
(a). Let J be an ideal of S. If the reduction of by modulo J is alternating (resp. is
non-alternating symmetric), then we say that the reduction of the simple factor (Fo, Io)
modulo J is of alternating (resp. of orthogonal) first type.

We have the following converse form of Lemma 3.2.

14



3.4. Proposition. Suppose that the commutative Zq)-algebra S is local, noetherian, 2-
adically complete, and strictly henselian. Let by; be a perfect symmetric bilinear form on
a free S-module M of finite rank 2n with the property that by modulo 25 is alternating.
Then the following three properties hold.

(a) There exists an S-basis VW for M with respect to which the matrix of by is J(2n).

(b) Let ¢ € N* \ {1} and let W, = {u1,4,0V1,45---,Un,qg,Ungq} be an S/29S-basis for
M/29M such that for all i,j € {1,...,n} we have bas(ui g, ujq) = 0, bar(Ui g, vjq) = 0ij,
and bar(vi g, v5.4) € 29715/298. Then there exists an S-basis {uy, vy, ..., up,vn} for M
with respect to which the matriz of by is J(2n) and which has the property that for each
i € {1,...,n} the reduction of u; modulo 249715 is u; , modulo 29715/21S and the reduction
of v; modulo 29725 is v; , modulo 29725/248.

(c) Suppose S is also a faithfully flat Z o) -algebra. Let qpy : M — S be the quadratic

form defined by qn(z) = M, where x € M. Let O(M,qpr) be the closed subgroup
scheme of GL), that fizes qpr. Let SO(M, qnr) be the identity component of O(M,qnr).
Let GSO(M, qpr) be the closed subgroup scheme of GLys generated by SO(M, qpr) and by
the center of GLy;. Then O(M,qnr) (resp. SO(M,qyn) or GSO(M, qur)) is isomorphic
to Qn,s (resp. Dyn.s or Gns). If S is also reduced and if Kg denotes its ring of fractions,

then SO(M, qnr) is the Zariski closure of SO(M, qnr) kg in GLas.

Proof: We prove (a). Our hypotheses imply that S/2S is local, noetherian, and strictly
henselian. As bj; modulo 25 is alternating, there exists an S/2S-basis for M/2M with
respect to which the matrix of by; modulo 25 is J(2n). By induction on ¢ € N* we
show that there exists an S/29S-basis for M/29M with respect to which the matrix of
bpyr modulo 295 is J(2n). The passage from g to ¢ + 1 goes as follows. We recall that we
denote also by by its reductions modulo 295 or 29718, Let W, = {u1.4, V1.4, - s Un.qs Un.q}
be an S/29S5-basis for M /29M such that we have bas(u; q,vj,4) = 6;5 and bar(ui g, uj,q) =
bar(vig,vj4) =0 for all i, j € {1,...,n}.

Let Wyi1 = {U1,g41,V1.g415 - - - » Un.g+1,Ung+1} be an S/2971 S basis for M /29Tt M

which modulo 2¢715/2971S is W, modulo 27715/2S, which modulo 295/2¢t1S is an
S/218-basis for M /29M with respect to which the matrix of by modulo 275 is J(2n),

and which is such that for all 4, j € {1,...,n} with i # j we have bas(ui g+1,Vj,q+1) =
bar (Wi g1, Wjq+1) = bar(Vig41,vj,4+1) = 0. One constructs W,41 by first considering an
arbitrary S/2971S-basis Wyi1 = {l1,g+1,01,g41s - -+ » Un,g+1 Un,g+1} for M/29T7M which

modulo 295/291S is W, and then by modifying inductively for [ € {2,...,n} the pair
(@1, g+1,01,g+1) so that modulo 295/291S it is not changed and its S/297!S-span is per-
pendicular on the S/291S-span of {@1 g41,01,g41,- - U—1,g+1,Vi—1,4+1} With respect to
bar.

Let u, v € M/29"1 M be such that bys(u,u) = 2%a, by (v,v) = 2%, and bys(u,v) =
1 + 2%, where a, ¢, e € S/2971S. By replacing v with (1 + 2%¢)v, we can assume that
e = 0. We show that there exists z € S/2971S such that

bar(u+ 27 Lew, u 4 297 aw) = 29(a + x + 2297 22%¢)
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is 0. If ¢ > 2, then we can take x = —a. If ¢ = 1, then as x we can take any element of
S/29+18 that modulo 25/29+1S is a solution of the equation in ¢

(3) a+t+et?=0,

where @ and ¢ € /2S5 are the reductions modulo 25/2971S of a and ¢ (respectively). The
S/2S-scheme Spec S/2S[t]/(a + t + ct?) is étale and has points over the maximal point of
Spec §/2S. As S/2S is strictly henselian, the equation (3) has solutions in S/2S. Thus x
exists even if ¢ = 1. Therefore by replacing (u,v) with (u + 297 zv, (1 + 229~ Lzc)v), we
can also assume that a = 0. By replacing (u,v) with (u,v + 297 1cu) we can also assume
that ¢ = 0. Thus bps(u, u) = bys(v,v) = 0 and bys(u,v) = 1. Under all these replacements,
the S/2971S-span of {u,v} does not change.

Applying the previous paragraph to all pairs (u,v) in {(u; g+1,viq+1)|1 <@ < n}, we
get that we can choose W, such that the matrix of by, modulo 2971S with respect to
W41 is J(2n). This completes the induction.

As S is 2-adically complete and as W,41 modulo 2¢718/29t1S is W, modulo
29715/245 there exists an S-basis W for M that modulo 2%S coincides with W, 11 modulo
245/29tLS for all ¢ € N*. The matrix of by, with respect to W is J(2n). Thus (a) holds.
Part (b) follows from the proof of (a).

The triple (S, M, qar) is isomorphic to the extension to S of the triple (Z(2), L5, Qn)
of Subsection 3.1, cf. (a). Thus (b) follows from the definitions of D,,, Q,,, and G,, (see
Subsection 3.1 and Fact 3.1.2). O

3.5. A review. In this subsection we use the notations of Subsection 1.3 and review
standard properties of the Shimura pair (G, X). Let G° := G N Sp(W,); it is the normal
subgroup of G that fixes 9. Let h : S <— Gg be an element of X. If W®qC = F,:l’O@F,?’_l
is the Hodge decomposition defined by h, let up, : G, c — G be the Hodge cocharacter
that fixes F° ,S '~1 and that acts as the identity character of G, ,c on F}~ 1.0 The cocharacter
pn, acts on the C-span of v via the identity character of G,, c. The image through h of
the compact subtorus of S contains the center of Sp(W,1)r and it is contained in the
extension to R of the identity component G of GY. Thus G° contains the center of
Sp(W, ) and it is easy to see that this implies that the epimorphism G/G% — G/G° is
in fact an isomorphism. Thus G = G is connected and therefore it is a reductive group.
Let G%(Q) be the schematic closure of G° in sz.

3.5.1. Some group schemes. Let B; be the centralizer of B in End(L(g)). Let Gg,z(z)
be the centralizer of B in GLr, ; it is the group scheme over Z) of invertible elements
of By. Due to the property 1.3 (i), the W(F)-algebra By ®z, W(F) is also a product of
matrix W (F)-algebras. Therefore G vy () is a product of GL groups schemes over W (F)
and thus Gz z,, is a reductive group scheme. As I(B) = B we have also Z(B1) = B;.
The involution Z of B; defines an involution (denoted also by Z) of the group of points of
G2,7,,, With values in each fixed Zz)-scheme. Let GY := G1NSp(W, ). Let G?,z(z) be the

schematic closure of GY in Sp(L(2),); it is the maximal flat, closed subgroup scheme of
G2,z,, with the property that for each commutative Z,)-algebra f and for every element

Te G?’Z@) (#) we have Z(1) =17,
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Let (By ®z,, Z2,Z) = @jex(Bj,Z) be the product decomposition of (By ®z,,, Z2,7)
into simple factors. Each B; is a two sided ideal of B; RZs, Z, that is a product of one
or two simple Zs-algebras. It is easy to see that (B1 ®z,, W(F),Z) has no trivial factor
and that all simple factors of (B;,Z) ®z, W (F) have the same type. We have a product
decomposition Ga, 7z, = Hjen (2,5, where G ; is defined by the property that Lie(Gs ;) is
the Lie algebra associated to B;. We have also product decompositions GY 5 = [] ek GY ;
and Gy, = [[,c. G}, where GY ; := GY 5z, NGy ; and GY := Gy, N Ga ;.

The double monomorphism GE{W(F) — G?’jvw(F) — G ;,wr) over W(F)is a product

of double monomorphisms over W (F') that are of one of the following three types (we recall
that G is not a torus):

-~ GL, wwr) = GL, wr) — GL,ww x GL, ww) (with n > 2), if each simple
factor of (B;,Z) ®z, W(F) is of second type;

= SPoywwE = SPan,wr) — Glonwe) (With n € N¥), if each simple factor of
(Bj,T) ®z, W(F) is of symplectic first type;

~ 802, wwE) — Ooww) — GLaoyww) (With n > 2), if each simple factor of
(B;,T) ®z, W(F) is of orthogonal first type. [The case n = 1 is excluded as SOq yy (g) is
a torus and as B is the maximal Zy)-subalgebra of End(L(y)) fixed by Gz, .|

Thus, as we are in the case (D), each simple factor of (B;,T)®z, W (F) is of orthogonal
first type and the quotient group scheme G(l’ j W(F)/ G? W (F) is a product of one or more

(Z/2Z)w vy group schemes.

We get that the quotient group G71/G is a finite, non-trivial 2-torsion group. We
get also that G is isomorphic to a product of SOg, ¢ groups (n > 2) and thus that
G%‘ig) = G%(Q). From this and [37, Subsects. 2.6 and 2.7] we get that G% is a product of
SO3,, groups. We recall that SO3,, is the semisimple group over R whose R-valued points
are those elements of SLy,, (C) that fix both the quadratic form 2z? +- - -+ 22, and the skew

hermitian form —z12,41 4+ 2n4+121 — -+ - — ZnZ2n + 22n2n-

The G(R)-conjugacy class X of h is a disjoint union of connected hermitian symmetric
domains (cf. [10, Cor. 1.1.17]) which (cf. the structure of G%) are products of isomorphic
irreducible hermitian symmetric domains of D III type i.e., of the form SO3, (R)/U,(R)
with n > 2. But SO3,(R)/U,(R) has real dimension n(n — 1), cf. [21, Ch. X, Sect.
6, Table V]. If Gz, is isomorphic to GSO;R’ZQ, then each connected component of X is

isomorphic to SO3, (R)/U,(R) and has (complex) dimension —"("2_1).

3.5.2. Extra tensors. For g € G(Agg)) C G(Ay), let Ly be the Z-lattice of W such that

we have L, ®z 7 = g(L ®z 2) We have Ly) = Ly ®z Z(2). Let (va)acs be a family
of tensors of 7 (W) such that G is the subgroup of GLy that fixes v, for all a € J,
cf. [11, Prop. 3.1 (c)]. We choose the set J such that B C J and for b € B we have
vp =b € End(W) = WegWV. We recall that if h € X is as in the beginning of Subsection
3.5 and if

w = [h, gu] € Gz, (Zi2))\(X x G(AP)) = (Sh(G, X)/H,)(C) = N(C),
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then the complex Lie group associated to w*(A) is Ly, \L ®z C/F" ", v, is the Betti
realization of the Z,)-endomorphism of w*(.A) defined by b € B, and the non-degenerate
alternating form on L) = Hi(w*(A), Z(2)) defined by w*(A) is a G, (Z(2))-multiple of ¢
(see [31, Ch. 3] and [39, Subsect. 4.1]). We get also a natural identification

L(Q) Kz, Zy = (Hét(w*(A>a ZQ))V

under which v, and 9 get identified with the 2-adic étale realization of the Z,)-endomorphism
of w*(A) defined by b € B and respectively with a G, (Z2)-multiple of the perfect form
on (H},(w*(A),Z3))" defined by w*(A).

