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CHAPTER 5

Advanced theory of infinite series

Even as the finite encloses an infinite series
And in the unlimited limits appear,

So the soul of immensity dwells in minutia
And in the narrowest limits no limit in here.
What joy to discern the minute in infinity!

The vast to perceive in the small, what divinity!
Jacob Bernoulli (1654-1705) Ars Conjectands.

This chapter is about going in-depth into the theory and application of infinite
series. One infinite series that will come up again and again in this chapter and the
next chapter as well, is the Riemann zeta function

o0

1
C(Z) = Ea
n=1
introduced in Section 4.6. Amongst many other things, in this chapter we’ll see
how to write some well-known constants in terms of the Riemann zeta function;
e.g. we'll derive the following neat formula for our friend log2 (§ 5.5):

o0

log2 = Z 2iﬂ((n),

n=2

another formula for our friend the Euler-Mascheroni constant (§ 5.9):

=31 w2 =1 1 1 1
= 1 — =((2) = =14
™ 7;2 4qn C(?’L—i— ) ’ 6 C() ;nz +22+32+42+

In this chapter, we’ll also derive Gregory-Leibniz-Madhava’s formula (§ 5.10)

and Machin’s formula which started the “decimal place race” of computing 7 (§
5.10):

1 1 = (=) 4 1
m = darctan (5) — arctan (@) =42 (2n+ 1) <52n+1 - 2392n+1> '

n=0
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230 5. ADVANCED THEORY OF INFINITE SERIES

Leibniz’s formula for 7/4 is an example of an “alternating series”. We study
these types of series in Section 5.1. In Section 5.2 and Section 5.3 we look at the
ratio and root tests, which you are probably familiar with from elementary calculus.
In Section 5.4 we look at power series and prove some pretty powerful properties
of power series. The formula for log2, 7, and the formula 7= 3", 31;1 (n+1)
displayed above are proved using a famous theorem called the Cauchy double series
theorem. This theorem, and double sequences and series in general, are the subject
of Section 5.5. In Section 5.6 we investigate rearranging (that is, mixing up the
order of the terms in a) series. Here’s an interesting question: Does the series
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p is prime
converge or diverge? For the answer, see Section 5.7. In elementary calculus, you
probably never seen the power series representations of tangent and secant. This
is because these series are somewhat sophisticated mathematically speaking. In

Section 5.8 we shall derive the power representations

- 22n(2%" — 1) By
t _ -1 n—1 n _2n—1
an z HEZI( ) o)l z ,
and
oo
. n EQ” 2n
secz = 3:0(—1) )] Pals

Here, the Bs,’s are called “Bernoulli numbers” and the FEy,’s are called “Euler
numbers,” which are certain numbers having extraordinary properties. Although
you’ve probably never seen the tangent and secant power series, you might have
seen the logarithmic, binomial, and arctangent series:

— (71)7171 n o = a\ n = n Z2n+1
log(1+ 2) :Z — " (1+2) :Z n)? arctan z :Z(fl) a1
n=1

n=0 n=0

where o € R. You most likely used calculus (derivatives and integrals) to derive
these formuleze. In Section 5.9 we shall derive these formulee without any calculus.
Finally, in Sections 5.10 and 5.11 we derive many incredible and awe-inspiring
formulee involving m. In particular, in Section 5.11 we look at the famous Basel
problem: Find the sum of the reciprocals of the squares of the natural numbers,
3> | L. The answer, first given by Euler in 1734, is 72/6.

n=1 n2
CHAPTER 5 OBJECTIVES: THE STUDENT WILL BE ABLE TO ...

e determine the convergence, and radius and interval of convergence, for an infinite
series and power series, respectively, using various tests, e.g. Dirichlet, Abel,
ratio, root, and others.

e apply Cauchy’s double series theorem and know how it relates to rearrangement,
and multiplication and composition of power series.

e identify series formulee for the various elementary functions (binomial, arctan-
gent, etc.) and for .
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5.1. Summation by parts, bounded variation, and alternating series

In elementary calculus, you studied “integration by parts,” a formula I’'m sure
you used quite often trying to integrate tricky integrals. In this section we study a
discrete version of the integration by parts formula called “summation by parts,”
which is used to sum tricky summations! Summation by parts has broad appli-
cations, including finding sums of powers of integers and to derive some famous
convergence tests for series, the Dirichlet and Abel tests.

5.1.1. Summation by parts and Abel’s lemma. Here is the famous sum-
mation by parts formula. The formula is complicated, but the proof is simple.

THEOREM 5.1 (Summation by parts). For any complex sequences {a,} and
{bn}, we have

Z bet1(art1 — ax) + Z ar(brt1 — bi) = Gnt1bng1 — Ambim,.

k=m k=m

PRrROOF. Combining the two terms on the left, we obtain

n n

Z [bk+1ak+1 —bry1ak + agbpy1 — akbk} = Z (brt1ars1 — agby),
k=m k=m
which is a telescoping sum, leaving us with only apn41bp41 — @b O

As an easy corollary, we get Abel’s lemma named after Niels Abel' (1802
1829).

COROLLARY 5.2 (Abel’s lemma). Let {a,} and {b,} be any complex se-
quences and let s, denote the n-th partial sum of the series corresponding to the
sequence {ayn}. Then for any m < n we have

n n—1
Z akbk = Snbn — Smbm — Z Sk(bk+1 — bk)
k=m+1 k=m

PROOF. Applying the summation by parts formula to the sequences {s,} and
{b,}, we obtain

n—1 n—1
Z karl (SkJrl - Sk) + Z Sk(karl - bk) = $pbn — Simbm.

k=m k=m

Since ax41 = Sk+1 — Sk, we conclude that

n—1 n—1
Z bk+1ak+1 + Z Sk(bk—i-l - bk) = Spbn — Smbm,.
k=m k=m

Replacing k£ with £ — 1 in the first sum and bringing the second sum to the right,
we get our result. |

Summation by parts is a very useful tool. We shall apply it find sums of powers
of integers (cf. [189], [60]); see the exercises for more applications.

L Abel has left mathematicians enough to keep them busy for 500 years. Charles Hermite
(1822-1901), in “Calculus Gems” [161].
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5.1.2. Sums of powers of integers.

Example 5.1. Let ay = k and by = k. Then each of the differences ap1 — ax
and b1 — by equals 1, so by summation by parts, we have
Dk+1)+d) k=mn+1n+1)-1-1.
k=1 k=1
This sum reduces to

2> k=(m+1)>-n—1=n(n+1),
k=1

which gives the well-known result:
nin+1)
—

Example 5.2. Now let ay = k? —k = k(k — 1) and by = k — 1/2. In this case,
akp+1 —ap = (k+ Dk — k(k — 1) = 2k and b1 — bx = 1, so by the summation by
parts formula,

1+2+---4+n=

= 1 =, 1
> <k+2> (2k) + > (k* = k)(1) = (n+ 1)n- <n+2> .
k=1 k=1
The first sum on the left contains the sum ) ,_, k and the second one contains the
negative of the same sum. Cancelling, we get

i

- nn+1)(2n + 1)
3 k=
k=1 2

which gives the well-known result:

nn+1)2n +1)
G .
Example 5.3. For our final result, let a5, = k? and by = (k — 1)2. Then
apr1 —ap = (k+1)?2 —k? = 2k + 1 and by 1 — by = 2k — 1, so by the summation
by parts formula,

S (k+1)22k+1)+ > K2k —1) = (n+1)*-n?
k=1 k=1
Simplifying the left-hand side, we get

12422 4. 4p2=

n?(n+1)?
—

In Section 12.5, using integration techniques, we’ll find a formula for 1P+ - - 4+n?
for any natural number p in terms of the Bernoulli numbers.

P+2 4+ 40 =

5.1.3. Sequences of bounded variation and Dirichlet’s test. A sequence
{an} of complex numbers is said to be of bounded variation if

oo
Z lant1 — an| < 0.
n=1

Typical examples of a sequences of of bounded variation are bounded monotone se-
quences of real numbers. A nice property of general sequences of bounded variation
is that they always converge. We prove these facts in the following
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PROPOSITION 5.3. Any sequence of bounded variation converges. Moreover,
any bounded monotone sequence is of bounded variation.

PRrROOF. Let {a,} be of bounded variation. Given m < n, we can write a,, —a,
as a telescoping sum:

Ap — Am = (a7rz+1 - am) + (am+2 - a7rz+1) + -
n
+ (an—1—an—2)+ (an —an_1) = Z (@41 — ak).
k=m

Hence,
n
lan — am| < Z |ak41 — agl.
k=m

By assumption, the sum Y ;- |ay41 — ai| converges, so the sum on the right-
hand side of this inequality can be made arbitrarily small as m,n — oo (Cauchy’s
criterion for series). Thus, {a,} is Cauchy and hence converges.

Now let {a,} be a nondecreasing and bounded sequence. We shall prove that
this sequence is of bounded variation; the proof for a nonincreasing sequence is
similar. In this case, we have a,, < a,41 for each n, so for each n,

D laksr —ag] =Y (art1 — a) = (a2 — a1) + (a3 — az)
k=1

k=1
+ -+ (an - an—l) + (an+1 - an) = Anp+1,

since the sum telescoped. Since the sequence {a,} is by assumption bounded, it
follows that the partial sums of the infinite series >~ |an4+1 — an| are bounded,
hence the series must converge by the nonnegative series test (Theorem 3.20). O

Here’s a useful test named after Johann Dirichlet (1805-1859).

THEOREM 5.4 (Dirichlet’s test). Suppose that the partial sums of the series
> ap are uniformly bounded (although the series > a, may not converge). Then
for any sequence {b,} that is of bounded variation and converges to zero, the series
>~ anby, converges. In particular, the series Yy anby, converges if {b,} is a monotone
sequence of real numbers approaching zero.

PROOF. The trick to use Abel’s lemma to rewrite Y a,b, in terms of an ab-
solutely convergent series. Define ag = 0 (so that sg = a9 = 0) and by = 0. Then
setting m = 0 in Abel’s lemma, we can write

n n—1
(5.1) Zakbk = Snbn — Z Sk(bk+1 — bk)
k=1 k=1

Now we are given two facts: The first is that the partial sums {s,} are bounded,
say by a constant C, and the second is that the sequence {b,} is of bounded
variation and converges to zero. Since {s,} is bounded and b,, — 0 it follows that
Spbn — 0. Since |s,| < C for all n and {b,} is of bounded variation, the sum
> peq 8k(bk+1 — bi) is absolutely convergent:

> Isk(begr — be)| < CY - [bryr — bi| < 0.
k=1 k=1
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Therefore, taking n — oo in (5.1) it follows that the sum Y apby converges (and
equals >y~ ; sk(br+1 — by)), and our proof is complete. O

Here is an example that everyone uses to illustrate Dirichlet’s test.

Example 5.4. For z € (0,27), determine the convergence of the series

oo

Z cosnx
P

n=1

To do so, we let a,, = cosnz and b, = 1/n. Since {1/n} is a monotone sequence
converging to zero, by Dirichlet’s test, if we can prove that the partial sums of
>~ cosna are bounded, then )77 | €L converges. To establish this boundedness,
we observe that Ree? = cos# for any 0 € R, so

m mo 1— 6i(m+1)m
E cosnx = Re E e =Re —————,
1 — e’LTlSL'
n=1 n=1

where we summed Y., (¢*)™ via the geometric progression (2.3). Hence,

m
E COsSnx
n=1

Since 1 — e = e'®/2(e71/2 — ¢®/2) = _2e™/2 sin(x/2), we see that

m
. 1
E Sin nx
n=1

<— .
~ sin(z/2)
Thus, for € (0,27), by Dirichlet’s test, given any sequence {b,} of bounded

variation that converges to zero, the sum 220:1 b, cosnx converges. In particular,
o} cos nxT . o cosnx .
Yoo SR converges, and more generally, Y7 | €2*RE converges for any p > 0. A

similar argument shows that for any = € (0,27), >

1— ei(m+1)r

1— eina:

2
< — .
= 1= ein]

S ’

|1 — ™| =2|sin(z/2)] =

o0 sinnz

n=1 n converges.

Before going to other tests, it might be interesting to note that we can determine
the convergence of the series Y~ €2t without using the fancy technology of
Dirichlet’s test. To this end, observe that from the addition formulas for sin(n £
1/2)x, we have
cos T — sin(n 4+ 1/2)3.5 —sin(n — 1/2)3:’
2sin(x/2)
which implies that, after gathering like terms,

icos nr 1 f: sin(n 4+ 1/2)x — sin(n — 1/2)x
n  2sin(z/2) n

n=1 n=1

B 1 (sin(3m/2) — sin(x/2) N sin(5x/2) — sin(3z/2)

~ 2sin(z/2) 1 3
N sin(m + 1/2)z — sin(m — 1/2)x)
. m—1
= 5emi279) sin}x/Q) <— sin(x/2) + —51n(m7—:—11/2)x + 2 sin(n + 1/2)3@(% - n—1|— 1))
. m—1
= m(— sin(z/2) + M + sm(n—i—l/Q)acﬁ).
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Therefore,

(5.2)

N | =

+§:cosnx_sm(m+1/2 mz: sin(n + 1/2)x 1
~ 2msin(z/2) 2sin(xz/2)  nn+1)/)

n=1 n=1
Since the sine is always bounded by 1 and > 1/n(n + 1) converges, it follows that
as m — 00, the first term on the right of (5.2) tends to zero while the summation
on the right of (5.2) converges; in particular, the series in question converges, and
we get the following pretty formula:
oo

1 X cosnz sin(n 4+ 1/2)x
- = .z € (0,27).
2+; n  2sin( x/Q Z nn+1) © € (0,2m)

In Example 5.39 of Section 5.9, we'll show that Y ° | €12 — Jog(2sin(x/2)).

5.1.4. Alternating series tests, log2, and the irrationality of e. As a
direct consequence of Dirichlet’s test, we immediately get the alternating series test.

THEOREM 5.5 (Alternating series test). If {a,} is a sequence of bounded
variation that converges to zero, then the sum > (—1)""ta, converges. In particu-
lar, if {an} is a monotone sequence of real numbers approaching zero, then the sum
S (=1)""ta, converges.

PROOF. Since the partial sums of > (—1)""! are bounded and {a,} is of
bounded variation and converges to zero, the sum Y (—1)""'a,, converges by Dirich-
let’s test. ]

Example 5.5. The alternating harmonic series

> 1 1 1 1 1 1
B Yot e e e
;( ) n 53 1757 6"

converges. Of course, we already knew this and we also know that the value of the
alternating harmonic series equals log 2 (see Section 4.6).

We now come to a very useful theorem for approximation purposes.

COROLLARY 5.6 (Alternating series error estimate). If {a,} is a monotone
sequence of real numbers approaching zero, and if s denotes the sum > (—1)""'a,
and s, denotes the n-th partial sum, then

|s = sn| < [ana]-

PRrROOF. To establish the error estimate, we assume that a,, > 0 for each n, in
which case we have a1 > ag > a3 > a4 > --- > 0. (The case when a,, <0 is similar
or can be derived from the present case by multiplying by —1.) Let’s consider how
s=3",(=1)""ta, is approximated by the s,’s. Observe that s; = a; increases
from sg = 0 by the amount a1; ss = a3 — as = $1 — ag decreases from s; by the
amount as; $3 = a; — as + az = Ss + ag increases from sy by the amount a3, and so
on; see Figure 5.1 for a picture of what’s going on here. Studying this figure also
shows why |s — s,| < an+1 holds. For this reason, we shall leave the exact proof

details to the diligent and interested reader! O
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az

aq

——

0 52 S4 s S3 S1

as

ay

FIGURE 5.1. The partial sums {s,} jump forward and backward
by the amounts given by the a,’s. This picture also shows that
|s —s1] < az, |s —s2| <as, [s— s3] <ag, ...

Example 5.6. Suppose that we wanted to find log 2 to two decimal places (in
base 10); that is, we want to find bg, b1, be in the decimal expansion log2 = by.b1bs

where by the usual convention, bs is “rounded up” if b3 > 5. We can determine these
00 (_1)7171
n=1 n ’

decimals by finding n such that s,, the n-th partial sum of log2 = >~
satisfies
|log 2 — s,| < 0.005;
that is,
log2 — 0.005 < s, < log2 4 0.005.

Can you see why these inequalities guarantee that s, has a decimal expansion
starting with bg.b1027 Any case, according to the alternating series error estimate,
we can make this this inequality hold by choosing n such that

1

pt1| = —— < 0. — <n-+ - n= WOrks.

+ 1 0.005 500 1 500 k
n

With about five hours of pencil and paper work (and ten coffee breaks ®) we find
that s5g0 = Zi(fl % = 0.69 to two decimal places. Thus, log2 = 0.69 to two
decimal places. A lot of work just to get two decimal places!

Example 5.7. (Irrationality of e, Proof IT) Another nice application of the
alternating series error estimate (or rather its proof) is a simple proof that e is
irrational, cf. [135], [6]. Indeed, on the contrary, let us assume that e = m/n where
m,n € N. Then we can write

n o = (=DF nooa=(-DF S (DR
e D A=) Dhy bl Dl o
k=0 k=0 k=m+1

Multiplying both sides by m!/(—1)"*! = £m!, we obtain

m

m! © _ k—m—lm
(5.3) :I:(n(m—l)!_Z(_l)kk_!'>: Z (-1) =

k=0

> (—1)k_1m!
Z (m+k) -

|
k=m+1 : k=1

For 0 < k < m, m!/k! is an integer (this is because m! =1-2---k-(k+1)---m
contains a factor of k!), therefore the left-hand side of (5.3) is an integer, say a € Z,

so that a = Y77, % Thus, as seen in Figure 5.1, we have
1 _
0<a<s = (_l)k 1m!: !
— (m+ k)! m+1
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Now recall that m € N, so 1/(m + 1) < 1/2. Thus, a is an integer strictly between
0 and 1/2; an obvious contradiction!

5.1.5. Abel’s test for series. Now let’s modify the sum > 7, CEIE | say to
the slightly more complicated version

ad 1\"cosnx
> (1+—) )
n n

n=1

If we try to determine the convergence of this series using Dirichlet’s test, we’ll have
to do some work, but if we’re feeling a little lazy, we can use the following theorem,
whose proof uses an “c/3-trick.”

THEOREM 5.7 (Abel’s test for series). Suppose that > a, converges. Then
for any sequence {b,} of bounded variation, the series Y a,b, converges.

PRrROOF. We shall apply Abel’s lemma to establish that the sequence of partial
sums for > apb, forms a Cauchy sequence, which implies that > a,b, converges.
For m < n, by Abel’s lemma, we have

n n—1
(54) Z akbk = Snbn - Smbm — Z Sk(bk—i-l — bk),
k=m+1 k=m

where s, is the n-th partial sum of the series > a,. Adding and subtracting
$:= Y a, to s on the far right of (5.4), we find that

n—1 n—1 n—1
D kb —bi) = > (s — ) (b1 —br) +5 > (berr — b)
k=m k=m k=m
n—1
= Z (sk — 8)(bp1 — br) + sby, — sby,
k=m

since the sum telescoped. Replacing this into (5.4), we obtain

n n—1
D akbe = (50— )bn — (Sm — )bm — > (sk — 5)(ber1 — br).
k=m+1 k=m

Let € > 0. Since {b,} is of bounded variation, this sequence converges by Propo-
sition 5.3, so in particular is bounded and therefore, since s,, — s, (s, — $)b, — 0
and (8, — $)by,, — 0. Thus, we can choose N such that for n,m > N, we have
|(sn, — $)bn| < €/3, |(Sm — $)bm| < €/3, and |s, — s| < /3. Thus, for N < m < n,
we have

n n—1
D arbi| < [(sn = 5)bal + [(5m = )b + Y (s = 8) (b1 — by
k=m+1 k=m

n—1
£ g £

S —§ b1 — bl
3+3+3k:m|k+1 k|

Finally, since > |bgt+1 — bg| converges, by the Cauchy criterion for series, the sum

<

Z;; |br+1 — bg| can be made less than 1 for N chosen larger if necessary. Thus,
for N <m < n, we have | ;_, . apby| < e. This completes our proof. O
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Example 5.8. Back to our discussion above, we can write

= 1\"cosnz

> (1+5) T =Y anbn,

n=1
where a, = <" and b, = (1 + 1)". Since we already know that > .= an
converges and that {b,} is nondecreasing and bounded above (by e — see Section
3.3) and therefore is of bounded variation, Abel’s test shows that the series > anb,
converges.

EXERCISES 5.1.

1. Following Fredricks and Nelsen [60], we use summation by parts to derive neat identities
for the Fibonacci numbers. Recall that the Fibonacci sequence {F,} is defined as
Fo=0,F =1,and F,, = Fj,_1 + F,,_o for all n > 2.

(a) Let an = Fp41 and b, = 1 in the summation by parts formula (see Theorem 5.1)
to derive the identity:

P+ 4+ 4+ F,=Fh0— 1.
(b) Let an = b, = F,, in the summation by parts formula to get
FP 4+ F} 4 Fi+- 4+ F = FyFoy1.
(¢) What a,’s and b,’s would you choose to derive the formulas:
i+ 4+ Fs+---+Fop1=Fo , 1+Fo+Fy+Fs+ -+ Fop = Fop1?

2. Following Fort [59], we relate limits of arithmetic means to summation by parts.
(a) Let {an},{bn} be sequences of complex numbers and assume that b, — 0 and
%Zﬁ:lklbkﬂ — bk — 0 as n — oo, and that for some constant C, we have
|+ >0, ax| < C for all n. Prove that

n

1
—Zakbkﬁo as n — oo.
n

k=1
(b) Apply this result to a, = (—1)""'n and b, = 1/y/n to prove that

n

(VI VB4 VB Va4 ()" VA) = S ()R- 0 asn— oo

k=1

3. Determine the convergence or divergence of the following series:

TR 2: Vn+1—+/n).

n=1

icosnx (d) 1 1 S+ L1 T+ 1 ,L+7...
! logn ’ 2.1 2. 3.3 3- 4-5 4.6
e} ].n 1 27’L+1 x o 1logn
i R) .
E - log Zcosnx sm(n> (z € , g

n=2

5.2. Liminfs/sups, ratio/roots, and power series

It is a fact of life that most sequences simply do not converge. In this section
we introduce limit infimums and supremums, which always exist, either as real
numbers or as oo. We also study their basic properties. We need these limits to
study the ratio and root tests. You’ve probably seen these tests before in elementary
calculus, but in this section we’ll look at them in a slightly more sophisticated way.
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5.2.1. Limit infimums and supremums. Let a1, a9, as, ... be any sequence
of real numbers bounded from above. Let us put
Sn = Sup ag = Sup{ana An+1;n42, An+3; - - }
k>n
Note that

Sn+1 = sup{an+1, Gnt2, - - -} < sup{an, Gnt1, Gnt2, ...} = Sn,

since the set {an41,@n+2,...} is smaller than the set {a,,ant1,any2,...}. Thus,
§1 2> 89 > -+ > 8y > Sp+1 > -+ 1s an nonincreasing sequence. In particular, being
a monotone sequence, the limit lim s,, is defined either a real number or (properly
divergent to) —oo. We define

limsupa, :=lims, = lim (sup{an, Gty Ont2y - - })
n—oo

This limit, which again is either a real number or —oo, is called the limit supre-
mum or lim sup of the sequence {a,}. This name fits since limsup a,, is exactly
that, a limit of supremums. If {a,} is not bounded from above, then we define

limsup a,, := oo if {a,} is not bounded from above.

