Solutions to Homework 4

Problem 1. he altitudes of a triangle ABC' intersect at a point H. Let O4 be the
circumcenter of the triangle BC'H. Similarly define Op and O¢. Prove that the segments
AO,, BOpg, CO¢ share a common midpoint. What is this point? Conclude that the
triangles ABC and O 4OpO¢ are congruent.

Hint: 1) What is the orthocenter of BCH?

2) What can you say about the nine-point circles of the triangles ABC, ABH, BCH,
ACH?

b) Prove that H is the circumcenter of O4OpO¢ and that the circumcenter of ABC' is
the orthocenter of O40g0¢.

c) Prove that the Euler lines of the triangles ABC, ABH, BCH, ACH intersect at one
point.

Solution. Let I' be the 9-point circle of the triangle AABC and let T be its center.
Then T is the midpoint of OH, where O is the circumcenter of AABC. The midpoints

of segments AH, BH, CH, AB, AC, BC are on I.

The 9-point circle of triangle AABH contains the midpoints of AH, BH, AB so it coin-
cides with I'. Similarly I' is the 9-point circle of AACH and ABCH.

Note that the line AC is perpendicular to BH so AC' is an altitude of AABH. Similarly
BC is an altitude of AABH. Tus C is the orthocenter of AABH. Since T is the 9-point
center of AABH, T is the midpoint of CO¢. In the same way we show that 7' is the
midpoint of BOg and AOjy4.

Let us make the following general observation: if M is the midpoint of XY and UW then
XU =YW and the lines XU, YW are parallel (since the triangles AXUM and AYW M

are congruent).

From the above observation we see that AB = O40p, AC = O40¢, and BC = OgOc¢.
Thus triangles AABC and AO40pO¢ are congruent by sss. This proves part a)

Using our observation again, we see that OA = HO4, OB = HOpg, and OC = HOc.
Since OA = OB = OC, we see that HO4 = HOp = HO¢. Thus H is the circumcenter
of AO,Op0O¢.

Note that both O and O4 are on the perpendicular bisector of BC. Since BC' and OgO¢
are parallel (by our general observation above), the perpendicular bisector of BC' passes
through O, O4 and is perpendicular to OgOc. Thus the perpendicular bisector of BC
is the altitude of the triangle AO4OpO¢ from vertex O4. Similarly, the perpendicular
bisector of AC is the altitude of the triangle AO4OpO¢ from vertex Op and the per-
pendicular bisector of AB is the altitude of the triangle AO4OpO¢ from vertex Oc. It
follows that O is the orthocenter of AO,OpO¢ (another way to see this is to observe that
I is also the 9-point circle of AO4OpO¢). This proves part b).

Since the Euler line contains the 9-point center, we see that 71" is on the Euler lines of
triangles AABC, AABH, ABCH, NACH (and AO40p0O¢). This proves part c).

Remark. Since the trianglﬁ AAEC and AOAOpO¢ are congruent, they have the same
circumradius, so O4H = OB = OC. Since O4B = 0,C = O H, we see that O4 is the




reflection of O in line BC. Similarly, Op is the reflection of O in line AC and O¢ is the
reflection of O in the line AB.

Problem 2. Consider a convex quadrilateral ABCD inscribed in a circle with center O
such that AD is the diameter, ZAOB = 2y, ZAOC = 2z, ZCOD = 2z. Explain how to
use Ptolemy’s theorem to prove that

sin(z —y) =sinzcosy — siny cos
and
cos(y + z) = cosy cos z — siny sin z.

Solution. The key observation to relate trigonometry to the chords in a circle is as follows:
If points S, T are on a circle with center O and radius R then 2Rsina = |ST|, where «
is half the angle ZSOT. To see this let M be the midpoint of ST. Then AOMS is right
and ZMOS = o. Thus OSsina = SM.

We apply the above observation to the quadrilateral ABCD. Note that AD = 2R and
x + z is the right angle. Thus cosz = sin z and cos z = sinx and cos(y + z) = sin(z — y).
By our observation above:

BD = Esin(%ABOD) = AD cosy,

AB = ADsiny,
AC = ADsinxz = AD cos z,
CD = ADsinz = ADcos x,
BC = ADsin(z — y) = ADcos(y + 2).
By Ptolemy’s theorem: AB - DC + AD - BC = AC - BD. Thus

(Esin y) (Ecos x) + AD (Esin(x - y)) = (@ sin :L‘) (E cos y)
which simplifies to
siny cosx + sin(x — y) = sinx cosy, i.e. sin(x —y) = sinx cosy — cosxsiny.
Since cos(y + z) = sin(x — y), sinz = cos z, cosz = sin z, we get
cos(y + z) = cosycos z — sinysin 2.