3.5.3. On the case of GSO;’nVZf In this subsubsection we assume Gz, is isomorphic

to GSO;FH,ZQ. From Subsubsection 3.5.1 we get that n > 2 and that G z, is isomorphic
to GL2y,, z,. Thus we can identify B; RZ s Z, with End(V), where V is a free Zs-module
of rank 2n. Let s € N* \ {1} be such that as By ®z,, Zz-modules we can identify

(4) L2y ®z,, L2 = V°.

Let by be a perfect bilinear form on V that defines the involution 7 of By ®z,, Z2, cf.
Lemma 3.3.1 (a). It is unique up to a G, (Zz)-multiple (cf. Lemma 3.3.1 (b)), it is fixed by
GEr = Gy, and it is symmetric (as (B ®z, Z2,7) is of orthogonal first type). Moreover
the abelianization Gz, / G%‘Tj = Gz,/GY, of Gz, is a split torus of rank 1 which acts on
the Zs-spans of by and ¢ via the same character.

3.5.4. Lemma. FEach simple factor of (B, ®z s F.7) is of alternating first type.

Proof: Let j € r and let (End(W(F)?"),Z) be a simple factor of (B; ®z, W(F),T); it
is of orthogonal first type (see Subsubsection 3.5.1). Let 9B/ be a perfect, symmetric
bilinear form on W (F)?" that defines the involution Z of End(W (F)?"), cf. Lemma 3.3.1
(a) and (c). Let V and K be as in Subsection 2.1 and such that there exists a K-linear
isomorphism (W (F)*" @ &) K, B),) = (L, @z, K, Br), to be viewed as an identification.
This allows us to identify D,, x with the generic fibre of a direct factor of G;{V and thus
the schematic closure of D,, i in GLy (p)2r g, =V 1s areductive group scheme isomorphic
to the mentioned factor. From this and Lemma 3.2 we get that the reduction modulo 2V
of the perfect, symmetric bilinear form B/, on W (F)" Qwr) V is alternating. Thus B,
modulo 2W (F) is alternating. O

3.5.5. Remark. Let G%y ; F be the subgroup scheme of G, ; v defined by the property that
for each commutative F-algebra # and for every element t € G%} ;. r(8) we have Z(}) = =L

From Lemma 3.5.4 we get that the double monomorphism Gg’F — G(l),j,F — G%yij over
F is a product of double monomorphisms of the form SOg,, p — Og, F — SpQH’F.

4. Crystalline notations and basic properties

Until the end we will use the notations of Subsections 1.3, 2.1, and 3.5 and of Sub-
subsection 3.5.2; moreover we will take the algebraically closed field k to have a countable
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transcendental degree over Fy. Each continuous action of a totally discontinuous locally
compact group on a scheme will be in the sense of [10, Subsubsect. 2.7.1] and it will be a
right action. In this section we mainly introduce the basic crystalline setting, properties,
and strategy needed in the proof of the Main Theorem. Let d := dimc(X). Let B°PP be
the opposite Zg)-algebra of 5.

4.1. Basic setting. The continuous actions of G(ASCQ)) on Sh(G, X)/Hy and M induce
an action of G(Agf)) on N (which can be easily checked to be continuous). Let Hy be

a compact, open subgroup of G(A;Q)) such that we have Hy C Ker(GSp(L,w)(Z) —
GSp(L,vY)(Z/mZ)) for some m € 1+ 2N*. The group Hy acts freely on M (see Serre’s
result [33, Sect. 21, Thm. 5|) and the quotient scheme M /Hj exists and is a pro-étale
cover of the Mumford scheme AdlmQ(W) Lm ; the natural morphism M — M/ Hj is also a

pro-étale cover. We get that Hj acts freely on the closed subscheme N of Mo,,,. This
allows us to consider the quotient scheme AN /Hj. To be short, here we define N'/Hy to be
the schematic closure of Sh(G, X)/(Hz x Hp) in Mo, /Ho.

The inverse image N/ H X Moy, /Ho Mo,,, of N/Hy in Mo, is a pro-étale cover
of N/Hy and thus it is a flat, closed subscheme of Mo,,,; therefore it is the schematic

closure in Mo, of its generic fibre which is Sh(G, X')/H> and thus it is AV itself. Thus N/
is a pro-étale cover of N'/Hj.

We check that the flat Oy,)-scheme N'/Hj is of finite type (to be compared with [39,
proof of Prop. 3.4.1]). We consider a compact, open subgroup Ky of GSp(WV, w)(ASCQ))

which contains Hy, which is contained in Ker(GSp(L, ¥)(Z) — GSp(L,¥)(Z/mZ)) (with

m as above), and which has the property that Sh(G, X)/(Hz2 x Hy) is a closed subscheme

of MpG,x)/Ko. Let N/Ho(Kp) be the schematic closure of Sh(G,&)/(Hy x Hp) in

MO(U)/KO. As Mo(v)/Ko is an étale cover of Adimgqw) Lo N/Hy(Ky) is a flat O(v)-
—— 1

scheme of finite type. As M /Hy — M /Ky is a pro-étale cover, we have a natural pro-finite
morphism N /Hy — N /Hy(K) whose generic fibre is an isomorphism; thus this morphism
is birational and induces an isomorphism at the level of normalizations. As the finitely
generated O ,)-algebras are excellent (see [28, Subsects. (34.A) and (34.B)]), the scheme
N /Hy(Ky) is excellent and thus its normalization is a finite N’/ Hy(Kp)-scheme. From the
last two sentences we get that the morphism N/Hy — N /Hy(Kp) is finite and thus the
O(y)-scheme N /Hy is of finite type. The relative dimension of N'/Hy over Oy, is d. We
will denote (N /Ho)x and (N'/Ho)w ) by Ni/Ho and Ny (x)/Ho (respectively).

4.1.1. On Z(;-endomorphisms. We consider the closed subscheme Nmod of Mo,
which is the moduli scheme that parametrizes principally polarized abelian schemes of
relative dimension dlmQT(W) over O(,)-schemes which are endowed with a Z,)-algebra B of
Z5)-endomorphisms, which have compatible level-m symplectic similitude structures for
all m € N\ 2N, which are subject to extra axioms that are modeled on the injective map
f:(G,X) — (GSp(W,%),S), and which was considered first in [26, Sect. 5]. We recall
here the following two key axioms for the case of a connected, affine O,)-scheme Spec S
and of a quadruple (Ags, Aag, B, (Fm)men\2n) over it of the type mentioned.
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(i) (The determinant axiom): If {a1, ..., a,} is a Z(9)-basis for B and if Xi,..., X,
are independent variables, then the determinant of the linear endomorphism Z;:l Xjo;
of the Lie algebra of the abelian scheme Ag over Spec S is the extension to S of a universal
determinant over O(,) that is of a similar nature and that it is associated naturally to
the faithful representation B — End(L2)) and the involution Z of End(Ls)) (it does not
depend on the given X, cf. [26, Lemmas 4.2 and 4.3 and Sect. 5]).

(ii) For each odd prime | € N, the symplectic similitude isomorphism ke~ : (W ®q
Q1,¥)>(T(As) ®z, Qi, Aas) induced by the level-I* symplectic similitude structures r:
of (As,Aag) with t € N*, is also a B ®z,, Q-linear isomorphism (here A4, denotes also
the perfect alternating form on the l-adic Tate-module T}(Ag) of Ag induced by Aag).

The axiom (ii) implies that the morphism N™°d — Mo,,, is injective on geometric
points (i.e., a Q—endomorphism of Ag is uniquely determined by its l-adic étale realization
with [ an odd prime). The Serre-Tate deformation theory implies that N™°d — Mo,
induces injections at the level of tangent spaces associated to geometric points. Based
on the last two sentences, one easily gets that the morphism N™°d — Mo(v) which is
projective (see loc. cit.) is in fact a closed embedding as stated above.

The generic fibre N gl(oéi, ) is a finite disjoint union of Shimura varieties of the form
Sh(G, X')/H> and this forms another way to get that Sh(G, X)/Hs is a closed subscheme
of Mpg(g,x). Therefore N is a closed subscheme of A/ mod and this implies that for each
b € B C J we can speak about the Zy)-endomorphism of A that corresponds naturally to b.
Accordingly, in all that follows we denote also by B the Z,)-algebra of Z,)-endomorphisms
with which each abelian scheme obtained from A by pull back is endowed. For b € B, we
denote also by b different de Rham (crystalline) realizations of such Z,)-endomorphisms
that correspond to b. In particular, we will speak about the Z)-monomorphism BPP —
End(M,) that makes M, to be a BP? @z, W (k)-module and makes M,’ to be a B®z,,
W (k)-module.

In what follows it is convenient to consider as well the finite level version of (A, A, B).
Thus we will choose the compact, open subgroup Hy of G(A;z)) such that the triple
(A, A, B) is the pull back of a similar triple (Ag,, An,, B) over N'/Hy (this holds if Hy C
Ker(GSp(L,¢)(2) — GSp(L,¥)(Z/lZ)) for an odd prime [ >> 0).

4.1.2. The moduli difficulty. The difficulty we face in the case (D) is that the moduli
scheme /\/’V‘{}‘(’g) is never formally smooth over W (k) at the point y € Ny () (k) C /\/’V“[}‘(’,‘j) (k).
We detail this fact in our present context.

We would like to show that Ny (k) is regular and formally smooth over W (k) at each
point y € Ny (k) (k). As we are in the case (D), the trouble is that the formal deformation
space ®,, over Spf k of the triple (A, A4, B) is not formally smooth over Spf k of dimension
d. One can check this starting from the fact (see Remark 3.5.5) that the dimension of the

subgroup of GSp(L(z) ®z,, F2,?) that centralizes B ®z,, F» is greater than dim(G).
We explain this in the case when Gz, is isomorphic to GSO;mZ? The dimension
of either N xy or ./\/]g‘(oGd vy I8 d = "(”2_1) (cf. end of Subsubsection 3.5.1 for the last

equality). One always expects that Theorem 1.4 (a) holds and thus implicitly (cf. Remark
3.5.5) that the centralizer of BPP @z, , W (k) in Sp(M,, An, ) has a special fibre Cy, which is
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an Spy,, ;, group. If there exists a W (k)-valued point of NV”[}((’,‘j) which lifts y € NV”‘}‘(’,‘j)( ) (for
instance, this would hold if N‘}r}?k) would be formally smooth over W (k) at y € Njpod ) (K)),
then one can easily check based on Lemma 2.2.3 that Cy is an Spy,, , group. I% Cy is
an Sps,, , group, then the deformation theories of Subsubsection 1. 2.3 imply that the

mod

tangent space of D, (equivalently of the point y € V(g (k) has dimension n(n+1) which

mod

is greater than d and therefore N, m‘(’g) is not formally smooth over W (k) at y € NW( oy ().
We conclude that Nvmv?l(j is not formally smooth over W (k) at y € N, m‘gg)( ).

Thus the deformation theories of Subsubsection 1.2.3 do not suffice to show that Ny i)
is formally smooth over W (k) at y. This explains why below we will use heavily Section 3
and a few other crystalline theories and new ideas.