We define an extended real number as a real number or the symbols co = +00,
—o0. Then it is worth mentioning that lim sups always exist as an extended real
number, unlike regular limits which may not exist.

Example 5.9. We shall compute limsup a,, where a,, = % According to the
definition of lim sup, we first have to find s,,:

1 1 1 1 1
Sp 1= SUp{an, Qnt1,Ant2,. ..} = SUp ntlnt2 ne3 =

Second, we take the limit of the sequence {s, }:

limsupa, := lim s, = lim — =0.

n— o0 n—oo N

Notice that lim a,, also exists and lim a,, = 0, the same as the lim sup. We’ll come
back to this observation in Example 5.11 below.

Example 5.10. Consider the sequence {(—1)"}. In this case, we know that
lim(—1)™ does not exist. To find limsup(—1)", we first compute $,:

s, = sup{(=1)", (=1)" ", (=1)"*2 ..} = sup{+1, -1} =1,

where we used that the set {(—1)",(=1)"T! (=1)"2 ...} is just a set consisting
of the numbers +1 and —1. Hence,

limsup(—1)" :=lims, =lim1 = 1.

We can also define a corresponding liminf a,, which is a limit of infimums.
To do so, assume for the moment that our generic sequence {a, } is bounded from
below. Consider the sequence {i,,} where

by 1= égf ar, = inf{an, @ni1,@nt2, Gnis, -}
>n

Note that

tn, = inf{an, anyo,...} <inf{ani1, any2, ...} = tnt1,
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since the set {a,, apy2,...} on the left of < is bigger than the set {ap41, anya, ...}
Thus, t1 <o < -+ < iy < tpg1 < -+ is an nondecreasing sequence. In particular,
being a monotone sequence, the limit lime¢, is defined either a real number or
(properly divergent to) co. We define

liminfa,, :=lim¢, = lim (inf{an, ni1, Gty .- })7

n—oo

which exists either as a real number or +00, is called the limit infimum or lim
inf of {a,}. If {a,} is not bounded from below, then we define

‘ liminf a,, := —oo if {a,} is not bounded from below. ‘

Again, as with lim sups, lim infs always exist as extended real numbers.

Example 5.11. We shall compute liminf a,, where a,, = % According to the
definition of liminf, we first have to find ¢,,:

1 1 1 1
n:f ny Yn+41y Un+42, - - - = inf ) ) ) PR =0.
‘ nf{an, a1, dna, o} = in {n n+1'n+2 n+3 }

Second, we take the limit of ¢,,:
liminf a,, := lim ¢, = lim 0= 0.
n—oo n—oo

Notice that lim a,, also exists and lim a,, = 0, the same as liminf a,,, which is the
same as lim sup a,, as we saw in Example 5.9. We are thus lead to make the following
conjecture: If lim a,, exists, then limsup a,, = liminf a,, = lim a,,; this conjecture is
indeed true as we’ll see in Property (2) of Theorem 5.8.

Example 5.12. If a, = (—1)", then
inf{an, ani1,anya,...} =sup{(=1)", (=1)" T (=1)"*2 ..} = inf{+1, -1} = —1.
Hence,
liminf(—1)" :=lim -1 = —1.

The following theorem contains the main properties of limit infimums and
supremums that we shall need in the sequel.

THEOREM 5.8 (Properties of lim inf/sup). If {a,} and {b,} are sequences
of real numbers, then
(1) limsup a,, = —liminf(—a,) and liminf a,, = — lim sup(—ay).
(2) lim a,, is defined, as a real number or £oo, if and only if lim sup a,, = liminf a,,,

in which case,

lim a,, = limsup a,, = liminf a,,.
(3) If a,, < by for all n sufficiently large, then
liminf a,, < liminfb,, and limsupa, < limsupb,.

(4) The following inequality properties hold:
(a) imsupa, <a = thereis an N such that n > N = a, < a.
(b) imsupa, >a = there exist infinitely many n’s such that a, > a.
(¢) iminfa, <a = there exist infinitely many n’s such that a, < a.
(d) iminfa, >a = thereis an N such that n > N = a,, > a.
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PROOF. To prove (1) assume first that {a,} is not bounded from above; then
{—ay} is not bounded from below. Hence, limsupa, := oo and liminf(—a,) =
—o00, which implies (1) in this case. Assume now that {a,} is bounded above.
Recall from Lemma 2.29 that given any nonempty subset A C R bounded above,
we have sup A = —inf(—A). Hence,

sup{an, @ni1, ania, ...} = —inf{—an, —ani1, —Ani2, —anys, ...}

Taking n — oo on both sides, we get lim sup a,, = — liminf(—ay,).
We now prove (2). Suppose first that lima, converges to a real number L.
Then given € > 0, there exists an IV such that

L—e<a,<L+e, foralk>N,
which implies that for any n > N,

L—e<infay <supap <L+e.
k>n E>n
Taking n — oo implies that
L — ¢ <liminfa, <limsupa, <L +e¢.
Since € > 0 was arbitrary, it follows that limsupa, = L = liminfa,. Reversing
these steps, we leave you to show that if limsupa, = L = liminfa,, then {a,}
converges to L. We now consider (2) in the case that lim a,, = +o00; the case where
the limit is —oo is proved similarly. Then given any real number M > 0, there
exists an N such that
n>N = M<a,.
This implies that

M < inf ap < sup ag.
k>n k>n

Taking n — oo we obtain
M < liminf a, < limsup a,.

Since M > 0 was arbitrary, it follows that lim sup a,, = 400 = liminf a,,. Reversing

these steps, we leave you to show that if limsupa, = +oco = liminfa,, then
Ay, — +00.
To prove (3) note that if {ay, } is not bounded from below, then liminf a,, := —co

so liminf a,, < liminf b, automatically; thus, we may assume that {a,} is bounded
from below. In this case, observe that a, < b, for all n sufficiently large implies
that, for n sufficiently large,

inf{am Ap+1yAn+2, - - } S ll’lf{bn, bn+1, bn+2, bn+3, .. }
Taking n — oo, and using that limits preserve inequalities, now proves (3). The
proof that limsup a,, < limsup b,, is similar.
Because this proof is becoming unbearably unbearable ® we’ll only prove (a),

(b) of (4)leaving (¢), (d) to the reader. Assume that limsupa,, < a, that is,

lim (sup{an, Gnt1y Gty - - }) <a.

n—oo
It follows that for some N, we have

n>N = sup{an,ani1,ani2,-..} <a,

that is, the least upper bound of {an, an11,an42,...} is strictly less than a, so we
must have we have a, < a for all n > N. Assume now that limsupa, > a. If
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{a,} is not bounded from above (so that limsupa, = oco) then there must exist
infinitely many n’s such that a, > a, for otherwise if there were only finitely many
n’s such that a,, > a, then {a,} would be bounded from above, which would imply
that limsup a,, < co. Assume now that {a,} is bounded from above. Then,

lim (sup{an, Ap+41,An4-2; - - }) >a
n—oo
implies that for some N, we have
n>N = sup{an,ant1,Gni2,-..} > a.

Now if there were only finitely many n’s such that a, > a, then we can choose
n > N large enough such that ay < a for all k¥ > n. However, this would imply that
for such n, sup{an, ani1,an42,. ..+ < a, a contradiction. Hence, there are infinitely
many n’s such that a,, > a. |

5.2.2. Ratio/root tests, and the exponential and (-functions, again.
In elementary calculus you should have studied the ratio test: If the limit L :=
lim a;—:l| exists, then the series > a,, converges if Ly < 1 and diverges if Ly > 1 (if
Ly = 1, then the test is inconclusive). You also studied the root test: If the limit
Lo := lim |an|1/" exists, then the series > a, converges if Ly < 1 and diverges if
Ly > 1 (if Ly = 1, then the test is inconclusive). Now what if the limits lim ’%
or lim |a,|*/™ don’t exist, are there still ratio and root tests? The answer is “yes,”
but we have to replace lim with liminf’s and limsup’s. Before stating these new
ratio/root tests, we first consider the following important lemma.

LEMMA 5.9. If {a,} is a sequence of nonzero complex numbers, then

Ap+1
Gnp

Ap41
Qp

1/n

lim inf < liminf |a,|Y/™ < limsup |a,|"/™ < lim sup

PrOOF. The middle inequality is automatic (because inf’s are < sup’s), so we
just need to prove the left and right inequalities. Consider the left one; the right
one is analogous and is left to the reader. If liminf |a,1/a,| = —oo, then there
is nothing to prove, so we may assume that liminf|a,11/a,| > —oco. Given any
b < liminf |any1/an|, we shall prove that b < liminf |a,|'/™. This proves the the
left side in our desired inequalities, for, if on the contrary we have lim inf |an\1/ n <
liminf |a, 41 /an|, then choosing b = liminf |a,,|*/™, we would have

1/n 1/n

liminf |a,|"" < liminf |a,|" /",

an obvious contradiction. So, let b < liminf |ay41/a,|. Choose a such that b < a <

liminf |ap41/an|. Then by Property 4 (d) in Theorem 5.8, for some N, we have

Ap+1

n>N — >aq

an,

Fix m > N and let n > m > N. Then we can write

Qnp Am41
Am,

Gp—1

lan| = .

Gn—1 an—2
There are n — m quotients in this equality, each of which is greater than a, so

lan| >a-a--a-|am| =a""™ |aml,
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or
(5.5) |an\1/” > gt~/ |am|1/".
Since

lim a'~™" . |a,|Y" = a,

n—oo
and limit infimums preserve inequalities, we have
lim inf |an|1/" > liminfa'~™/" . |am|1/" = lim a'~™/". |am|1/" =a,
n—oo
where we used Property (2) of Theorem 5.8. Since a > b, we have b < lim inf |a,, |*/"
and our proof is complete. O

Here’s Cauchy’s root test, a far-reaching generalization of the root test you
learned in elementary calculus.

THEOREM 5.10 (Cauchy’s root test). A series > a, converges absolutely or
diverges according as

lim sup |an‘1/n <1 or lim sup |an|1/n > 1.

PROOF. Suppose first that lim sup |an|1/n < 1. Then we can choose 0 < a < 1

such that lim sup ’anll/n < a, which, by property 4 (a) of Theorem 5.8, implies
that for some N,

n>N — |a/n‘1/n<a7

that is,
n>N — ’an| <a".
Since a < 1, we know that the infinite series } | a™ converges; thus by the comparison
theorem, the sum > |a,| also converges, and hence »_ a,, converges as well.
Assume now that lim sup |an}1/ " > 1. Then by Property 4 (i b) of Theorem

5.8, there are infinitely many n’s such that |an|1/n > 1. Thus, there are infinitely
many n’s such that |a,| > 1. Hence by the n-term test, the series 3 a, cannot
converge. 0

It is important to remark that in the other case, that is, lim sup ‘an|1/n =1,
this test does not give information as to convergence.

Example 5.13. Consider the series > 1/n, which diverges, and observe that
limsup [1/n|"/" =1lim 1/n/™ = 1 (see Section 3.1 for the proof that limn'/" = 1).
However, S 1/n? converges, and limsup |1/n?["/" = lim(1/n'/")? = 1 as well, so
when lim sup |a,,|'/™ = 1 it’s not possible to tell whether or not the series converges.

As with the root test, in elementary calculus you learned the ratio test most
likely without proof, and, accepting by faith this test as correct I'm sure that you
used it quite often to determine the convergence/divergence of many types of series.
Here’s d’Alembert’s ratio test, a far-reaching generalization of the ratio test?.

2 Allez en avant, et la foi vous viendra [push on and faith will catch up with you]. Advice to
those who questioned the calculus by Jean Le Rond d’Alembert (1717-1783) [110]
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THEOREM 5.11 (d’Alembert’s ratio test). A series > a,, with a, nonzero
for n sufficiently large, converges absolutely or diverges according as

n+1

n+1‘ > 1.

lim sup ‘ <1 or lim inf ‘

PRrROOF. If we set L := limsup |an|l/n7 then by Lemma 5.9, we have

An41
Qn

Ap+41
an

(5.6) lim inf < L < limsup

an+1

Therefore, if lim sup < 1, then L < 1 too, so Y_ a, converges absolutely by

the root test. On the other hand, if liminf > 1, then L > 1 too, so > ay
diverges by the root test. O

An41
Ay

We remark that in the other case, that is, lim inf ’“"“ ‘ <1< lim sup| Sntd
this test does not give information as to convergence. Indeed, the same dlver—
gent and convergent examples used for the root test, > 1/n and > 1/n?, have the
property that lim inf ‘ Gntl | =1 = limsup ‘ nid ’

Note that if lim sup |an| Un _ 1 (that is, the root test fails), then setting L = 1
n (5.6), we see that the ratio test also fails. Thus,

(5.7) root test fails == ratio test fails.

Therefore, if the root test fails one cannot hope to appeal to the ratio test.
Let’s now consider some examples.

Example 5.14. First, our old friend:

z
exp(z) = Z Fa
n=1

which we already knows converges, but for the fun of it, let’s apply the ratio test.
Observe that

Zn+1 '
‘a'n+1‘ — (n+1)! — | | n: |Z‘

Zn
Qan T

= (n+1)! n+1

Hence,

lim‘ "*1’_0<1

Thus, the exponential function exp(z) converges absolutely for all z € C. This
proof was a little easier than the one in Section 3.7, but then again, back then we
didn’t have the up-to-day technology of the ratio test that we have now. Here’s an
example that fails.

Example 5.15. Consider the Riemann zeta function
1
C(z):Z;, Rez > 1.
n=1
If z = x + iy is separated into its real and imaginary parts, then

1/n N .
=G =G

1/n
|a"’ = nz




5.2. LIMINFS/SUPS, RATIO/ROOTS, AND POWER SERIES 245

Since limn'/™ = 1, it follows that

lim |an‘1/n =1
so the root test fails to give information, which also implies that the ratio test fails
as well. Of course, using the comparison test as we did in the proof of Theorem
4.34 we already know that ((z) converges for all z € C with Rez > 1.

It’s easy to find examples of series for which the ratio test fails but the root
test succeeds.

Example 5.16. A general class of examples that foil the ratio test are (see
Problem 4)

(5.8) at+b+al+v+ad +¥+at+0t - 0O<b<a<l;

here, the odd terms are given by as,—1 = a™ and the even terms are given by
as, = b™. For concreteness, let us consider the series

B RO RIOMORORES

Since
=l ()
and
a2n41 el n
e = [ 1= (5) 3

It follows that liminf |a,41/an] =0 < 1 < 0o = limsup |an+1/ax|, so the ratio test
does not give information. On the other hand, since

_ 1\ =1
|a2n_1|1/(2n—1) _ ((1/2)n>1/(2n n_ (5) 2n—1

and

n neny1/n) _ (1N 5
129 = (13 = (1)

it follows that limsup |a,|*/™ = (1/2)'/? < 1, so the series converges by the root
test.

Thus, in contrast to (5.7),
ratio test fails =~ root test fails.

However, in the following lemma we show that if the ratio test fails such that the
true limit lim [+ = 1, then the root test fails as well.

LEMMA 5.12. If |*2L| — L with L an extended real number, then |a,|'/™ — L.
Proor. By Lemma 5.9, we know that
hminf‘w‘ < liminf |a,|"" < limsup |a, " < 1imsup’M‘.
an @

By Theorem 5.8, a limit exists if and only if the lim inf and the lim sup have the
same limit, so the outside quantities in these inequalities equal L. It follows that
liminf |a,|'/™ = limsup |a,|'/™ = L as well, and hence lim |a,|'/" = L. |

Let’s do one last (important) example:
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Example 5.17. Consider the series

oo

1-3-5---(2n 1)

5.9 ) |
(5.9) +ZQ46 ST
Applying the ratio test, we have

2 1
(5.10) ant1  (2n+1)2n+1)  4n?4+8n4+1 1-1- T2 4n?2

. an  (2n+2)2n+3) 4n2+10n+6 1+i+ 3
2n  2n

Therefore, lim |aZ—+L1| =1, so the ratio and root test give no information! What can
we do? We'll see that Raabe’s test in Section 5.3 will show that (5.9) converges.
Later on (Section 11.6) we’ll see that the value of the series (5.9) equals 7/2.

5.2.3. Power series. Our old friend
(oo} Zn
exp(z) 1= Z ol
n=0
is an example of a power series, by which we mean a series of the form

o0 o0
E an 2", where z € C, or E an,x", where x € R,

where a,, € C for all n (in particular, the a,’s may be real). However, we shall
focus on power series of the complex variable z although essentially everything we
mention works for real variables x.

Example 5.18. Besides the exponential function, other familiar examples of

power series include the trigonometric series, sinz = Y o (—=1)"2*"*1/(2n + 1)!,

cosz =y~ (=1)"z*"/(2n)!.

The convergence of power series is quite easy to analyze. First, > " ja,2" =
ag + a1z + azz? + - -+ certainly converges if 2 = 0. For |z| > 0 we can use the root
test: Observe that (see Problem 7 for the proof that we can take out |z|)

1/n

= |2| limsup |a,| /™.

”|1/n = limsup |z| |an|

lim sup ‘ anz

Therefore, > a,2™ converges (absolutely) or diverges according as

1/n 1/n

|z] - limsup |a,|"/" <1 or |z|-limsup|a,|"/" > 1.

Therefore, if we define 0 < R < oo by

1

5.11 = -
( ) lim sup |a,| /™

where by convention, we put R := 400 when limsup|an|1/" =0and R := 0
when lim sup |a, |/ = 400, then it follows that 3 a, 2" converges (absolutely) or
diverges according to |z| < R or |z| > R; when |z| = R, anything can happen.
According to Figure 5.2, it is quite fitting to call R the radius of convergence.
Let us summarize our findings in the following theorem named after Cauchy (whom
we've already met many times) and Jacques Hadamard (1865-1963).%

3The shortest path between two truths in the real domain passes through the complex domain.
Jacques Hadamard (1865-1963). Quoted in The Mathematical Intelligencer 13 (1991).
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|z| > R diverges

R

|z| < R ¢onverges

FIGURE 5.2. " a,z" converges (absolutely) or diverges according
as |z| < Ror |z| > R.

THEOREM 5.13 (Cauchy-Hadamard theorem). If R is the radius of con-
vergence of the power series Y an,z™, then the series is absolutely convergent for
|z| < R and is divergent for |z| > R.

One final remark. Suppose that the a,’s are nonzero for n sufficiently large

and lim | aiil | exists. Then by Lemma 5.12, we have

(5.12) R =1lim

Ap+1

This formula for the radius of convergence might, in some cases, be easier to work
with than the formula involving |a,,|'/™.

EXERCISES 5.2.

1. Find the lim inf/sups of the following sequences:

_ 2+ (=" IDENIYRE. —o-D" — gn(=D)"
(@ an =", Wa=("(1-2) , @an=2""", () a,=2""""
(e) If {r,} is a list of all rationals in (0,1), prove liminfr, = 0 and limsupr, = 1.

2. Investigate the following series for convergence (in (c¢), z € C):

= (n+1)(n+2)---(n+n) = (n+1)" = n® > 1
(Cb)ng1 oy a(b);Tv(c);Ha(d);W'
3. Determine the radius of convergence for the following series:
= (n+1D)" ., > n )n n = (2n)! ., N
@ 3 S <b>;(n+1 SRRCDN - aCD -

where in the last sum, p € R. If z = x € R, state all x € R such that the series (a),
(b), (c) converge. For (c), your answer should depend on p.

4. (a) Investigate the series (5.8) for convergence using both the ratio and the root tests.
(b) Here is another class of examples:

l+a+b+a®+b*+a®>+0°+--- |, O<a<b<l.

Show that the ratio test fails but the root test works.
5. Lemma 5.12 is very useful to determine certain limits which aren’t obvious at first
glance. Using this lemma, derive the following limits:

n n+1 n ¢
lim —— — b) lim ——— = li T

(a) lim i/ e , (b) lim ()i/m e, (c¢) lim [(n+1)(n+2)---(n+n)/r 4
Suggestion: For (a), let a,, = n™/n!. Prove that lim aZ+1 = e and hence limay/™ = e as

well. As a side remark, recall that (a) is called (the “$veak”) Stirling’s formula, which
we introduced in (3.27) and proved in Problem 4 of Exercises 3.3.
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6. In this problem we investigate the interesting power series

(a)
(b)

(c)

|
.
Zn—nzn, z € C.

Prove that this series has radius of convergence R = e.

If |z| = e, then the ratio and root test both fail. However, if |z| = e, then prove
that the infinite series diverges.

Investigate the convergence/divergence of > > | ’;—T 2", where z € C.

7. Here are some lim inf/sup problems. Let {a,}, {bn} be sequences of real numbers.

(a)

(b)
(c)
(d)

Prove that if ¢ > 0, then lim inf(ca,) = clim inf a,, and lim sup(ca,) = climsup an.
Here, we take the “obvious” conventions: ¢ - 0o = Fo0.

Prove that if ¢ < 0, then liminf(ca,) = climsup a, and limsup(ca,) = climinf a,.
If {an}, {bn} are bounded, prove that liminf a,, + liminf b, < liminf(a, + by).

If {an}, {bn} are bounded, prove that limsup(an, + b,) < lim sup a,, + lim sup by,.

8. If an, — L where L is a positive real number, prove that limsup(a, - b,) = Llimsup b,

and

(i)

9. Let

liminf(an - b,) = Lliminf b,. Here are some steps if you want them:

Show that you can get the liminf statement from the lim sup statement, hence
we can focus on the limsup statement. We shall prove that limsup(anbn) <
Llimsupb, and Llimsupb, < limsup(anby).

Show that the inequality limsup(anb,) < Llimsupb, follows if the following
statement holds: If lim sup b, < b, then lim sup(anbn) < Lb.

