BICATEGORIES, PSEUDOFUNCTORS, SHADOWS: A CHEAT SHEET

CARY MALKIEWICH

We give in tabular form the definition of a symmetric monoidal category, a bicategory, a pseudofunctor, a shadowed
bicategory, and other related concepts. There is something of a general pattern to these definitions, that is easiest to see
when they’re written out this way. This point of view was helpful when the author was trying to learn these concepts, so
hopefully it will be helpful for other people as well.



Categories

category functor equality of functors natural transformation
¢ F:¢—2 F=¢d n:F=G
set function equality elements
ob% ob% ob% s 0b + % 9(Fa,Ga)
) |
obZ ob% o obZ
sets functions equalities commuting squares
%(a,b) %(a,b) %(a,b) ——> D(Fa, Fb) F(a,8) —"_ G(Fa, Fb) x 9(Fb,Gh)
i 4 n(a)x Gl l .
P (Fa, Fb) ¢ (a,b) —= 2(Ga, Gb)

P (Fa,Ga) x 2(Ga,GH) P(Fa,GH)

composition functions

€ (a,b) x €(b,c) —— €(a,c)

preserves composition

€ (a,b) x €(b,c) € (a,c)

e |r

P (Fa, Fb) x 9(Fb, Fc) — 9(Fa, Fc)

units

*&Cg(a,a)

preserves units
id
* — € (a,a)

|7

* —> 9 (Fa, Fa)

ldFcr,

associativity

% (a,b) x Z(b,c) x €(c,d) % @(a,c) x (e, d)

%(a,b) x €(b,d) % (a,d)

unitality
1 Xidb

€(a,b) — €(a,b) x €(b,b)

%€ (a,b)

€ (a,b)

idml \

% (a,a) x €(a,b) — €(a,b)

Light green cells are data, light blue cells are conditions.

Notice the “extruding” pattern that brings us from each column to the next. The dimension increases by one each time.

When the diagram becomes 2-dimensional, it becomes a condition, and then disappears from the subsequent column

(because the obvious next diagram is actually a vacuous condition). Unfortunately this pattern does not continue to the

last column (natural transformations).




Monoidal categories

monoidal category strong monoidal functor monoidal natural transformation nothing
3 F:6—9 n:F=G
nothing nothing nothing
category functor natural transformation
3 G ¢ —L>9
|- g
7 € i 9
tensor product tensor isomorphism respects m (uses 1, n X 1, and 2 ms)
ExEC —>F CxEC —>F ExC ° 3
FxF l m i F o I;/ o 7
D% G — 2 DXD H 9
%x%——ﬁ—fz»%
Saxa 7
D XD 9
unit unit isomorphism respects i (uses 1 and 2 is)
B «—Ls@ * ! €
0 lF * / ! 9 F/
* —> 9
* ! - 3
/
* ! 9 /
associator associator coherence (uses 2 as, 4 ms)

®Rx%x1

®x1

CXECXEC—CxE C XCxC € x €
Ix® ®
1X®l ot l® %///‘ %///
€ x € 4 C x € 3 FxF
FxFxF
L |F
FxF| P XxIPxD ox —= 9 x99
1xy y
D% D : 9
unitors unitor coherence (each uses i, m, and 2 (s or 2 rs)
¢ L xe - € x €
le %\\\\ %\\\\ #// ‘Q§§\§%7 §§§§§ %// o
o9 5>@x9
\ ®/
Dx9D .@ 9

pentagon axiom (using 5 as)

C XEC XEC XC C XC xXC
min/ ciﬂ/
CXECXE ol C X C 1®

Lll@
®1 ©
18| € XE€ xXE —= € X €
2 v
C X € ? %
unit coherence (using ¢, r, «)
EC x €
171
X € % 1o C X C
®
‘/é; ® A/<;/

€ x€ €

This looks like the definition of a category, except that the dimension has increased, because we are using categories

in the place where we used sets before. Every time we had a condition that a square commutes, we now get a natural

isomorphism making that square commute. So the old conditions have become data, and the coherence of that data is

captured by new conditions.

The “extruding” pattern is present throughout this table.

This gives a helpful mnemonic: to get the definition of a

monoidal functor from the definition of a monoidal category, just multiply by an interval. Another way of saying this, is
that in each entry we get the product of a diagram from the left-hand column and a diagram from the top row.