4.1.3. Symmetric principal quasi-polarization. In this subsubsection we assume
Gz, is isomorphic to GSO;n,zz- Let s € N*\ {1} and (V,by) be as in Subsubsection
3.5.3. The projection of L) ®z,, Z2 on each factor V associated naturally to (4) belongs
to B ®z,,, Z2; thus it can be identified with an idempotent Zs-endomorphism of Aps,
(cf. Subsubsection 4.1.1) and therefore also with an idempotent endomorphism of the
2-divisible group of Az, ,,. Thus the principally quasi-polarized 2-divisible group of
(A, M) Ny, is of the form

(58,1\55).

We show the existence of an isomorphism bg : £=EY that corresponds naturally to
by. We denote also by by, the Zs-linear isomorphism V-=V" induced by by,. Let

by : L2y ®zy, Lo = V°=>(L(a) @z, Z2)” = (V)Y = (VY)?

be the Zs-linear isomorphism which is the direct sum of s copies of by,. We denote by
by : L(2)®z,, ZQQ(L(2)®Z(2) Z5)Y the Zs-linear isomorphism induced by 1. The composite
bJIObf, € End(L(2)®z,,,Z2) is fixed by Gy = Gy and Gz,/GF" = Gz,/GY,_ acts trivially
on it (cf. the last sentence of Subsubsection 3.5.3). Thus b;l o by, is fixed by Gz, and
therefore it belongs to B ®z, Z>. Thus we can speak about the Zs-isomorphism of A
that corresponds to btzl o b},. By composing it with the Zs-isomorphism (in fact it is an
isomorphism) from A to its dual A" that corresponds to by, (equivalently to the principal
polarization A of A), we get a Zs-isomorphism from A to A" that corresponds naturally
to b3,. At the level of 2-divisible groups we get an isomorphism b3 : £55(E%)" = (£Y)%.
The notations match i.e., b is the direct sum of s copies of an isomorphism bg : ESE* (as
one can easily check this over N using first étale cohomology groups with coefficients
in Zs as in Subsubsection 3.5.2). We call bg a symmetric principal quasi-polarization of £.

As by modulo 2Z, is alternating (cf. Lemma 3.5.4), the generic fibre of bg[2] :
E[2]5E€[2]" is a principal quasi-polarization in the sense of Definition 2.2.1. Thus Agg) :=
be[2] itself is a principal quasi-polarization.

4.1.4. Quasi-sections. As Ny (y) is a pro-étale cover of the flat W (k)-scheme Ny 1)/ Ho
of finite type, the completion of the local ring of y € Ny () (k) is a local, complete,
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noetherian, flat W (k)-algebra of residue field k. Thus from the Fact 4.1.5 below applied
to this completion we get that there exists a lift

z: Spec V' — Ny (x)

of y : Speck — /\/'W(k), where V is a discrete valuation ring as in Subsection 2.1. The
composite of z with the pro-étale cover Ny () — Ny )/Ho is a quasi-section of the
W (k)-scheme Ny (i) /Hp of finite type. We emphasize that z is not necessarily a closed
embedding. Let

(AVv )‘Av) = Z*((Av A)NW(k) )

We denote also by A4, the perfect form on (H}n(Ay/V))Y that is the de Rham realization
of Aa, . Let F{ be the Hodge filtration of H}r(Ay /V) defined by Ay . Under the canonical
identification Hjx(Ay/V) @y k = M,/2M,, the k-vector space F}; @y k gets identified
with the kernel of the reduction of ®, modulo 2W (k).

We fix an O(,)-monomorphism iy : V < C. Let w = [h, g,] € N(C) = Ny ()(C) be
the composite of Spec C — SpecV with z; thus Ac¢ is w*(A) of Subsubsection 3.5.2 and
we have an identification L(g) ®z,, Z2 = (H(Ac,Z2))" of B-modules that takes ¢ to a
unit of Zs times the 2-adic étale realization of (the extension to C of) A4, .

4.1.5. Fact. Let O be a flat W (k)-algebra which is a local, complete, noetherian ring of
residue field k (thus O is a quotient of W(k)[[t1,...,ts]] for some s € N*). Then there
exists a W (k)-homomorphism § : O — V, where V is a discrete valuation ring as in
Subsection 2.1.

Proof: By replacing O with a quotient of it by a minimal prime ideal of it of characteristic
0, to prove the existence of £ we can assume that O is integral. We proceed by induction on
v =dim(0) € N*. If v = 1, then the normalization of O is isomorphic to a W (k)-algebra
V' as in Subsection 2.1 and we can take £ to be the resulting inclusion O — V. For v > 2,
the passage from v — 1 to v goes as follows. Let A;(QO) be the set of prime ideals of O of
height 1. For each non-zero element a of the maximal ideal mp of O, the number of prime
ideals in A1(O) containing a is a positive integer. As v > 2, mp is not a finite union of
elements of A;(O) and thus the set A;(O) is infinite. From the last two sentences we get
that there exists p € A1(O) such that O/p has characteristic 0. We have dim(O/p) < wv—1
and therefore from the inductive assumption we get there exists a W (k)-homomorphism
&p 2 O/p — V; thus we can take £ to be the composite of the W (k)-epimorphism O — O/p
with §p. This ends the induction and thus the proof. ([l

4.2. Fontaine theory. We fix an algebraic closure K of K. We identify Ly ®z,, L2 =
(H},(Ac,Zs))Y = (HL(Ay xv K,Z5))Y with the Tate-module of the 2-divisible group of
A . We consider the 2-adic Galois representation

0:Gal(K/K) = GLL, 04, Q2(Q2) = GL(x1, (4, xy K,z (Q2)

associated to Ag; it factors through the group of Qz-valued points of the subgroup G q,
of GL L(2)®z,, Q2 that fixes ¢ and each element of B. As G is the identity component
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of Gy (cf. axiom 1.3 (iii)), the group (G1/G)(Qz2) is finite and thus there exists a finite
field extension K of K which is contained in K and such that o(Gal(K /K)) is a subgroup
of G(Qz). [One can check using the symplectic similitude level structures of Ax and
standard properties of Hodge cycles as in [11] that in fact the image of o is contained in
G(Q3) and thus that we can take K = K; but this is irrelevant for what follows.] We get
that Gal(K /K) fixes (via o) each tensor v, € T(L(2) ®@z,, Q2) with a € J.

Let V be the ring of integers of K. Let B be the Fontaine ring of K as used in [17];
it is a commutative, integral B (k)-algebra equipped with a Frobenius endomorphism and
a Gal(K/K)-action. Under the identification L) ®z,, Z2 = (H,(Av xv K,Zy))Y, [17,

Thm. 6.2] provides us with a functorial B-linear isomorphism
¢y L) ®z) B=M, @wy B

which preserves all structures and in particular which is also a B @z ) B-isomorphism.
From Fontaine comparison theory we get that c, takes each v, € T (W) to a tensor t, €
T (M,/[3]) and takes ¢ to a unit u, of B times the alternating form A, on My @y gy B. If
be B C J, then t is the de Rham (crystalline) realization b of the Z,)-endomorphism b of
Ay (of A). From the property 1.3 (iv) we get that the group G'p) is split. From this and
the existence of the cocharacter py, of Subsection 3.5, we get that G'p(x) has cocharacters
that act on the B(k)-span of ¢ via the identity character of G, p(x). Thus by composing

cy with a B-valued point of the image of such a cocharacter, we get the existence of a
symplectic isomorphism

¢yt (Le2) @z, B, )= (M) @w B, A,

that takes v, to t, for all @ € J. As the group G° = G N Sp(W, ) is connected (see
Subsection 3.5), the only class in H(Gal(K/B(k)), G%(k)) is the trivial one (see [36, Ch.

IT, Subsect. 3.3 and Ch. III, Subsect. 2.3]). From this and the existence of c;,, we get the
existence of a B(k)-linear isomorphism

) - 1
(5) Jy + L(2) @z, B(k)HMyVS]

that takes 1 to A\pz, and takes v, to ty for all a € J.

4.3. Crystalline decompositions and complements. Until the end we assume that
Gz, is isomorphic to GSO;WZ? Thus d = @, cf. end of Subsubsection 3.5.1. Let
s € N*\ {1} and (V, by) be as in Subsubsection 3.5.3. We consider the pull backs

(6) (E3,Ae:) and b, : E.5E;

of (€%, Ags) and bg (respectively) of Subsubsection 4.1.3 through z; thus (£, Aes) is the
principally quasi-polarized 2-divisible group of (Ay, A4, ). But (6) induces a direct sum
decomposition of F-crystals over k

(7) <Myaq)y) = (Nyaq)y)s
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(here (N, ®,) is the F-crystal of the special fibre £, ) of £.). Let by, be the perfect
bilinear form on NV, that correspond to the special fibre b, ) of b, via the Dieudonné
functor D. The functorial isomorphism ¢, takes by to the unit u, of B times by, (see
Subsection 4.2; we recall that in Subsubsection 4.1.3 we have constructed bg in terms of by,
and of Zz-endomorphisms of A). This implies that | takes the symmetric bilinear form
by on V to the bilinear form by, and therefore also j, takes by to by,. Thus the perfect
bilinear form by, on N, is symmetric. Let (Ny, by, ) := (Ny,bn,) ®w (k) k. From the end
of Subsubsection 4.1.3 we get that:

4.3.1. Fact. The isomorphism b,[2] : £,[2]5E.[2]" is a principal quasi-polarization.

4.3.2. The crystalline difficulty. Based on the Fact 4.3.1, one expects that the perfect
bilinear form b N, on N, is alternating. In fact, if by chance this would not be true, then it
is easy to see that there exist no W (k)-valued points of Ny () that lift y. Unfortunately,
due to the fact that the natural divided power structure on the ideal 2W (k) of W (k) is not
nilpotent modulo 4W(k), all the present classification results available on commutative
finite flat group schemes of 2-power rank (order) over V', either assume some connectivity
property or do not relate directly to the étale cohomology of their generic fibres. Thus these
classification results do not apply directly in the case when the 2-rank of A is positive.
This forms the essence of the crystalline difficulty we encounter; in different aspects, it
shows up in connection to all the bullets below.!

4.3.3. Strategy. Our strategy to overcome the moduli and crystalline difficulties men-
tioned above can be summarized in seven steps as follows.

e We use an elementary global versal deformation argument involving Ny /Hp to show that
the perfect bilinear form by on Ny is alternating (see Proposition 5.1).

e We use Proposition 5.1 and Section 3 to prove Theorem 1.4 (a) (see Subsection 5.2).

e Based on Theorem 1.4 (a) and on Faltings deformation theory, we construct explicitly
the supposed to be formal deformation space of y in the reduced scheme N, yeq of Ny, (see
Subsections 6.1 to 6.4). More precisely we construct a morphism Spec k[[t1, ..., tq]] — My
which is supposed to define the mentioned formal deformation space.

e Based on Subsections 6.1 to 6.4 and on Section 3, we prove that the formal deformation
space of y in N req is indeed the one supposed to be and thus it is formally smooth over
Spf k (see Subsections 6.5 to 6.7).

e By combining Lemma 3.1.4 with the main results of [35], we show that Ny () is smooth
at all ordinary k-valued points of it (see Proposition 7.1).

e Based on the above mentioned constructions, we show that the ordinary locus of N}, is
Zariski dense in N, (see Subsection 7.2).

1 The recent manuscripts on 2-divisible groups over V' of E. Lau and T. Liu available at
http://arxiv.org/abs/1006.2720 and http://www.math.purdue.edu/ tongliu/research.html
(respectively) could be used to overcome the crystalline difficulty in many situations. How-
ever, as the two manuscripts were still under review at the time this paper got accepted
for publication and are a lot more involved than the simple, self-contained arguments we
present below, we will not appeal here to them.

24



e Based on the last three bullets, a direct application of a lemma of Hironaka allows to
conclude that A is regular and formally smooth over Oy, (see Subsection 7.3).