Now prove that if limsupb, < b, then limsup(a,b,) < Lb. Suggestion: If
limsupb,, < b, then choose a such that limsupb, < a < b. Using Property 4
(a) of Theorem 5.8 and the definition of L = lima, > 0, prove that there is
an N such that n > N implies b, < a and a,, > 0. Conclude that for n > N,
anbn < aan. Finally, take lim sups of both sides of a,b, < aan.

Show that the inequality Llimsupb, < limsup(anb,) follows if the following
statement holds: If limsup(anb,) < Lb, then limsupb, < b; then prove this
statement.
{an} be a sequence of real numbers. We prove that there are monotone subse-

quences of {a, } that converge to liminf a, and limsup a,. Proceed as follows:

(i)
(ii)
(iii)
(iv)

In

Using Theorem 3.13, show that it suffices to prove that there are subsequences
converging to liminf a,, and lim sup a,,

Show that it suffices to that there is a subsequence converging to liminf a,.

If lim inf a,, = 400, prove there is a subsequence converging to liminf a,,.

Now assume that liminf a, = limn— (inf{an7 An+1,-- }) € R. By definition of
limit, show that there is an n so that a — 1 < inf{an,an+1,...} < a+ 1. Show
that we can choose an n: so that a — 1 < an; < a+ 1. Then show there an
ng > ni so that a — % < ny, < a-+ % Continue this process.

5.3. A potpourri of ratio-type tests and “big O” notation

the previous section, we left it in the air whether or not the series

oo

1-3-5---(2n—1)
L) e @ @ )

n=1

converges (both the ratio and root tests failed). In this section we’ll develop some
new technologies that are able to detect the convergence of this series and other
series for which the ratio and root tests fail to give information.

5.3.1. Kummer’s test. The fundamental enhanced version of the ratio test
is named after Ernst Kummer (1810-1893), from which we’ll derive a potpourri of
other ratio-type tests.
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THEOREM 5.14 (Kummer’s test). Let {a,} and {b,} be sequences of positive
numbers where the sum > by, diverges, and define

1 a, 1

Kp = — .
" bn Ap+1 anrl

Then > a, converges or diverges according as liminf k,, > 0 or limsup k, < 0. In
particular, if Kk, tends to some definite limit, K, then Y a, converges to diverges
according as k >0 or k < 0.

Proor. If liminf k,, > 0, then by Property 4 (d) of Theorem 5.8, given any
positive number a less than this limit infimum, there is an N such that

1 a, 1

n>N — — — > a.
by, An+41 bn—i—l
Thus,
1 1
(5.13) n>N = —ap— —ap+1 > GGnpt1-
bn bn+1

Let m > N and let n > m > N. Then (5.13) implies that

n n
1 1 1 1
Z aapt+1 < Z (b—ak - b—(lk+1> = b_am - b—a'n-l-h
Eem bem k k+1 m n+4+1

since the sum telescoped. Therefore, as ﬁanﬂ > 0, we have Zzzmaakﬂ <

%am, or more succinctly,
m

n
Z a1 < C
k=m

1

where C' = %mam is a constant independent of n. Since n > m is completely
arbitrary it follows that the partial sums of ) a, always remain bounded by a
fixed constant, so the sum must converge.
Assume now that limsup k,, < 0. Then by property 4 (a) of Theorem 5.8, there
is an N such that for all n > N, k,, < 0, that is,
n>N = 1 _an L <0, thatis, on < dntl
bn Ap+1 anrl bn anrl

Thus, for n > N, ‘;—: is increasing with n. In particular, fixing m > N, for all
n > m, we have C < a,/b,, where C' = a,,/b,, is a constant independent of n.
Thus, for all n > m, we have Cb,, < a, and since the sum > b, diverges, the
comparison test implies that > a,, diverges too. ]

Note that d’Alembert’s ratio test is just Kummer’s test with b,, = 1 for each n.

5.3.2. Raabe’s test and “big O” notation. The following test, attributed
to Joseph Ludwig Raabe (1801-1859), is just Kummer’s test with the b,,’s making
up the harmonic series: b, = 1/n.

THEOREM 5.15 (Raabe’s test). A series Y a, of positive terms converges or
diverges according as

lim inf n( In_ 1) >0 or lim sup n( In_ 1) < 0.
Ap+1 Ap+1
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In order to effectively apply Raabe’s test, it is useful to first introduce some
very handy notation. For a nonnegative function g, when we write f = O(g) (“big
O” of g), we simply mean that |f| < Cg for some constant C. In words, the
big O notation just represents “a function that is in absolute value less than or
equal to a constant times”. This big O notation was introduced by Paul Bachmann
(1837-1920) but became well-known through Edmund Landau (1877-1938) [182].

Example 5.19. For x > 0, we have

= O(2>
14z @)
because 22 /(1 + z) < 2% for > 0. Thus, for z > 0,
1 x? 1
14 =1- — =1- .
(5.14) T x+1+x = T2 x + O(x*)

In this section, we are mostly interested in using the big O notation when
dealing with natural numbers.

Example 5.20. For n € N,
2 1 1
5.15 —+-—=0|-
( ) n + 4n? (n) ’

2

because 2 + 1, <2 4 L = C where C =2+1/4=9/4.

4n

+
Three important properties of the big O notation are (1) if f = O(ag) with
a >0, then f = 0O(g), and if f1 = O(g1) and fo = O(g2), then (2) f1fo = O(g1 g2)
and (3) f1+ f2 = O(g1+9g2). To prove these properties, observe that if |f| < C(ag),
then |f| < C’g, where C' = aC, and that |fi| < C1g; and |f2| < Cago imply

|fif2] < (C1C2) g1ge and  |f1 + fo| < (C1 4+ C2) (g1 + g2);

hence, our three properties.

Example 5.21. Thus, in view of (5.15), we have O(% + ﬁ)z =0 (% .
o (#) Therefore, using (the right-hand part of) (5.14), we obtain

2
1 2 1 2 1 2 1 1
2 1 n 4n2+0(n+4n2> n+0<n2>+0<n2>
1+ -+
n  4n

since O(2/n?) = O(1/n?).

Here we can see the very “big” advantage of using the big O notation: it hides a
lot of complicated junk information. For example, the left-hand side of the equation
is exactly equal to (see the left-hand part of (5.14))

1 Gl
4n? 1+ 24

SI=

) =

1 2
=1-=4

14 2+ 1 n
n  4n?

so the big O notation allows us to summarize the complicated material on the right
as the very simple (’)(n—g)

Y
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Example 5.22. Consider our “mystery” series

oo

135 (2n—1)
sz 1.6---(2n) (20 + 1)

already considered in (5.9). We saw that the ratio and root tests failed for this
series; however, it turns out that Raabe’s test works. To see this, let a,, denote the
n-th term in the “mystery” series. Then from (5.10), we see that

142D

o T o2 2 1

o 21”2:<1+25+232>(1——+0(2)>

an+1 1+_+_2 n
n

(g eo(2) (2o (2).

Multiplying out the right-hand side, using the properties of big O, we get

n 5 2 1 1 1
“ :1+———+O<—2>:1+—+O<—2>.
n 2n n

n 1 1 . n 1
n(a —1>:——|—O<—> = hmn(a —1>:—>0,
Ap+1 2 n Ap+1 2

so by Raabe’s test, the “mystery” sum converges. In Section 11.6 we’ll see that the
sum is equal to /2.

Hence,

5.3.3. De Morgan and Bertrand’s test. We next study a test due to Au-
gustus De Morgan (1806-1871) and Joseph Bertrand (1822-1900). For this test,
we let b, = 1/nlogn in Kummer’s test.

THEOREM 5.16 (De Morgan and Bertrand’s test). Let {a,} be a sequence
of positive numbers and define o, by the equation

an 1 Qi

+ =+ .
Gpt1 n  nlogn
Then " a, converges or diverges according as liminf o, > 1 or limsup v, < 1.

Proor. If we let b, = 1/nlogn in Kummer’s test, then

Kp = iGZL — bn1+1 =nlogn (1 + l nlo(é); ) —(n+1)log(n+1)
=ap,+(n+1) {1ogn — log(n + 1)}
Since
1\t
(n—&—l)[logn—log(n—l—l)] = log (1_n—|-1> —loge ! = 1,
we have

liminf Kk, = liminfa,, — 1 and limsupk, = limsupa, — 1.

Invoking Kummer’s test now completes the proof. ([
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5.3.4. Gauss’s test. Finally, to end our potpourri of tests, we conclude with
Gauss’ test:

THEOREM 5.17 (Gauss’ test). Let {a,} be a sequence of positive numbers and
suppose that we can write

n 1
¢ :1+§+o<—),
An+1 n np

where & is a constant and p > 1. Then Y a, converges or diverges according as
E<loré&>1.

ProOF. The hypotheses imply that

an 1 1
o mr) oo () meve () -

as n — 0o, where we used that p—1 > 0. Thus, Raabe’s test shows that series > a,
converges for £ > 1 and diverges for £ < 1. For the case £ = 1, let —%»—

_ 1
nt1 - 1+ﬁ+fn
where f, = O (n—lp) Then we can write

an 1 o7
—=14+—-+fr=14 -+ ,
Gpt1 n n  nlogn

where a,, = fpnlogn. If we let p = 1+, where § > 0, then we know that IC;L# —0
as n — 0o by Problem 8 in Exercises 4.6, so

1 1
an = fnnlogn=0 (1—+6> nlogn =0 ( 0g6n> = limq, =0.
n n
Thus, De Morgan and Bertrand’s test shows that the series > a,, diverges.

|
Example 5.23. Gauss’ test originated with Gauss’ study of the hypergeometric
series:

a-f  afa-1)-B(B-1)  ala-1)(a=2)-8(8-1)(8-2)
1+1~7+ 2-y(y+1) -

_|_ R
3y +1)(v+2)
where «, 3,7 are positive real numbers. With
_ale—(a—2)---(a-—n+1)-B(B-1)(B-2)-(B-n+1)
! nl-y(y+1)(y+2)- (y+n—1) ’
for n > 1, we have
2%

(n+1)(y+n)

T+l
n?+ (y+1n+vy
an+1 (a+mn)

1+—+—2
n n
14 &tB _ ab

(B+n) n2+(a+pB)n+afb B
Using the handy formula from (5.14),

n n?
1 2
l+z + 1+’
we see that (after some algebra)
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Thus, the hypergeometric series converges if v > «a + 3 and diverges if v < a + .

EXERCISES 5.3.

1. Determine whether or not the following series converge.

oo [e3)

1:3-5--(2n—1) 3.6-9-(3n)
(a) nz::l 27 (n + 1)! @ = 7-10-13--- (3n+4)’
S~ 1-3-5---(2n—1) N 2-4-6---(2n+2)
(C); 2.4-6---(2n) (d);1-3-5-~(2n71)(2n)'

For o, 8 #0,—1,-2,...,

afla+1)(a+2)-(a+n—1) = afla+1)(a+2)(a+n—1)
© 2 nl D E Gy G

If o, B8,7,k,A# 0,—1,—2, ..., then prove that the following monster

(@) ia(a+1)~--(a+nf1)5(ﬁ+1)-~(ﬂ+n71)7(7+1)~--(7+n71)
g e+ 1) (htn—DAA+1) - (A+n—1)

n=1

n=1
converges for k + A —a— 0 —v > 0.
2. Using Raabe’s test, prove that Y 1/nP converges for p > 1 and diverges for p < 1.
3. (Logarithmic test) We prove a useful test called the logarithmic test: If Y a,, is
a series of positive terms, then this series converges or diverges according as

lim inf (nlog an ) >1 or limsup (nlog an > <1
An+41 An+1

To prove this, proceed as follows.
(i) Suppose first that liminf (nlog a“il) > 1. Show that there is an @ > 1 and an
N such that

n>N =— a<nlog

an — An+1

An+1 an

(ii) Using (1+ 2)" < e from (3.26), the p-test, and the limit comparison test (see
Problem 7 in Exercises 3.6) previous problem, prove that y a, converges.

(iii) Similarly, prove that if lim sup (n log -4z ) < 1, then Y a, diverges.

Ap41
(iv) Using the logarithmic test, determine the convergence/diverence of

70,/71'

<e

o0 o0
n! n"
— and E —.
nn n!
n=1 n=1

5.4. Some pretty powerful properties of power series

The title of this section speaks for itself. As stated already, we focus on power
series of a complex variable z, but all the results stated in this section have corre-
sponding statements for power series of a real variable x.

5.4.1. Continuity and the exponential function (again). We first prove
that power series are always continuous (within their radius of convergence).

LEMMA 5.18. If 3.7 a,z™ has radius of convergence R, then > o> na,z""*
also has radius of convergence R.

PROOF. (See Problem 3 for another proof of this lemma using properties of
limsup.) For z # 0, > 0", na,z""* converges if and only if z- > 7 na,z""! =
fo:l nay,z" converges, so we just have to show that Ezozl n a,z" has radius of con-
vergence R. Since |a,| < n|a,|, by comparison, if > 7 | nla,||z|" converges, then

o0 n . - G SRS o0 n
Y meq lan| |2|™ also converges, so the radius of convergence of the series > | nay,z
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can’t be larger than R. To prove that the radius of convergence is at least R, fix z
with |z| < R; we need to prove that >~ nla,||z|" converges. To this end, fix p
with |z| < p < R and note that Y- n(|z|/p)"™ converges, by e.g. the root test:

lim ‘n (M)n
P P p
Since Y7 |an|p™ converges (because p < R, the radius of convergence of the

series Y 2 anz™), by the n-th term test, |a,|p” — 0 as n — oco. In particular,
lan|p™ < M for some constant M, hence

1/n
zlimnl/"-M = |i| < 1.

nlan|2]" = nlan| p” - (M> SMn(M) .
p p

Since M Y n (|z|/p)™ converges, by the comparison test, it follows that > n |a,||z|™
also converges. This completes our proof. O

THEOREM 5.19 (Continuity theorem for power series). A power series is
continuous within its radius of convergence.

PRrROOF. Let f(z) = > °° , an2™ have radius of convergence R; we need to show
that f(z) is continuous at each point ¢ € C with |¢|] < R. So, let us fix such a c.
Since

2" — " = (2 —¢)qu(2), where q,(2) =2""1+2" e+ Fr"EF T

which is proved by multiplying out (z — ¢) ¢, (z), we can write

f(2) = fle) = an(z" = ") = (=) )_ anan(2).
n=0

n=1
To make the sum ) °  a,¢y,(2) small in absolute value we proceed as follows. Fix
r such that |c| < r < R. Then for |z — ¢| < r — ||, we have
|z] < |z —cl+|e| <r—lc|+|c| =
Thus, as |¢| < r, for |z — ¢| < 1 —|c| we see that

lgn(2)| <7 4 2 o T2 T = el

n terms

By our lemma, Y oo, n|a,|r" ! converges, so if C :=>">"  nla,|r" !, then
o0 oo

1f(z) = F@I < |z = el Y lanllan(2)] < |2 = ¢l Y lag| nr" ! = Clz ],
n=1 n=1

which implies that lim._,. f(z) = f(c); that is, f is continuous at z = c. O

5.4.2. Abel’s limit theorem. Abel’s limit theorem has to do with the fol-
lowing question. Let f(z) = >~ , a,a™ have radius of convergence R; this implies,
in particular, that f(z) is defined for all —R < = < R and, by Theorem 5.19, is
continuous on the interval (—R, R). Let us suppose that f(R) = >~ ja,R" con-
verges. In particular, f(x) is defined for all —R < x < R. Question: Is f continuous
on the interval (—R, R], that is, is it true that

(5.16) Jim f@) = J(R)?
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The answer to this question is “yes” and it follows from the following more general
theorem due to Neils Abel; however, Abel’s theorem is mostly used for the real
variable case lim,_g_ f(z) = f(R) that we just described.

THEOREM 5.20 (Abel’s limit theorem). Let f(z) = > °  a,z" have radius
of convergence R and let zg € C with |zg| = R where the series f(z0) = > po o An 2l
converges. Then

lim f(z) = f(z0)

zZ—2z0

where the limit on the left is taken in such a way that |z| < R and that the ratio

Iéo:lzzl‘ remains bounded by a fized constant.

PROOF. By considering the limit of the function g(z) = f(z02)— f(20) as z — 1
in such a way that |z| < 1 and that the ratio |1 — z|/(1 — |z|) remains bounded by
a fixed constant, we may henceforth assume that zop = 1 and that f(z9) = 0 (the
diligent student will check the details of this statement). If s,, = ag + a1 + - + an,

oo

then (because we're supposing R = 1) by assumption 0 = f(1) = >~ a, = lim s,,.
Now observe that a,, = s, — Sp_1, SO

Zakzk =ag+a1z+asz? +--+a,2"

k=0
=804 (51— 50)2 + (52 —51)2% + - + (8, — 5p_1)2"
=s0(1—2)+s1(z—22) 4+ +85,_1(z"*
=so(l—2)+s1(1—2)z+ -+ sp_1(
=(1- z)(so + 51z 4+ sn,lz”_l) + 5p,2"

Thus, Y p_garz® = (1 —2) Y p_g k2" + sp2™. Since s, — 0 and |z| < 1 it follows
that s,2™ — 0. Therefore, taking n — oo, we obtain

f(z) = Zanz" =(1-2) anz”,

n=0 n=0

2T = 2") + 52"

1—2)2"" 4 5,2"

which implies that
oo
F <=2 ) Jsal 2™
n=0

Let us now take z — 1 in such a way that |z| < 1 and |1 — z|/(1 — |z|) < C where
C > 0. Let € > 0 be given and, since s,, — 0, we can choose an integer N such
that n > N = |s,,| < ¢/(2C). Define K := ZZ«LV:O |sn|. Then we can write

N 0o
FEI< =2 Isal 2" + 11 =2 Y fsnl[2]"
n=0 n=N
N [e%s) c
<=2l D fsal 1 =2 30 e
n=0 n=N

£ = n
:KH74+§6H7A2;V|

e |1—¢]
= K|l — 2|+ —
=2+ 56T

e
< K|1 - —.
1=+



256 5. ADVANCED THEORY OF INFINITE SERIES

Thus, with § :=¢/(2K), we have

|z —1] <6 with |z] <1 and <C = |f(z)<e.

This completes our proof. O

Notice that for z = x with 0 < x < R, we have
|[R—2] |[R—z| R-=z
R—1|z] R-|x] R-=
which is, in particular, bounded by 1, so (5.16) holds under the assumptions stated.
Once we prove this result at x = R, we can prove a similar result at x = —R: If
f(z) = Y07 ana™ has radius of convergence R and f(—R) = Y " an(—R)"
converges, then

=1

lim f(z) = f(~R).

r——R+
To prove this, consider the function g(x) = f(—x), then apply (5.16) to g.

5.4.3. The identity theorem. The identity theorem is perhaps one of the
most useful properties of power series. The identity theorem says, very roughly,
that if two power series are identical at “sufficiently many” points, then in fact, the
power series are identical everywhere!

THEOREM 5.21 (Identity theorem). Let f(z) = a, 2" and g(z) =Y by2"
have positive radii of convergence and suppose that f(cx) = g(ck) for some nonzero
sequence ¢, — 0. Then the power series f(z) and g(z) must be identical; that is
an = by for everyn =0,1,2,3,....

PROOF. We begin by proving that for each m = 0,1,2,..., the series
o0
fm(z) = Z an 2" = gy + Gm+1%2 + am+232 + am+3Z3 + -
n=m

has the same radius of convergence as f. Indeed, since we can write
(oo}
fm(z)=2"" Z anz"
n=m

for z # 0, the power series f,(z) converges if and only if > 7 a,2™ converges,
which in turn converges if and only if f(z) converges. It follows that f,,(z) and
f(2) have the same radius of convergence; in particular, by the continuity theorem
for power series, f,,(z) is continuous at 0. Similarly, for each m = 0,1,2,...,
gm(2) =22 b,z""™ has the same radius of convergence as g(z); in particular,
gm(2) is continuous at 0. These continuity facts concerning f,, and g,, are the
important facts that will be used below.

Now to our proof. We are given that
(5.17)  ap 4 aic + agcy + -+ = by + bicg +baci + - that is, f(cx) = glcr)

for all k. In particular, taking k& — oo in the equality f(cx) = g(ck), using that
¢y — 0 and that f and g are continuous at 0, we obtain f(0) = g(0), or ag = bo.
Cancelling ag = by and dividing by ¢ # 0 in (5.17), we obtain

(5.18) a1 + agcy + ascy + -+ = by + bacy, + bzcp +---  that is, fi(ck) = g1(ck)
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for all k. Taking k — oo and using that ¢y — 0 and that f; and g; are continuous
at 0, we obtain f1(0) = ¢1(0), or a3 = b;. Cancelling a; = by and dividing by
¢ # 0 in (5.18), we obtain

(5.19) a2+ ascg + a4cz + oo = by + b3cy, + b4cﬁ + -+ thatis, fa(cr) = g2(ck)

for all k. Taking k — oo, using that ¢y — 0 and that f; and g, are continuous at
0, we obtain f2(0) = ¢g2(0), or ag = by. Continuing by induction we get a,, = b,, for
alln =0,1,2,..., which is exactly what we wanted to prove. O

COROLLARY 5.22. If f(z) = > an 2™ and g(z) = > by2" have positive radii
of convergence and f(x) = g(x) for all x € R with |z| < e for some ¢ > 0, then
an = by for every n; in other words, f and g are actually the same power series.

PROOF. To prove this, observe that since f(x) = g(x) for all z € R such that
|z| < e, then f(cx) = g(cx) for all k sufficiently large where ¢, = 1/k; the identity
theorem now implies a,, = b,, for every n. O

Using the identity theorem we can deduce certain properties of series.

Example 5.24. Suppose that f(z) = > a,z" is an odd function in the sense
that f(—z) = —f(z) for all z within its radius of convergence. In terms of power
series, the identity f(—z) = —f(z) is

Z an(—1)"2" = Z —an,2".

By the identity theorem, we must have (—1)"a,, = —a, for each n. Thus, for n
even we must have a,, = —a,, or a,, = 0, and for n odd, we must have —a,, = —a,,
a tautology. In conclusion, we see that f is odd if and only if all coefficients of even
powers vanish:

oo
f(z) = Z agn122"
n=0

that is, f is odd if and only if f has only odd powers in its series expansion.

EXERCISES 5.4.

1. Prove that f(z) =Y anz™ is an even function in the sense that f(—z) = f(z) for all
z within its radius of convergence if and only if f has only even powers in its expansion,
that is, f takes the form f(z) = 307 azn2”".

