Midterm Oct.19, 8-9:30pm. Formulae : 447: [9]-[42],[44]; 448 [1]-[17]. HW due Oct. 19
Review

Ex. 10.6. A machine in a factory must be repaired if it produces more than 10% defec-

tives a day. A random sample of 100 items from the day’s production contains 15 defectives

and the supervisor says that the machine must be repaired as 15% > 10%.

Does the sample evidence support his decision ? Use a test with level 0.01.

Sol. 1. H,: p=0.1=p, (no more than 10%)
2. v.s. Hy: p>0.1orp#0.1orp<0.1 which one ? more than 10% ?

Z=X

Z=—LP_ _  Which is the right choice ?
3. Test statistic: V=2 8

Z=—~2L _ — | 1st? 2nd ? 3rd ?

/Po(ln—Po)
4. RR:Z = —A2P__ > 5 =232 Z = 1.667
Po(1—po)

5. Conclusion: do not reject H, 77 compare to your instinct.

Need to also say: “p = 0.1 that day, no need to inspect all machines”.

Ex. 10.7. A psychological study was conducted to compare the reaction times of men and

women to a stimulus. Independent random samples of 50 men and 50 women were employed in
men n1 =50 Y; =356 5%20.18 Let a — 5%

women ny =50 Y, =38 S2=0.14" ob =07

Do the data suggest a difference between the true mean reaction times for men and women?

Sol. 1: Hy: 1 — e =0

2: vis. (a) Hg: g — po # 07 (b) pg — o > 07 (¢) py — pe < 07 “a difference ?7”

IR _ Y;—Yo _ Y.1-Y, - _
3. Test statistic: Z = N \/s§+s§‘/"1 =-2.5
4. RR: |Z]| > 1.96.

5. Conclusion: Reject H,, done ?
there is a difference in the reaction times between men and women.
Homework Solution.
Additional Problems:
# 3: Suppose that Yy, ..., Y, are i.i.d. from U(a,b), find a sufficient statistics for (a,b) and
give a proof.

the experiment. The results are

(W)l(a <Y, Yn) <) Y,N,DNK

Proof. L =[], ()1(Y; € [a,b]) = (ﬁ)l(@ < Yu),Ym) <b)x

~- %
9((Y(1),Y(n)),(a;b)) o
g() is a function of (Y(1),Y(,)) only. Thus (Y(1),Y(,)) is a sufficient statistics for (a,b).
# 1. Show Y(y) alone is not a sufficient statistic under the assumptions in 9.55 p.464.
f =aBey~*H1(y > ), a and > 0
Proof 1: L = [T, (aB°Y, “*)]1(Yy > §).
L cannot be written as a function of Y(;) alone.
Thus Y{y) is not a sufficient statistic.
Proof 2: Let « = =2, n =2, and (Y1,Y2) = (2,3) and (y1,y2) = (2,4).
Then Yv(l) =2= y(l), but L(2, 3)/L(2,4) = (4/3)_2+1 7£ 1.
That is, L(2,3) # L(2,4). Thus Yy is not a sufficient statistic.

#2: Show Y/, alone is not a sufficient statistic under the assumptions in 9.74 p.475.
Proof 1: f = [9%](0 —9)1(0 <y < 0). L cannot be written as a function of Y, along.
Thus Y(,) is not a sufficient statistic.
Proof 2: f =[Z](0 —y)1(0 <y <9).
Let 0 =4, n =2, 2 pair of Y; = 1,3 and y; = 2, 3.
Then Y,y = y(n), but L(1,3) = [Z]*(4 — 3)(4 — 1) # [Z]*(4 — 3)(4 — 2) = L(2,3)
Thus Y, is not a sufficient statistic.



