Formula: Let § be the sample median of i.i.d. observations X1, ..., X,,, then
V() ~ 1.2533%02/n if n ~ co. V(X) = o?%/n.
Thus ef f(X,0) = V(0)/V(X) ~ 1.2533%, which is better ? median or X ?
Ex. 9.1. Suppose that Y7, ..., Y, Z.'ri\ld'U(O,G). Two unbiased estimators are §; = 2Y and
0y = ”THY(TL), where Y(,,) = max{Y1,..., Y, }. Find the efficiency of 65 relative to 6;.
Sol. A natural estimator of 6 is based on E(Y) = 0/2 => 6, = 2Y. 3 steps:
(1) Show both estimators are unbiased;
(2) Compute their variances;

(3) Find the efficiency of 0 relative to 6;: eff(él, 92) = \‘iggzi'
1

Step 1. F: both estimators are unbiased.
E(02) = "2 E(Yiw) = 2 [yfy,,(y)dy 7 Y,N.DNK
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E(6,) =E(2Y) =2E(Y) = 2—— =0.

Thus both estimators are unbiased.
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Step 2. V(2Y) =4V(Y) =402 /n =42 = L. 4479]
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Step 3. eff(@l, (92) _V(él)
:n(ffiim _ 3 {>1 77
g—z n+2 | <1 77

Q: Which is better ? §; = 2Y and 6, = ”THY(n) ~ 1/2.
Homework Solution.
§8.43. Y ~ U(0,0), Y1, ..., Y, iid from Y and Y,y = max{Y1,...,Y,,}. Let U = Y, /0.
u" ifu € (0,1)
1 ifu>1
b. 95% lower confidence bound.
Sol. a. Fy(t) = P(U <t) = P(Y,)/0 <t) = P(Y,) <t0)) = P(Y1 <t0)---P(Y,, <10) =
(2)--- (&) = (L) =¢n, t € (0,1). Thus U is a pivotal statistic.
b. 3 steps for deriving a CI:
(1) Find a pivotal function Z = g(Y, ), such that Z is independent of #; (done in part a);
(2) Choose (a,b) so that P(a < g(Y,6) < b) = 0.95.
(3) Solve P(A< 60 < B)=P(A<0)=0.95from P(a < g(Y,0) <b) =0.9.
0.95=Pa<U<b)=Pla< ™ <b) =P <0/Y,) <)
Y Y Yin Yin Yin
— P << Y = p(p << Ty~ P <0)
That is,a =0as U ~U(0,1). b =7
095=Pla<U<b)=PU<b) =b"as U ~ U(0,1). Thus b= 0.95"/".

a. Show Fy(u) =
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§9.3. Consistency. Let 6,, be an estimator of 6 based on ii.d. observations X1, ..., X,.

Ideally, we like

lim P(|f, —0] >¢)=0or lim P(|f,—0|<e)=1 Ve>0. (1)
n—oo n—oo
Def. 9.2. An estimator 0, is said to be consistent if Eq.(1) holds. It is also said that
6 converges to # in probability, denoted by énie.

Example 1. A simulation study.

Figures 9.1 and 9.2. Simulation Data
Figure 9.1 is a plot of p = Y/n, where Y ~ bin(n,0.5), n =1, 2, ..., 1000.
Figure 9.2 is a plot of p = Y/n, where Y ~ bin(n,0.5), repeating 50 times for each n.
Remark: The difference between 6 — 6 and énie can be seen from the next example:

Example 2. Suppose that X has a uniform distribution on the interval [1,2]. Let

0 =0,
1 ifx=1
W:MX:D:{OOW | CE: P(W =0) = ?
én:MXeHJ+%D:{éi;¥€ml+Uﬂ CE: P(0, = 0) =7
Q: W =46. Yes, No, DNK.
PW=6)=07 PW=0)=P1(X=1)=0)=P(X € (1,2]) =1
PW=0)=17
0, — 07 if Xe[1,141/n]thend, —0=14£0=40
0 — W 7
%ZHXGWLHm:{lﬁXEDJ+Um%{1ﬁXe@H:W/
0 ow 0 ow
0, 5w ?
0,50 2 PO#£W)=PX=1)=0
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