2. Recall that the binomial coefficient is () =
nonobvious result:

#lk), for 0 < k < n. Prove the highly

()5 0)60)

Suggestion: Apply the binomial formula to (14 2)™"", which equals (142)™-(14+2)".

Prove that
2
<2n> - ) <n>
n/) k|-
k=0

3. Prove that >.>° | n|an|r™ converges, where the notation is as in the proof of Theorem
5.19, using the root test. You will need Problem 8 in Exercises 5.2.

4. (Abel!'summability) We say that a series ) a, is Abel!'summable to L if the power
series f(z) := > anz™ is defined for all x € [0,1) and lim,_.1_ f(z) = L.
(a) Prove that if > a, converges to L € C, then Y a, is also Abel summable to L.
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(b) Derive the following amazing formulas (properly interpreted!):

1
57
1
—a Zv

1-141-1+4+1-14— =,

1+2-3+4—546—T+—---

where =, mean “is Abel summable to”. You will need Problem 5 in Exercises 3.5.

5. In this problem we continue our fascinating study of Abel summability. Let ao, a1, az, . ..

be a positive nonincreasing sequence tending to zero (in particular, >(—=1)""'a,, con-

verges by the alternating series test). Define b, := ao + a1 + - - - + a,. We shall prove
the neat formula

I n
bo—b1+by—bs+bs—bs+—--- =, 57;)(_1) Qn .
(i) Let f(x) = >, (—1)"bnx™. Prove that f has radius of convergence 1. Sugges-
tion: Use the ratio test.
(ii) Let
falw) = 3 (=) by ot
k=0
=ao — (a0 + a1)z + (a0 + a1 + az)z® — -+ + (=1)" (a0 + a1 + - - - + an)z"

be the n-th partial sum of f(x). Prove that

1

fol(z) = T+ (a0 — a1z + az2® — asz® + -+ + (=1)"anz")
xn+1
+(—1)"1+x(ao+a2+a3+~~~—|—an).
(iii) Prove that*
1 o0
— 1" . n
o) = g S s

Finally, from this formula prove the desired result.
(iv) Establish the remarkable formula

1—@+%)+@+%+§)—@+%+é+i)+—m=a;%2-

6. Suppose that f(z) = )" anz™ has radius of convergence 1, where ) a, is a divergent
series of positive real numbers. Prove that lim,.1— f(z) = +oo.

5.5. Double sequences, double series, and a (-function identity

After studying single integrals in elementary calculus, you probably took a
course where you studied “double integrals”. In a similar way, now that we have a
thorough background in “single infinite series,” we now move to the topic of “double
infinite series”. The main result of this section is Cauchy’s double series theorem,
which we’ll use quite often in the sequel.

4In the next section, we’ll learn how to prove this identity in a much quicker way using the
technologically advanced Cauchy’s double series theorem.
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5.5.1. Double sequences and series and Pringsheim’s theorem. We
begin by studying double sequences. Recall that a complex sequence is really just
a function s : N — C where we usually denote s(n) by s,. By analogy, we define a
double sequence of complex numbers as a function s : N x N — C. We usually
denote s(m,n) by s, and the corresponding double sequence by {s;n}.

Example 5.25. For m,n € N,
m-n

= Gt

defines a double sequence {$,,n }.

Whenever we talk about sequences, the idea of convergence is bound to follow.
Let {smn} be a double sequence of complex numbers. We say that the double
sequence {s,,,} converges if there is a complex number L having the property
that given any € > 0 there is a real number N such that

m,n>N = |L—snu.| <e¢,

in which case we write L = lim $,,,,,-
Care has to be taken when dealing with double sequences because sometimes
sequences that look convergent are actually not.

Example 5.26. The nice looking double sequence s,,,, = mn/(m + n)? does
not converge. To see this, observe that if m = n, then

n-n n? 1

Smn = (n+n)2 4n2 4
However, if m = 2n, then

2n-n 2n? 2

(2n+n)2 92 9
Therefore it is impossible for s,,, to approach any single number no matter how
large we take m, n.

Smn

Given a double sequence {s,, } it is convenient to look at the iterated limits:

(5.20) lim lim S, and lim lm sp,,.

For lim,,, o0 lim,, o0 S on the left, we mean to first take n — oo and second to
take m — oo, reversing the order for lim,, o lim;,— o0 Smn- In general, the iterated
limits (5.20) may have no relationship!

Example 5.27. Consider the double sequence s,,, = mn/(m + n?). We have
lim $,,, = lim 5 = 0 = lim lim s,,, = lim 0=0.
n—o0o n—oo M +n m— 00 n—0o0 m— o0

On the other hand,

mn

lim Smn = lim =N - lim lim Smn = lim n = co.
2
m— oo m—oo M +n n—o00 m—o0 n— 00

Here are a couple questions:

(I) If both iterated limits (5.20) exist and are equal, say to a number L, is it
true that the regular double limit lim s,,,,, exists and lim s;,,, = L?
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(IT) If L = lim $;p,, exists, then is it true that both iterated limits (5.20) exist
and are equal to L:

(5.21) L= lim lim $,,, = lim lim $,,,?
m—00 N—00 n—oo m—0o0

It may shock you, but the answer to both of these questions is “no”.

Example 5.28. For a counter example to Question I, consider our first example
Smn = mn/(m +n)%. We know that lim s,,,, does not exist, but observe that

lim sy = lm ————— =0 = lim lim s,,, = lim 0=0.
n— oo n— 00 (m —+ n)2 m— 00 Nn— 00 m— o0
and
lim spp= lm —— =0 = lim lim s,, = lim 0=0,
m— oo m— o0 (m + n)2 n— 00 Mm— 00 n—oo

so both iterated limits converge. For a counter example to Question II, see limit
(d) in Problem 1.

However, if a double sequence converges and both iterated sequences converge,
then they all must equal the same number. This is the content of the following
theorem, named after Alfred Pringsheim (1850-1941).

THEOREM 5.23 (Pringsheim’s theorem for sequences). If a double se-
quence converges and both iterated sequences converge, then the equality (5.21)
holds.

PROOF. Let € > 0. Then there is an N such that for all m,n > N, we have

|L — Spmn| < €/2. Taking n — oo implies that
€
|L— lim smn| < -,
n—oo 2

and then taking m — oo, we get
€
’L— lim lim smn| <=-<e.

m—00 N—00 2

Since € > 0 is arbitrary, this establishes the first equality in (5.21). A similar
argument establishes the equality with the limits of m and n reversed. O

Recall that if {a,} is a sequence of complex numbers, then we say that > ay,
converges if the sequences {s,} converges, where s, := > }_, ar. By analogy,
we define a double series of complex numbers as follows. Let {a..,} be a double
sequence of complex numbers and let

m n
Smn ‘= § § Qg
=1 j—1

called the m,n-th partial sum of > a;,,. We say that the double series > apmp
converges if the double sequence {s,,,} of partial sums converges. If > amn
exists, we can ask whether or not

(522) Zamn = Z Zamn = Z Z Amn 7

m=1n=1 n=1m=1
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ail] @12 ai3 ai4 ... a11i @12} a1z} ai4;i ...
a1 a22: a23; a24: ...

a31iagziazziasai...

Qa41% 42} A43} A445 - ..

FIGURE 5.3. In the first array we are “summing by rows” and in
the second array we are “summing by columns”.

Here, with s, = ;"1 D7 aij, the iterated series on the right are defined as

o0 oo o oo

g g Amn = lim lim s,,, and g g Amn = lIm  lim S,
m—00 N—00 n—oo m—0o0

m=1n=1 n=1m=1

Thus, (5.22) is just the equality (5.21) with s = > am,. Hence, Pringsheim’s
theorem for sequences immediately implies the following.

THEOREM 5.24 (Pringsheim’s theorem for series). If a double series con-
verges and both iterated series converge, then the equality (5.22) holds.

We can “visualize” the iterated sums in (5.22) as follows. First, we arrange
the a,,y,’s in an infinite array as shown in Figure 5.3. Then for fixed m € N, the
sum .7 | Gy is summing all the numbers in the m-th row shown on the left
picture in Figure 5.3. For example, if m = 1, then ZZO=1 a1y is summing all the
numbers in the first row shown on the left picture in Figure 5.3. The summation
> > | @mp is summing over all the rows (that have already been summed).
Similarly, >°°7 1 >"7°_| @y is summing over all the columns. In the next section,
we shall generalize summing by rows and columns to “summing by curves”.

5.5.2. Absolutely convergent double series and “summing by curves”.
In analogy with single series, we say that a double series > a,,, converge abso-
lutely if the series of absolute values > |amn| converges. In order to study ab-
solutely convergent double series it is important to understand double series of
nonnegative terms, which is the content of the following lemma.

LEMMA 5.25 (Nonnegative double series lemma). If Y a,, converges
where amn > 0 for all m,n, then both iterated series converge, and

ITUED 3 ILHES 3p S

m=1n=1 n=1m=1

Moreover, given € > 0 there is an N such that
(o) o0 o0 o]
k>N — ZZaij<€ and ZZaU<€.
i=1 j=k i=k j=1

PROOF. Assume that the series > @, converges and let ¢ > 0. Since > amn
converges, setting s := > a;n, and
n

(523) Smn ‘= Z Z Aij = Z Z i,

i=1 j=1 j=1i=1
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by definition of convergence we can choose N such that
€
(5.24) mn>N = |[s—58m|< 3

Given ¢ € N, choose m > i such that m > N and let n > N. Then in view of (5.24)

we have
n m n c
)ILTED D) DLTIT TP
j=1 i=1j=1
Therefore, the partial sums of Z;’;l ai; are bounded above by a fixed constant and
hence (by the nonnegative series test — see Theorem 3.20), for any ¢ € N, the sum
> 52y aj exists. In particular,

m n m oo
Jim s = lim 3 > 0 =3 ) aus
i=1 j=1 i=1 j=1
here, we can interchange the limit with the first sum because the first sum is finite.
Now taking n — oo in (5.24), we see that

m

s=2.D ay

i=1 j=1

m>N = < =-<e.

N ™

Since £ > 0 was arbitrary, by definition of convergence, Y .2, Z;’il a;; exists with
limit § = " amn:

o (o)

PRI ) it

i=1 j=1
Similarly, using the second form of s,,,, in (5.23), one can use an analogous argument
to show that Y- amn = D52, i aij-

We now prove the last statement of our lemma. To this end, we observe that

for any k € N, we have

[S'SIEC) [eS) k 9] oo k &S] [eS)
S—Zzaij—z< aij + Z az'j)—ZZaij—i-Z Z Qij,
Jj=1

i=1 j=1 i=1 j=k+1 1=1 j=1 1=1 j=k+1

which implies that

00 0o oo k
(5.25) Z Z aij:s—ZZaij:s—Ji_r)noosmk.

i=1 j=k-+1 i=1 j=1

By the first part of this proof, we know that s = limy_. o lim,,, oo Sink, SO taking
k — oo in (5.25), we see that the left-hand side of (5.25) tends to zero as k — oo,
so it follows that for some Ny,

o0 o0
k>N — Z Z ;5 < €.
i=1 j=k
A similar argument shows that there is an No such that
o0 o0
k>N, — Z Z a;; < €.
i=k j=1

Setting IV as the largest of N1 and N5 completes the proof. |
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G1Lieziaisiont . 0130127018 014"
@21 aziaziazi... iy ety tingiae
agi as> assiasai... iy tingetizg as
a41 Q42 Q43 a44§... a41a42 a43 a44 ...

FIGURE 5.4. “Summing by squares” and “summing by triangles”.

Before presenting the “sum by curves theorem” (Theorem 5.26 below) it might
be helpful to give a couple examples of this theorem to help in understanding what
it says. Let > a,y be an absolutely convergent series.

Example 5.29. Let

Sp={(m,n);1<m<k,1<n<k}
which represents a k x k square of numbers; see the left-hand picture in Figure 5.4

for 1 x1,2x2,3x3, and 4 x 4 examples. We denote by Z(m,n)ESk QAmn the sum
of those a.,,,,’s within the k& x k square Si. Explicitly,

k k
§ Amn = § § Amn -

(m,n)eSk m=1n=1
The sum by curves theorem implies that
E k
(5.26) Zamn = kli)rrgo Z Qmp = lim Z Z Q-

k—o0
(m,n)esk m=1n=1

As we already noted, Z(m,n)esk Gmn involves summing the a,,,’s within a k£ x k
square; for this reason, (5.26) is referred to as “summing by squares”.
Example 5.30. Now let
Sg=T1U---UT, , where Ty ={(m,n);m+n=~0+1}.
Notice that Ty = {(m,n);m+n = £+ 1} = {(1,£),(2,¢ = 1),...,(£, 1)} rep-

resents the /-th diagonal in the right-hand picture in Figure 5.4; for instance,
T3 ={(1,3),(2,2),(3,1)} is the third diagonal in Figure 5.4. Then

S o=y Y

(m,n)€Sy £=1 (m,n)€T,
is the sum of the a,,,’s that are within the triangle consisting of the first k£ diagonals.
The sum by curves theorem implies that

k
D@m= Jlim D apn = m YD am,
(m,n)€ESy £=1 (m,n)€T,
or using that T, = {(1,£),(2,£ —1),...,(¢,1)}, we have

oo

(5.27) D amn = (ark +azp-1+ - +axa).

k=1
We refer to (5.27) as “summing by triangles”.
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More generally, we can “sum by curves” as long as the curves increasingly fill
up the array like the squares or triangles shown in Figure 5.4.

THEOREM 5.26 (Sum by curves theorem). An absolutely convergent series
> G, itself converges. Moreover, if S; C So C S35 C --- C NxN is a nondecreasing
sequence of finite sets having the property that for any m,n there is a k such that

(528) {1,2,...,m} X {1,2,...,n}g5’k gSk+1 gSk+2 .-y

then the sequence {si} converges, where sy is the finite sum

Sk = § Amn,

(m,n)€Sk

g Amn = lim sg.

PROOF. We first prove that the sequence {sj} converges by showing that the
sequence is Cauchy. Indeed, let € > 0 be given. By assumption, Y |amn,| converges,
so by the nonnegative double series lemma we can choose N € N such that

(529) k>N — iiml” <e and iim”‘ <e.

and furthermore,

i=1 j=k i=k j=1
By the property (5.28) of the sets {Si} there is an N’ such that
(530) {1,27,]\7} X {172,7]\7} C Sy C SN’+1 - SN/+2 cC...

Let k > £ > N’'. Then, since S; C S, we have
dooaii— Y ay dooay| < Y ayl
(4,5) €Sk (i,5)€Se (1,7) €Sk \Se (1,7) €Sk \Se
Since £ > N’, by (5.30), Sy contains {1,2,..., N} x {1,2,..., N}. Hence,
Sk \Se isasubset of Nx {N+1,N+2...}or {N+1,N+2,...} xN.

sk — se| =

For concreteness, assume that the first case holds; the second case can be dealt
with in a similar way. In this case, by the property (5.29), we have

o0 o0
sk —sel < Y agl <Y Y ayl<e

(4,9)€SK\Se i=1 j=N+1
This shows that {sj} is Cauchy and hence converges.

We now show that Y a,,, converges with sum equal to lims;. Let € > 0 be
given and choose N such that (5.29) holds with e replaced by €/2. Fix natural
numbers m,n > N. By the property (5.28) and the fact that s — s := lim sy we
can choose a k > N such that

{1,2,...,m} x{1,2,...,n} C Sk

and |sp — s| < /2. Now observe that
Sk — Smn| = ‘ Y ay - > aij| < > lagl:
(,7)ESk (i,5)€{1,....m}x{1,...,n} (2,7)€SK\({1,...,m}x{1,...,n})

Notice that Si \ ({1,...,m} x {1,...,n}) isasubset of Nx {n+1,n+2,...} or
{m+1,m+ 2,...} x N. For concreteness, assume that the first case holds; the
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second case can be dealt with in a similar manner. In this case, by the property
(5.29) (with e replaced with £/2), we have

oo (oo}
€
|Sk_5’mn‘§ N Z ‘aij| <ZZ |al_]‘<§
(5,9)€Sk\({1,... m}x{1,..n})  i=1j=n+l
Hence,
€ €
[$mn — 8| < [Smn — Sk| + |sk — 8| < §+§ =c.
This proves that > a,,, = s and completes our proof. O

We now come to Cauchy’s double series theorem, the most important result of
this section.

5.5.3. Cauchy’s double series theorem. Instead of summing by curves, in
many applications we are interested in summing by rows or by columns.

THEOREM 5.27 (Cauchy’s double series theorem). A series D Gy is ab-
solutely convergent if and only if

oo o0 oo o0
Z Z|amn| < oo or Z Z |@mn| < 00,

m=1n=1 n=1m=1
in which case
0o 0o 0o oo
§ Umn = § E mn = § § Gmn
m=1n=1 n=1m=1

in the sense that both iterated sums converge and are equal to the sum of the series.

PROOF. Assume that the sum > a,,,, converges absolutely. Then by the non-
negative double series lemma, we know that

oo oo oo oo

D2 Jamnl =3 3 lamnl = lamn|

m=1n=1 n=1m=1
We shall prove that the iterated sums >~ >0 | apmn and D00 1 > Gy cOD-
verge and equal s := " @y, which exists by the sum by curves theorem. Let Sy,
denote the partial sums of 3 a;,,. Let € > 0 and choose N such that

€

(5.31) mn>N = |s—58m|< 3
Since

o0 o0
Z Z |G| < 00,

m=1n=1
this implies, in particular, that for any m € N, the sum Y| |amy| converges, and
hence for any m € N, fo:l Amn = limy, o0 Smp converges. Thus, taking n — oo
in (5.31), we obtain

5
m>N = |s— lim sp,| <= <e.
n—00 2
But this means that s = lim,, . lim, o Symn; that is,

oo oo
s = E E Amn -

m=1n=1

A similar argument gives this equality with the sums reversed.
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Now assume that

oo oo
ZZ|amn|:t<oo.

m=1n=1
We will show that > a,,, is absolutely convergent; a similar proof shows that if
o S lamn| < 00, then Y am,, is absolutely convergent. Let ¢ > 0. Then
the fact that >37°, (3272, |ai;|) < oo implies, by the Cauchy criterion for series,
there is an N such that for all m > N,

oo oo

m>N = ) (Z|aij\)<g.

i=m+1  j=1
Let m,n > N. Then for any k£ > m, we have
koo m n koo o0 oo

DD aisl =D D Clal| < D0 Y lagl< DD layl < g

i=1j=1 i=1 j=1 i=m+1j=1 i=m+1j=1
Taking & — oo shows that for all m,n > N,

& €
t—izzljglmiﬂ < 5 <é,

which proves that > |a,,| converges, and completes the proof of our result. O

COROLLARY 5.28. If {amn} is a double sequence of nonnegative numbers, then

YIRS 3P BT 3p L

m=1n=1 n=1m=1
in the sense that either sum converges or diverges together and when one, and hence
all, converge, their values are equal.

Now for examples.

Example 5.31. For our first example, consider the sum ) 1/(mPn?) where
p,q € R. Since in this case,

=1 1 =1
Zmf”n‘:‘l T mr (ZE)’
n=1 n=1

it follows that

SE (S0 (50

Therefore, by Cauchy’s double series theorem and the p-test, > 1/(mPn?) converges
if and only if both p,q > 1.

Example 5.32. The previous example can help us with other examples such
as > 1/(m* + n*). Observe that

1 < 1
mi+nt — 2m2n2?’

(mQ—nZ)on = m*+nt-2mZn?>0 —

Since >~ 1/(m?n?) converges, by an easy generalization of our good ole comparison
test (Theorem 3.27) to double series, we see that > 1/(m* + n*) converges too.
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Example 5.33. For an application of Cauchy’s theorem and the sum by curves
theorem, we look at the double sum > z™*" for |z] < 1. For such z, this sum
converges absolutely because

DD AT =D falm = 5 < os,
m=0n=0 m=0 1- |Z| (1 - |ZD

1
1—r"

where we used the geometric series test (twice): If |r| < 1, then Y ;2 7k =
So > 2™+ converges absolutely by Cauchy’s double series theorem, and

szan:iiszrn:izm. 1 — 1
— 1—2z (1-2)%

m=0n=0

On the other hand, by our sum by curves theorem, we can determine y_ z™*" by
summing over curves; we shall choose to sum over triangles. Thus, if we set
Sp=ToUuTy UToU---UT, , where Tp={(m,n);m+n=~¢, mn>0}
then
m4+n __ 71: m+n _
YIECLRETED SIS D M
(m,n)eSk £=0 (m,n)€T,
Since Ty = {(m,n); m+n = £} = {(0,£),(1,£ —1),...,(£,0)}, we have

D = O D) 2R L 20 = (04 1)
(m,n)€T,

Thus, Y 2™+ = 322 (k + 1)zF. However, we already proved that  z™*+" =
1/(1 - 2)2, so

(5.32) a—ae Z nz"

Example 5.34. Another very neat application of Cauchy’s double series the-
orem is to derive nonobvious identities. For example, let |z| < 1 and consider the
series

0o
n P 22 23

z
nzzzll—s—z?”_1—&—3’2—’_1—&—2’4—’_1—&—26—'_.”7

we’'ll see why this converges in a moment. Observe that (since |z| < 1)

o0

1 m . 2mn
1+7;2n:Z(_1) 2,
m=0
by the familiar geometric series test: If |[r| < 1, then Y77 7% = = with r = —22".
Therefore,
oo
m an _ m (2m+1)n
§:1+%n §:Z > =3 >
m=0 n=1m=0

We claim that the double sum > (—1)"22™+D" converges absolutely. To prove
this, observe that

oo oo

oo 0o oS} |Z|n
Z Z |2|@m+Dn — Z ER Z |2]2mm = Z P

n=1m=0 n=1 m=0 n=1
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j‘z‘ (this is because |2]?" < |z| for |z| < 1), we have

2] 1
L—[z?r = 1 -]

2™

. . . sl
Since ) [z|™ converges, by the comparison theorem, > ", 1=

fE=pEED converges too.
Hence, Cauchy’s double series theorem applies, and

Z Z 2m+1)n i i(_l)mZ(Zm—H)n

n=1m=0 m=0n=1
) [eS)
— Z (71)777, Z Z(2m+1)n
m=0 n=1
oo 2m-+1
- Z(_l)mzi.
1— Z2m+1
m=0
Thus,
s z2m+1
214_2271_2:0 1_22m+1;

that is, we have derived the striking identity between even and odd powers of z:

z 2’2 ZS z 2’3 2’5

1+z2+1+z4+1+z6+.”:1—2_1—z3+1—z5_+”. '

There are more beautiful series like this found in the exercises (see Problem 4
or better yet, Problem 5). We just touch on one more because it’s so nice:

5.5.4. A neat (-function identity. Recall that the (-function is defined by
C(z) = 300 which converges absolutely for z € C with Rez > 1. Here’s a

n= 1nz7

beautiful theorem from Flajolet and Vardi [58, 176].
THEOREM 5.29. If f(2) =Y 00, a, 2" and Y.~ , |a,| converges, then

> r(2) =3 anctw

n=1

PROOF. We first write

2 ()= i

Now if we set C':= > °_, |am,| < oo, then

PRDBITIELIIED 3 BIMESEY:) SR

n=1m=2 n=1m=2 n=1

Hence, by Cauchy’s double series theorem, we can switch order of summation:

ni:f(%) ZZam — Zamz mizamC(m

n=1m=2

which completes our proof. O
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Using this theorem we can derive the pretty formula (see Problem 7):

o0

(5.33) log2 =Y zin ¢(n).

n=2

Not only is this formula pretty, it converges to log2 much faster than the usual

series Y | (-n (from which (5.33) is derived by the help of Theorem 5.29);
see [58, 176] for a discussion of such convergence issues.

