
Formula: Let θ̃ be the sample median of i.i.d. observations X1, ..., Xn, then

V (θ̃) ≈ 1.25332σ2/n if n ≈ ∞. V (X) = σ2/n.

Thus eff(X, θ̃) = V (θ̃)/V (X) ≈ 1.25332, which is better ? median or X ?

Ex. 9.1. Suppose that Y1, ..., Yn
i.i.d.
∼ U(0, θ). Two unbiased estimators are θ̂1 = 2Y and

θ̂2 = n+1
n

Y(n), where Y(n) = max{Y1, ..., Yn}. Find the efficiency of θ̂2 relative to θ̂1.

Sol. A natural estimator of θ is based on E(Y ) = θ/2 => θ̂1 = 2Y . 3 steps:

(1) Show both estimators are unbiased;

(2) Compute their variances;

(3) Find the efficiency of θ̂2 relative to θ̂1: eff(θ̂1, θ̂2) =
V (θ̂2)

V (θ̂1)
.

Step 1. ⊢: both estimators are unbiased.

E(θ̂2) =
n+1
n E(Y(n)) =

n+1
n

∫
yfY(n)

(y)dy ? Y,N,DNK

448 [6] fY(j)
(t) =

(
n

j−1,1,n−j

)
key: (F (t))j−1(f(t))1(1− F (t))n−j .

(
n

j−1,1,n−j

)
=?

(
n

k,m, h

)

=
n!

k!m!h!
.

fY(n)
(t) =

(
n

n− 1, 1, n− n

)

(F (t))n−1(f(t))1(1− F (t))n−n

=

(
n

n− 1, 1, 0

)

︸ ︷︷ ︸

=??

(F (t))n−1(f(t))

=
n!

(n− 1)!1!0!

tn−1

θn
= Class exercise n!

(n−1)! =?, 1! =? 0! =?

E(Y(n)) =

∫

tfY(n)
(t)dt

=

∫ θ

0

tn
tn−1

θn
dt

=

∫ θ

0

n
tn

θn
dt

=(n/(n+ 1))tn+1

∣
∣
∣
∣

θ

0

/θn

=(n/(n+ 1))θn+1/θn.

=(n/(n+ 1))θ.

E(θ̂2) =
n+ 1

n
E(Y(n)) =

(n+1)
n

n
(n+1)θ = θ.

E(θ̂1) =E(2Y ) = 2E(Y ) = 2
0 + θ

2
= θ.

Thus both estimators are unbiased.
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Step 2. V (2Y ) = 4V (Y ) = 4σ2
Y /n = 4 θ2

12n
= θ2

3n
. 447[9]

V (θ̂2) = E(θ̂22)− θ2 = (
n+ 1

n
)2 E(Y 2

(n))
︸ ︷︷ ︸

=??

−θ2 θ̂2 = n+1
n

Y(n)

E(Y 2
(n)) =

∫

t2fY(n)
(t)dt =Class exercises

=

∫ θ

0

t2
(

n

n− 1, 1, 0

)
tn−1

θn
dt

=

∫ θ

0

n!

(n− 1)!1!0!

tn+1

θn
dt

=

∫ θ

0

n
tn+1

θn
dt

=(n/(n+ 2))tn+2

∣
∣
∣
∣

θ

0

/θn = (n/(n+ 2))θn+2/θn = (n/(n+ 2))θ2

V (θ̂2) = E(θ̂22)− θ2 = (
n+ 1

n
)2(n/(n+ 2))θ2 − θ2 = θ2(

(n+ 1)2

n(n+ 2)
− 1) =

θ2

n(n+ 2)
.

eff(θ̂1, θ̂2) =
V (θ̂2)

V (θ̂1)
Step 3.

=

θ2

n(n+2)

θ2

3n

=
3

n+ 2

{

> 1 ??
≤ 1 ??

Q: Which is better ? θ̂1 = 2Y and θ̂2 = n+1
n Y(n) ≈ 1/2.

Homework Solution.

§8.43. Y ∼ U(0, θ), Y1, ..., Yn i.i.d from Y and Y(n) = max{Y1, ..., Yn}. Let U = Y(n)/θ.

a. Show FU (u) =

{

un if u ∈ (0, 1)
1 if u ≥ 1

b. 95% lower confidence bound.

Sol. a. FU (t) = P (U ≤ t) = P (Y(n)/θ ≤ t) = P (Y(n) ≤ tθ)) = P (Y1 ≤ tθ) · · ·P (Yn ≤ tθ) =

( tθ
θ
) · · · ( tθ

θ
) = ( tθ

θ
)n = tn, t ∈ (0, 1). Thus U is a pivotal statistic.

b. 3 steps for deriving a CI:

(1) Find a pivotal function Z = g(Y, θ), such that Z is independent of θ; (done in part a);

(2) Choose (a, b) so that P (a < g(Y, θ) < b) = 0.95.

(3) Solve P (A < θ < B) = P (A < θ) = 0.95 from P (a < g(Y, θ) < b) = 0.9.

0.95 = P (a ≤ U ≤ b) = P (a ≤
Y(n)

θ ≤ b) = P ( 1b ≤ θ/Y(n) ≤
1
a )

= P (
Y(n)

b ≤ θ ≤
Y(n)

a ) = P (
Y(n)

b ≤ θ ≤
Y(n)

0 ) = P (
Y(n)

b ≤ θ)

That is, a = 0 as U ∼ U(0, 1). b =?

0.95 = P (a ≤ U ≤ b) = P (U ≤ b) = bn as U ∼ U(0, 1). Thus b = 0.951/n.
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§9.3. Consistency. Let θ̂n be an estimator of θ based on i.i.d. observations X1, ..., Xn.

Ideally, we like

lim
n→∞

P (|θ̂n − θ| > ǫ) = 0 or lim
n→∞

P (|θ̂n − θ| ≤ ǫ) = 1 ∀ ǫ > 0. (1)

Def. 9.2. An estimator θ̂n is said to be consistent if Eq.(1) holds. It is also said that

θ̂ converges to θ in probability, denoted by θ̂n
P
→θ.

Example 1. A simulation study.

Figures 9.1 and 9.2. Simulation Data

Figure 9.1 is a plot of p̂ = Y/n, where Y ∼ bin(n, 0.5), n = 1, 2, ..., 1000.

Figure 9.2 is a plot of p̂ = Y/n, where Y ∼ bin(n, 0.5), repeating 50 times for each n.

Remark: The difference between θ̂ → θ and θ̂n
P
→θ can be seen from the next example:

Example 2. Suppose that X has a uniform distribution on the interval [1, 2]. Let

θ = 0,

W = 1(X = 1) =
{
1 if X = 1
0 OW

CE: P (W = 0) = ?

θ̂n = 1(X ∈ [1, 1 + 1
n ]) =

{
1 if X ∈ [1, 1 + 1/n]
0 ow.

CE: P (θ̂n = 0) =?

Q: W = θ. Yes, No, DNK.

P (W = θ) = 0 ? P (W = θ) = P (1(X = 1) = 0) = P (X ∈ (1, 2]) = 1

P (W = θ) = 1 ?

θ̂n → θ ? if X ∈ [1, 1 + 1/n] then θ̂n − θ = 1 6= 0 = θ

θ̂n → W ?

θ̂n = 1(X ∈ [1, 1 + 1
n
]) =

{
1 if X ∈ [1, 1 + 1/n]
0 ow

→
{
1 if X ∈ [1, 1]
0 ow

= W

θ̂n
P
→W ?

θ̂n
P
→θ ? P (θ 6= W ) = P (X = 1) = 0
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