Symmetric monoidal categories

symmetric monoidal category strong symmetric monoidal functor monoidal natural transformation nothing
€ F:6—92 n:F=G
nothing nothing nothing
category functor natural transformation
3 @ ¢ —L>9
|- "
7 C—9
G
tensor product tensor isomorphism respects m (uses 1, n X 1, and 2 ms)
ExEC —>F CxEC —F Cx € = 3
FxF F
FXF\L m{ lF / % /
D XD 7
DxD — 9 H
®
CxC———|—%F
/e v
GxG ®
D XD 7
unit unit isomorphism respects i (uses 1 and 2 is)
*—i%>%7 *——I—>%7 * ! 4
F
* ! 7
* —=> 9
I
* ! €
G
/ I /
* 9
associator associator coherence (uses 2 as, 4 ms)

®Rx1

®x1

CXECXEC—CxC C xXCxE € x€
1x® ®
| 2. 7
C xXC 4 C x € € FxF
FxFxF
o
FxF| P XD x9D ox —= 9 x99
lxy y
DX D ® 9
unitors unitor coherence (each uses i, m, and 2 ¢s or 2 rs)
© ¢ L xe ™ C b X
lel\ &J{ /‘\ \ -
g CxXC—> € FxF
CXxXC—F iF
® 1xI | F
FXF[IX1 7 F 9 g@x@
D XD 5 9 9

symmetry isomorphism

C <X C C <X C

WA

¢

swap

symmetry coherence (uses 2 7s, 2 ms)

C X € C X C

NP

F
D XD ——=9Px9

SN ee

9

swap

swap

pentagon axiom (using 5 as)
CXECXEXE C xCxC
min/ @jy
CxCxEC 2 ex¢ |1

| :

8| €XECEXE ————|—FXxXE

ST

C x€ ¢

unit coherence (using ¢, r, «)

C xC

111
X C % € <€

4®®%4

C X €

braid coherence (using 3 s, 3 as)

C X EC XE E X EC XE b xXEC XE

RN

C xC C X €

swap X 1 1 X swap

swap

\\//

b xXC C xC

reflexivity coherence: 62 = 1

This is identical to the table for monoidal categories, except there is one more row for the symmetry isomorphism, and

two more coherences. We get braided versions of these definitions as well by dropping the condition #? = 1 and inserting
the coherence that the braiding takes the left unit to the right unit.



Bicategories

bicategory pseudofunctor icon (vertical natural transformation) pseudonatural transformation (horizontal natural transformation) modification
€ F:6—92 n:F=G n:F=G L:n—u
set function equality functors natural transformations
ob% ob¥? ob% —= 0b2 + " 9(Fa,Ga) + " 9(Fa,Ga)
) e g
0bZ 0b% ——> 0bZ + 9 9(Fa, Ga)
categories functors natural transformations natural isomorphisms respects 1 (uses 2 ns, 2 I's)
Fxn(b Fxn(b
%(a,b) %(a,b) %(a,b) > D(Fa, Fb) @(a,b) —"__ 5(Fa, Fb) x 2(Fb, Gb) B ACR) el P(Fa, Fb) x 9(Fb, Gb)
n(a)x o)
J{F i n(a)XGJ{ g J{G / - /
P (Fa,Ga) x 2(Ga,Gb) 9(Fa,Gb)
9(Fa, Fb) € (a,b) — 2(Ga, Gb) P(Fa,Ga) x 2(Ga, Gb) P(Fa,GH) H
Fxu(b
wea E@?) 0 —~ 9(Fa, Fb) x 9(Fb, Fb)
v(a)X ®
k///// ® k/////

P (Fa,Ga) x 2(Ga,Gb)

P(Fa, Fb)

horizontal composition

%(a,b) x €(b,¢) ——= % (a, c)

composition isomorphisms

€ (a,b) x €(b,c)
FxFl my iF

P (Fa,Fb) x 9(Fb, Fc) = P(Fa, Fc)

respects m (uses 7, n X n, and 2 ms)
®

€ (a,b) x €(b,c) € (a,c)
FxF F
® /
9(Fa, Fb) x 2(Fb, FC)H P (Fa, Fc)
%(a,b) x €(b, c) © %(a,c)
G
e . g
9(Ga, Gb) x 9(Gb, Ge) %(Ga, Ge)

n(a)xGxG

D(Fa,Ga) x D(Ga, Gb) x €(Gh, Gc) —2> D(Fa,Gb) x D(Gb, Ge)