5. Proof of Theorem 1.4 (a)

We use the notations of Subsections 1.3, 2.1, and 3.5 and of Subsubsections 3.5.2,
3.5.3, and 4.1.3. This section proves Theorem 1.4 (a). The main part of the proof is
to show that Lemma 3.5.4 and Fact 4.3.1 transfer naturally to the crystalline contexts
that pertain to y; the below proposition surpasses (in the geometric context of the Main
Theorem) the problem 1.1 (i).

5.1. Proposition. We recall that GZZQGSO;L,ZQ. Then for each point y € Ny i (k),
the perfect bilinear form by —on N, is alternating (see Subsection 4.8 for notations).

Proof: We recall that by, is symmetric. If V = W(k), then based on Fact 4.3.1 the
proposition follows from Lemma 2.2.3 applied to (£,[2], b.[2]). The proof of the proposition
in the general case (of an arbitrary index [V : W (k)] € N*) is lengthy and thus below we
will number its main parts. In Subsubsections 5.1.1 to 5.1.5 we will use only properties
1.3 (i) and (iii); but in Subsubsection 5.1.6 we will use also the property 1.3 (iv) and thus
implicitly Lemma 3.5.4. We fix an irreducible component Irr, of the reduced scheme of
Ny /Hp that passes through the k-valued point of Ny/Hq defined by y. Let Irrg be an
affine, open subscheme of Irr, that contains the k-valued point of Irr, defined by y. Let
Spec S be a connected étale cover of a non-empty, affine, smooth, open subscheme of Irrg
and let ys be an arbitrary closed (thus k-valued) point of Spec S.

5.1.1. Part I: notations. Due to the choice of Hy before Subsubsection 4.1.2 and to the
definition of bg in terms of A and of Zs-endomorphisms of A that correspond to elements
of B®z,, Z2, we have a direct sum decomposition (Aw, X7/ m, Nw )/ Ho)[2°] = & and
an isomorphism bg, : £-&; of 2-divisible groups whose pull backs to Ny X, /u, SpecS
are natural pull backs of the decomposition Az, [2°°] = £° and of the isomorphism
be : E5EY (respectively) of the Subsubsection 4.1.3. Let E := &y g[2] and \g : ESE"
be the pull backs of &|2] and Ag g := bg,[2] (respectively) to SpecS. From Fact 4.3.1

applied not to z but to a morphism 2 : SpecV — Nw (x) whose image in N} /Hy is the
image of yg in Ny /Hy (here V is a finite, discrete valuation ring extension of W (k)), we
get that A\ is a principal quasi-polarization modulo the maximal ideal of S that defines
the closed point ys of Spec S. By varying the closed point yg of Spec .S, we get that A\g is
a principal quasi-polarization. We consider the evaluation

(N7¢7U7V7bN>

of D(E, \g) at the trivial thickening of SpecS. Thus N is a projective S-module, ¢ :
N® — Nand v: N — N® are S-linear maps, V is a connection on N, and by is a
symmetric bilinear form on N. Let F := Ker(¢); it is the Hodge filtration of N defined by
E. We consider the S-submodule

X :={x € N|by(xz,z) =0} C N.
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Let Ifry be the normalization of Irr, in the field of fractions of S; Spec S is an open,
Zariski dense subscheme of it. Let y be a k-valued point of Ifry whose image in Irr, is the
k-valued point of Irr, defined by y. As SpecS maps onto a Zariski dense, open subscheme
of the affine, integral scheme Irr, and as Ag is induced by the isomorphism bey,1rr, that
lifts b 1, we get that by specializes in a natural way to b N, via the crystalline realization
of the isomorphism A £o[2].Tir, and via the pull back through y of this crystalline realization.

Thus to prove the proposition, using specializations we get that it suffices to show
that by is alternating. To check this thing, we will often either shrink Spec S (i.e., we
will replace Spec S by an open, dense subscheme of it) or replace Spec S by a connected
étale cover of it. We will show that the assumption that by is not alternating, leads to a
contradiction (the argument will end up before Subsection 5.2). This assumption implies
that X # N.

As by(F,F) = 0, we have FF C X. As S is a finitely generated, integral k-algebra,
by shrinking Spec S, we can assume that N and F' are free S-modules, that the reduction
of by modulo each maximal ideal of S is not alternating, and that we have a short exact
sequence of nontrivial free S-modules

(8) 0—-X—-N—-N/X—0.

We have rkg(N) = 2n and (cf. the existence of Ag) rkg(F) = n. Let r := rkg(N/X); thus
rks(X) =2n—r. As FF C X, we have r € {1,...,n}. As the field of fractions of S is not
perfect, we can not use Fact 3.1.1 (a) and (b) to get directly that r is 1.

5.1.2. Part II: Dieudonné theory. The short exact sequence (8) is preserved by
¢ and v and we have ¢(N®) C X and v(N) € X@). Thus the resulting Frobenius
and Verschiebung maps of N/X are both 0 maps. As by is parallel with respect to the
connection V and as X is uniquely determined by by, V restricts to a connection on X. By
shrinking Spec S, we can assume that S has a finite 2-basis in the sense of [5, Def. 1.1.1].
From the fully faithfulness part of [5, Thm. 4.1.1 or 4.2.1] and the last three sentences, we
get that to (8) corresponds a short exact sequence

0—ays— FE—FE —0
of commutative, finite, flat group schemes over S. Let
By =) (EY) Cc A\ (BEY) = E.

The quotient group scheme F/FEj is isomorphic to (aj s)t and therefore to a; 5. Let
Y be the direct summand of N that defines the evaluation of Im(D(E/E>) — D(E)) at
the trivial thickening of SpecS. As E/E;=al o, we have ¢(Y ® 1) = 0. Thus Y C F
and therefore the S-linear map ¥ — N/X is 0. This implies that the homomorphism
ay g — E/E> over S is trivial, cf. [5, Thm. 4.1.1 or 4.2.1]. Thus the subgroup scheme

a; g of E is in fact a subgroup scheme of Es.

The perpendicular of ¥ with respect to by is X, cf. constructions. Thus by induces
naturally a perfect form by on N := X/Y that (cf. definition of X) is alternating. Let

E = Ez/ag’s
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Let Ag : E=E" be the isomorphism of finite, flat group schemes over S induced by Ag.
The evaluation of D(E, \z) at the trivial thickening of Spec S is (N, ¢,0,V, by ), where
(¢,0,V) is obtained from (¢, v, V) via a natural passage to quotients.

5.1.3. Part III: computing r. By shrinking Spec S we can assume that the S-module
Qg of relative differentials is free of rank d = nn=l) - Ag M. is a moduli space of
principally polarized abelian schemes endowed with extra symplectic similitude structures,
the abelian scheme A and thus also its 2-divisible group is versal at each k-valued point
of M. From this and the fact that Spec .S is an étale cover of a locally closed subscheme
of M./ Hy which is smooth, integral, and of dimension d, we get that the Kodaira—Spencer
map H of V (i.e., of F) is injective modulo each maximal ideal of S and thus its image
Im(H) is a free S-module of rank d which is a direct summand of Hom(F, N/F'). The
connection V restricts to connections on Y and X. From this and the inclusions Y C F' C
X, we get that Im(H) is in fact a direct summand of the direct summand Hom(F/Y, X/F')
of Hom(F, N/F') and thus it is canonically identified with the image of the Kodaira—Spencer
map H of E. As by is alternating and > 1, it is well known that we have rkg(Im(H)) <
w < d. [The argument for the inequality rkg(Im(H)) < w is the same
as the one checking that the formal deformation space of a principally quasi-polarized 2-
divsible group over k of height 2(n — r) has (to be compared with 1.1 (b)) a tangent space

of dimension W] Therefore the three numbers d = "(nQ_l), (n_r)(g_rﬂ), and

rkg(Im(#H)) = rks(Im(#)) must be equal. Thus 7 = 1 and the pair (E,)\z) is a versal
deformation at each k-valued point of Spec S (i.e., and the Kodaira—Spencer map of E is
injective modulo each maximal ideal of S). As r =1 and n > 2, we have N # 0.

5.1.4. Part IV: reduction to an ordinary context. We check that by shrinking
Spec S and by passing to an étale cover of Spec .S, we can assume there exists a short exact
sequence

9) 0— p,;l:gl — E — (Z/2Z)¢ — 0.

This well known property is a consequence of the versality part of the end of Subsubsection
5.1.3. For the sake of completeness, we will include a self contained argument for (9).

Let F':= F/Y C N. Let J be a fixed maximal ideal of S. Let (Ny, ¢y, O, Fr, by, ) be
the reduction of (]\7, gz;,f), F, by) modulo J. By shrinking Spec S, we can assume that N
and F are free S-modules. We fix an isomorphism

Ig : (Nk,Fk7ka) Rk S;(N,F,b]v)

of filtered symplectic spaces over S. Let N, = F, ) Q. be a direct sum decomposition
such that @ is a maximal isotropic subspace of Ny with respect to by . We define

H:= Sp(Nk, by, ). Any two standard symplectic S-bases of Ni, ® S with respect to by,

are Ig (9)-conjugate. This implies that there exist elements hg, iz,§ € H(S) such that under
Is, ¢ and © become isomorphic to hgo (¢ ®1s) and (T @ 1g)ohg'hg' (respectively). As
Do¢ =0, we get that hg normalizes Im(ggk) Qi S = Ker(0r) @ S. As for all z € Nk(?) and
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u € Ny, we have identities by, (hs(dr(z®1)), u®1) = by (z®1, (x®1s)hg hg' (u®1)) and
by (Pr(z®1)),u®l) =bg (z@1,0,(u®1)), we get by (¢r(z®@1),hs(u®1)—u®1) =0;
thus hs(u® 1) —u® 1 € Im(¢k) ®r S = Ker(vy) ®k S. From this and the fact that hg
normalizes Ker(0y) ®j S we get that (0 ® 1g) o hs = U ® 1g. Thus we can assume that
hg is the identity element of H(S).

Let h, € H(k) be such that hodr((Qr)®) = Qp; this implies that (Ny, hotk, Oxh; )
is an ordinary Dieudonné module over k. Thus there exists a non-empty open subscheme
O of H such that for each element § € O(k), the triple (N, §o ¢k:7 O og 1) is an ordinary
Dieudonné module over k. Let P be the parabolic subgroup of H that normalizes Fj. Let
C be the Levi subgroup of P that normalizes Q. For h € P(k), we write h = h, ¢ where
h. is a k-valued point of the unipotent radical of P and where ¢ € C (k). Let

js: P xiSpecS — H

be the morphism that takes (h,m) € P(k) x Spec S(k) to @ := h(hgom)((¢) ‘o) € H(k).
As Im(H) has rank d = "(”2_1) = dim(S), the composite of hg : Spec S — H with the
quotient epimorphism H —» H /P is étale. Thus jg induces k-linear isomorphisms at

the level of tangent spaces of k-valued points. Therefore jg is étale and thus yg(@) is

a non-empty open subscheme of P xj SpecS. Therefore there exists a pair (h,m) €
P(k) x Spec S(k) such that we have @ € O(k). The reduction of (N ¢,0) modulo the
maximal ideal J of S that defines m, is isomorphic to (Ng, (hso m)gzﬁk7 Uk(hs om)~1) and
thus also to (Nk, h(hg o m)qﬁkh ! hvk(hs om) h™1) = (N, iy, Ui~ '). Therefore the
reduction of ' modulo J is an ordinary truncated Barsotti-Tate group of level 1 over k.
Thus, by shrinking Spec S, we can assume that F is an ordinary truncated Barsotti-Tate
group of level 1 over k. Therefore the short exact sequence (9) exists after a passage to an
étale cover of Spec S.