Problem 3. a) The lines AA;, BB; and CC] intersect in one point O. Let the lines AB
and Aq B intersect at Cs, the lines AC' and A;C; intersect at Bs, and the lines BC' and
B1C intersect at As. Prove that the points Ao, By, Cy are collinear. This is often called
Desarques Theorem. Hint. Apply Menelaus’ Theorem to triangles OAB, OBC, OAC and
appropriate lines. Then apply its converse to the triangle ABC.

b) Points A;, By, C; are collinear and so are points Ag, By, C3. The lines A; By and
Ao By intesect at a point C, the lines A1Cs and A>C; intesect at a point B, and the lines
B1C5 and By intesect at a point A. Prove that the points A, B, C are collinear. This
is Pappus’ Theorem. Hint. Let Ag, By, Cy be the vertices of the triangle determined by
the lines Ay Bo, B1Cs, and C1 Ay (where Ay is the point of intersection of A1 By and AyCY,
etc.). Apply Menalaus’ Theorem to the triangle AgByCy and five appropriate lines.



Solution. a) We start with perhaps the hardest part of the argument: showing that
either none or exactly two of the points As, Bo, Cs are on the sides of the triangle AABC.
To this end, we may assume that C5 is between A and B. Since C5 is on the line Ay By,
the points A and B are on opposite sides of the line A1B1. The point O is either on the
A-side of A1Bj or on the B-side. In the former case, B; is between O and B and A is
not between O and A. In the latter case, Ay is between O and A and Bj is not between
O and B. Thus we see that exactly one holds: either Ay is between O and A or Bj is
between O and B. We assume that A; is between O and A and Bj is not between O and
B. (the other case is handled in the same way).

Assume that Bs is between A and C' and As is between B and C. The same argument as
above gives us that exactly one holds: either A is between O and A or C; is between O
and C. Since A; is between O and A, the point C; is not between O and C. Thus neither
Cy is between O and C nor Bj is between O and B. But then As is not between B and
C, a contradiction. This shows that we can not have both: By between A and C' and Ay
between B and C' . Therefore if By is between A and C then As is not between B and C
and exactly two of the points As, B, Cy are on the sides of the triangle AABC.

Assume Bs is not between A and C. Since Bs is on the line A1C4, The points A and C
are on the same side of the line A1C4. Since A; is between O and A, the points O and A
are on opposite sides of the line A;C. Thus the points O and C' are on opposite sides of
the line A1Cq. This means that C; is between O and C. Thus O and C are on opposite
sides of the line B1C7. Since Bj is not between O and B, the points O and B are on the
same side of the line B1Cy. Thus B and C' are on opposite side of B;C7. This means that
Ag is between B and C'. We see that again exactly two of the points As, By, Cy are on the
sides of the triangle AABC'. This completes our argument.

Remark. There is a conceptually nicer and faster way to prove that either none or exactly
two of the points As, By, Uy are on the sides of the triangle AABC. For any two points
K, L and a point X on the line KL define exr(X) = 1 if X is between K and L and
exr(X) = —1if X is not on the segment KL. Then if AKLM is a triangle abd X,Y, Z
are points on the lines KL, KM, LM respectively and different from the vertices, then
exn(X)exnm (Y)ern(Z) = —1 if and only if either none or exactly two of the point X,Y, Z
are on the sides of the triangle AKLM. Thus, from Menelaus Theorem applied to the
triangle AOAB and the collinear points A, Cy, B; we have

eoa(A1)eap(Cr)eop(Br) = —1.

Similarly, we have

coa(A1)eac(B2)eoc(Cr) = —1
and

co(B1)epc(Az)eoc(Cr) = —1.

Multiplying these three equalities, we get

€aB(C2)epc(A2)eac(B2) = —1.

We can now finish our solution. By Menelaus Theorem, in order to prove that Ao, By, Co
are collinear, it suffices now to prove that

[ACs| B3| [CBs| _
|C2B[ [ A2C] | B2 Al

(1)

3



By Menelaus Theorem applied to the triangle AOAB and the collinear points Ay, Csy, By
we have

|A1A| |C2B| |B,O|

Similarly, by Menelaus Theorem applied to the triangle AOBC' and the collinear points
Bl, Ag, Cl we have

OBy |BAg| |CCh| _ (3)
|B1B| [A2C] |C10|
By Menelaus Theorem applied to the triangle AOCA and the collinear points Cy, Bs, A1
we have

|OC1||CBa| |AA;| _ (4)
|C1C| |B2A| |A10]

Multiplying the equalities (2), (3), (4) we get (1). This completes our proof that Ay, By, Co
are collinear.