EXERCISES 5.5.

1. Determine the convergence of the limits and the iterated limits for the double sequences

1 1 m o /n+ 1\
(a)smn_m+n ’ (b)smn_m+n ’ m”_<n—|—2> ’
1 1 1
d mn — 71m+n(_ _) ) mn = :
(d) s (=1) ern (e) s 1+ (m—mn)?

2. Determine the convergence, iterated convergence, and absolute convergence, for the
double series

(a) Z % @) Z (m+nP§(_n11)jrnP71)’p>1 (@ Z %

m,n>1 m,n>1 m>2,n>1

Suggestion: For (b), show that > >°_, m telescopes.
3. (mn-term test for double series) Show that if Y amn» converges, then am, — 0.
Suggestion: First verify that amn = Smn — Sm—1,n — Sm,n—1 + Sm—1,n—1-

4. Let |z| < 1. Using Cauchy’s double series theorem, derive the beautiful identities

z 2? 2° oz 2 2°
(a) 1—|—z2—i_1—&—,26_'_l—l—zlo_‘_.”_1—22_1—26—|—1—,2'10__'_”.7
) z 2 n 2° o2 2® n 2° .
1+22 1+42% 1426 1+2z 1423 1425 ’
z 222 323 . z 22 2
T r2tirs YT e tarey T
Suggestion: For (c), you need the formula 1/(1 — z)* = 3°°°  nz""" found in (5.32).

5. (Number theory series) Here are some pretty formulas involving number theory!
(1) For n € N, let 7(n) denote the number of positive divisors of n (that is, the number
of positive integers that divide n). For example, 7(1) = 1 and 7(4) = 3 (because
1,2,4 divide 4). Prove that

oo Zn oo n
(5.34) o= T, e <L
n=1 n=1

Suggestion: Write 1/(1 — 2™) = 3.°°_ 2™" = >2%°_, 2"(™~1 then prove that the
left-hand side of (5.34) equals Y~ 2™". Finally, use Theorem 5.26 with the set Sy
given by S, =T1 U---U T}y, where T, = {(m,n) e Nx N; m-n = k}.

(2) For n € N, let o(n) denote the sum of the positive divisors of n. For example,

o(l)=1and 0(4) =1+2+4+4=7). Prove that

oo o oS}
n=1 n=1

6. Here is a neat problem. Let f(z) = > >7  anz" and g(z) = > oo bn2". Determine a
set of z € C for which the following formula is valid:

S bnf() =Y ang(=").
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From this formula, derive the following pretty formulas:

oo

; fE =3 ;(—1)7Hf(zn) = g T

n=1 =1

and my favorite:

LG
S S
n=1 n=1
7. In this problem we derive (5.33).
. o0 [eo] 22
(i) Prove that log2=73">°, m =>, f(%), where f(z) = o=y

n

(if) Show that f(z) = .7, % and from this and Theorem 5.29 prove (5.33).

n=2 2mn

8. (Cf. [58, 176]) Prove the following extension of Theorem 5.29: If f(z) = > °7, an 2"

n=2

and for some N € N, 3> ‘X{;’ll converges, then

24%) Zéan{“")—(”%*'*ﬁ)}’

where the sum (1 + o+ ﬁ) is (by convention) zero if N = 1.

5.6. Rearrangements and multiplication of power series

We already know that the associative law holds for infinite series. That is, we
can group the terms of an infinite series in any way we wish and the resulting series
still converges with the same sum (see Theorem 3.23). A natural question that you
may ask is whether or not the commutative law holds for infinite series. That is,
suppose that s = a; + as + ag + - -+ exists. Can we commute the a,’s in any way
we wish and still get the same sum? For instance, is it true that

s=a1+az+as+az+as+as+as+ap+azt--?

For general series, the answer is, quite shocking at first, “no!”

5.6.1. Rearrangements. A sequence vy, s, 3, ... of natural numbers such
that every natural number occurs exactly once in this list is called a rearrange-
ment of the natural numbers.

Example 5.35. 1,2,4,3,6,8,5,10,12,..., where we follow every odd number
by two adjacent even numbers, is a rearrangement.

o0

A rearrangement of a series ) -,

rearrangement of N.

an is a series Y7, a,, where {v,} is a

Example 5.36. Let us rearrange the alternating harmonic series

o0

1 11 1 1 1 1 1
log2 = S Lo e | T
o8 n;( S 573 175 6 7 8"
using the rearrangement 1,2,4,3,6,8,5,10,12,... we’'ve already mentioned:
_1 1 1+1 1 1+1 1 1+
"TT27173 6 85 10 12
1 1 1

provided of course that this sum converges. Here, the bottom three terms represent
the general formula for the k-th triplet of a positive term followed by two negative
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ones. To see that this sum converges, let s,, denote its n-th partial sum. Then we
can write n = 3k + £ where /¢ is either 0, 1, or 2, and so

1 1 1 1 1 1 1 1

-] _ 4y _-_= T S S
on 5 1t37 5 8" Tl Ih—2 4k ™

where r,, consists of the next ¢ (= 0,1,2) terms of the series for s,. Note that
rn, — 0 as n — oo. In any case, we can write

e () e (e e () - e
" 2) 4 \3 6/ 38 2k—1 4k-2) 4k "
1111 1 1

B S R R T

21(1_14_1_14’__ .+;_i)+7a

2 2 3 4 2k—1 2k "
Taking n — oo, we see that

s:%logz

Thus, the rearrangement s has a different sum than the original series!

In summary, rearrangements of series can, in general, have different sums that
the original series. In fact, it turns out that a convergent series can be rearranged
to get a different value if and only if the series is not absolutely convergent. The
“only if” portion is proved in Theorem 5.31 and the “if” portion is proved in

5.6.2. Riemann’s rearrangement theorem.

THEOREM 5.30 (Riemann’s rearrangement theorem). If a series > ay of
real numbers converges, but not absolutely, then there are rearrangements of the
series that can be made to converge to 00 or any real number whatsoever.

PROOF. We shall prove that there are rearrangements of the series that con-
verge to any real number whatsoever; following the argument for this case, you
should be able to handle the +00 cases yourself.

Step 1: We first show that the series corresponding to the positive and negative
terms in Y a, each diverge. Let by, bs, b3, ... denote the terms in the sequence {a,}
that are nonnegative, in the order in which they occur, and let ¢y, ¢, c3, ... denote
the absolute values of the terms in {a,} that are negative, again, in the order in
which they occur. We claim that both series Y b, and > ¢, diverge. To see this,
observe that

(5.35) dDar=Y bi—Y ¢
k=1 i j

where the right-hand sums are only over those natural numbers 4, j such that b;
and c; occur in the left-hand sum. The left-hand side converges as n — oo by as-
sumption, so if either sum 270;1 b, or 270;1 cn of nonnegative numbers converges,
then the equality (5.35) would imply that the other sum converges. But this would

then imply that
Z|ak| = Zbl +ZCj
k=1 i J

converges as n — oo, which does not. Hence, both sums > b, and Y ¢, diverge.
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Step 2: We produce a rearrangement. Let & € R. We shall produce a re-
arrangement

(5.36) b1+ +bp —c1— - —cCny FOmyt1 + o+ by
*Cn1+1*"'*cn2+bm2+1+"'+bm3 — Cpog1 — "

such that such that its partial sums converge to . We do so as follows. Let {f,}

and {7, } denote the partial sums for > b, and > ¢,, respectively. Since §,, — oo,

for n sufficiently large, 5, > £. We define m; as the smallest natural number such
that

ﬂml > g
Note that (3,,, differs from £ by at most b,,,. Since v, — oo, for n sufficiently large,
Bmy — ¥n < &. We define ny to be the smallest natural number such that

ﬁm1 - 71’741 < 5
Note that the left-hand side differs from £ by at most ¢,,. Now define mq as the
smallest natural number greater than m; such that

/gm2 = Yny > f
As before, such a number exists because 3, — oo, and the left-hand side differs

from & by at most b,,,. We define the number ny as the smallest natural number
greater than nq such that

ﬁmz - r}/nz < ga
where the left-hand side differs from & by at most ¢,,,. Continuing this process, we
produce sequences m; < mo < m3z < --- and n; < ng < ng < --- such that for

every k,
ﬂmk — Tnr_1 > 57
where the left-hand side differs from £ by at most b,,, , and
/())mk - ’Ynk < 55

where the left-hand side differs from & by at most ¢y, .
Step 3: We now show that the series (5.36), which is just a rearrangement of
> ap, converges to £. Let

Bri=byr+ - +bm, —c1— - —Cpy +bmya1+ A+ by —
T Cng o1 T T Oy +bmk—1+1+..'+bmk :ﬂmk ~ Tngp—1
and
71’6 i=by 4+ A by, —C1— = Cny F b1+ Dy —
by 1t by — Gy 1 — = Gy = By — Yy

Then any given partial sum ¢ of (5.36) is of the following two sorts:
t:b1+...+bm1 *Cl*"'*Cn1+bm1+1+"'+bm2*
= Cpg g1~ — Cnpy +bmk,1+1+"'+bé,
where ¢ < my, in which case, v;,_; <t < f; otherwise,

t:b1+"'+bm1_Cl—"'—Cn1+bm1+1+"'+bm2—
"'+bmk,1+1+"'+bmk_an,l-i-l_"'_cl,
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where £ < ng, in which case, v, <t < f;, ;. Now by construction, 3; differs from
¢ by at most by, and ;, differs from & by at most ¢,,. Therefore, the fact that
Vi1 <t < By oryy, <t < By, imply that

E—Cppy <t <E+by, or E—cp, <t <E+by,,,.

By assumption, ) a,, converges, 8o by, , ¢, — 0, hence the partial sums of (5.36)
must converge to £. This completes our proof. O

We now prove that a convergent series can be rearranged to get a different
value only if the series is not absolutely convergent. Actually, we shall prove the
contrapositive: If a series is absolutely convergent, then any rearrangement has the
same value as the original sum. This is a consequence of the following theorem.

THEOREM 5.31 (Dirichlet’s theorem). All rearrangements of an absolutely
convergent series of complexr numbers converge with the same sum as the original
Series.

PROOF. Let Y a, converge absolutely. We shall prove that any rearrange-
ment of this series converges to the same value as the sum itself. To see this, let

v1,Vs, Vs, ... be any rearrangement of the natural numbers and define
am ifm=ur,,
Amn =
0 else.

Then by definition of a,,,, we have

oo oo
Ay = E Gmn and a,, = E Ay
n=1 m=1

Moreover,

o o0 oo
Z Z |@mn| = Z lam| < oo,

m=1n=1 m=1

so by Cauchy’s double series theorem,

00 [SSIeS) (S SIeS) 00
E Am = § § Amn = E E Amn = § ay,, -
m=1 n=1

m=1n=1 n=1m=1

We now move to the important topic of multiplication of series.

5.6.3. Multiplication of power series and infinite series. If we consider
two power series Y~ a,2" and >~ b,2", then formally multiplying and com-
bining like powers of z, we get

(ao + a1z + azz® + azz® + -+ ) (bo + b1z + bpz® + b3z + -+ ) =
aobo —+ (a0b1 =+ (leo)Z —+ (aobg + a1b1 —+ azbo)22
+ (aobz + arby + azby + azby)2® + - -
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In particular, taking z = 1, we get (again, only formally!)

(ao+a1+as+as+---)(bo+b+by+b3+---) =
agby + (a0b1 + albo) + (a0b2 + a1by + azbo)
+ (apbs + a1b2 + agby + asby) +

These thoughts suggest the following definition. Given two series Y.~ ja, and
>0 o b, their Cauchy product is the series Y ¢,, where

n
Cn = agbp +a1bp_1 + - +apby = Z axbn—t.
k=0

A natural question to ask is if Y 02 ja, and Y > b, converge, then is it true that

(Sa)(S0) =S

The answer is, what may be a surprising, “no

Example 5.37. Let us consider the example (3, (_%71)(220:1 (_%71),
which is due to Cauchy. That is, let ag = by = 0 and

1
ap = b, = (4)“*1%, n=123,....

n—1
We know, by the alternating series test, that > -, )]

converges. However,
we shall see that the Cauchy product does not converge. Indeed,

co = agbp =0, ¢ = agby + a1bg =0,

and for n > 2,

n—1 1 k 1 n—k n—1 1
C"*Z“’“b” =X e SO e

k=1 k=1
Since for 1 < k <n — 1, we have
1 1
kEn—k)<(n—1)n-1)=n-1>* = <

n—17 /k(n—k)
we see that

n—1

Z\/T an nilzlzl'

k=1

Thus, the terms ¢, do not tend to zero as n — 0o, so by the n-th term test, the
series ZZO:O ¢, does not converge.

(1) .

The problem with this example is that the series ) does not converge
absolutely. However, for absolutely convergent series, there is no problem as the

following theorem, due to Franz Mertens (1840-1927), shows.

THEOREM 5.32 (Mertens’ multiplication theorem). If at least one of two
convergent series > an, = A and Y b, = B converges absolutely, then their Cauchy
product converges with sum equal to AB
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ProOF. Consider the partial sums of the Cauchy product:
Ch=cptci+-+cp
= agbo + (agb1 + aibo) + -+ + (agbp + arbp—1 + -+ + anbo)
(5.37) =aglbo+---+by)+ai(bo+---+bu_1)+ - +anbo
We need to show that C,, tends to AB as n — oo. Because our notation is symmetric
in A and B, we may assume that the sum > a,, is absolutely convergent. If A,
denotes the n-th partial sum of " a,, and B,, that of )" b,, then from (5.37), we
have
C,=aoB, +a1Bp-1+ -+ a,Bg.
If we set By, = B + Bk, then 85 — 0, and we can write
Cn=ao(B+p6n)+a1(B+Bn-1)+: -+ an(B+ Ho)
= AnB + (GOBn + alﬁn—l + -+ anﬁ0)~
Since A,, — A, the first part of this sum converges to AB. Thus, we just need to
show that the term in parenthesis tends to zero as n — oco. To see this, let € > 0
be given. Putting @ = >’ |a,| and using that £, — 0, we can choose a natural
number N such that for all n > N, we have |3,| < ¢/(2a). Also, since 3, — 0, we
can choose a constant C' such that |5,| < C for every n. Then for n > N,
laoBn+aiBn—1+ -+ anBol = laofn + a18p—1+ -+ + aGn-N+18N+1
+an-NBN + -+ anl
<laoBn +a1fBn—1+ -+ an-Nt18n+1| + |an-NBN + - + anfol

3

< (laol + lar] ++ -+ lan-n+41]) - o= + (lan-n| 4+ +laa]) - C

2
13
<a-= +c(\an,N| ot |an|)
2
g
=3 +C(|an_N\ 4t |an|).

Since Y |a,| < 0o, by the Cauchy criterion for series, we can choose N’ > N such
that

€
n>N/ — |an—N|++‘an|<%
Then for n > N’, we see that
€ €
laofn + a1fn—1 + -+ anfo] < 5 + 5 =&
Since € > 0 was arbitrary, this completes the proof of the theorem. O

As an easy corollary, we see that if Y " ja,z" and > 2 b,2" have radii of
convergence R1, Ro, respectively, then since power series converge absolutely within
their radii of convergence, for all z € C with |z| < Ry, Ra, we have

( i anz”> ( i bnz") = i cpz”
n=0 n=0 n=0

where ¢, = ZZ:O arbn_g. In words: The product of power series is a power series.

Here’s a question: Suppose that > a, and > b, converge and their Cauchy
product ¢, also converges; is it true that > c, = (X as) (X b,)? The answer
may seem to be an “obvious” yes. However, it’s not so “obvious’ because the
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definition of the Cauchy product was based on a formal argument. Here is a proof
of this “obvious” fact.

THEOREM 5.33 (Abel’s multiplication theorem). If the Cauchy product of
two convergent series Y a, = A and Y b, = B converges, then the Cauchy product
has the value AB.

PROOF. In my opinion, the slickest proof of this theorem is Abel’s original,
prove in 1826 using his limit theorem, Theorem 5.20 [92, p. 321]. Let

f(z) = Z anz”, g(z) = anz", h(z) = chz”,

where ¢, = agb, + - -+ + apbg. These power series converge at z = 1, so they must
have radii of convergence at least 1. In particular, each series converges absolutely
for |z| < 1 and for these values of z according to according to Merten’s theorem,
we have

h(z) = f(2) - 9(2).
Since each of the sums > a,, > b,, and >_ ¢, converges, by Abel’s limit theorem,

the functions f, g, and h converge to A, B, and C = > ¢,, respectively, as z =
x — 1 from the left. Thus,

C= lim h(z)= lim f(z) -g(z)=A-B.

r—1— r—1—
O
Example 5.38. For example, let us square log2 = Y >° | (_17)1"71 It turns
out that it will be convenient to write log2 in two ways: log2 = > 7 | %
(here ap = 0 and a,, = # forn=1,2,...) and as log2 = 7, (r_wlr)ln (here

b, = (_1)71). Thus, ¢y = agbg = 0 and for n = 1,2, ..., we see that

n+1
- —~ (D))t 1
n — bn— = = (=" n
¢ ];)a’“ k k; Fnri—k DT

where o, = Y1 _; m By Abel’s multiplication theorem, we have (log?2)? =
o 0t = Yomey(=1)" 'y, as long as this latter sum converges. By the alternat-
ing series test, this sum converges if we can prove that {a,} is nonincreasing and

converges to zero. To prove these statements hold, observe that we can write

1 1 (l+ 1 )
kln—k+1) n+1\k n—-k+1/)

therefore
1 1+1 1 +1 1 n +1 1
Ay = — - — — — . — . —
1 n 2 n-1 3 n-2 n 1
=il ) G Gramg) o o)
Cn+1 n 2 n-1 3 n-—2 n o 11
In the brackets there are two copies of 1+%+-~- % Thus,
2 1 1 1
oan, = ——H,, where H, =14+ -+ -+ 4+ —.
n+1 2 3 n
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It is common to use the notation H,, for the m-th partial sum of the harmonic
series. Now, recall from Section 4.6.5 on the Euler-Mascheroni constant that ,, :=
H,, —logn is bounded above by 1, so

2 logn 2 n 1
n = n +1 < 2 = 9. .1
@ nJrl(,y + ogn)_n+1+ n+1 n+1+ n+1l n ogn
2 n
= 2. log(n*/™) - 0+2-1-logl =0
n+1+ n+1 og(n/") — 0+ 8
as n — o0o. Thus, a, — 0. Moreover,
2 2 2 2 1
n — Un == n Hn == H, — Hn )
@ Gn+1 n+l =~ n+2 + n+1 n+2 +n—i—l
2 2 2
()
n+1l n+2 (n+1)(n+2)
_ 2 I 2
S n+D(n+2)" (n+D(n+2)
2
(H,—1)>0.

- (n+1)(n+2)

Thus, oy, > py1, 80 Y. ¢, = Y. (—=1)""ta, converges. Hence, we have proved the
following pretty formula:

= n+1

= (=1t 1 1
-3 (14 5++2)

—~ n+1 2 n

Our final theorem, Cauchy’s multiplication theorem, basically says that we
can multiply absolutely convergent series without worrying about anything. To
introduce this theorem, note that if we have finite sums > a, and >_ b, then

() () =Xt

where the sum on the right means to add over all such products a,,b, in any order
we wish. One can ask if this holds true in the infinite series realm. The answer is
“yes” if both series on the left are absolutely convergent.

THEOREM 5.34 (Cauchy’s multiplication theorem). If two series > a, =
A and b, = B converge absolutely, then the double series Y amb, converges
absolutely and has the value AB.

PROOF. Since

35 fanbal = Y |am|§|bn| - ( 3 |am|) (i |bn|> < o0,

m=0n=0 m=0 m=0 n=0

by Cauchy’s double series theorem, the double series > a,b, converges absolutely,
and we can iterate the sums:

> amby, = iiambn: iamibn: (iam>(§bn> —A-B.

m=0n=0 m=0 n=0 m=0

O
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We remark that Cauchy’s multiplication theorem generalizes to a product of
more than two absolutely convergent series.

5.6.4. The exponential function (again). Using Mertens’ or Cauchy’s mul-
tiplication theorem, we can give an alternative and quick proof of the formula
exp(z) exp(w) = exp(z + w) for z,w € C, which was originally proved in Theorem
4.29 using a completely different method:

exp(z) exp(w) = (i %T) ' (i %)

n=0 n=0
S5
=\ k! (n—k)!
_ — 1 - n! k, n—k
_Zn'< k!(n—k)'zw )
n=0 k=0
= il z”: ") shnk ) = il(z—kw)" = exp(z + w)
n=0 n' k=0 k n=0 TL' 7

where we used the binomial theorem for (z + w)™ in the last line.

EXERCISES 5.6.

1. Here are some alternating series problems:
(a) Prove that

. r vt o v v 3
173 27577 1 k-3 k-1 2k T8

that is, we rearrange the alternating harmonic series so that two positive terms are
followed by one negative one, otherwise keeping the ordering the same. Suggestion:
Observe that

1 1 1

ot _t 1 1.1 1
2%°T5 7176 89 10
1 1 1 1
—0+§+0—1+0+5+0—§+"'-

Add this term-by-term to the series for log 2.
(b) Prove that

LS IO ST S S S R S
72 8k—7 8k—5 ' 8k—3  8k—1 2k T8

that is, we rearrange the alternating harmonic series so that four positive terms
are followed by one negative one, otherwise keeping the ordering the same.
(¢) What’s wrong with the following argument?