5.1.5. Part V: filtrations. Due to (9) and the existence of the short exact sequence

0— F — Ei — ap s — 0, we have naturally another short exact sequence 0 — uQ =

By — a5 x5 (Z/2Z)¢™" — 0. Due to (9) and the existence of a short exact sequence

0 — ays — Fy — E — 0, we get that we have naturally another short exact sequence
0— aos X5y — By — (Z/22)%" — 0. Thus E has a filtration

(10) 0C E(l) C E(g) C F,

where E () is uggl, E(9)/E(1) is the extension of as s by aa,s, and E/E(y) is (Z/2Z)%".

In order to benefit from the previous notations, until Subsection 5.2 we choose y :
Speck — Nw(k) such that it defines a morphism Spec k — Nw(k)/Ho that factors through
SpecS. We recall that &, j, is the special fibre of £,. The 2-ranks of £, j, and 5;,6 aren—1
(see (10)). It is well known that this implies that £, has a filtration by 2-divisible groups

(11) 0C 5(1)72« - 8(2)72 cé&,,

where £(1) , = p,g;’lv, E/E9),> = (Q2/Z2)% ", and the 2-divisible group & := E2),2/€),z
over V is connected, has a connected Cartier dual, and its height is equal to 2 = 2n —
2(n—1).
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5.1.6. Part VI: the new pair (£.,b,). The filtration (11) is compatible in the natural

z) 7z
way with the isomorphism b, : £,=&" and thus it induces naturally an isomorphism b/, :

ELEN. Let To(EL i) be the Tate-module of the generic fibre £, ;- of L. As £/ has height
2, Ty(€. i) is a free Zy-module of rank 2 on which Gal(K/K)-acts. To b, corresponds
a perfect, symmetric bilinear form (denoted also by) b, on T(€] ) that modulo 2Z,
is alternating (cf. Fact 4.3.1). Let GSO’ be the schematic closure in GLTQ(g;K) of the

identity component of the subgroup of GL, g/ O] that normalizes the Qq-span of b’,. As

GSOQ,V(F) is isomorphic to GSOg y (ry (cf. Proposition 3.4 (c)), GSO’ is a torus of rank
2. The Galois representation Gal(K/K) — GLg, g/ )(Z2) induced by o of Subsection

4.2 factors through GSO'(Z3). Let B’ be the semisimple, commutative Zg-algebra of
endomorphisms of £/ whose Lie algebra is Lie(GSQ').

Let e and R, be as in Subsection 2.1. Let (N.,®,, Y, V., bn:) be the projective
limit indexed by m € N* of the evaluations of D((€L,b;_)u.) at the thickenings attached
naturally to the closed embeddings Spec U, < Spec R. /2" R.. Thus N/ is a free R.-module
of rank 2, we have R.-linear maps ®/, : N, ®pg, ¢, R — N, and T, : N, — N.®p, o, Re,
V. : N, — N, ®g, Rcdt is an integrable and topologically nilpotent connection, and by
is a perfect, symmetric bilinear form on N.. The Zs-algebra B’ acts on N, and the
R, ®z, B'-module N is free of rank 1.

To the natural decomposition B’ @z, W(F)>W (F) @ W (F) of W(F)-algebras corre-
sponds a direct sum decomposition N, = N ;(1) o N ;(2) into free R.-modules of rank 1. As

N ;(1) and N ;(2) are isotropic with respect to by, by, modulo 2R, is alternating (cf. Fact
3.1.1 (a)). Thus (N.,bn:) ®pg, k is a symplectic space over k of rank 2.

The fibre of the filtration (11) over k splits. Thus we have a direct sum decomposition
(12) (Ny7bNU) = [(N;7bN;) ®Re k] EB <N07bNo)

over k, where (N,,by,) is part of a quadruple (N,, ¢n,,vn,,bn,) that is the evaluation at
the trivial thickening of Spec k of the Dieudonné functor D applied to an ordinary truncated
Barsotti-Tate group FE, of level 1 over k equipped with an isomorphism Ag, : E,—~EY. As
E,>(Z/pZ); '@ ug;l, we get that (N,,by,) is a symplectic space over k.

From the symplectic space properties of the last two paragraphs and from (12) we get
that (Z\_fy, b Ny) is a symplectic space over k. Thus the reduction of b modulo the maximal
ideal of S associated naturally to y is alternating. In other words, we reached the desired
contradiction. Thus by is an alternating form on N. This proves the proposition. 0

5.2. End of the proof of Theorem 1.4 (a). Due to Proposition 5.1, the formula

b : : .
qn, (x) = w defines a quadratic form on N,. Let G, be the schematic closure in

GSp(M,, Ay, ) of the identity component of the subgroup of GSp(M,[3], Az, ) that fixes
ty for all b € B C J. Based on (7), we can redefine G, as GSO(N,, qn,) and thus G, is a
reductive group scheme (cf. Proposition 3.4 (c)).

Let j, be as in Subsection 4.2. Let L, := j, ' (M,)); it is a W (k)-lattice of L) @z,
B(k). We recall that j, takes ¢ to Ay, and takes b= v, to b =t; for all b € B (cf. (5); see
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Subsubsection 3.5.2 and Subsubsection 4.1.1 for these identities). Thus the W (k)-lattice
Ly of L) @z, B(k) has the following three properties:

(i) for all b € B®z,, W (k) we have b(L,) C L,
(ii) the schematic closure of Gy in GLL, is the reductive group scheme Jy Gy,
(iii) and we get a perfect, alternating form v : Ly ®yw ) Ly — W (k).

In the next paragraph we check that properties (i) to (iii) imply that there exists
gy € G°(B(k)) such that we have g,(L(3) ®z, W(k)) = L,. For this we consider a
maximal (split) torus Ty i) of Gy (k) which (cf. property (ii)) is also a maximal torus of
Jy 1G,j,. The existence of Ty (1) follows from the following two facts:

e cach two points of the building of Gy = (jy_lgyjy)B(k), belong to an apartment
of the building (see [38, pp. 43-44] for this fact and for the language used) and each
apartment of the building is fixed by the W (k)-valued points of a uniquely determined
torus over W (k) whose generic fibre is a maximal torus of Gp() (see 38, Sect. 1 and
Subsect. 2.1]);

e there exists a unique hyperspecial point of the building of G () which is fixed by
Gw (k) (resp. by jy_lgyjy) (see [38, Subsubsect. 3.8.1]).

Let L) ®z,, W(k) = @iexWi and L, = @, W] be direct sum decompositions
indexed by a set x of characters of Ty (), such that for all i € x the actions of Ty ()
on W; and W/ are via the character i of Ty (). The representation of B ®z, B(k) on

(3

W;[3] = W/[3] is absolutely irreducible. Thus the representations of B ®z, W(k) on
W; and W/ are isomorphic and their fibres are absolutely irreducible. Therefore there

exists n; € Z such that we have p™W, = W/. Let po : G, Bk — GLL(2)®Z(2)B(;€) be
a cocharacter such that it acts on WZ[%] via the n;-th power of the identity character of
G Bk)- Let gy = po(p). We have g, (L(2) ®z, W(k)) = L,. As Ty ) is a torus of
GSp(L(2) ®2z,, W(k),1), for each i € x there exists a unique i € y such that for every
i" € x\ {¢} we have (W;, W;/) = 0. The map x — x that takes i to i is a bijection of order
at most 2. But as L, and L) ®z, W (k) are both self-dual W (k)-lattices of W ®q B(k)

with respect to ¢ (cf. property (iii)), for all ¢ € x we have n; + n; = 0. Therefore p
fixes 9. As for each i € x the W (k)-module W; is left invariant by B ®z,, W (k), po fixes

all elements b € B. Thus o is a cocharacter of GY B(k) and therefore also of the identity
component GOB(k) of G?’B(k). Thus g, € G°(B(k)) i.e., g, exists.

By replacing j, with j,g,, we can assume that j,(L(2) ®z, W(k)) = jy(L,) = M.
Thus j, : L(2) ®z,, W(k)=M,  is an isomorphism of B®z,, W (k)-modules that induces a
symplectic isomorphism (L) ®z,, W (k),¥)=(M,’, Arr,). Thus Theorem 1.4 (a) holds.O0

6. The study of Ny(y) red

We recall that until the end we assume that Gz, is isomorphic to GSO} z,- Subsec-

tions 6.1 to 6.6 are intermediary steps towards the verification (see Propositif)n 6.7) that
the reduced scheme N; k(v),red Of N, k(v) is regular and formally smooth over k(v). We use
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the notations of Subsections 4.1 to 4.3. Let G, be the reductive, closed subgroup scheme
of GL)y, introduced in the beginning of Subsection 5.2.

In Subsections 6.1 and 6.2 we show the existence of a cocharacter iy, : G, w ) — Gy
that produces a direct sum decomposition M, = F!' @ F? such that F' is the Hodge
filtration defined by alift (A, A 5, B) of (4, A, B) to W (k). Unfortunately, we can not check
directly that we can assume that (A, )\ 5, B) is the pull back of (A, A, B) Ny oy Via a W (k)-
valued point of Ny (5 that lifts i (see Remark 6.2.1; this explains the length of this section).
Subsection 6.3 associates to p, a smooth, closed subgroup scheme U, of G, of relative
dimension d over W (k). Subsection 6.4 uses U, and [14, Sect. 7] to construct a versal
deformation of (A, A4, B) that defines naturally a morphism mg /2% : Spec R/2R — M,
of k-schemes, where R is a W (k)-algebra of formal power series in d variables. Subsections
6.5 to 6.7 use a modulo 2 version of [14, Sect. 7] to check that my g factors through
a formally étale morphism ng/or : SpecR/2R — Ny rea of k-schemes; the existence of
ng/or Will surpass (in the geometric context of the Main Theorem) the modulo 2W (k)
version of problems 1.1 (ii) and (iii).

6.1. Proposition. There exists a cocharacter py : Gy, wk) — Gy that induces a direct
sum decomposition M, = F L@ FO with the properties that F' lifts the Hodge filtration
Fy1 = Fl @y k of M,/2M, deﬁned by A and that 3 € G,,,(W(k)) acts on F* through p,
as the multiplication with 3" (i € {0,1}).

Proof: Let ]3’01 be a direct summand of the W (k)-module N, that lifts the Hodge filtration
of N, = N,/2N,. For u € F} let x := %T(u) € N,. We have by, (z,z) = 1o(bn, (u,u))
and (cf. Proposition 5.1) by, (z,z) € 2W (k). Thus for u € F} we have by, (u,u) € 4W (k).
Let {@1,...,0,} be a W(k)-basis for Fol. As by, is perfect, inductively for [ € {2,...,n}
we can replace @; by an element in @; + 2N, such that we have by, (@;, %) € 4W (k) for all
i €{1,...,1—1}. Thus we can choose F¢ such that we have by, (g, F¢t) C 4W (k).

We extend {@1,...,U,} to a W(k)-basis {a,?1,...,0Un, 0y} for N, such that the
following two things hold: for each i € {1,...,n} we have by, (@;,?;) = 1 and for each 4,
jeA{l,...,n} with i # j and for every pair (u,v) € {(%;,?;), (0;,7;)} we have by, (u,v) €
4W (k) (one constructs such a W (k)-basis via the same inductive processes used in the
previous paragraph and in the second paragraph of the proof of Proposition 3.4).