Remark. If the lines AA;, BB, CC; are parallel to each other, the conclusion of the
problem also holds (one can use the degenerate Menelaus theorem discussed in the solution
to part b) below). Also, if AB and A;B; are parallel, then the line BoC5 is parallel to
them (if Bg,Cy are well defined). If also AC and A;C, are parallel, then we must have
BC parallel to B1C4.

b) Let us assume that no two of the lines A; By, B1Co, C1 A are parallel. Let Ay be the
point where A1 Bs and C7 A intersect, By the point where A1 By and B1Cs intersect, Cy
the point where C1 Ay and B1Cs intersect. Let T be the triangle A AyByCy. For any point
X on the line AgBy different from Ay and By set €(X) = 1 if X is between Ay and By and
set €(X) = —1 otherwise. Similarly define e for points Y of ByCy and points Z on AyCyp.
Then Menelaus theorem can be stated as follows:

points X, Y, Z are collinear if and only if e(X)e(Y)e(Z) = —1 and

[Ao X[ |BoY|[CoZ]| _ |
| X Bo| Y Col |Z Ao

We will apply this result to 5 lines:
line through C, By, As:

[AoC| [BoBy| [Codz| _
|CBy| [B1Co| [A2 4|

e(C)e(By)e(Az) = —1 and

line through Aq, Cs, B:

Ao A1 [BoCel [CoB _

A1)e(C)e(B) = —1 and B
e(A1)e(Ca)e(B) A1 Bo| [CaCo| [BA|

line through B, A, Ci:

e(B)e(A)e(Cy) = —1 and 12022l IBoAI[CoChl
| B2Bo| [AC| [C1 Ao

line through Ay, By, Cy:

[A1Bo| [B1Col [C14o| _
[AoA1] [BoB1l [CoCh|

€(A1)e(By)e(Cr) = —1 and



line through Bs, Cs, As:

|B2Bo| |CoCo| |A2 A0

€(B2)e(Ca)e(Az) " [2oBs| [BoCal [Co |

Multiplying these 5 equalities we get

g [AC1[BoA[|GoB| _
|CBo| [ACo| [BAo|

e(C)e(B)e(A) = —1 an

Menelaus theorem implies now that A, B, C are collinear. This completes our proof of
Pappus’ Theorem in the case when no two of the lines A1 By, B1Co, C1As are parallel.

Suppose now that the lines B1Cy and (1A, are parallel and the line Ay B, intersects
them at By, Ag respectively. In this case the following ”degenerate” version of Menalaus
theorem can be used in the same way as above.

Degenerate Menelaus Theorem. Let [ 4, I5 be parallel lineas passing through points
Ay, By respectively. Pick a side of the line AgBj and set €(Y) = 1 if Y is on the chosen
side of ApBy and €(Y) = —1 if Y is on the opposite side. Then points X on AyBy, Y on
lp, Z on ly are collinear if and only if €(X)e(Y)e(Z) = —1 and

[Ao X |BoY]| _
| X Bo| |Z Ao|

1.

We leave the details to the reader.

If all three lines A1 Bo, B1Cy, C1 As are parallel to each other then consider the lines A1Cs,
C1Bs, B1As instead. Note that they can not be all parallel to each other.

Problem 4. In class we proved the following theorem.

Theorem. Let ABC be a triangle and let P be a point whose orthogonal projections on
the sides of the triangle are K, L, M. Then the points K, L, M are collinear if and only if
P is on the circumscribed circle of the triangle ABC. The line through K, L, M is then
called the Simson line of P.

Using this result solve the following problem.

Let A, B,C be three collinear points and let P be a point outside the line through
A, B,C. Prove that the circumcenters of the triangles PAB, PAC, PBC and the point
P lie on a circle. Hint: Note that if two circles intesect at two points X,Y then the
line joining the centers of the circles is the perpendicular bisector of XY. Consider the
triangle with vertices at the circumcenters. What are the projections of P on the sides of
this triangle?