P (Fa,Ga) x 2(Ga,Gc)

respects m (uses 3 7s, 3 as, 2 ms)
FxFxn(c)

€ (a,b) x €(b,c)

Fxn(b)xG 1o
P(Fa,Fb) x Z(Fb,Gb) x 2(Gb, Ge) — P (Fa, Fb) x 2(Fb,Gc)
Ay AG/

o P(Fa,Ge)

QL F'xn(c)

€ (a,c)

/
o 9(Fa,Ge)

D(Fa,Fb) x Z(Fb,Fc) x Z(Fc,Ge)

©1

Y (Fa,Fc) x 2(Fc,Ge)

units

* —> € (a,a)

unit isomorphisms

S I % (a,a)

respects i (uses 7 and 2 is)
P

* € (a,a)
F
*/ fra @(Fa,f{
x fo — %(a, a)
*/ fGa @(Ga,é%{

respects i (uses 7, £, r, and 2 is)

* (@) P(Fa,Ga)

Ipal

Uga D(Fd,Fa) x 2(Fa,Ga)

S axa

PY(Fa,Ga) X 2(Ga,Ga)

associator

%(a,b) x € (b, c) x €(c,d) > €(a,b) x €(b,d)

1><®l ol l@

€ (a,c) x €(c,d) € (a,d)

associator coherence (uses 2 as, 4 ms)

%(a,b) x €(b,c) x €(c,d) o % (a,b) x €(b,d)
%(a,c) x €(c,d) © % (a,d) FxF
FXFxXF
oOx1 E
D(Fa, Fb) x D(Fb, Fc) x 9(Fe, Fd) —~ P(Fa, Fb) x 2(Fb, Fd)
FxF kifg/// k/f;///
D(Fa, Fe) x D(Fe, Fd) & P(Fa, Fd)

unitors

% (a,b) =L %(a,b) x €(b,b)

&l@

€ (a,b)

€ (a,b)

ro N

€ (a,a) x €(a,b) — € (a,b)

unitor coherence (each uses i, m, and 2 fs or 2 rs)
%(a,b) %(a,b) el %/
O]
‘@ \ \ /
¢ (a,b % (a,b)

,b) B
lF

a,b) x €(b,b)

€ (a,a) x €(a,b) FxF

P D(FaFY) P 9(Fa,Fb) —"" " 9(Fa, Fb) x 9(Fb, Fb)
Fa o
P(Fa,Fa) x 9(Fa, Fb) P(Fa, Fb) P (Fa, Fb)

pentagon axiom (using 5 as, the back face is the identity transformation)

%(a,b) x €(b,c) x €(c,d) x €(d,e) —2 > €(a,c) x €(c,d) x €(d,e)
101 y
% (a,b) x €(b,d) x €(d, e) ol %(a,d) x €(d, ) 16
116
16| (a,b) x €(b, ) x €(c,e) on|° %(a,c) x €c, e)
o o
%(a,b) x € (b, e) o %(a,e)

unit coherence (using ¢, r, «)

€ (a,b) x €(b,c)
\
11,1
(a,b) x €(b,b) x € (b, © %(a,b) x € (b, c)

©

€ (a,b) x €(b,c) € (a,c)

A bicategory is a monoidal category on many objects. You can see this by ignoring the top row of this table and comparing

the rest of the first three columns to the table on monoidal categories. Therefore a vertical natural transformation is the

natural generalization of a monoidal functor.

Horizontal natural transformations are different from these. They behave more like the natural transformations back in
the table on categories, because they transform the 0-cells “along 1-cells.” Once we have that definition, we can extrude

it again and get the definition of a modification.