Review Problem 1. Suppose that X, ..., X,, are i.i.d. G(«, ), the gamma distribution,
(a) Find the MME of («, ).
(b) Is it consistent 7 Why ?
(c) Find the MLE of g (assuming « is known).
Sol. (1) Since E(X) = a8 and V(X) = af? = (X2) - (E(X))2 447[23]
Setting X = af and X2 — (X)2 = a(B)? = (aﬁ) B = XB (= X2 - (X)?),

:X B= —(X)
= &af yields & = X/ﬁ = —Y();)Z (&, 3) is the MME.
(2) Is it consistent 7 Why ? Make use of 448 Formula [10]:
[10] If g(-) is , 6; 50, and 6,56,, then
bre0,5 6 g(B)D _ key: cts, 01 £ 0, 0165, g(61).
Proof. Since X2—E(X?) and X »F(X) Is it right 7?7
Since X25E(X?) and X5 E(X) Is it right 77
s (@P)B _ X2 - (X)? p B(X?) - (BE(X))? T - i
=-—— = — as g(x,y) = is continuous in (z,
b== 3 < EX) 9(x,y) = =, (z,9)
af? + (ap)? — (ap)?
pumn pumng ﬁ
afB
a=X/8 BE(X)/8 ash(z,B) = z/B is continuous in (z, B)
o
=— =q.
g
(3) MLE : L=]] f(zi; e, B)
i=1
,a_le_xi/ﬁ

= H om0
=(r(@) s [ tem e

InL =InC' + Ing™"* 4+ (a — 1)111(1_[ x;) — sz/ﬂ

OlnL
B

:—na/6+2xi/ﬁ2 =0

=>Tf 2 =af! « is known
=>B"t=a/7
B=7%/a. The MLE is 3 =T/a. Done ?

Need to check: (InL)’ =nafB72—nz(2873) = nB 2(a — 27a/T) < 0if B =7 /.
Thus The MLE is § = T/a.

Or L(0) = (F(a))_"O_"O‘(H 25)@Le™ 2 T0 = e = 0, lim 2 = lim

L(0) = (T'(a)) "0 "O‘(H x;) 22,71/ — 00 = Thus the MLE is 3 = Z/c.



Review Problem 2. Let X1, ..., X, be i.i.d. from Poisson distribution with mean A.
(a) Find the MLE of A and P(X =1).
(b) Prove or disprove that they are unbiased.
(c) Prove or disprove that they are consistent.
Sol. The MLE of A ?
447 [13]: f(i) = e A\/i! Class Exercise
L=TI", e \/it? Y, N, DNK.
L =TI, e\ /z;1 7 Y, N, DNK.
L=T]", e \Xi/X;1 ? Y, N, DNK.

L= ([T, )e ™A
InL = ¢ — nA+ Y, z;In)
(InL) = —n+>,x;/\ =
(InL)" = =3, xi/A? <0
Thus the MLE of Ais \=Z ? Or A = X ? ) _
Since P(X =1) = e\, its MLE is P(X =1) = e *\, or e X X.
(b) A is unbiased as E(\) = E(X) = \.
To check whether E(P(X =1)) = P(X =1) = e )\

E(e ™)) =E(e” Zj:lxi/"ZXi/n)? Y,N,DNK = Be™ 2= "/ S gy /n)?
i=1
=E( Yy n) Y =7
_Z _Z/n B n)\) /i 447 [44] Y = 5. X; ~ Poisson(n\)
1 | |
AT .o —1/n i/ _ —nX i/
e " Zoz(e nA)" /il fZXi (t) = e " (nA)"/i!
e~ A 1 > —1/np5\ 1 . e A s « .
_ - - —e n —1/n iz _ . A *\Q /-
Cee VA ;ze (e™nA) /il T e—e Unnag, ;ze (A7)"/i!
e—nA
e [ _1/"71)\] E(X*) =X =e Yrp)\

e—€e” /nnX p

—e (e MmA =1 ny Ay P(X =1)? How to check 7

Ans: (1) Try A=1and n = 2. e=(1=e7")2-1/2 o4 o1 E(P(X =1)# P(X =1). Done ?

Thus the MLE is not unbiased.
Class exercise. Find the MLE of P(X < 1) and check whether it is unbiased.

You can make use of previous results.
Review Problem 3. The hourly wages in a particular industry are normally distributed with
mean $13.2 and SD $2.5. A company in this industry employs 36 workers paying them $12.20
per hour. Can this company be accused of paying substandard wages ? Use a = 0.05.
Sol. (1) H,: p=13.2;

) Ho: pp < 13.2;
3) Test statistic: ¥ or T = Y2132 — 122132 _ _g /95— _12/5 = 2.4

(2

( 2.5/v/n 2.5//36 ’
(4) RR: T' < —1.645.