Solution. Let 'y, I'g, I'c be the circumcircles of the triangles ABCP, ANACP, ANABP
respectively. Let O4, Op, O¢ be the circumcenters of ABCP, NACP, ANABP respec-
tively. The circles I'4 and I'p intersect at two points P and C. Thus the line O40p is
the perpendicular bisector of PC. It follows that the perpendicular projection of P on the
line O 4Op is the midpoint M¢ of PC. Similarly, the perpendicular projection of P on the
line O4O0¢ is the midpoint Mp of PB and the perpendicular projection of P on the line
OpOc¢ is the midpoint M4 of PA (this in particular shows that the points O4, Og, Oc
can not be collinear). The line M Mp is parallel to AB and the line MM is parallel



to AC. Since AB = AC, we see that M4, Mp, M are collinear. By the Simson’s line
theorem, P is on the circumcircle of the triangle O 4OpO¢.

Solution to problem 4.7. Let I be the second point where the line DFE intersects the
circumcircle of AABC. Since AADE is equilateral we have

a = |DE| = |AE| = |EC| = |AD| = |DB|.
Let 21 = |[DF|, = |EF|. Then
z1(|DE| + z) = a® = z(|DE| + x1).

This implies that * = z; and x(|DE| + z) = a® Since a = |[DE|, x = |EF| and
|DE| + z = |DF], the result follows.

Solution to problem 5.5. Let the midpoints of AB, BC, CD, AD be K,L,M,N
respectively. Then KL is parallel to AC and 2K L = AC. Similarly, Then MN is parallel
to AC and 2MN = AC. It follows that the segments KL and MN are congruent and
parallel, In the same way we show that the segments LM and KN are congruent and
parallel. This means that K LM N is a parallelogram.

Solution to problem 5.19. If the points O, C, P are collinear then C' = D and there is
nothing to prove. So we may assume that no three of the points O, C, D, P are collinear.
The key observation on which we base our solution is that it suffices to show that the
segments AB and CD have the same midpoint.

Let M be the midpoint of the segment C'D, let N be the midpoint of CP K the midpoint
of OD, and L the midpoint of OP. The line M N joins midpoints of two sides in the
triangle ACPD, so it is parallel to the third side PD. Similarly, the line M K is parallel
to OC. Since PD and OC' are parallel (both being perpendicular to AB), the lines M N
and MK are parallel, i.e. the points M, N, K are collinear. Similarly, the line LN is
parallel to OC, so L is also on the line containing M, N, K. This shows that the line LM
is perpendicular to AB (as it is parallel to OC).

Since ZOAP and ZOBP are right, the points A and B are on the circle with diameter
OP, whose center is L. Thus the perpendicular bisector of AB contains L. In other words,
if M is the midpoint of AB then the line LM; is perpendicular to AB, and so is the line
LM. This means that M = Mj, which completes our argument.

Solution to problem 5.20. We will use different notation that the one in the problem.
Let H be the orthocenter of AABC, let Hy, Hg, He be the feet of altitudes from A, B, C
respectively. Let Hac, Hap be the perpendicular projections of H4 on the sides AC, AB
respectively. Similarly we define Hga, Hgc, Hoa, Hop. Our goal is to show that the
points Hac, Hap, Hpc, Hpa, Hoa, Hop are on one circle. We assume that the triangle
ANABC is not right, otherwise there is nothing to prove.

Note that AAH 4B is right and H 4 H 4 is the altitude in this triangle. It follows that Hap
is between A and B. In the same way we show that all the points Hac, Hap, Hgc, Hpa,
Hc g, Hop are on the sides of the triangle AABC (the subscript is the side on which the
point is).

Note that the triangles AAHcaHe and AAHgBB are similar by aaa. In fact, HoaHe and
BHpg are both perpendicular to AC, so they are parallel. It follows that the two triangles



have corresponding angles congruent. This means that [AHca|/|AHg| = |AHc|/|AB],
i.e.
[Alp| - |[AHC|
|AB|
Similarly, the triangles AAHpsHp and AAHoC' are similar, which gives us

|AHc | = (5)

77— _ |AHcl| - |[AHp|
ATy — 2 )
From (5) and (6) we get
|AHgal _ |AC)| 7)
|[AHpa|  |AB|

By sas, the last equality means that the triangles AAHpsHca and AABC are similar.
Consequently, the lines HgaHca and BC' are parallel.