Bicategories with shadow

bicategory with shadow

strong shadow functor

shadow icon (vertical shadow natural transformation)

€ F:6—92 n:F=G
set function equality
ob% ob% ob% —E > 0b2
| |
obZ ob% o obZ
categories functors natural transformations
% (a,b) % (a,b) %(a,b) —— 9(Fa, Fb)
J{F 4
P(Fa, Fb) € (a,b) S 2(Ga, GH)
category functor natural transformation
F
% K( )~
|-
9<<>>

horizontal composition

composition isomorphisms

respects m (uses n, n x n, and 2 ms)

%(a,b) x €(b,¢) ——= % (a, c) %(a,b) x €(b, ) %(a,c) i@ b) x €(b, c) & f/%m, ¢)
FxFl iF ©)
9(Fa, Fb) x 9(Fb, Fe) —> 9(Fa, Fe) I (Fa, Fb) x J(Fb, Fe) 7(Fa, F)
€ (a,b) x €(b,c) © € (a,c)
2(Ga,Gb) x 2(Gb, Gce) 2(Ga, Ge)

units unit isomorphisms respects i (uses 7 and 2 is)

S € (a,a) S €(a,a) * fo % (a,a)
* fra 9(Fa, Fa)

i 9(Fa, Fa) ’
* fa — % (a,a
/ f/( )
I
* 2(Ga,Ga)
shadows shadow isomorphisms respects s (uses 2 ns and 2 ss)
- B )
Floma) —% Flae) =% 6) %
| i F/ ) ) e
P(Fa,Fa) *>>> 9«» (Fa, Fa) (0]
“(aa) = %
G G
-) /
@KGG,GG) Q@
associator associator coherence (uses 2 as, 4 ms)

%(a,b) x €(b, c) x €(c,d) > €(a,b) x (b, d)

1><@J/ aff l@

€ (a,c) x €(c,d) € (a,d)

Ox1

€(a,b) x €(b,c) x €(c,d)

%(a,b) x € (b, d)

/

€ (a,c) x €(c,d)

FxXFxXF

PD(Fa, Fb) x 9(Fb,Fc) x 9(Fec, Fd)

FxF y

€ (a,d)

F
— P(Fa, Fb) x 9(Fb, Fd)

/

Ox1

D(Fa,Fc) x 9(Fc,Fd)

P (Fa, Fd)

unitors

%(a,b) =22 F(a,b) x €(b,b)

Ni@

€ (a,b)

ro N

unitor coherence (each uses i, m, and 2 ¢s or 2 rs)

€ (a,b)

Pl ‘@\

€ (a,b)

].><Ib

€ (a,b) x €(b,b)

l .

/
€ (a,b) x €(a,b) € (a,b) F FxF
€ (a,a) x €(a,b) — ¢ (a,b) € (a,b) lF
FxFl _ 9(Fa,FY) |F 9(Fa, Fb) — 22 lF 9(Fa, Fb) x 9(Fb, Fb)
— T~ ~ 1®/
9(Fa, Fa) x 9(Fa, Fb) S 9(Fa, Fb) P (Fa, Fb)
rotator rotator coherence (uses 2 s, 2 ms, 2ss)
% (a,b) x E(b,a) =L (b, ) % (a,b) x € (b, a) oswap % (b, b)
® =)
® 07 _
| (& = . /
¢la,a) % #la.a) % d
=) lFxF
9(Fa, Fb) x 9(Fb, Fa) E 9(Fb, Fb)
F o (-
e ) =
@(F%l%ﬂ 9@

pentagon axiom (using 5 as)

%(a,b) x €(b,c) x €(c,d) x €(d,e) —2 = €(a,c) x €(c,d) x €(d,e)

%(a,b) x €(b,d) x €(d, ) ol %(a,d) x €(d, e) 10

116

o1 ©

10| €(a,b) x €(b,c) x €(c,e)

g

€ (a,b) x €(b,e)

% (a,c) x €(c,e)

e

o € (a,e)

unit coherence (using ¢, r, «)

€ (a,b) x €(b,c)

(a,b) x €(b,b) x

% @

%(a,b) x € (b, c) © %(a,c)

b) x €(b,c)

shadow associator coherence (using 3 as, 3 6s)

%(a,b) x €(b,c) x €(c,a) ©Oloswap % (b, ¢) x €(c,b)
e =
% (a,b) x €(b,a) cosep @ (b, b) Goswap
®1
o) €(a,c) X €(c,a) coswap i € (c,c)
© -
/ ) /
€ (a,a) %@

shadow unit coherence (using ¢, r, 6)

/ X €(a,a) omvap ,a)

This is just the definition of a bicategory, except there is one more row for the shadow category, one for the shadow

functor, one for the rotator isomorphism, and two more coherence conditions. The new coherence conditions mirror the

original two, but with rotators in the place of associators. One would anticipate that there is an analogous definition for

horizontal natural transformations and modifications here, but it doesn’t seem to have been written down yet.