(5

t

) Conclusion. Reject H,;
his company can be accused of paying substandard wages.

X,’s ~: X1+ Xy~ g(al + 04276)

g(%f) - X (v1 + v2)
447, [44] TE X1 Xo. an.s(x) ——————— key: L, Pois(\ + A2)

N(Hiyaiz) N(/Jr"'/vbyao-%'{'a%)

bin(n;,p) bin(ni + n2,p)




These distributions are really from 4 distributions.
G(a, B), with df f(z) = % o x%e/B 2 >0,
Pois(\), with df f(x) = e 2\ /2! & A%, 2 =0,1,2,..

(z—m)? _12—2;1,:3

N(IM,O' )a f(l'): \/21‘_76 202 (X € 202
and bin(n, p), with df f(z) = (2)p*(1 — p)" " x (%)% z=0,1,..,n
They belong to the exponential family.

Def. A family of distributions {f(x|0) : # € A} belongs to the exponential family if

k
f(x]0) = h(x)c(0) eXp(Z w;(0)t;(x)). (h,c,k,0,w;,t;) (1)

bin(n,p). f(z|p) = (Z)pa’(l —-p)"7 %, x€{0,1,...,n}

f(zlp) = (Z) Lizeqo.1,...np) (1 —p)" exp(xln(1 P ))

—-p
h N 7 c(0)
h(z)

E=70=7t(x)="7w(0) =7 in Eq.(1)

N(p,0?).
r— 2
f(a:‘,u,a) = \/2;767(13(_( 20‘5) )
_ a:2—2ua:+u2 1
o eXp(_ 202 ) Voro?
2
_exp(— Pyt et
= exp( 202) — 1 exp( 53 + R ).
~ - h(z) \’_/tl(a?) th(ﬂf)

c(6) w1 (6) w2 (0)
Class exercise: k=7 0 =7 t;(x) =7 w;(0) =7
Ans: 2,0 = (u,0) ? 0 = (u,02) ?
G(a, B), with df

xa—le—z/ﬁ
f(x) = i 1(z > 0)

1 1 1 1
= I(x > 0)eloDine=gr I(x > 0)/z e 5"
5O‘F(Oé) u 5O‘F(OJ) L,L
—— () — h(x)
c(9) c(8)
Which is correct 7

Class exercise: k=7 0 =7 t;(x) =7 w;(0) =7
Ans: 2, (a, ), ...
Pois()\), with df
f(x) =e N /2ll(z=0,1,2,..)
= e (1/2)(x=0,1,2,...) e*?A
<~ 2

c(6) h(z)
k=70=71t(x)="7w(0)="7
The above expressions present sufficient statistic, which lead to MVUE.
[11] If X4,..., X, are i.i.d. from f(z;60) = exp{ +9(8) + h(2)}, ¥ = G( ) and
= 7(0), then ¥ is the MVUE of v. key: T'(z)y(0), >, T(X;)), E(%),

For Pois()), t(X) = X leads to ), X; or X. Why ?7
[Lf(z)=¢™ H 1/, (z; =0,1,2,...) g2 iln
POR — ,
_ e
=> X is sufficient, and F(X) = A.




Thus X is MVUE of \.

: n T n—x
For binup), SGelp) = () Loty 70 1)
—_——
~ ~~ x,0
o) g(z.0)
n p
= 1 1—p)" 1
(2) et (L )" sl L)
~- c(0) t(z
h(x)
the sufficient statistic is X or X/n.
T=X/n. E(T)=np, thus T = X/nis a MVUE of p
2 _ W ISR
For N(p, %), f(z) = exp(—5 5) o= L P35 52_+ 5 &)
- h(x) St (x) S~ ()

o(6) w1 (6) w2(8)
(X, X?) is a sufficient statistic, it yields (35 X, > ) X7) or (X, X?2).
Thus (X, 5?) is the MVUE of (y, 02), where S? = -2- (X2 — (X)?)