As by, is alternating (cf. Proposition 5.1) and as by, (4, a;) € 4W(k) for all 4,
j€{1,...,n}, from Proposition 3.4 (b) (applied with S = W (k) and ¢ = 2) we get that

there exists a W (k)-basis {uq,v1,...,upn,v,} for N, with respect to which the matrix of
by, is J(2n) and moreover for i € {1,...,n} we have u; —@; € 2N,. Let Fj and Fg§ be the
W (k)-spans of {uy,...,u,} and {v1,...,v,} (respectively). The direct sum decomposition

N, = F} & F{) of W(k)-modules is such that Fj and Fj are congruent modulo 2W (k) and
we have by, (F§, Fy) = by, (F§, F§) = 0.

We refer to (7). As M, = Nj, we can take the decomposition M, = F' & F° such
that we have F'' := (F{)* and F° := (F{)®. Thus we have:

(i) the image of the cocharacter piy : G, wiy — GLa, that acts on F' and F° as
desired, fizes all endomorphisms of M, defined by elements of BPP.
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As by, (Fy, Fy) = by, (Fg, F§) = 0 and as in Subsubsection 4.1.3 we have constructed
be in terms of by, and of Zs-endomorphisms of A4, we get also that:

(ii) the group scheme G, w ) acts via p,, on the W(k)-span of by, and thus also on
the W (k)-span of Anr,, through the inverse of the identity character of G, w (k)-

From properties (i) and (ii) we get that the cocharacter p, factors through the sub-
group scheme of GSp(M,, Ay, ) that fixes the Z,)-algebra B°PP of End(M,). Therefore
the cocharacter p, factors through G,. O

6.1.1. Corollary. The normalizer Py of F’yl = F! Qw k) k in Gyk = Gy Xww) k is a
parabolic subgroup of G, i such that we have dim(Gy /Py k) = "(nz—l) —d

Proof: Let gy, be as in Subsection 5.2 and let ¢y be its reduction modulo 2W (k). With
the notations of the previous proof, for x € Fj U Fy we have gy, (z) = 0. As we can
identify G, with GSO(N,,qn,) and as F!' = (Fj)*, we can also identify P, ; with the
normalizer of F}/2F3 in GSO(N,, qn,)- Thus the corollary follows from Lemma 3.1.3.0

6.2. Choice of p,. Let (D, Ap,,B) be the principally quasi-polarized 2-divisible group
over k endowed with endomorphisms of 3*((A, A, B) Nw ). We check that we can choose
the cocharacter 1, of Proposition 6.1 such that there exists a lift (D, A, B) of (D, Ap,,B)
to W (k) with the property that F'! is the Hodge filtration of M,, defined by D. We consider
the direct sum decomposition M, = M) © My 1) © M) left invariant by ®, and such
that all slopes of (M, ), ®,) are 0 if [ = 0, are 1 if [ = 2, and belong to the interval (0, 1)

if | = 1. To it corresponds a product decomposition D, = H12:0 Dy

We consider the Newton type of cocharacter v, : G, w) — GLy, that acts on
M,y via the [-th power of the identity character of G, w ). The endomorphisms of
M, defined by elements of B°PP are fixed by (i.e., commute with) ®, and thus belong to
@®7_,End(M, (). Therefore the cocharacter v, fixes all these endomorphisms. As we have
A, (@y(u), @y(v)) = 20(Ang, (u,v)) for all u, v € M,, we get that Anz, (Myoy, My(0)) =
A, (My(2), My2)) = Anr, (My) © My(2y, Myy) = 0 and thus the cocharacter v, also
normalizes the W (k)-span of Aps,. We conclude that v, factors through G,.

The special fibre of v, normalizes F,} = F'/2F" (i.e., the kernel of ®, modulo 2W (k))
and therefore it factors through P, . We can replace the role of p, by the one of an inner
conjugate of it through an arbitrary element h € G, (W (k)) that lifts an element of P, 1 (k).
But there exist such elements h with the property that huyh_1 and v, commute. Thus
not to introduce extra notations, we will assume that p, and v, commute. Therefore we
have a direct sum decomposition F' = @2 F (11)7 where F (11) := F'' N My(). There exists

a unique 2-divisible group 15([) over W (k) that lifts D,;) and whose Hodge filtration is
Zi‘(ll)’ cf. [16: 1.6 (ii) of p. 186] applied to the IiIonda triple (M, %@y(F(ll)),(I)y). Let
D = HZQ:O Dpy; the fact that there exists a lift (D, Ay, B) of (Dy, Ap,, B) to W (k) is also
implied by loc. cit.

6.2.1. Remark. Let (A, \ i, B) be the principally polarized abelian scheme over W (k)
endowed with endomorphisms that lifts (A, A4, B) and whose principally quasi-polarized
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2-divisible group endowed with endomorphisms is (D, A 5, B), cf. Serre-Tate deformation
theory and Grothendieck’s algebraization theory (see [18, Ch. III, Thms. 5.4.1 and 5.4.5]).
Let Spec W (k) — My 1) be the morphism of W (k)-schemes associated to (A, ) ;) and its
symplectic similitude structures that lift those of (A, A4). It is easy to check that it factors
through the closed subscheme /\/’{,{}‘()g) of My 1) (i.e., the determinant axiom mentioned in

Subsubsection 4.1.1 holds for A as it holds for Ay ). But, as we are in the case (D), we
have G # (G; and the Hasse principle fails for G. Thus we can not prove directly that the
last morphism of W (k)-schemes factors through the closed subscheme Ny (i) of NVIE‘(’,CJ) (to
be compared with [26, Sect. 8]). This explains why in Subsections 6.5 and 6.6 below we
will work mainly modulo 2 and not directly in mixed characteristic (0, 2).

6.3. Defining U,. We have a natural direct sum decomposition of W (k)-modules
End(M,) = End(F')® End(F°) & Hom(F*, F°) & Hom(F°, F'). Let U, be the flat, closed
subgroup scheme of GLyy, defined by the rule: if R is a commutative W (k)-algebra, then

Uy(R) =1y 607 + (Lie(Gy) N Hom(F', F%)) @y R

(the last intersection being taken inside End(M,)). The group scheme U, is smooth,
connected, commutative, and its Lie algebra is the direct summand Lie(G,) NHom(F'*, F?)
of Hom(F*', F°) = Hom(F*', M, /F'). Thus Lie(U,) C Lie(Gy). This implies Uy, ) C
Gy,B(k), cf. [6, Ch. II, Subsect. 7.1]. Thus U, C G,. The group scheme U, acts trivially
on both F% and My/FO. Due to the existence of the cocharacter p, : G, wi) — Gy,
we have a direct sum decomposition Lie(G, 1) = Lie(U, 1) ® Lie(Py i) of k-vector spaces.
From the last two sentences we get that the group scheme U, N Py j is trivial and that
the natural morphism Uy, — Gy k/Pyk of k-schemes is an open embedding. Thus the
relative dimension of U, over W (k) is d = dim(G, 1 /Py.x), cf. Corollary 6.1.1.

Let Spf'R be the completion of U, along its identity section. We can identify R =
W(k)[[t1,-..,tq]] in such a way that the ideal (t1,...,tq) defines the identity section of
Uy,. Let ®r be the Frobenius lift of R that is compatible with o and takes ¢; to ¢? for all
i€ {l,...,d}. Let dPg : @ Rdt; — ®LRdt; be the (2,t1,...,tq)-completion of the
differential map of ®. We consider the universal element

Uuniv € Uy (R)

defined by the natural morphism Spec R — U,, of W (k)-schemes.

The existence of D allows us to apply [14, Sect. 7, Thm. 10]: there exists a unique
connection Vy : My Qw (x) R — My Qw (k) ®%_, Rdt; such that we have an identity

(13) V. 0 Unniv(Py @ PRr) = (Uuniv(Py ® Pr) @ dPR) 0V,
of maps from M, ®w k) R to My Q) @leRdti; the connection V, is integrable and
topologically nilpotent. We emphasize that loc. cit. pertains to all primes including 2

(primes at least 3 are used in [14] only until [14, Sect. 7], cf. [14, Sect. 1]). Let Viuiy
be the flat connection on M, ®y () R that annihilates M, ® 1. Due to Formula (13), it
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is easy to check that the connections Vi, + u;nlivduuniv and V, are congruent modulo

(t1,...,tq). From this, the fact that Lie(i,) is a direct summand of Hom(F*!, M, /F?'),
and the very definition of uyniv € Uy (R) we get that:

6.3.1. Fact. The Kodaira—Spencer map of V, is injective modulo (2,t1,...,tqs) and thus
its image is a direct summand J,, of Hom(F*', M, /F*') ®w k) R of rank d.

6.4. A deformation. We recall that the categories of 2-divisible groups over Spf R /2R
and respectively over Spec R/2R, are canonically isomorphic (cf. [29, Ch. II, Lem. 4.16]).

From this and [14, Sect. 7, Thm. 10] we get the existence of a 2-divisible group Dx jor
over R/2R whose F-crystal over R/2R is (My @w () R, tuniv(Py ® Pr), Vy). We have

(14) uuniv(fby X (I)R) ob="bo uuniv(qDy ® (I)R) Vb € BPP,

As V,, is uniquely determined by wyniv(®y ® Pr) and due to Formula (14), V,, is invariant
under the natural action of the group of invertible elements of B°P? on M, @y ) R. Each
element of B°PP is a sum of two invertible elements of B°PP. Thus as the ring R/2R has
a finite 2-basis, from the fully faithfulness part of [5, Thm. 4.1.1 or 4.2.1] we get first
that the 2-divisible group Dx /2r is uniquely determined (by its F-crystal over R/2R)
and second that each b € B°PP is the crystalline realization of a unique endomorphism b
of Dy s2r- Thus we have a natural Z)-monomorphism B < End(f)R s2r). A similar

argument shows that there exists a unique principal quasi-polarization A Drar of DR /2R
such that D()\DR/zn) is defined by the alternating form Ay, on M, ®@w ) R. As Lie(G,)

is the direct summand of Lie(GSp(M,, Ay, )) that annihilates Im(B°PP — End(M,)) and
as V, annihilates Im(B°P? — End(M,) ®w k) R), we have

Vy — Vv € Lie(Gy) ®w k) B Rdt; C End(M,) @y x) B Rdt;.
From this, as inside End(M,) we have Lie(U,) = Lie(G,) "Hom(F*', M, /F") (cf. definition
of U,), we get that the direct summand J,, of Hom(F*, M, /F*) ®w (k) R introduced by Fact

6.3.1 is contained in the direct summand Lie(Uy) ®w x) R of Hom(F*!, M, /F') @w k) R
and thus by reasons of ranks it is exactly Lie(U,) ®w ) R. Let

Cy = (My ®W(k) R, Fl ®W(k) R, uuniv(q)y & (I)R)v vy7 )\My,80pp>.