Note now that the triangles AAHicH4 and AAHpH are similar by aaa. In fact,
HacHa and HHp are both perpendicular to AC, so they are parallel. It follows that the
two triangles have corresponding angles congruent. This means that [AHc|/|AHg| =
(AT /A, ie.
|AHp| - [AH 4|

AH|
Similarly, the triangles AAHapH 4 and AAHcH are similar and

|AHac| = (8)

- |AH¢c| - |AH 4]
AH e ————— 9
[AH 5 AH]| ©)
From (8) and (9) we get
|AHac|  |AHB|

- . (10)
AH.;|  |AHc)|

The triangles AAHgB and AHcC are similar by aaa. Thus |[AHg|/|AHc| = |AC|/|AB|.
From (10) we get
|AHap|  [AC]

By sas, the last equality means that the triangles AAH pH 0 and AACB are similar.
Thus

ZAHABHAC = /ZACB and ZAHAcf‘IAB = /ABC. (12)
Multiplying (7) and (11) yields

|AHac| - |[AHca| = [AHaB| - |[AHpal- (13)
This implies that the points Hac, Hap, Hoa, Hg 4 are on one circle.

So far we only focused on vertex A. Repeating the above arguments for vertex B tells us
that the points Hgc, Hap, Hga, Hop are on one circle too and



/BHgsHpc = /BCA and /BHpcHps = /BAC. (14)

Repeating the above arguments for vertex C tells us that the points Hop, Hoa, Hac, Hpo
are on one circle and the lines HpoH oc and AB are parallel.

Looking at the quadrilateral HapH acHpoHpa we know that HgcHac and HapHpa =
AB are parallel, ZAHspHac = ZACB = ZBHpaHpc (by (12) and (14)). By the
equality of alternate angles in parallel lines, we see that LZHapHacHpo = LACB =
/ZHpaHpcHac. We have two possibilities for the points Hap, Hpa on the segment
AB: either Hgy is between A and Hap or Hap is between A and Hp4. In the former
case, Hg4 and Hac are on the same side of the line HapHpc and ZHapHacHpc =
ZBHBAHBC = 4HABHBAHBC- Thus the pOintS HAB7 HAC7 HBC’; HBA are on one circle.
In the latter case, Hg 4 and H 4¢ are opposite sides of the line HapHpc, ZHapHacHpc =
/BHpaHpc, and ZHapHpAHpe is supplementary to ZBHpaHpe. Again, this implies
that the points Hap, Hac, Hpc, Hpa are on one circle.

Let us summarize what we proved so far:
a) the points Hap, Hac, Hpc, Hpa are on one circle
b) the points Hac, Hap, Hoa, Hpa are on one circle
c) the points Hpc, Hap, Hpa, Hop are on one circle.

By a) and b) all five points Hap, Hac, Hpc, Hpa are on the circumcircle of the triangle
AHap,Hac,Hpa. This and c) implies that the sixth point Hop is also on this circle.
This completes our solution.

Remark. We could avoid the argument showing that the points Hap, Hac, Hpc, Hpa
are on one circle as follows. After showing that

a) the points Hac, Hpc, Hop, Hoa are on one circle I'y

b) the points Hac, Hap, Hoa, Hpa are on one circle 'y

¢) the points Hpc, Hap, Hpa, Hop are on one circle I's
we show that these three circles coincide. Note that if two of these circles coincide then
all three are the same circle. Assume that no two of them coincide. Then the radical axis
of I'y and I'y is the line C'A, and the radical axis of I'y and I's is the line CB. Thus C has
the same power with respect to all three circles, so C' is on the radical axis of I'y and I's,
which is the line AB. This is clearly false.

Solution to problem 20.4. Let the two circles intersect at points A and B. If P is
between A and B then P is in the interior of both circles and the power of P with respect
to any of the circles is —|PA|-|PB|. If P is on the line AB but not in the segment AB,
then P is in the exterior of both circles and the power of P with respect to any of the
circles is [PA| - |[PB|. If P = A or P = B then the power of P with respect to any of the
circles is 0. Thus all points on the line AB have the same power with respect to each of
the two circles.

Suppose now that P is a point different from A, B such that P has the same power with
respect to both circles. Let the line PA intersect one of the circles at a second point By
and the the other circle at the second point Bs. If P has the same power with respect to
both circles then |PA| - |PB;| = |PA| - |PBs|. Thus |PB;| = |PBs|. In addition, either
the power of P is negative and then P is between A and B; and between A and Bs, or
the power of P is positive and then both By and Bs are on the ray P—}l In both cases, the



equality |PBy| = |PBs| implies that By = Bs. We can not have By = By = A, because
it would imply that PA is tangent to both circles at A, and then the circles would be
tangent to. Therefore we must have By = By = B. Thus P is on the line AB.