]_ 1 _ 1
For G(a, B), f(x) = I(x >0)/xe*™* B
(a, ), f(x) FoT(a) (z>0)/
“’_(9) h(z)

(X,InX) leads to (3., X;, >, InX;) or (X,InX). Thus (X,InX) is sufficient.

Since F(InX) fooo Inzz®te~*/Pdx no simple expression,

for simplicity in 448, set o as a constant.
Review Problem 4. Let f(z|u,A) = %e_%, x> p, A>0.
Does {f(:|pt, A) : p € (—00,00), A > 0} belong to the exponential family?

1
= — et/ —— : Is i ?

Sol. Ans (1) Yes, as f(x|u, \) G exp( ;y xz ). Q: Is it correct

h(z) S~ " t;(x)
c(0) w1 (0)

Ans (2) No. Since
1 /A —tx
Flaln N) =+ e R 1 (0> 0)

1
Y 1(A > 0)et/* exp(—Xx +Inl,s,) = h(z)c(f) exp ij (x)) with k=2

—h(z)e(8) exp ( — %m L ws@)ta(x)) ¥ (2,0), 6=7

It suffices to prove or disprove:
Inl(x > p) = wg( Jta(z) ¥V (z,0), where both ws and t5 are finite.

o> p, =2, wilO)ts(x) = ws(0)ta(a).
Thus wy(-) =0 or t2() 0.
If © < p, —00 = Zi:2 w;(0)t;(z) = wa(f)ta(z) = 0. A contradiction.
What is the final answer ?
pr ifx=1
Review Problem 5. Let f(z|0) = {pg if x =2 where 0 = (p1,p2), p; > 0and p;+p2+p3 =
P3 if v = 3,

1. Does it belong to the exponential family ?

Sol. Yes. f(z]0) pl(‘r 2 1(‘70 p 1(33 1 1(x € {1,2,3})
:pll(a:f1)p21(a:72)pé 1(9571)_1(%:2)1(3: € {1,2,3))
—(p1/p3) Y= (py /ps) LE=Dpa1 (2 € {1,2,3})



Let y; = 1(4=i), i =1, 2, 3. Then y3 =1 —y; — y2 and
f =exp(yiln(p1/p3) + y2In(p2/p3) + Inps + Inl e 1,2,31))

k
:exp(z w; (0)t;(x) + c(0) + h(z))

What is 0 7 (1) 0 = (p1,p2,p3), (2) 6 = (p1,p2), (3) 6 = (p2,p3). Which is correct ?

f =exp(yiln(p1/p3) + y2In(p2/ps) +Inps +Inl(zeq1,2,31))
A\ ~ J/ ~~ J/ — — \ /

w1 (0)t: (x) w2(0)ta(z)  c(6) o(0)

Review Problem 6. Suppose X ~ U(#,6). Does it belong to Exponential family ?
Ans. Yes, No ?

f=1z < (6,6]/(6 — 0) =h(z)c(0) exp(w(0)i(x)) ?

1
= exp(Inl(z € (0, 6]) Class exercise.

(6 —0)

Sol. The proof is similar to the proof in Review Problem 5.
If it were true, then

Inl(x € (0,6]) = w1 (0)t1(x) V 0 < 6 and for each given z, where both wy and ¢; are finite.
Given z € (2,3) and 0 € (0,2], wy(0)t1(z) = Inl(xz € (6,6]) = 0.

Thus either wq(0) = 0 or ¢1(z) = 0.
However, if =2 < 0, Inl(x € (6,6]) = —o0, a constradiction.

Thus U(6,6) does not belong to the Exponential family.
Review Problem 7. Given data of size n = 100 as follows.
> (Y=sort(X))
[1] 2.05 2.09 2.24 2.25 2.28 2.34 2.40 2.43 2.49 2.50 2.57 2.71 2.74 2.81 2.81
[16] 2.82 2.85 2.96 2.98 2.98 3.03 3.06 3.07 3.17 3.27 3.30 3.33 3.34 3.36 3.36
[31] 3.39 3.49 3.52 3.53 3.54 3.54 3.56 3.60 3.63 3.64 3.65 3.74 3.75 3.82 3.84
[46] 3.91 3.91 3.91 3.91 3.93 3.97 3.99 4.07 4.12 4.21 4.29 4.40 4.52 4.57 4.59
[61] 4.60 4.61 4.64 4.65 4.67 4.75 4.77 4.84 4.85 4.87 4.89 4.93 5.03 5.07 5.08
[76]
[91]