From Serre—Tate deformation theory we get the existence of a unique triple

( ;Q/QR?)‘AQQ/W@B)
over R/2R which lifts (A, A, B) and whose principally quasi-polarized 2-divisible group
endowed with endomorphisms is (DR/QR,)\ER/QR,B). To (A;Q/QR7)‘A;3/2R) and its sym-
plectic similitude structures lifting those of (A, A4), corresponds a morphism of k-schemes

mg /2R : Spec R/2R — My.
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6.5. Specializing to y. Let R = W(k)[[t]] be as in Subsection 2.1 and let R be its field
of fractions. We consider an arbitrary morphism

ngs2r : Spec R/2R — N,

of k-schemes that lifts the point y € Ny (k) (k) = Ny (k). Let mp/or : Spec R/2R — M,
be the composite of ng/op With the morphism Ny — M. Let ki be an algebraic closure
of the field of fractions k((t)) of R/2R = E[[t]]. Let the morphism y; : Speck; — Ny (i)
be defined naturally by ng/o2r. We recall from Subsection 2.1 that U, = E[[t]]/(t"), where
m € N*. Let

ny, :SpecU,, — N and my,, : SpecU,, — My

be the composites of the closed embedding Spec U, — Spec R/2R with ng/or and mpg/or
(respectively). Let (Mg, @y, Vg, Avy) be the principally quasi-polarized F-crystal
over R/2R of the pull back (Ag/ 2R, )‘AR/zR) through mp/or of the universal principally
polarized abelian scheme over My; thus (Mg, Ay, ) is a symplectic space over R of rank
dimg(W), etc. We have a natural Zs-monomorphism B°PP — End(Mg, @y, Virg)-
Let F}{/QR be the Hodge filtration of Mg/2Mp defined by Ag/er (i.e., the kernel of the
reduction of ®,s, modulo 2R). Let G be the schematic closure in GLjs, of the identity
component of the subgroup of GSp(Mg, A\, )y that fixes the JR-subalgebra BoPP Rz, R
of End(Mg ®r R). Let M = N}, be the decomposition into R-modules that corresponds
naturally to (4). Let by, be the perfect bilinear form on N that corresponds naturally to
the (pull back to Spec R/2R of the) isomorphism be of Subsubsection 4.1.3; it is symmetric
(cf. Subsection 4.3 applied to y1). As by, modulo 2R is alternating (cf. Proposition 5.1
applied to y1), the formula gy, (z) = bNRT(m’w) defines a quadratic form on Ngr. We can
redefine G, = GSO(Ng, gny,). Thus G} is a reductive, closed subgroup scheme of GLjy,,
cf. Proposition 3.4 (c).

Let P,’C((t)) be the parabolic subgroup of Q,’c((t)) that is the normalizer of F}i/zR ®R/2R
k((t)) in g,;((t)), cf. Corollary 6.1.1 applied to y;. The R-scheme of parabolic subgroup
schemes of G is projective, cf. [12, Vol. III, Exp. XXVI, Cor. 3.5]. Therefore the
schematic closure ,P;{/2R of P,;((t)) in Q}W2R is a parabolic subgroup scheme of g;wR
that normalizes F }1% /2R and that (cf. Corollary 6.1.1 applied to y;) has the same relative
dimension as P, . Thus we have a monomorphism Pj, — P, ;, over k which by reasons of
dimensions is an isomorphism over k, to be viewed as an identification. The special fibre
fiy of p, factors through P, = P;. From [12, Vol. II, Exp. IX, Thms. 3.6 and 7.1] we
get that fi, lifts to a cocharacter ug/or : G, r/2rR — P;%/zR which at its turn lifts to a

cocharacter ug : G — Gk Let Mg = F} @ FY be the direct sum decomposition such
that 8 € G,,(R) acts on F§ through p, as the multiplication with 3~% (i € {0,1}). From
constructions we get that

F§|2Fy = Fr)op and Fp @pk=F°/2F°.

6.6. Theorem. For m € N* let T,, := ny; ((A,A,B)n;,). There exists a morphism
Up, = Spec Uy, — Spec R/2R of k-schemes such that u;ﬁl(AgzﬂR, )\A/R/ZR, B) is isomorphic
to 7T,,, under an isomorphism that lifts the identity automorphism of (A, Aa, B).
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Proof: We consider the reduction
(MR(m)v Fll%/(m)7 q)MR (m)7 VMR (m>7 >‘MR (m)> g}%(m))

of (Mg, FE, ®np, Viarg, Ay, Gr) modulo the ideal (t) of R. This theorem is a geometric
variant of a slight modification of [14, Sect. 7, Thm. 10 and Rm. iii)]. Following loc. cit.,
we show by induction on m € N* that the morphism u,, exists and that there exists a
W (k)-homomorphism I(m) : R — R/(t™) which has the following two properties:

(1) it maps (t1,...,tq) to (¢)/(t™) and modulo 2W (k) it defines the morphism u,,;

(ii) the extension of C, via [(m) is isomorphic to (Mg(m), F§ (m), @y, (m), Vs (m),
Ay (m), BPP) under an isomorphism Y(m) that modulo (t)/(t™) is 1ay, .

The case m = 1 follows from constructions. For m > 2 the passage from m — 1 to m
goes as follows. We endow the ideal J,,, := (t"71)/(t™) of R/(t™) with the natural divided
power structure; thus Ji = 0. The ideal (2, ) of R/(t™) has a natural divided power
structure that extends the one of .J,,. Let [(m) : R — R/(t™) be a W (k)-homomorphism
that lifts [(m — 1). Let 4, : SpecU,, — SpecR/2R be defined by [(m) modulo 2W (k).
We apply the crystalline Dieudonné functor D:

— in the context of the principally quasi-polarized 2-divisible groups endowed with
endomorphisms of ﬂ;‘n(A;z/QR, )‘A%/mz’ B) and of 7,,, and

— in the context of the thickenings attached naturally to the closed embeddings
SpecU,,,—1 < Spec R/(t™) and Spec U,,, — Spec R/(t™).

We get that the extension of C, through l (m) is isomorphic to the sextuple

(MR(m>7 Fll%(m)v q)MR (m)a VMR <m>7 )\MR (m)a Bopp)

under an isomorphism which is denoted by Y(m) and which modulo (¢)/(t™) is 1as,. As
Or(ty,...,tq) C (t1,...,tq)?, the isomorphism Y(m — 1) is uniquely determined by the
property (ii). Thus Y(m) lifts Y(m — 1) and therefore Fji(m) is a direct summand of
Mpg(m) that lifts F§ (m —1).

We check that under Y(m), the reductive subgroup scheme G, Xy ()R of GLys, ., R
pulls back to the reductive subgroup scheme G%(m) of GLjys, (). For this it suffices to
check that under the isomorphism Y (m)[3], the reductive subgroup scheme G, X (1) R[3]
of GLy/ g, ., =41 Pulls back to the reductive subgroup scheme Gr(m)[3] of GL s (my[21-
But this holds as G, Xy (1) R[3] (resp. as G xg R[3]) is the identity component of the
subgroup scheme of GSp(My @y (x) R[3], Anr,) (resp. of GSp(Mg[3], Ay,)) that fixes all
elements of B°PP. For m € {m — 1,m} we will identify naturally Uy, Xy ) R/(t™) with
a closed subgroup scheme of Gf(m) and thus we will view U, (R/(t")) as a subgroup of

Gr(R/(t™)) = GR(M)(R/ (™).

Let prm : G r/@m) — GRr(m) be the reduction of the cocharacter pr modulo (™).

Let fiym : G r/¢m) — Gr(m) be the cocharacter obtained naturally from p, = via I(m)
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and Y(m). As over W(k) the two cocharacters pup , and fi, ,n of Gi(m) coincide, there
exists an element hs € Ker(GR(R/(t™)) — GRr(R/(t))) such that we have an identity

h'3,uR,mh'3Tl = Hty,m

(cf. [12, Vol. II, Exp. IX, Thm. 3.6]). As Ej(m) lifts FE(m — 1), we can write hy =
hihs, where hy € Ker(Uy,(R/(t™)) — U, (R/(t™1))) and where hy € Ker(GRr(R/(t™)) —
G- (R/(t))) normalizes F£' (m). We have hy(F¥(m)) = hg(FL (m)) = Fi(m).

As hy € Ker(Uy, (R/(t™)) — U, (R/(t™1))), as the trivial divided power structure on
Jom is nilpotent, and (see Subsection 6.4) as we have an identity J, = Lie(Uy,) ®w ) R C
Hom(F', M,/F*') @y ) R, we can replace I(m) by another lift /(m) of {(m — 1) such that
its corresponding hy element is (i.e., becomes) the identity element. Let u,, : SpecU,, —
Spec R/2R be defined by I(m) modulo 2W (k).

Thus we have FE(m) = Fk(m). As the closed embedding Spec U,,_1 < SpecU,, is
a nilpotent thickening, from the identity F(m) = EFk(m) and from the Grothendieck-
Messing deformation theory we get that the principally quasi-polarized 2-divisible groups
endowed with endomorphisms associated to uy, (A% oz, A AL B) and 7 (m) are the same

lift to Spec U,,, of the principally quasi-polarized 2-divisible group endowed with endomor-
phisms of ujn_l(Agz/QR,)\A;a/m,B) = T(m — 1) (the last identification is via the iso-
morphism whose existence is guaranteed by the inductive assumption, whose crystalline
realization is Y(m — 1), and which lifts the identity automorphism of (A, 4, B)). From
this and the Serre-Tate deformation theory we get that w;;, (A% SR A Ak/m’B) and 7 (m)

are canonically identified via an isomorphism whose crystalline realization is }(m) and
which lifts the identity automorphism of (A, A4, B). This ends the induction. O

From Theorem 6.6 we get directly that for each m € N*, the point my, € My(Up,)
is My jor © Um € My(Up,). This implies that:

6.6.1. Corollary. Each morphism mp/op : Spec R/2R — M, that factors through Ny in
such a way that it lifts y € Ni.(k), factors also through mgor : Spec R/2R — M.

6.6.2. Fact. Let S be a reduced k-algebra which is a local, complete, noetherian ring of
residue field k (thus S is a reduced quotient of k[[t1,...,ts]] for some s € N*). Then there
exists a family § of k-homomorphisms S — k[[t]] = R/2R such that NpcgKer(h) =0 (i.e.,
S is naturally a k-subalgebra of [], <z K[[t]])-

Proof: By replacing S with a quotient of S by a minimal prime ideal of it, we can assume
that S is integral. We proceed by induction on v = dim(S). The case v = 0 is trivial.
If v = 1, then the normalization of S is isomorphic to k[[t]] and thus we can take § to
be formed by one inclusion S < kl[[t]]. For v > 2, the passage from v — 1 to v goes as
follows. Let A;(S) be the set of prime ideals of S of height 1. For p € A;(S) let §p be
the set of all k-homomorphisms S — k|[[¢]] whose kernels contain p. As dim(S/p) < v —1,
by induction we get that p = Npez, Ker(h). For each non-zero element a of the maximal
ideal mg of S, the number of prime ideals p € A1(.S) containing a is a positive integer. As
v > 2, mg is not a finite union of elements of A;(S) and thus the set A;(.S) is infinite.
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From the last two sentences we get that Npea, (s)p = 0. If § := Upen, (5)8p, then we have
MegKer(h) = Npen,(s) Mheg, Ker(h) = Npea, (s)p = 0. .

6.7. Proposition. The scheme Nk(v),red is reqular and formally smooth over k(v).

Proof: We recall that y € Ny () (k) is arbitrary. Let O, (resp. O}®) be the completion
of the local ring of the k-valued point of Ny red := Ny (v),red Xk(v) K (vesp. of M) defined
by y. As N}, is a pro-étale cover of Nj/Hy, O, is a local, complete, excellent k-algebra
of dimension d = dim(R/2R). To prove the proposition, it suffices to show that O, is

isomorphic to R/2R.

The k-homomorphism m,, : @Eig — R /2R defined naturally by my /o is onto, cf, Fact
6.3.1. From Corollary 6.6.1 applied to morphisms npg/op : Spec R/2R — N, of k-schemes
that factor through Spec O, and from Fact 6.6.2 applied with S = O,,, we get that Ker(m,,)
has a trivial image in the @Zig—algebra (’_)y. Thus the k-epimorphism @Eig —» @y factors
through m, inducing a k-epimorphism g, : R/2R — @y. By reasons of dimensions, g, is
an isomorphism. Thus O, is isomorphic to R/2R and in fact mz /2R : Spec R/2R — My,
factors uniquely through a morphism

(15) nRr 2R : Spec R/2R — N red

that lifts (TS NW(k) (k}) = Nk,red(k)- OJ

7. Proof of Theorem 1.4 (b)

The following key proposition is a natural application of [35] and Lemma 3.1.4.