[
1 3 5

VAR S SR -—@+1+1+1+1+1+ )
2 3 4 5 6 N 2 3 4 5 6
1 1 1
_ 2<_ z 2 )
5TO0+7+0+5+
—Q+1+1+1+1+1+ )—@+1+1+1+1+1+ ) =0
B 2 3 4 5 6 2 3 4 5 6 -
2. Let f(z) = >, an 2" be absolutely convergent for |z| < 1. Prove that for |z| < 1, we
have
{EZ)Z = Z(ao+a1+a2+---+an)zn.

n=0
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3. Using the previous problem, prove that for z € C with |z| < 1,

a jz)Q = i(n—i— 1)2"; that is, (if) . (izn) _ i(n+ 1)2"

n=0 n=0 n=0 n=0

Using this formula, derive the neat looking formula: For z € C with |z| < 1,

oo . %) . . 1 oo ' .
(5.38) (nZ:Ocosnez >.<nzzosmn9,z >—§g(n+1)smn92 .
Suggestion: Put z = ez with x real into the formula (3°°2") - (32°2°,2") =

Yoo o(n+1)2", then equate imaginary parts of both sides; this proves (5.38) for z = «
real and |z| < 1. Why does (5.38) hold for z € C with |z] < 17
4. Derive the beautiful formula: For |z| < 1,

(i Coinezn) ) <ngl sinnd n) _ % i H, sinnd -

5. In this problem we prove the following fact: Let f(z) = Y72  anz" be a power series
with radius of convergence R > 0 and let o € C with |a| < R. Then we can write

where this series converges absolutely for |z — a| < R — a.
(i) Show that

(5.39) =33 an (;) "z — o)™,

(ii) Prove that

>0 an|< >|a|“’"z — o™ = Janl(|2 — o] + [a])™ < o0
n=0 m=0 n=0

(iii) Verifying that you can change the order of summation in (5.39), prove the result.

5.7. % Proofs that > 1/p diverges

We know that the harmonic series Y 1/n diverges. However, if we only sum
over the squares, then we get the convergent sum Y 1/n?. Similarly, if we only sum
over the cubes, we get the convergent sum > 1/n®. One may ask: What if we sum
only over all primes:

21:1+1+1+1+ Lyl

p 2 3 5 7 13 17

do we get a convergent sum? We know that there are arbitrarily large gaps be-
tween primes (see Problem 1 in Exercises 2.4), so one may conjecture that > 1/p
converges. However, following [19], [50], [125] (cf. [126]), and [100] we shall prove
that Y 1/p diverges! Other proofs can be found in the exercises. An expository
article giving other proofs (cf. [119], [41]) on this fascinating divergent sum can be
found in [175].
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5.7.1. Proof I: Proof by multiplication and rearrangement. This is
Bellman [19] and Dux’s [50] argument. Suppose, for sake of contradiction, that
>~ 1/p converges. Then we can fix a prime number m such that Zp>m 1/p < 1.
Let 2 < 3 < --- < m be the list of all prime numbers up to m. Given N > m, let
Py be the set of natural numbers greater than one and less than or equal to N all
of whose prime factors are less than or equal to m, and let @ be the set of natural
numbers greater than one and less than or equal to N all of whose prime factors
are greater than m. Explicitly,

(5.40) ke Py<= 1<k<Nandk=23..-mF, someij,...,k,
’ le@Qn<—= 1<{<Nandl=pgq---r, p,q,...,r>m are prime.
In the product pq-- -7 prime numbers may be repeated. Observe that any integer
1 < n < N that is not in Py or @y must have prime factors that are both less than
or equal to m and greater than m, and hence can be factored in the form n = k¢
where k € Py and ¢ € Q. Thus, the finite sum
1 1 1 1 1 1 1

Z;+Zz+(2;)(22)22g+22+ > YA

kePn eQn kePn eQn kePn eQn kePn LeQN
contains every number of the form 1/n where 1 < n < N. (Of course, the resulting
sum contains other numbers too.) In particular,

1 1 1 1y a1
> pt X2 z+( > ;)( > z)Zng
kePn eQnN kePyn eQnN n=2

We shall prove that the finite sums on the left remain bounded as N — oo, which
contradicts the fact that the harmonic series diverges.

To see that >, 1/k converges, mnote that each geometric series Z]Oil 1/p
converges (absolutely since all the 1/p’ are positive) to a finite real number. Hence,
by Cauchy’s multiplication theorem (or rather its generalization to a product of
more than two absolutely convergent series), we have

1) [ 1 — 1 1
(23)(2)(Zaw) - Zaww
i=1 j=1 k=1
is a finite real number, where the sum on the right is over all 4,7,..., k= 1,2,....
Using the definition of Py in (5.40), we see that ) 1/k is bounded above by this
finite real number uniformly in N. Thus, limy .o Y p  1/k is finite.

We now prove that limy_, ZQN 1/¢ is finite. To do so observe that since

o= Zp>m 1/p < 1 and all the 1/p’s are positive, the sum Zp>m 1/p, in particular,
converges absolutely. Hence, by Cauchy’s multiplication theorem, we have

- 1\? 1
o = Z ]_') - Z p_q7
p>m p,g>m
where the sum is over all primes p, ¢ > m, and
3
1 1
3 _ =
‘T ( 2 p) -2 pqr’
p>m p,q,r>m

where the sum is over all primes p, ¢, > m. We can continue this procedure show-
ing that o is the sum Y 1/(pq---r) where the sum is over all primes p,q,...,r >
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m. In view of the definition of @x in (5.40), it follows that the sum >, 1/ s
bounded by the number Y77 a7, which is finite because o < 1. Hence, the limit
my o0 Do, 1/¢ is finite, and we have reached a contradiction.

5.7.2. An elementary number theory fact. Our next proof depends on
the idea of square-free integers. A positive integer is said to be square-free if no
squared prime divides it, that is, if a prime occurs in its prime factorization, then
it occurs with multiplicity one. For instance, 1 is square-free because no squared
prime divides it, 10 = 2-5 is square-free, but 24 = 233 = 22.2-3 is not square-free.

We claim that any positive integer can be written uniquely as the product of
a square and a square-free integer. Indeed, let n be an integer and let k2 be the
largest square that divides n. Then n/k? must be square-free, for if n/k? is divided
by a squared prime p?, then (pk)? > k? divides n, which is not possible because
k2 was the largest such square that divided n. Thus, any positive integer n can be
uniquely written as n = k2 if n is a perfect square, or

(5.41) n=k>-pq--n

where k > 1 and where p, q, ..., r are primes less than or equal to n that occur with
multiplicity one. Using the fact that any positive integer can be uniquely written
as the product of a square and a square-free integer, we shall prove that > 1/p
diverges.

5.7.3. Proof II: Proof by comparison. Here is Niven’s [125, 126] proof.
We first prove that the product

me-)

diverges to oo as N — oo, where the product is over all primes less than N. Let
2 <3 < --- < m be all the primes less than N. Consider the product

(2= (e 3)(1e5) (0 )

For example, if N =5, then

p<5
If N =6, then
[1(+8)- () 50D
26 P 2 3 )
71+1+1+1+1+1 1+ 1
B 2 3 5 23 25 3-5 2-3-5

Using induction on N, we can always write

H(1+%)=1+Z%+ 3 ;%q+"'+ 3 %

p<N p<N p,q<N Dyqyeees r<N p-q
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where the k-th sum on the right is the sum over over all reciprocals of the form

m with p1,...,pr distinct primes less than N. Thus,

1
M) Y p-Ymt Y Y
p<N k<N k<N k<N p<N
1
+ At R
IZJ:quZ<N k;\fp,q,;<N k’Q-p-q---r

By our discussion on square-free numbers around (5.41), the right-hand side con-
tains every number of the form 1/n where n < N (and many other numbers t00).
In particular,

(5.42) MO+) YE=X

p<N k<N n<N

From this inequality, we shall prove that > 1/p diverges. To this end, we know
that Y, | 1/k? converges while Y >~ | 1/n diverges, so it follows that

i 1
lim 1+—-) =c.
N—oo p

p<N

To relate this product to the sum > 1/p, note that

2 .’173

e =ltrt gt zlta
for £ > 0 — in fact, this inequality holds for all x € R by Theorem 4.30. Hence,
1
H (1+ ) < H exp 1/p)_exp(z 7).
p<N p p<N p

Since the left-hand side increases without bound as N — oo, so must the sum
ZP<N 1/p. This ends Proof IT; see Problem 1 for a related proof.

5.7.4. Proof III: Another proof by comparison. This is Gilfeather and
Meister’s argument [100]. The first step is to prove that for any natural number
N > 1, we have

N-1

p 1
11 = m

;D<N n=1

-1
To prove this we shall prove that Hp <N (1 — %) — o0. To see this, observe that
11 1 1
(1-2) =14+ 5+
p p p p

Let 2 <3 < --- < m be all the primes less than N. Then every natural n < N can
be written in the form

n=2"3 ... mk
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for some nonnegative integers i, j, ..., k. It follows that the product
1\ 1\ -1 1\ -1 11
I0-3)" - 0707003
p<N p m

—(1+1+1+1 )(1+1+1+1+ )
B 2 22 23 3032 3
111
...(1+_+_2+_3+...)
m m m

after multiplying out using Cauchy’s multiplication theorem (or rather its gener-
alization to a product of more than two absolutely convergent series), contains all

the numbers %7 %7 %7 i, R ﬁ (and of course, many more numbers too). Thus,
N-1
p 1\ -1 1
5.43 P _ (1_,> > L
(5.3 (RS 3
p<N p<N n=1

which proves our first step. Now recall from (4.29) that for any natural number n,
we have
(5.44) L <log(n+1) —logn < l
n+1 n
In particular, taking logarithms of both sides of (5.43), we get

N—-1
log(nz_:l %) < 10%({)13\[}9?1)
= (logp—logp—1)) < %1 <>

p<N p<Np p<N

3

hSHE )

where we used that p < 2(p—1) (this is because n < 2(n—1) for all natural numbers
n > 1). Since ij;f 1/n — oo as N — oo, log(zg;f 1/n) — oo as N — oo as
well, so the sum Y 1/p must diverge.

EXERCISES 5.7.
1. Niven’s proof can be slightly modified to avoid using the square-free fact. Prove that
for any prime p, we have
1 n 1 2n+1 1
1t _) Loy
Use this identity to derive the inequality (5.42), which as shown in the main body
implies that > 1/p diverges.
2. Here is another proof that is similar to Gilfeather and Meister’s argument where we
replace the inequality (5.44) with the following argument.
(i) Prove that
b
1—x/2 —
Suggestion: Multiplying e™*(1 — z/2) to both sides, it might be slightly easier to
prove the inequality e™® < 1 — z/2 for 0 < z < 1. The series expansion for e™
might be helpful.
(ii) Taking logarithms of (5.45), prove that for any prime number p, we have

—10g(1—%) :—log< —%) S%.

(5.45) e’ forall0 <z <1.
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(iii) Prove that
1 P 1
5> log () <3
LS e (2) <3 L
p<N p<N

(iv) Finally, use (5.43) as in the main text to prove that > 1/p diverges.

3. Here’s Vanden Eynden’s proof [175]. Assume that ) 1/p converges. Then we can
choose an N such that o := > 1/p < 1/2 and (since the harmonic series > 1/n
diverges) 8:= 3, .y 1/n> 2.

(i) Prove that B —1< a- (.
(i) Deduce that 1 — 87! < « and use this fact, together with the assumptions that
a < 1/2 and B > 2, to derive a contradiction.

4. Here is Paul Erdos’ (1913-1996) celebrated proof [51]. Assume that > 1/p converges.

Then we can choose an N such that 3>\ 1/p < 1/2; derive a contradiction as follows.

(i) For any = € N, let A, be the set of all integers 1 < n < z such that n =1 or all
the prime factors of n are < Nj that is, n = p1---pr where the p;’s are prime
and p; < N. Given n € A,, we can write n = k*>m where m is square free. Prove
that k£ < 4/z. From this, deduce that

#A. < OV,

where # A, denotes the number of elements in the set A, and C is a constant
(you can take C' to equal the number of square free integers m < N).

(ii) Given x € N and a prime p, prove that the number of integers 1 < n < z divisible
by p is no more than z/p.

(iii) Given z € N, prove that x — # A, equals the number of integers 1 < n < z that
are divisible by some prime p > N. From this fact and Part (b) together with
our assumption that ) 1/p < 1/2, prove that

p>N

p>N

x—#Az<g.

(iv) Using (c) and the inequality #A4, < C'y/z you proved in Part (a), conclude that
for any x € N, we have

VvV < 2C.

From this derive a contradiction.

5.8. Composition of power series and Bernoulli and Euler numbers

We’ve kept you in suspense long enough concerning the extraordinary Bernoulli
and Euler numbers, so in this section we finally get to these fascinating numbers.

5.8.1. Composition and division of power series. The Bernoulli and Eu-
ler numbers come up when dividing power series, so before we do anything, we
need to understand division of power series, and to understand this we first need
to consider the composition of power series. The following theorem basically says
that the composition of power series is again a power series.

THEOREM 5.35 (Power series composition theorem). If f(z) and g(z) are
power series, then the composition f(g(z)) can be written as a power series that is
valid for all z € C such that

oo
Z |an2"| < the radius of convergence of f,

n=0

where g(z) = > 07 g anz".
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PROOF. Let f(z) = > .7 by2™ have radius of convergence R and let g(z) =
Yoo o anz™ have radius of convergence r. Then by Cauchy or Mertens’ multiplica-
tion theorem, for each m, we can write g(z)™ as a power series:

g(z)m _ (ian Z'”)m _ iamn Zn7 ‘Z| <7
n=0 n=0
Thus,
F@(2) =D bmg()™ =YD bt 2"
m=0

m=0n=0
If we are allowed to interchange the order of summation in f(g(z)), then our result
is proved:

flg(z)) = i i b Gn, 2" = i cn 2", where ¢, = i bon Qo -

n=0m=0 n=0 m=0

Thus, we can focus on interchanging the order of summation in f(g(z)). Assume
henceforth that

oo oo
= Z lanz"| = Z |an| 2] < R = the radius of convergence of f;
n=0 n=0

in particular, since f(£) =Y °_; b, &™ is absolutely convergent,

(5.46) D [bm| ™ < 0.
m=0

Now according to Cauchy’s double series theorem, we can interchange the order of
summation as long as we can show that

SN bmamaz"[ =YD bl |amnl 2" < oo

m=0n=0 m=0n=0

To prove this, we first claim that the inner summation satisfies the inequality
o0

(5.47) Z |@mn| 2" < E™.
n=0

To see this, consider the case m = 2. Recall that the coefficients as, are defined
via the Cauchy product:

fe%e] 2 [e%e] n
g(2)? = ( g an z") = E asp 2" where ag, = E OOy -
n=0 n=0

k=0

Thus, |azs| < Y p_g lak||an—k|. On the other hand, £? is defined via the Cauchy
product:

n

) 2 0
&= (Sl ) = S onll where 00 =3 bl il

n=0 n=0 k=0

Hence, |as,| < Y p o lak|lan—k| = an, so

o0 o0
D lasal 2" < an 2" = €2,
n=0 n=0
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which proves (5.47) for m = 2. An induction argument shows that (5.47) holds for
all m. Finally, using (5.47) and (5.46) we see that

SN bmamnz"| = Z Z b | [@man] 2™ < Z |bm| €™ < 00,

m=0n=0 m=0n=0

which shows that we can interchange the order of summation in f(g(z)) and com-
pletes our proof. O

We already know (by Mertens’ multiplication theorem for instance) that the
product of two power series is again a power series. As a consequence of the following
theorem, we get the same statement for division.

THEOREM 5.36 (Power series division theorem). If f(z) and g(z) are power
series with positive radii of convergence and with g(0) # 0, then f(z)/g(z) is also
a power series with positive radius of convergence.

PRrROOF. Since f(2)/g(z) = f(2) - (1/g(2)) and we know that the product of
two power series is a power series, all we have to do is show that 1/¢(z) is a power
series. To this end, let g(z) = Y2, a, 2™ and define

g(z):_g _1_Zan )

where a,, = Z—; and where we recall that ap = ¢g(0) # 0. Then § has a positive

radius of convergence and §(0) = 0. Now let h(z) := which can be writ-

1
aop(l+z)’
ten as a geometric series with radius of convergence 1. Note that for |z| small,

>0 lam| |2 < 1 (why?), thus by the previous theorem, for such z,

1 1
= = h(g(2))
9(z)  ao(g(z) +1)
has a power series expansion with a positive radius of convergence. O

5.8.2. Bernoulli numbers. See [92], [43], [151], or [66] for more information
on Bernoulli numbers. Since

o0

e —1 1 1 1 1
. :;ZE’ZHZZE’Z" 1:Zmzn

n=1 n=1 n=0

has a power series expansion and equals 1 at z = 0, by our division of power series
theorem, the quotient 1/((e* —1)/z) = z/(e* — 1) also has a power series expansion
near z = 0. It is customary to denote its coefficients by B, /n!, in which case we
can write

(5.48) — = Z i—

where the series has a positive radius of convergence. The numbers B, are called the
Bernoulli numbers after Jacob (Jacques) Bernoulli (1654-1705) who discovered
them while searching for formulas involving powers of integers; see Problems 3 and
4. We can find a remarkable symbolic equation for these Bernoulli numbers as
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follows. First, we multiply both sides of (5.48) by (e* — 1)/z and use Mertens’
multiplication theorem to get

(%) (Em) -2 ()

By the identity theorem, the n = 0 term on the right must equal 1 while all other
terms must vanish. The n = 0 term on the right is just Bg, so By = 1, and for

n > 1, we must have Zzzo%-m:& Multiplying this by (n + 1)! we get
" By (n+1)! (n+1)! " /n+1
0=S"2k. By = B

=k (n+1-k) Zk'n+1— I kz_o( k ) b

and adding B, = (n+1)Bn+1 to both sides of this equation, we get

n+1
n+1
Bnt1 = Z ( 1 >Bk-
k=0
The right-hand side might look familiar from the binomial formula. Recall from
the binomial formula that for any complex number a, we have

n+1 n+1
a4 1) — <n+1)ak-1"k: <n+1>ak.
(a+1) kZ:O N kZ:O .
Notice that the right-hand side of this expression is exactly the right-hand side of
the previous equation if put a = B and we make the superscript k into a subscript
k. Thus, if we use the notation = to mean “equals after making superscripts into
subscripts”, then we can write

(5.49) B =(B+1)" | n=1,23,... with By=1.

Using the identity (5.49), one can in principle find all the Bernoulli numbers: When
n =1, we see that

B*=(B+1)?*=B*+2B'"+1 = 0=2B1+1 = B =-
When n = 2, we see that
B3=(B+1)*=B*+3B>+3B'"+1=0=3By+3B; +1 = By = ~

Here is a partial list through B4:

1 1
Bo=1, Bi=—=, By=~, Bs=
0 ) 1 27 2 67 3 07
1
342—*30, Bs = B7 = By = B11 = B13 = Bi5 =0,

1 1 ) 691 7
B = — B = —— B = — = —— = —.
6 427 8 307 10 667 12 27307 14 6

These numbers are rational, but besides this fact, there is no known regular pattern
these numbers conform to. However, we can easily deduce that all odd Bernoulli
numbers greater than one are zero. Indeed, we can rewrite (5.48) as

z z >~ B
5.50 - =1 =,
( ) ez—1+2 +nz::2n!2
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The fractions on the left-hand side can be combined into one fraction

z 2 z2(ef41)  z(e*/2+e7/?)

5.51 —t+ == =
(5:51) e —1 2 2(er—1) 2(e*/?2 —e#/2)’

which an even function of z. Thus,
(552) B2n+1 = 0, n = 1, 2, 3, PPN
Other properties are given in the exercises (see e.g. Problem 3).
5.8.3. Trigonometric functions. We already know the power series expan-
sions for sin z and cos z. It turns out that the power series expansions of the other

trigonometric functions involve Bernoulli numbers! For example, to find the expan-
sion for cot z, we replace z with 2iz in (5.50) and (5.51) to get

iz(e® + e %) Bo, 9
(ezz _ e—zz + Z ZZ + nz::l (2”)' ( ) ( Z) )
where used that Bs, Bs, By, ... all vanish in order to sum only over all even Bernoulli

numbers. Since cot z = cos z/ sin z, using the definition of cos z and sin z in terms

of e*?# we see that the left-hand side is exactly zcot z. Thus, we have derived the
formula
o0
22n an
zeotz = Y (—1)"T T
nZZO (2n)!

From this formula, we can get the expansion for tan z by using the identity

2 2, a2
2cot(2z) = ZC?S - 2COS .Z g cot z — tan z.
sin 2z 2sin z cos z
Hence,
> 22" By, 2 B n
tan z = cot z — 2 cot(2z) = nzz:o(—l) (2—712 22— 2 Z 2 22”22”,

which, after combining the terms on the right, takes the form

e’}
e 22n(22n _ 1) B2 e
tan z = Z(—l) ! )] nogAnmt

n=1

In Problem 1, we derive the power series expansion of csc z. In conclusion we have
power series expansions for sin z, cos z, tan z, cot z, csc z. What about sec z7

5.8.4. The Euler numbers. It turns out that the expansion for sec z involves
the Euler numbers, which are defined in a similar way as the Bernoulli numbers.
By the division of power series theorem, the function 2e?/(e?* + 1) has a power
series expansion near zero. It is customary to denote its coefficients by E,, /n!, so

o0

2 E,
5.53 - = "
(5:53) e?* +1 7;) nl *




5.8. COMPOSITION OF POWER SERIES AND BERNOULLI AND EULER NUMBERS 289

where the series has a positive radius of convergence. The numbers FE,, are called
the Euler numbers. We can get the missing expansion for sec z as follows. First,

observe that
Z“" E. ., 2¢* 2 1
—Z g f— = = SeCh Z7

. n! e?* +1 e*+e % coshz
o

where sech z := 1/ cosh z is the hyperbolic secant. Since sech z is an even function
(that is, sech(—z) = sech z) it follows that all F,, with n odd vanish. Hence,

> E2n 2
(5.54) sechz = Z 2"
= (2n)!