76] 5.11 5.11 5.12 5.13 5.16 5.18 5.19 5.24 5.28 5.31 5.36 5.44 5.46 5.48 5.50
91] 5.51 5.57 5.59 5.59 5.63 5.65 5.74 5.78 5.84 5.97
> mean(X)
1] 4.0832
Assume X ~ U(a,6). Let P = P(X > 3). Derive
(1) the MLE of a and the MLE P,
(2) the density of X(y),
(3) op as a function of a.
(4) Compute the MLE estimate of P and SE based on the above data.
Comments before solution.
1. Can we assume X ~ U(a,b) with unknown (a,b) ?
2. Can we assume X ~ U(a,2) with unknown a ?
3. Can we assume X ~ N (p,0?) with unknown (u, o) ?
4. Can we assume X ~ G(a, ) 7
Sol. (1) I: Maximizing likelihood function over a < b = 6 yields the MLE is a = X(3).

1 I(a<X;<b) _ I(a<X(1,<6) I(a=X(1)<6) ,
L=1liei === = (6—:1))" > (6—X((1)))" - a=Xq).
Range of a: 2.05 ? (—o0,6) ? data independent.

Difference between the maximum likelihood estimator and the maximum likelihood estimate.



Estimator = estimate 7
X(1) is the MLE estimator of a, and x(;) = 2.05 is the MLE estimate of a based on the data.

. 6—3Va 2:3 if a <3 . . . .
Since P = P(X > 3) = *g=2¢ = T € [3.6)° by invariance principle of MLE,

MLE P =

6% 6 v.s. estimate of P is =0.7594. (1)
—a

6-3Va  [83 ifa<3 -
“ 1 ifael36 6 — 2.05

(2) fx, () = 1|(n i/ (£)S™” (t), t € (X(1),6), where S = 1 — F which formula in [448]?

flt
(3) 0% = E((P)*) — (E(P))* (see Eq.(1)).
Ifa€[3 6], then P = P(X > 3) =1, thusa = 0. right ? wrong ? DNK
If a € [3,6], then @ > 3 and P =1, thusa —O right 7 wrong 7 DNK
0'125 = 0’8.7594?? 03.7594 =77
0 if a € [3,6]
Hence, op = { \/E(PQ) B (E(P))Q fa<3 where
R 33 n! 1 6-x., ,
for a < 3, E(P):/a e 1‘(n—1)'6—a(6—a) dz
6 n! 1 6—-2.,_4
+/3 L i —1)'6—(1(6—(1) de
n n 6
:(637@)71/ (6 — .T)n_zdl‘ + W /3 (6 - .’L‘)n_ld.’L‘
— —3n _mn—13_ 1 _:L,nG
_(n—l)(6—a)"(6 ) |“ (6—a)"(6 ) ‘3
» 3n n—1 _ \n—1 3"
B(P) = (oo~ (6= 0" = =8
A2_3 3 n! 1 6—-z.,,_,
E((P))_/a (G—x) Xl!(n—l)!G—a(G—a) d
6, n! 1 6—-z.,,,
+/3 P m—Di6—a6-a)
:(63—72)"/ (6 — x)"_gdx + (G—La)” /3 (6 — x)"_ldx
- —32n —xn_23— 1 —x"G
R T R i i U
N 3%n a2 _ (g _ 3)n—2 3"
n=100
a=2.05
(A=3"n/((n-1)*(6-a)**n)*( (6-a)**(n-1)- (6-3)**(n-1))+(3/(6-a))**n)
] 0.7671653

1
(B=3%3%n/((n-2)*(6-a)"*n)*( (6-a)**(n-2)- (6-3)**(n-2))+(3/(6-a))**n)
[1] 0.5886027

(s=sqrt(B-A*A))

[1] 0.00774954 => G p for the given data.

(4) Compute the MLE estimate of P and SE based on the above data.

Ans. P =0.76 and SE» = 0.008,
(6-3)/(6-a) [1] 0.7594937