7.1. Proposition. Suppose y € Ny () (k) factors through the ordinary locus of Ny, (i.e.,
the abelian variety A is ordinary). Then NW(k) is reqular and formally smooth over W (k)
at y.

Proof: Let O, (resp. O;’ig) be the completion of the local ring of the k-valued point of
Nw (k) (resp. of My (1)) defined by y. As Ny (i) is a pro-étale cover of Ny (xy/Ho, O, is a
local, complete, excellent W (k)-algebra. To prove the proposition, it suffices to show that
O, is isomorphic to R. Let O be the normalization of O, in the ring of fractions of O,.
As O, is reduced and excellent, there exists v € N* such that we have a finite product
decomposition O} = [1;—, O, into local, complete, normal rings which are finite O,-
modules. With the notations of the proof of Proposition 6.7, one has O, = (0,/20,)yea
and O}’ = Opis /200,

As A is ordinary, it is well known that Spf OEig (i.e., the formal deformation space of
(A, A4)) over Spf W (k) has a canonical structure of a formal torus. From [35, Cor. 3.§]
we get that Oy is regular and formally smooth over W (k) and thus that in fact each local
W (k)-algebra O, ; is isomorphic to R. From [35, Thm. 3.7 and Cor. 3.8] we get that in
fact the W (k)-homomorphism O, — O, ; is surjective and that Spf O, ; is a closed formal
subscheme of Spf Ogig which is the translation of a formal subtorus of Spf Oly)ig by a torsion
Spf W (k)-valued point. As a formal torus over Spf W (k) has no torsion Spf W (k)-valued
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point which is not a 2-torsion Spf W (k)-valued point, we get that Spf O, ; is a closed
formal subscheme of Spf (’)Eig which is the translation of a formal subtorus of Spf (’)Eig by a
2-torsion Spf W (k)-valued point. This implies that the number of Spf W (k)-valued points
of Spf O, ; which define 2-torsion Spf W (k)-valued points of Spf O;’ig (i.e., define quasi-
canonical lifts of y) is exactly 2¢ and it does not depend on i. Thus, as Oy[3] = O3],
the number of Spf W (k)-valued points of Spf O, which define 2-torsion Spf W (k)-valued
points of Spf OEig is exactly v2%. If v = 1, then the W (k)-homomorphism O, — O, ; = Oy
is surjective as well as injective and thus it is an isomorphism. Thus if v = 1, then O, is
isomorphic to R. Therefore to complete the proof it suffices to show that v = 1.

Let V. = W(k) and let z € Ny )(W(k)) be a lift of y which defines a 2-torsion
Spf W (k)-valued point of Spf OPe. Thus z € Ny ) (W (k)) is a quasi-canonical lift of
y € Nw () (k); the number of such quasi-canonical lifts z is exactly v2%. Let Ay = Aw (i)
and b, : £,5E" be as in Subsection 4.3. Let Ay (xy be the canonical lift of A to W (k).

Each Zs-endomorphism of A (or isomorphism A — AY) lifts to a Zs-endomorphism of
Ay (or to an isomorphism Ayt — (A;%}r(lk))t). This implies that the 2-divisible group

of A" | is an s-th power £5  and moreover we have an isomorphism bean @ Ecan—ELay

W(k) can
whose crystalline realization is symmetric and whose special fibre bean k : Ecan’k%é’(fan K 18

bok  E.5—EL . (to be compared with the definitions of £, and b,). As the 2-divisible
group of A%f}rzk:) is a direct sum of an étale 2-divisible group and a 2-divisible group of
multiplicative type, we have a direct sum decomposition Ecan = Ecan,0 © Ecan,1 into 2-
divisible groups which are isotropic with respect to bcan, With Ecan o étale and with Ecan 1

of multiplicative type. This implies that b.a,[2] is a principal quasi-polarization.

Thus to Ecan = Ecan,0 @ Ecan,1 and to bean corresponds a direct sum decomposition
of 2-divisible groups over an algebraic closure of B(k) which can be naturally identified
with a direct sum decomposition of Zs-modules £, Qz,) Z5 = Lo ® Ly, with Ly and Ly
isotropic with respect to B,,. Here £,, and B,, are as in Subsection 3.1 and we have applied
Proposition 3.4 (a) with S = Zs.

One has a canonical short exact sequence 0 — &,1 — &, — £, 0 — 0 of 2-divisible
groups, where &, o is étale and &, ; is of multiplicative type. As &, 0r = Ecan,0x and
&1,k = Ecan,1x, We can identify canonically &, o = Ecan,o and €. 1 = Ecan,1- As z defines
a 2-torsion Spf W (k)-valued point of Spf O'é’ig, the last short exact sequence splits after a
push forward through the isogeny 2 : £, 1 — &, 1. By considering the pull back of £, to the
spectrum of an algebraic closure of B(k), we conclude that to £, and to the isomorphism
b, : £, 5EL corresponds uniquely (via the natural identification of the last paragraph) a
Zo-lattice L, of L, Rz, Q> which has the following three properties:

(i) it contains Ly and it is contained in 3Ly & Lo;

(ii) we have a short exact sequence 0 — L1 — L, — Lo — 0 of Zs-modules;

(iii) we have a perfect symmetric bilinear form B,, : £, x L, — Zy whose reduction
modulo 2Z, is alternating (cf. Fact 4.3.1).

As the quasi-canonical lift z of y is uniquely determined by the 2-divisible group &3
of Ay () (cf. Serre-Tate deformation theory) and thus by &£ Bk (cf. Tate’s extension
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theorem), we get that z is also uniquely determined by the Zs-lattice £, of £, D7, Q2.
Thus the number of such lattices £, is at least equal to the number v2¢ = 02" of

quasi-canonical lifts z € Ny ) (W (k)) of y. But the number of Zy-lattices of £,, ®z, Q2
n(n—1)

that have the above three properties is exactly 2¢ = 27z ~, ¢f. Lemma 3.1.4. Thus
v2% < 2% and therefore v < 1. As v € N*, we get that v = 1.

Moreover, there exists a unique quasi-canonical lift zcan € Ny () (W (k)) of y such
that L., = L, @z, Za i.e., 20,, (A Xx Ny (r)) is the canonical lift of A. O

Zcan

7.1.1. Corollary. If y € Ny (k) factors through the ordinary locus of Ny, then the
formal deformation space Spf Oy of y in Ny (xy is a formal subtorus of the formal torus
defined by the formal deformation space Spf Ogig of y in Myy ().

Proof: We know that Spf O, = Spf Oy is the translation of a formal subtorus of Spf (’)gig
by a 2-torsion Spf W (k)-valued point, cf. proof of Proposition 7.1. But the existence of
the lift zcan of y (see above) implies that Spf O, contains the identity section of the formal
torus Spf O;ig over Spf W (k). The corollary follows from the last two sentences. O

7.2. Proof of Proposition 1.4.1. Proposition 1.4.1 (a) follows from the end of the proof
of Proposition 7.1 (or from Corollary 7.1.1). We now prove Proposition 1.4.1 (b).

Let y € Nw (k). We use the notations of Subsection 6.2. Let (M,, ¢,) be the
reduction modulo 2W (k) of (M,,®,). Let [, : Lé) ®z,, W(k)—M, be the inverse of
the transpose (dual) of the isomorphism j, of Subsection 5.2. We view naturally Gz, as

a closed subgroup scheme of GL LY, ®2,, Zo- As Gz, is split, there exists a cocharacter
et : Gz, — Gz, such that

lytierw ly '+ Gmw ey — Gy

is G, (W (k))-conjugate to the cocharacter p, : Gy, w ) — G, of Proposition 6.1.

By replacing [, with its left composite with an element of G, (W (k)), we can assume
that in fact we have Iy ety i)ly, ' = py,. Thus Ly 19,1, is a o-linear endomorphism of

L(VQ) ®z,, W (k) of the form gét(lLE/Z) ® o) pterw (k) (5) for some element gy € Gz, (W (k)).
As (Lé) ®z, W(k), (1L(V2) ® O')/,Létw(k)(%)) is an ordinary F-crystal over k, there exists an
element g, € G,(W(k)) such that (M, g,®P,) is an ordinary F-crystal over k.

We consider the open subscheme Z, of G, ; with the property that for an element
g € G,(W(k)), the F-crystal (M, g®,) over k is ordinary if and only if the reduction g of
g modulo 2W (k) is a k-valued points of Z,. The existence of Zj is a direct consequence
of the existence of Hasse-Witt invariants: for g € G, (W (k)), the F-crystal (M, g®,) over
k is ordinary if and only if the o-linear map My / Fyl — My / Fyl induced naturally by go,
is a o-linear automorphism (equivalently, its matrix representation with respect to a fixed
basis of the k-vector space M,/F; has a non-zero determinant). As g, € Z,(k) (cf. end
of the previous paragraph), Z, is an open, Zariski dense subscheme of the integral scheme

gy,k‘-
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For each h € G,(W(k)) that lifts a k-valued point of P, j, we have ®,(h) :=
®,0ho® ' e G,(W(k)). Let P, be a parabolic subgroup scheme of G, whose spe-
cial fibre is P, and through which pu, factors. The rule that associates to a pair
(h,u) € Py(W(k)) xU,(W(k)) the element hu®,(h~') € G, (W (k)) induces over k an étale
morphism Py X spec kUy k — Gy k- Thus there exists such a pair (h, u) such that hu®, (h~1)
lifts a k-valued point of Z,. As the F-crystals (M,, hu®,(h=)®,) and (M,,u®,) are iso-
morphic, we conclude that there exists u € Uy, (W (k)) such that (M,,u®,) is ordinary. In
other words, Z, NU, j is an open, Zariski dense subscheme of the integral scheme U, ;.

We write U, , = SpecSy. Let Umoa € Uy(Sy) be defined by the closed embedding
Spec S, = U, — U,. It makes sense to speak about the pair (M, ®j Sy, Umod (¢y ® ®s,))
being ordinary at some point of U, j; the set of such points is the open subscheme Z, N, 1.
of Uy i, From the end of the previous paragraph we get that (M, ®x Sy, imod(¢y @ P S,))
is ordinary at the generic point of U, ;.

As the reduction modulo 2R of the universal element uyuniy € Uy, (R) of Subsection
6.3 is the pull back of @moq via the dominant morphism Spec R/2R — U, j, from the
last sentence and from the description of C, in Subsection 6.4, we get that (the truncated
Barsotti-Tate group of level 1 of) the abelian scheme A7, /2R Over R/2R, is generically
ordinary. As we have nk op (AN .a) = AR jor (cf. (15)), we conclude that the ordi-
nary locus of N}, specializes to the k-valued point of N}, defined by y. As y is arbitrary,
Proposition 1.4.1 (b) follows. O

7.3. End of the proof of Theorem 1.4 (b). From Propositions 7.1 and 1.4.1 we get
that the smooth locus of Ny /Hy is Zariski dense in Ny /Hy. The connected components
of Ni/Hy are irreducible, cf. Proposition 6.7. Thus the connected components of N /H
are generically smooth and irreducible. Moreover the reduced scheme of Ny /Hy is smooth
over k (cf. Proposition 6.7) and thus normal. Therefore from a lemma of Hironaka (see
[19, Part II, Prop. (5.12.8)]) applied to all local rings of Ny (x)/Ho at k-valued points and
to their element 2, we get that Ny /Hj is normal and thus (cf. Proposition 6.7) a smooth
k-algebra. This implies that Ny k) /Ho is a smooth W (k)-scheme. Therefore N is regular
and formally smooth over O, i.e., Theorem 1.4 (b) holds. O
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