In particular, putting iz for z in (5.54) and using that cosh(iz) = cos z, we get the
missing expansion for sec z:

- n EQ” n
secz = Z(—l) @n)] 22"
n=0

Just as with the Bernoulli numbers, we can derive a symbolic equation for the
oo 1

Euler numbers. To do so, we multiply (5.54) by coshz = > , (2n),z ™ and use
Mertens’ multiplication theorem to get

(E85) (Bar) -EE(& wm)

n=0 k=0

By the identity theorem, the n = 0 term on the right must equal 1 while all other

terms must vanish. The n = 0 term on the right is just Egy, so Ey = 1, and for

n > 1, we must have > ;' gz’;, . m = 0. Multiplying this by (2n)! we get

= By @2n) O (2n)!
(5:55) 0= ];) (2k)! (2n — 2k)! ;;; (2k)1(2n — 2k)! Bzt

Now from the binomial formula, for any complex number a, we have

(a+1)" + Z k;' ko Z W 2n 2 ak(—1)2nF

2n 2n 2n
- Z k(2 Z k\( Qn _ at(=1)*

2k

_Z (2k)! 2n—2k)a ’

since all the odd terms cancel. Notlce that the right-hand side of this expression is
exactly the right-hand side of (5.55) if put @ = E' and we make the superscript 2k
into a subscript 2k. Thus,

(5.56) [(E4+1)*"+(E-1)*"=0, n=1,2,... with By =1 and E,qq = 0.

Using the identity (5.56), one can in principle find all the Euler numbers: When
n = 1, we see that

(B2 +2E" + 1)+ (E* —2E' +1) =0 = 2F,+2=0 = [Ey=—
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Here is a partial list through E1o:
Ey=1, Ei=FEy=FE3=---=0 (Exqa=0), Ex=-1, E;=5
Eg=—-61, Eg=1385 FE;9=-50,521, Fi3=2,702,765,
These numbers are all integers, but besides this fact, there is no known regular
pattern these numbers conform to.

EXERCISES 5.8.

1. Recall that cscz = 1/sinz. Prove that csc z = cot z + tan(z/2), and from this identity
deduce that

o 2n
zescz = 2(71)7%1% Pa
n=0 :

2. (a) Let f(2) =Y anz" and g(z) = ) bpz™ with by # 0 be power series with positive
radii of convergence. Show that f(z)/g(z) = > cnz"™ where {c,n} is the sequence
defined recursively as follows:

ao

n
co=— , bocn =an— E br cn—k.
bo k=1

(b) Use Part (a) to find the first few coeflicients of the expansion for tan z = sin z/ cos z.
3. (Cf. [92, p. 526] which is reproduced in [127]) In this and the next problem we give
an elegant application of the theory of Bernoulli numbers to determine the sum of the
first k-th powers of integers, Bernoulli’s original motivation for his numbers.
(i) For n € N, derive the formula

o Py e(n+1)z -1

1+e"+e*+---+e" =

er—1 z
(ii) Writing each side of this identity as a power series (on the right, you need to use
the Cauchy product), derive the formula

k .
k (n 4 1)FF1=3

5.57 1F42f 4. 4y nf= B~  k=1,2....
(5.57) +2" - 4n Zj I

=0

Plug in k = 1, 2,3 to derive some pretty formulas!
4. Here’s another proof of (5.57) that is aesthetically appealing.
(i) Prove that for a complex number a and natural numbers k, n,

k+1
(n+1+a) = (n+a) =3 <kj1> W (@4 1) - o).
j=1

(ii) Replacing a with B, prove that

1
1k+2k+--~+nk#k—H{(”+1+B)k+1*Bk+l}-

Suggestion: Look for a telescoping sum and recall that (B 4 1) = B? for j > 2.
5. The n-th Bernoulli polynomial B, (t) is by definition, n! times the coefficient of z" in
the power series expansion in z of the function f(z,t) := ze** /(e — 1); that is,

(5.58) ze i Bul®) .




5.9. THE LOGARITHMIC, BINOMIAL, ARCTANGENT SERIES, AND ~ 291

(a) Prove that B, (t) = Y7_, (¥)Brt"* where the By’s are the Bernoulli numbers.

Thus, the first few Bernoulli polynomials are
%, Bo(t) =t° —t + é, Bs(t) =t* — th + %t.

(b) Prove that B,(0) = By, for n =0,1,... and that B,(0) = Bn(1) = B, for n # 1.
Suggestion: Show that f(z,1) = z + f(z,0).

(c) Prove that B,(t+ 1) — B, (t) = nt" ! for n = 0,1,2,.... Suggestion: Show that
f(Z,t + 1) - f(Z,t) = ze*".

(d) Prove that B2,+1(0) =0 for n =1,2,... and Ban41(1/2) =0 for n =0,1,....

Bo(t) =1, Bi(t)=t~—

5.9. The logarithmic, binomial, arctangent series, and v

From elementary calculus, you might have seen the logarithmic, binomial, and
arctangent series (discovered by Nicolaus Mercator (1620-1687), Sir Isaac Newton
(1643-1727), and Madhava of Sangamagramma (1350-1425), respectively):

oo
x2n+l

log(1+ x) :nz::l %x" , 1+2)” :Z (f:) ", arctanz znzz:o(—l)"zn 1

n=0

where oo € R. (Below we’ll discuss the meaning of (2)) I can bet that you used
calculus (derivatives and integrals) to derive these formulse. In this section we’ll
derive even more general complex versions of these formulae without derivatives!

5.9.1. The binomial coefficients. From our familiar binomial theorem, we
know that for any z € C and k € N, we have (1+2)* = EZ:O (F)z", where (}) =1
and forn =1,2,... k,

k k! 1-2---k k(k—1)---(k— 1
(5.59) — _ _k(k—1)---(k—n+1)
nlk—n)! nl-1-2---(k—n) n!
Thus,

n

k
(1+z)’“1+Zk(k1)”£§kn+1)z”.

With this motivation, given any complex number «, we define the binomial coef-
ficient (z) for any nonnegative integer n as follows: (’3) =1 and for n > 0,

(a> _ala—1)-(a—n+1)

n n!

Note that if « = 0,1,2,..., then we see that all (z) vanish for n > o + 1 and (2)
is exactly the usual binomial coefficient (5.59). In the following lemma, we derive
an identity that will be useful later.

LEMMA 5.37. For any «, 8 € C, we have

(azﬂ) é(z)(nfk) n=0,1,2,....

ProoF. Certainly this formula holds when n = 0 since in this case both sides
equal 1. Assume that this formula holds for n, we shall prove it holds for n + 1.
The following formula will come in handy: For any v € C and k£ > 0,

() e () 2

(5.60)
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With v = a + @ and k£ = n, by induction hypothesis, we can write

o) =) = ()

Using (5.60) various times, we obtain

B R T
)5 )
D)) )

()
(kil)(n ) <)<n+f—k’)_<§)<n+f—k)nil'
)= (1)

Therefore,
a+ - " Jé]
<n+1 ];)(k: 1 ( ) 1+kz_:0(k>(n+1—k>

_Z< )(n—kl—k)nil

since the £ = 0 term in the last expression vanishes. It turns out that the first
expression on the right has many terms that cancel with many terms in the last
expression, since replacing k + 1 with k, we get

" [ a B \k+1 &2 (e 3 k
kZ_()(k+l><n—k)n+1_kZ_O<k)<n+l—k)n+l'

(We really start from k = 1 on the right, but the & = 0 vanishes anyways so we can
start from k& = 0.) Substituting this expression into the line above it and cancelling
appropriate terms from the first and last expressions, we obtain

<Zif> =:§ (g) (wfk)’

which completes our proof. O

5.9.2. The complex logarithm and binomial series. In Theorem 5.39 we
shall derive (along with a power series for Log) the binomial series:
o . « n __ Oé(Oé B 1) 2
(5.61) (1+2) —7;)<n>z —1+az+Tz +, 2l <1
Let us define f(a,z) := > 07 (¢)z". Our goal is to show that f(c, z) = (1+ 2)®
for all @ € C and |z| < 1, where
(14 2)° :=exp(aLog(1l + 2))

with Log the principal logarithm of the complex number 1+z. Ifa =k =0,1,2,...,
then we already know that all the (ﬁ) vanish for n > k + 1 and these binomial
coefficients are the usual ones, so f(k, z) converges with sum f(k, z) = (1+2)*. To
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see that f(a,z) converges for all other a, assume that o € C is not a nonnegative
integer. Then setting a, = (£), we have

_ ala=1)--(a—n+1) (n+1)! n+1

n! ala—1)--(a—n) :|a—n|’

Qnp

an+1
which approaches 1 as n — co. Thus, the radius of convergence of f(a,z) is 1 (see
(5.12)). In conclusion, f(a,z) is convergent for all o € C and |z| < 1.

We now prove the real versions of the logarithm series and the binomial series
(5.61); see Theorem 5.39 below for the more general complex version. It is worth
emphasizing that we do not use the advanced technology of the differential and
integral calculus to derive these formulas! (In Sections 9.5 and 11.5 we’ll develop this
advanced technology to derive these formulas in the way they’re usually derived.)

LEMMA 5.38. For all z € R with |z| < 1, we have

= (_1)’”71 n
log(l1+2z) = ZT:U
n=1

and for all o € C and x € R with |z| < 1, we have

o .- Qv n __ O[(O[—l) 2
(1+x) Z(n>x —1+a$+Ta¢ .

n=0

Proor. We prove this lemma in three steps.

Step 1: We first show that f(r,z) = (14z)" for all r = p/q € Q where p,q € N
with ¢ odd and z € R with |z| < 1. To see this, observe for any z € C with |z| < 1,
taking the Cauchy product of f(a,z) and f(8,2) and using our lemma, we obtain

fle,2)- f(B,2) =§: (i (C;) (ni))z" = i (O‘Zﬁ)z" = fla+8,2).

n=0 \ j=0 n=0
By induction it easily follows that

flaa, z) - flag,z) - flag,z) = flar + as + -+ + ag, 2).
Using this identity, we obtain

f(1/q,2)" = f(1/q,2) - f(1/q,2) = f(1/q+ -+ 1/q,2) = f(1,2) =1 + 2.

q times q times
Now put z = z € R with |z] < 1 and let ¢ € N be odd. Then f(1/q,2)? =1+ =z,
so taking ¢-th roots, we get f(1/q,z) = (1 + 2)'/9. Here we used that every real
number has a unique ¢-th root, which holds because ¢ is odd — for ¢ even we could
only conclude that f(1/q,z) = £(1 + )¢ (unless we checked that f(1/q,x) is
positive, then we would get f(1/q,z) = (1 + 2)'/9). Therefore,

flriz)=fp/¢,x) = f(1/q+ - +1/q,x) = f(1/q,x)--- f(1/q,x)
= f(1/q )’ = L+ 2P/ =(1+2)".

Step 2: Second, we prove that for any given z € C with |z| < 1, f(a,2) can
be written as a power series in « € C:

f(a,z):1+Zam(z)am, a € C;
m=1
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in particular, since we know that power series are continuous, f(«, z) is a continuous
function of a € C. Here, the coefficients a,,(z) depend on z (which we’ll see are
power series in z) and we’ll show that

X (_1\n—-1
(5.62) a(z)=> % 2"

To prove these statements, note that for n > 1, a(a—1) - - - (a—n+1) is a polynomial
of degree n in «, so for n > 1 we can write

(5.63) (a):a(a—l)-~-(a—n+1):gamnam7

n n!
for some coefficients a,,. Defining a,,,, =0 form =n+1,n+2,n+3,..., we can
write (%) = 3"0°_ ) amn @™. Hence,

(5.64) flz,a) =1+ gjl <Z>z" —1+ g <§:1amn am> "

To make this a power series in «, we need to switch the order of summation,
which we can do by Cauchy’s double series theorem if we can demonstrate absolute
convergence by showing that

0o oo oo oo
22 lamna™" =30 3 lamnllal™ |2]" < oo

n=1m=1 n=1m=1

To verify this, we first observe that for all a € C, we have

n
(5.65) oo+ 1)(a+2n)! atn-l) _ S bona™,
m=1
where the b,,,,’s are nonnegative real numbers. (This is certainly plausible because
the numbers 1,2,...,n — 1 on the left each come with positive signs; any case, this
statement can be verified by induction for instance.) We secondly observe that
replacing « with —« in (5.63), we get

Z CGmn, (_1)mam _ _Ol(—a — 1) n' (—Oé —n+ 1)

_ (_1)na(0z+1)...(a+n— 1) _ Z(_l)nbmnam~

n!

m=1

By the identity theorem, we have @, (—1)™ = (=1)"bymyn. In particular, |amn,| =
bynn since by, > 0, therefore in view of (5.65), we see that

S - - (el +1) -+ (la|+n—1)
Z |l ™ = Z |@man] o™ = Z bmn ™ = .
m=0 m=0 m=0

n!

Therefore,

o e

m |, lal(fol +1)---(la[+n—-1) .,
S lamal o™ 2" = 3 N el
m=1 '

1 n=1
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Using the now very familiar ratio test it’s easily checked that, since |z| < 1, the
series on the right converges. Thus, we can iterate sums in (5.64) and conclude
that

flayz) =1+ i ( i amnam)zn =14 i <iamnzn>oﬂm
n=1 m=1 m=1 n=1

Thus, f(«,z) is indeed a power series in a. To prove (5.62), we just need to
determine the coefficients of a! in (5.63), which we see is just

-1 — Nl — 1
a1, = coefficient of o in 21C )(ex oo (a—m+1)

n!
_ DD ) (o (1
Therefore,
al(z) = Z aip 2" = Z %Zﬂ,
n=1 n=1

just as we stated in (5.62). This completes Step 2.
Step 3: We are finally ready to prove our theorem. Let x € R with |z| < 1.
By Step 2, we know that for any a € C,

flag) =1+ Y am(z)a™

is a power series in . However,
« S 1 n n
(1+2)* = exp(alog(l +x)) = Z —log(1+ )" - o
— nl

is also a power series in o € C. By Step 1, f(a,z) = (1 + 2)* for all « € Q with
a > 0 having odd denominators. The identity theorem applies to this situation
(why?), so we must have f(a,z) = (14 2z)* for all @ € C. Also by the identity
theorem, the coefficients of @™ must be identical; in particular, the coefficients of a!
are identical: a;(x) =log(1 + z). Now (5.62) implies the series for log(1+z). O

Using this lemma and the identity theorem, we are ready to generalize these
formulas for real x to formulas for complex z.

THEOREM 5.39 (The complex logarithm and binomial series). We have

ST
Log(1 = — " <1 -1
o +9)= 3 o <t apo
and given any o € C, we have
1+ )“—i Nor—1pazs A0 2y 2] <1
z —nzo 0= az T , |z .

PRrROOF. We prove this theorem first for Log(1 + z), then for (1 + z)*.
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Step 1: Let us define f(z) := > - #z” Then one can check that the

n=1
radius of convergence of f(z) is 1, so by our power series composition theorem, we
know that exp(f(z)) can be written as a power series:

exp(f Zan , |z] < 1.

Restricting to real values of z, by our lemma we know that f(z) = log(1 + ), so

Z an " = exp(f(z)) = exp(log(1 +z)) =1 +z.

By the identity theorem for power series, we must have ag = 1,a; = 1, and all
other a, = 0. Thus, exp(f(z)) = 1+ z. Since exp(Log(1 + z)) = 1 + z as well, we
have

exp(f(2)) = exp(Log(1l + z)),
which implies that f(z) = Log(1l + z) + 2wik for some integer k. Setting z = 0
n—1
shows that k& = 0 and hence proves that Log(1 + z) = f(z) = >~ GO om

n=1 n

We now prove that Log(1+2) =Y 07, #z” holds for |z| = 1 with z # —1
(note that for z = —1, both sides of this equality are not defined). If |z| = 1, then
we can write z = —e'® with z € (0,27). Recall from Example 5.4 in Section 5.1

that for any = € (0,2), the series Y 7 | €SI and Y- | ST converge. Hence,

(5.66) i cosnnx "‘ii sinnnx _ i e

n=1 n=1 n=1

ia;n

e

which shows that Y7 | (_12; Con converges for |z] = 1 with z # —1. Now fix a
point zp with |z9] = 1 and zp # —1, and let us take z — zo through the straight
line from z = 0 to z = 7 (that is, let z = tzg where 0 < ¢ < 1 and take t — 1-).
Since the ratio

|z0 — 2| _ |z0 — tz0] _ |z0 — t20] _ |1 —¢| _1
1— 2] 1 — |tzo] 1—t 1—t ’

which bounded by a fixed constant, by Abel’s theorem (Theorem 5.20), it follows
that

n,

Z 2y = Zlingo Z = lim Log(1+ z) = Log(1 + 29),

z—20

where we used that Log(1 + z) is continuous.

Step 2: Let a € C. To prove the binomial series, we note that by the power
series composition theorem, (1 + 2)® = exp(aLog(1l + 2)), being the composition
of exp and Log, can be written as a power series:

oo
O‘:anz", |z| < 1.
n=0
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Restricting to real z = € R with |z| < 1, by our lemma we know that (1+ x)® =
f(a,z). Hence, by the identity theorem, we must have (1 + 2)* = f(«, z) for all
z € C with |z| < 1. This proves the binomial series. O

For any z € C with |z| < 1, we have Log ((1 + 2)/(1 — z)) = Log(l + z) —
Log(1 — z). Therefore, we can use this theorem to prove that (see Problem 1)

1 1+ 2 2, g2l
(5.67) 5 Log ( ) => .

1—=z n=02n+1

Here’s another consequence of Theorem 5.39.

Example 5.39. In the proof of Theorem 5.39 we used that, for z € (0, 27), the

series Y 7 | €OSNT apnd Y07 | ST copverge. We shall now determine the sum of
these series! In fact, we shall prove that

nz::l cosnnx = log (2 sin(m/Q)) and nz::l smnnx S g T

To see this, recall from (5.66) that, with 2 = —e’®, we have

i CPRT L i sinne i 7(71)n71z" = —Log(1 — 2) = — Log(1 — €'*).

=1 =1 =1 "
We can write

1 —e'® = e®/2(e71/2 _ ¢10/2) = _24¢'®/2 gin(z/2) = 2sin(x/2)e'™/2717/2,
Hence, by definition of Log, we have
Log(1 — e**) = log (2sin(z/2)) + iZ ; T

This proves our result.

5.9.3. Gregory-Madhava series and formula for . Recall from Section
4.9 that
141z
1 42

1
Arctanz = — Lo
21

Using (5.67), we get the famous formula first discovered by Madhava of Sangama-
gramma (1350-1425) around 1400 and rediscovered over 200 years later in Europe
by James Gregory (1638-1675), who found it in 1671! In fact, the mathematicians
of Kerala in southern India not only discovered the arctangent series, they also
discoved the infinite series for sine and cosine, but their results were written up
in Sanskrit and not brought to Europe until the 1800’s. For more history on this
fascinating topic, see the articles [86], [145], and the website [132].

THEOREM 5.40. For any complex number z with |z| < 1, we have

9]
Z2n+1

Arctanz = S (—1)"2——
rctan z Z( )2n+1’

n=0

Gregory-Madhava’s series.
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This series is commonly known as Gregory’s arctangent series, but we
shall call it the Gregory-Madhava arctangent series because of Madhava’s
contribution to this series. Setting z = =z, a real variable, we obtain the usual
formula learned in elementary calculus:

oo
x2n+1

arctanx = Z(—l)"

n=0

n+1

In Problem 5 we prove the following stunning formulae for the Euler-Mascheroni
constant «y in terms of the Riemann (-function ¢(z):

(5.68) =1-) %(C(n) ~1)
n=2

) D= (R (T

n=2

The first two formulas are due to Euler and the last one to Philippe Flajolet and
Ilan Vardi (see [148, pp. 4,5], [58]). .

EXERCISES 5.9.

1. Fill in the details in the proof of formula (5.67).
2. Derive the remarkably pretty formulas:

= (=) 1 1 1
A 2 _ (_ IR IR S -5 3
2(Arctan 2) ;2n+2( tytst +2n+1)z

)

and the formula

n+2 3 n+1

1 2 = (=) 1 1 1 2
Q(Log(l-l—z))—; (1+2+ +ot )z ;

both valid for |z]| < 1.
3. Before looking at the next section, prove that

oo 22l ) (71),1_1
arctanx = T;(—l)"zn 1 and log(1+z) = 7; — z"

are valid for —1 < x < 1. Suggestion: I know you are Abel to do this! From these

facts, derive the formulas
™ 1 1 1 1 1 1
T el—Z+4-—2+—- and log2=1—=+-—-=
1 st 77 and o6 27371

4. For a € R, prove that Y > (:) converges if and only if @« < 0 or a € N, in which case,

=3 ()

Suggestion: To prove convergence use Gauss’ test.
5. Prove the exquisite formulas

(@) .- = Log 2 < 1,
n=1

4+,

nl—zn 1—zn’
n=1
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n 1—2"

(b)z(_1i 2 =Y Log(1+2z"), [s<1.

n=1
Suggestion: Cauchy’s double series theorem.
6. In this problem, we prove the stunning formuls in (5.68).
(i) Using the first formula for « in Problem 7a of Exercises 4.6, prove that v =

S £(£) where f(2) = T3, SR
(ii) Prove that v = 1 —log2+ > >, %(C(n) — 1) using (i) and Problem 8 in
Exercises 5.5. Show that this formula is equivalent to the first formula in (5.68).

(iii) Using the second and third formulas in Problem 7a of Exercises 4.6, derive the
second and third formulas in (5.68).

5.10. % m, Euler, Fibonacci, Leibniz, Madhava, and Machin

In this section, we continue our fascinating study of formulas for = that we
initiated in Section 4.10. In particular, we derive Leibniz-Madhava’s formula for
7 /4, formulas for 7 discovered by Euler involving the arctangent function and even
the Fibonacci numbers, and finally, we look at Machin’s formula for 7, versions of
which has been used to compute trillions of digits of = by Yasumasa Kanada and
his coworkers at the University of Tokyo.? For other formulas for 7/4 in terms of
arctangents, see the articles [102, 75]. For more on the history of computations of
7, see [10], and for interesting historical facets on 7 in general, see [16], [37, 38].
The website [152] has tons of information.

5.10.1. Leibniz-Madhava’s formula for 7. Recall Gregory-Madhava’s for-
mula for real values:

0 L p2n—1
t = 1) .
arctan x 7;)( ) o 1

By the alternating series theorem, we know that > o (—1)""!/(2n—1) converges,
therefore by Abel’s limit theorem (Theorem 5.20) we know that

o0

LT O S S S
4—x1ir{1_arctanx—n¥0( 1) 2n—1_1 3+5 7_|_ )
Therefore,
7 1 1 1 . ]
1= 1- 3 + FT 4+ =, Gregory-Leibniz-Madhava’s series.

This formula is usually called Leibniz’ series after Leibniz (1646-1716) because he
is usually accredited to be the first to mention this formula in print in 1673, although
Madhava of Sangamagramma (1350-1425) discovered this formula over 200 years
earlier. Note that the Gregory-Leibniz-Madhava’s series is really just a special
case of Gregory-Madhava’s formula, which was discovered in 1671 by Gregory (and
earlier by Madhava), Gregory seems to have not noticed this beautiful expression for
7/4; however, see [16, p. 133]. For more history, including Nilakantha Somayaji’s
(1444-1544) contribution, see [145, 132].

5The value of ™ has engaged the attention of many mathematicians and calculators from the
time of Archimedes to the present day, and has been computed from so many different formulae,
that a complete account of its calculation would almost amount to a history of mathematics.
James Glaisher (1848-1928) [64].
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Example 5.40. Let us say that we want to approximate 7/4 by Gregory-
Leibniz-Madhava’s series to within, say a reasonable amount of 7 decimal places.
Then denoting the n-th partial sum of Gregory-Leibniz-Madhava’s series by s,
according to the alternating series error estimate, we want

<

< 0.00000005 = 5 x 107,

T
~ s,
4 2n+1

which implies that 2n + 1 > 108/5, which works for n > 10,000,000. Thus, we
can approximate 7/4 by the n-th partial sum of Gregory-Leibniz-Madhava’s series
by taking ten million terms! Thus, although Gregory-Leibniz-Madhava’s series is
beautiful, it is quite useless to compute 7.

Example 5.41. From Gregory-Leibniz-Madhava’s formula, we can easily derive
the pretty formula (see Problem 4)

(5.69) T=Y 3n4; ! C(n+1),
n=2

due to Philippe Flajolet and Ilan Vardi (see [149, p. 1], [176, 58]).

5.10.2. Euler’s arctangent formula and the Fibonacci numbers. In
1738, Euler derived a very pretty two-angle arctangent expression for :

1 1
(5.70) % = arctan 3 + arctan 3

This formula is very easy to derive. We start off with the addition formula for
tangent (see (4.34), but now considering real variables)

tan f + tan ¢
1—tanf tang’

where it is assumed that 1 — tanf tan¢ # 0. Let x = tanf and y = tan ¢ and
assume that —7/2 < 0 + ¢ < w/2. Then taking arctangents of both sides of the
above equation, we obtain

(5.71) tan(6 + ¢) =

9+¢:arctan<x+y),
1 -2y

or after putting the left-hand in terms of x,y, we get

(5.72) arctan x + arctan y = arctan <1x +y > .
— a2y

Setting x = 1/2 and y = 1/3, we see that

r+y  5/6
l—2y 1-5/6

1

which implies that
1 1
arctan B ~+ arctan § = arctan 1.

This expression is just (5.70).
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In Problem 7 of Exercises 2.2 we studied the Fibonacci sequence, named
after Leonardo Fibonacci (1170-1250): Fo =0, Fy =1, and F,, = F,,_; + F,,_» for
all n > 2 and you proved that for every natural number,

1+5
7

(5.73) Fp=—|on - (-@)—"}, o=

1
V5
We can use (5.70) and (5.72) to derive the following fascinating formula for 7/4 in
terms of the (odd-indexed) Fibonacci numbers due to Lehmer [101] (see Problem
2 and [103)):

(5.74) - = 2 arctan < 2n+1>

Also, in Problem 3 you will prove the following series for 7, due to Castellanos [37]:

oo

l _ (_1)nF2n+122n+3
(5.75) - Z% Bt G 1 S5

5.10.3. Machin’s arctangent formula for 7. In 1706, John Machin (1680—
1752) derived a fairly rapid convergent series for m. To derive this expansion,
consider the smallest positive angle o whose tangent is 1/5:

1
tana = R (that is, o := arctan(1/5)).

Now setting § = ¢ = « in (5.71), we obtain

2tana 2/5 5
1 —tan’a 1-1/25 12’

tan 2a =

SO
2tan2a _ 5/6 120

1—tan®2a 1—25/144 119

which is just slightly above one. Hence, 4o — 7/4 is positive, and moreover,

tanda + tanm/4 /119 1

s

¢ (4 ——>: - .
M7 L) T T tanda tann/4 1+ 120/119 239

tan 4o =

Taking the inverse tangent of both sides and solving for 7, we get

1 1
T —4tan~' = —tan~! —.
4 5 239
Substituting 1/5 and 1/239 into the Gregory-Madhava series for the inverse tangent,
we arrive at Machin’s formula for :

THEOREM 5.41 (Machin’s formula). We have

S
~ 16 —4 .
= Z + 1 52n+1 ZB (2n + 1) 23977+
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Example 5.42. Machin’s formula gives many decimal places of m without much

effort. Let s, denote the n-th partial sum of s : =167 W and ¢, that

O

of t:=4%° W Then m = s — ¢t and by the alternating series error

estimate,
~ -7
s = s3] < gz5 ~ 9102 % 10
and
[t —to] < — o~ 1077
0'=13.(2393 =~
Therefore,

|7T - (83 —t())| = |(S —t) - (83 —to)‘ < ‘8—83| + ‘t—to‘ <5x1075.
A manageable computation (even without a calculator!) shows that s3 — tg =

3.14159.. .. Therefore, m = 3.14159 to five decimal places!

EXERCISES 5.10.
1. From Gregory-Madhava’s series, derive the following pretty series

L I
23 3-3  5-32 7.3 9.34

How many terms of this series do you need to approximate 7/2+/3 to within seven
decimal places? Suggestion: Consider arctan(1/y/3) = 7/6. History Bite: Abraham
Sharp (1651-1742) used this formula in 1669 to compute 7 to 72 decimal places, and
Thomas Fantet de Lagny (1660-1734) used this formula in 1717 to compute 7 to 126
decimal places (with a mistake in the 113-th place) [37].
2. In this problem we prove (5.74).
(i) Prove that arctan & = arctan £ + arctan 1, and use this prove that

1 1 1
= arctan 3 + arctan g + arctan §

ool= r'>~| 3

Prove that arctan z = arctan 3+ arctan = 57, and use this prove that

T 1 1 1
— = arctan = + arctan — 4 arctan — 4 arctan —
4 2 + 5 + 13 + 21°
From here you can now see the appearance of Fibonacci numbers.
(ii) To continue this by induction, prove that for every natural number n,

Fn n -
By, = 12 +1Fonyo 1'
Fonis

Suggestion: Can you use (5.73)7
(iii) Using the formula in (b), prove that

1 1 1
arctan (| — | = arctan + arctan .
(FQn) (F2n+1) (F2n+2)

Using this formula derive (5.74).
3. In this problem we prove (5.75).
(i) Using (5.72), prove that

tan—1 V2T _ _1(1+¢5) _1(1—¢5)
an = tan r — tan xT.

1—x2 2 2
(ii) Now prove that

—1 S5x _ i (—1)”F2n+11'

1—a? 4= 5" (2n+1)

2n+1

tan
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(iii) Finally, derive the formula (5.75).
4. In this problem, we prove the breath-taking formula (5.69).
(i) Prove that

g:§(4n1—3_4n1—1) zif(%)

where f(z) = =25 — 72

4—3z 4—z"°
(ii) Use Theorem 5.29 to derive our breath-taking formula.

5.11. % Proofs that 72/6 = > 7 1/n? (The Basel problem)
Pietro Mengoli (1625-1686) posed the question: What’s the value of the sum

This problem was made popular through Jacob (Jacques) Bernoulli (1654-1705)
when he wrote about it in 1689 and was solved by Leonhard Euler (1707-1783) in
1734. Bernoulli wrote

If somebody should succeed in finding what till now withstood
our efforts and communicate it to us, we shall be much obliged
to him. [37, p. 73].

Before Euler’s solution to this request, known as the Basel problem (Bernoulli lived
in Basel, Switzerland), this problem eluded many of the great mathematicians of
that day. Needless to say, it shocked the mathematical community when Euler found
the sum to be 72/6. (You’'ll have to wait until Section 6.6 to see Euler’s original
proof.) In this section, we present two “elementary” proofs, where “elementary”
means that we use nothing involving calculus or beyond. The first proof is of
historical interest, but long, and goes back to Nicolaus Bernoulli (1687-1759) (Jacob
Bernoulli’s nephew) from 1738, and the other proof is more recent and is truly very
elementary, and short, which we found in an article by Hofbauer [79]. For more on
various solutions to the Basel problem, see [84] and [39] and for more on Euler, see
8], [91].

5.11.1. Cauchy’s arithmetic mean theorem. Before giving our first proof
of Euler’s sum, we prove the following theorem.

THEOREM 5.42 (Cauchy’s arithmetic mean theorem). If a sequence a1,
ag, as, ... converges to L, then the sequence of arithmetic means (or averages)

1
My ::E<a1—|—a2+~"+@n>

also converges to L. Moreover, if the sequence {a,} is nonincreasing, then so is its
sequence of arithmetic means {m.,}.

Proor. To show that m,, — L, we need to show that

mn—L:%((al—L)—l—(ag—L)—i—---—i—(an—L))
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tends to zero as n — o0o. Let € > 0 and choose N € N so that for all n > N, we
have |ay| < /2. Then for n > N, we can write

mal < - (Itar = )+ 4 (an = D))+ (lawsa — L)+ - + (an — 1))
< (@ -+t v = D) 42 (544 5)
= (Il ~ D)+ G —D)) + P E
S%(|a1+"'+&N|)+%-

By choosing n larger, we can make %(\al 4+ 4 aN|) also less than e/2, which

shows that |m,,| < e for n sufficiently large. This shows that m,, — 0.
Assume now that {a,} is nonincreasing. We shall prove that {m,} is also
nonincreasing; that is, for each n,
1
n+1

(a+ bt ) € L+
or, after multiplying both sides by n(n + 1),

n(a1—|—~~+an) + nap41 §n(a1—|—~~-—|—an) + <a1—|—~~+an).
Cancelling, we conclude that the sequence {m,} is nonincreasing if and only if

Npt+1 = Gpt1 T Opt1 + - Gpy1 S A1+ 02 + -+ + ap.

n times

But this inequality certainly holds since a,11 < a for £ = 1,2,...,n. This com-
pletes the proof. O

There is a related theorem for geometric means found in Problem 2, which can
be used to derive the following neat formula:

oo [ (OO

5.11.2. Proof I of Euler’s formula for 72/6. Assuming only Gregory-
Leibniz-Madhava’s series:

we give our first of many proofs of the fact that

™ =1 1 1 1
Term T tEtmEtet
n=1

According to Knopp [92, p. 324], the proof we are about to give “may be regarded as
the most elementary of all known proofs, since it borrows nothing from the theory
of functions except the Leibniz series”. Knopp attributes the main ideas of the



5.11. % PROOFS THAT =72/6 =Y. . 1/n? (THE BASEL PROBLEM) 305

n=1

proof to Nicolaus Bernoulli (1687-1759). First we shall apply Abel’s multiplication
theorem to Gregory-Leibniz-Madhava’s series

(%)2 B (2(_1)n2nl+l> ' (Ti(_”nmi 1)'

To do so, we first form the n-th term in the Cauchy product:

n

1 1

1 . - e
c":,;)(_l)k%ﬂ'(_l) k2n72k+1_<_1) §(2k+1)(2n72k+1)'

Observe that

1 1 1 1
(2k+1)2n—2k+1) 2(n+1) (2k+1 * 2n—2k+1> ’
which implies that

G L N - 1 (-G 1
T S 1) 22k+1+22n—2k+1 _n+1z2k+1'

k=0 k=0 k=0

Thus, the Cauchy product of Gregory-Leibniz-Madhava’s series with itself is

1 1 1
—1)" T4 =4
Z( )n+1<+3+ +2n—|—1>’

n=0

provided that this series converges. To see that this series converges, note that the

sum
PPN
n+1 3 5 2n—1 2n+1
is just the arithmetic mean, or average, of the numbers 1,1/3,...,1/(2n+1). Since

1/(2n+1) — 0 monotonically, Cauchy’s arithmetic mean theorem shows that these
averages also tend to zero monotonically. In particular, by the alternating series
theorem, the Cauchy product of Gregory-Leibniz-Madhava’s series converges, so by
Abel’s multiplication theorem, we get the formula

(5.77) G)Q:é(_l)nni1 (1+%+---+ﬁ).

We evaluate the right-hand side using the following technical theorem.

THEOREM 5.43. Let {a,} be a nonincreasing sequence of positive numbers such
that > a2 converges. Then both series

5= Z(—l)"an and O = Z anOnik, k=1,2,3,...
n=0

n=0

converge. Moreover, A := Y72 (—1)*716,, also converges, and we have the formula
o0
Z a? = s* +2A.
n=0

PROOF. Since > a2 converges, we must have a, — 0, which implies that
> (=1)"a, converges by the alternating series test. By monotonicity, ananr <
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an - a, = a2 and since > a2 converges, by comparison, so does each series d =
>0 o Gnlnik.- Also by monotonicity,

oo oo
6k+1 - E AnAp+ k41 S § AnQp+k = 6k:a

n=0 n=0
so by the alternating series test, the sum A converges if §; — 0. To prove this, let
e > 0 and choose N such that a3, | + a% 4+ -+ < &/2. Then, since the sequence
{a,} is nondecreasing, we can write

o
5k - E AnAn+k
n=0

= (aoak + -+ aNaN+k) + (aN+1aN+1+k +aNt2aN2+k + - )
< (aoak +- aNak) + (a?vﬂ + a?\prg + a?\;+3 +-- )

€

<ay, - (ao+~~+aN) +5-

As ap, — 0 we can make the first term less than /2 for all k large enough. Thus,

8 < e for all k sufficiently large. This proves that A = >3 (—1)k~1§; converges.
Finally, we need to prove the equality

S a2 =223 (~1)F o = 200 — G+ Gy — 4]
n=0 k=1

To prove this, let s,, denote the n-th partial sum of the series s = Y7 (—1)"ay.
‘We have

n 2 n n

Si = <Z(—1)kak> = ZZ(—l)k—Mak Qy.
k=0 k=0 £=0

Consider the following array (called a matrix) of numbers:

+a? —apaq +apas —apas <o (=D"™agan,

—aiag +a? —aias +aias o —=(=1D)"aran,

“+az0aq —ag2a1 +a§ —agas s (—1)”a2an
(=D"apnag —(—1D)"anar (—1)"anas —(—1)"anas --- a?

Then s2 is the sum of all the terms in this array. We can sum diagonally along
every diagonal stretching from the north-west to south-east, obtaining

n
3721 = E az—Z[aoal + ajas + asag + - - + an,lan]
k=0

+ 2[a0a2 +ajas3+ -+ an,gan]
— 2[a0a3 +ajaq+ -+ an,gan] + —--+2(=1)"apan,
where we used that the matrix is symmetric about the main diagonal. Let
dp :=2[01 =62+ 65—+ + (—=1)"4,].

We need to show that s2 +d, — > p-,a? as n — co. To prove this, we add the
expressions for s2 and d,, given in the previous two displayed equations, recalling
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that 0 = agay + a1ak41 + a2ak42 + - -+, to obtain

n

gt dn =3 ap+2[anni1 + Ani10n12 + Gng2anis + -

k=0
— Q[an_lanH + antpyo + - }
+ Q[Gn_gan+1 + ap—1an42 + - ]
=4 21" arang1 + a2an42 + -]
With ay = arapt1 + @Gk410n+2 + Gg20n43 + - - -, this expression takes the form

n
s2 4+ d, — Zai =2(—1)"" g —as+az —+- + (—=1)"Ta,].
Since the sequence {a,} is nonincreasing, it follows that the sequence {ay} is also
nonincreasing:

Qg = QgOn41 + Qgp1Qpy2 + - 2 Qpp1Gpg1 + Qpp2py2 + 0 = Qgy1.

Now assuming n is even, we have

n
2 2
sy +dy, — E ajy
k=0

= 2‘(@1 —ag)+ (g —aq)+ -+ (an-1 —an)‘

= (a1 —ag) + (g — )+ + (@p_1 — )
:041*(042*043)*(044*045)*"'*(an—zfoén—ﬁfan
<o —ay <01 = a10p41 + G20pg2 + -+ = Oy — Ao,

where we used the fact that the terms in the parentheses are all nonnegative because
the ay’s are nonincreasing. Using a very similar argument, we get

n
steranai <
k=0

for n odd. Therefore, (5.78) holds for all n. We already know that J, — 0 and
an — 0, so (5.78) shows that the left-hand side tends to zero as n — oo. This
completes the proof of the theorem. O

(5.78) O — aoan

Finally, we are ready to prove Euler’s formula for 72 /6. To do so, we apply the
preceding theorem to the sequence a,, = 1/(2n + 1). In this case,

[e.°]

Nt 1
0 = nQnik = .
b Zaa““ 7;)(271-1-1)(271—1—2/@-1-1)

Observe that

1 1 1 1
(2n +1)(2n + 2k + 1) _%{2n+1 _2n+2k+1}’
SO

5 —_ 1 1 _i 1 1_’_ +#
k_2k n+1 2n+2k+1) 2k 3 % 1)’

since the sum telescoped Hence, the equality > >2 = 52 + 2A takes the form

nOn

> 1 > 1 1 1
nzo(znﬂ ( ) +kZ:1 % <1+§+”'2k—1>'
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However, see (5.77), we already proved that the Cauchy product of Gregory-Leibniz-
Madhava’s series with itself is given by the sum on the right. Thus,
2

. > 1 T 2 ™2 7

= () ()=

(5.79) T;) (2n+1)2 4 + 4 8

Finally, summing over the even and odd numbers, we have
2

1 o 1 — 1 2 I 1
IR TSRO I RS o
—in? = (2n41)2 0 = (2n) 8 4n?
and solving for Y77 | 1/n?, we obtain Euler’s formula:
™ = 1 1,1 1
T e ittt
n=1

5.11.3. Proof I1. Follow Hofbauer [79] we give another proof of Euler’s sum,
which is short and sweet! For this proof, we shall use many properties of trigono-
metric functions. We begin with the identity

1 1 RS IR SR U
sinz 4sin2§0052% T4 |gin?z cos? § 4 |si

or, since sin(z) = sin(r — z),

wla

1 1
(5.80) - = Li

R I T S -
4 |sin®E sin? L | 4 sin22’r—2'

Applying (5.80) (with x = 7/2%) to the right-hand side of this equation gives

2 1
1:4_2 Lian—i_m 2?;7] 422 2k+1)7'r'

23
Repeatedly applying (5.80), we arrive at the interesting formula

2n—1l_q

(5.81) 1= 2 !
. 477, = Sin2 (2;67:5»11)71'

To establish Euler’s formula, we need the following lemma.

LEMMA 5.44. For 0 < z < m/2, we have
! > ! > -1+ !
sinz ~ a? sinx’

Proor. Taking reciprocals in the formula from Lemma 4.56: For 0 < z < 7/2,

sinx < r < tanz,

-2

we get cot?z < 72 < sin”?x. Since cot?x = cos®x/ sin?z = —1 +sin" 2z, we

conclude that

1 1 ™
, —>-1+——, 0<z<3,
sin“z = sin” x 2
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which proves the lemma. O

Now using the inequality

Lol 0<a<T
Il 7 r< X
sin?x ~ 22 sin® x 2
and the fact that 0 < (2k + 1)7/2" " < 7w/2 for k=0,...,2""1 — 1, we see that
2n71_1 1 2n71_1 1 on— 1_1
S S e e
.2 (2k+1)w 2 (2k:+1)7‘r
k—o S on+1 k=0 ((25:;11)7"> Ton¥1

Multiplying both sides by 2/4™ = 2/22" and using (5.81), we get
on-1_q

8 1 1
1>= e "
T kzzo @k 12 2

Taking n — oo, we obtain
i 1 72

];) 2k+1)2 8
This equality, as we showed just after (5.79), easily implies Euler’s formula. See

Problem 4 for a classic proof.

EXERCISES 5.11.

1. Prove that
14212 4 31/3 4. 4 pl/n

li =1
(a) lim . ,
1 1 1
b) Ii . =1
(6) Lim n2+1+n2+2+ +n2+n
2. If a sequence ai,as2,as,... of positive numbers converges to L > 0, prove that the

sequence of geometric means (aiasz--- an)l/ ™ also converges to L. Suggestion: Take
logs of the geometric means. Using this result, prove (5.76). Using (5.76), prove that
e=lim ———.
(n!)l/'n
3. (Partial fraction expansion of 1/sin? x) Here’s Hofbauer derivation [79] of a partial
fraction expansion of 1/sin? x.

(i) Prove that
271

11 1
(ii) Show that
1 1 TS

. 1 T n 1 . .
3 o2 n—o0 oy T N2
(iii) Finally, prove that —s— = lim > Gz We usually write this as

1 1
5.82 -3 _
(5.82) sin? x = (x + k)2

4. (Euler’s sum for 7°/6, Proof ITI) In this problem we derive Euler’s sum via an old
argument found in Thomas John I’Anson Bromwich’s (1875-1929) book [31, p. 218-19]
(ct. [5], [134], [94]).
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(ii) Recall from Problem 4 in Exercises 4.7 that for any n € N and = € R,

[(n—1)/2] n
sinng = kZ:O (1" <2k n 1) cos" 2 g sin®* ! .

Using this formula, prove that if sinx # 0, then

= 2n+1
sin(2n + 1)z = sin®" ' 2 ;(_1)k <QZ jr_ 1) (cot? z)"F.

(iiii) Prove that if n € N, then the roots of ZZ:O(*l)k@ZID t"™* = 0 are the n

2 mm
2n+1

numbers t = cot where m=1,2,...,n.

- o —1
Zcot2 km _ n(2n )
Pt 2n+1 3

Suggestion: Recall that if p(t) is a polynomial of degree n with roots r1,...,7x,
then p(t) = a(t —r1)(t —r2)--- (t —7xn) for a constant a. What’s the coefficient
of t* if you multiply out a(t —r1)--- (t — 7,)?

(iviv) Prove that if n € N, then

n

1 2n(n + 1)
5.83 = .
( ) kzzl sin? 27’:_’?1 3

From this identity, derive Euler’s sum.

5. (Partial fraction expansion of 1/sin? z, Proof IT) As noted by Hofbauer [79], the
identity (5.83), which is a key ingredient to the previous proof, can be derived from
the partial fraction expansion (5.82).

(i) Use (5.82) to prove that for any n € N,

n—1
1 1 1
(5.84) == mz::O o

sin? x

Suggestion: Replace z with 2£™™ in (5.82) and sum from m =0 to n — 1.
(ii) Take the m = 0 term in (5.84) to the left, replace n by 2n + 1, and then take
x — 0 to derive (5.83).



