MATH 448, MATHEMATICAL STATISTICS
Textbook: Mathematical statistics with applications (7th Ed.),
by Dennis D. Wackerly, W. Mendenhall III, R. L. Scheaffer
Chapters to be covered: 8-11, 16.
Classroom CW 107 MWF 11:45-am-1:15pm
Office: WH 132
Office hours: 3:00-4:00pm (M), 9:00-10:00 am (W), in WH 132,
Exams: 3 tests + final, Feb. 23(M), Mar. 23(M) , Apr 20(M)
You can bring a calculator without the function of installing formulas. I will check !!
Homework: Due Wednesday in class, no late homework.
HW Solution: https://usermanual.wiki/Document/SolutionManualMathematicalStatistics
WithApplications7thEditionWackerly.313163145 /help
https://brainly.com/textbook-solutions/b-mathematical-statistics-applications-7th-edition
-college-math-9780495110811
Homework is on my website: https://www2.math.binghamton.edu/p/people/qyu/qyu_personall}
Course Materials for 448
note (pdf file)
note2 (pdf file)
note3 (pdf file)
homework (pdf file)
homework solution (pdf file) Do not bother
homework solution (.txt file) Do not bother
Or http://people.math.binghamton.edu/qyu/ftp/448hw.pdf
447-448 formula (pdf file)
Remind me if you do not see it by Saturday morning !
Homework due this Friday is on my website !!!
The answers to the first part is on my website as well. It is a final exam for math 447.
It is the format of the exams for Math 448.
First do the exam, then grade it yourself carefully and hand in.
Quizzes: once a week, at the beginning of each Friday class.
Class exercises.
Do not play cell phones in classes.
Grading Policy:
1. 10% hw +10% quiz & class exercise +45% tests +35% final
2. Correction: If you make correction in the next class after I distribute the test in class,
you can get 40% of the missing grades back. The correction should be on a different
paper for the whole problem, not just the incorrect statements. Attach your original
test. No partial credits for correction. Can not ask me for how to make the
correction.
3. A-=85+; C =60 +. 10+10+4+45*(0.3+0.4*0.7)+35%0.3=56
Quiz on this Friday: 447 formula 1-10.




Syllabus of math 448: Prerequisites: MATH 447 with a grade of C or better.

Summarizing data by graphical and numerical methods, point estimation, consistency,
bias, mean square error, confidence intervals, relative efficiency, sufficient statistics, mini-
mum variance unbiased estimators, the method of moments, the method of maximum like-
lihood, hypothesis testing, type I and type II errors, lemma of Neyman-Pearson, Bayesian
statistics.

No class: Feb.27 (F), Mar. 28(Sat)-Apr.6(Mon), May 8 final week.

Apr.7 Tu meet Monday class.
Last day of class: Dec. 5 F

Chapter 0. Introduction
Question: What is Statistics 7
One can use the following example to explain in short.
Example (capture-recapture problem).

In a pond, there are N fishes.
Catch m, say m = 10,
tag them and put them back.
Re-catch k fish, say k£ = 10,
X of them are tagged, say X = 3.
. P(X =3) =7 probability problem, Is X ar.v.?
Question: { N<: ? ) Is)tatistics I})frgblem. IsNarwv.?

m\(N—-m
Answer: 1. P(X =z) = f(x;N) = %, xe{0,1,...kAm}, kVvm < N.
k

2. Many methods to estimate N: MME, MLE, Bayes estimator, etc. e.g.
MME: Solve X = E(X) = km/N => N = km/X = 331.
MLE: argmazy f(z; N) = 33 (from google). Or use R: (in a department computer)

> m=10 # of tagged fishes
> k=10 # recaptured fishes
> n=0:29 # untagged fishes in the pond why 0:29 ? why not larger ?
> (a=dhyper(3, m, n, k, log = FALSE)) phyper()  qhyper()  rhyper()
[1] 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
7] 0.00000000 0.00617030 0.02193885 0.04676438 0.07794064 0.11227163
13] 0.14697377 0.17998962 0.20998789 0.23623637 0.25844663 0.27663361
19] 0.29100419 0.30187504 0.30961542 0.31460922 0.31723096 0.31783178
25] 0.31673201 0.31421827 0.31054320 0.30592702 0.30055988 0.29460473
> nla==max(a)]+10
[1] 33 # MLE

[
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> n=0:10000 n is larger now.
> a=dhyper(3, m, n, k, log = FALSE)
> nla==max(a)]+10
[1] 33
Q: Properties of these estimators ?
What is the good (or possibly best) estimator 7
What is the meaning of a good or best estimator ?
Typically, statistics deals with such problems:
Suppose that X, ..., X, are i.i.d. from X, with cdf F(z;0), where 6 is unknown in ©,
try to find out:
1. 6 =7 or P(X <zx) =7 (this is called point estimation).
What is # in the capture-recapture problem ?
2. (a,b) = ? such that it is likely that a < 6 < b (this is called interval estimation);
3. 0 =0, 7 where 0, is given. (This is called hypothesis testing).
In 448, we shall learn these concepts.
Chapter 8. Estimation
§8.1. Introduction.
Def. Denote X = (X1, ..., X,), where X1, ..., X;,, i.i.d. from X ~ F(z;0) (= P(X < z0)).
0 is called the parameter of the distribution.
We call X a data set or observations from X.
The sample mean is X = £ 3" | X;.
In simulation one can use R to generate data set as follows:
> (x=rnorm(3,0,1))
[1] 0.3163466 0.4865695 -0.2163855
> x=rexp(30,3) # 3=E(X) or 1/E(X) ? ( f(z) x e ®/* =P 1 > 0).
> mean(x)
[1] 0.3559676
Remark. In the example, we observe X; = 0.3163466, X, = 0.4865695, X3 = —0.2163855.
We can say X7, X9 and X3 are r.v.s,
but cannot say 0.3163466, 0.4865695, -0.2163855 are r.v.s.
They are numbers, or called observations.
Def. A statistic is a function (or a formula) of a random vector or random variable, say X,
but does not depend on the parameter 6.
An estimator is a statistic used to guess the parameter 6.

An estimate is a value of the estimator.

Remark. Most of the time we let X (or Y, or Z) be r.v., & or y or t be value of X, say
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X=xorX=yor X =t eg.,
> (x=rnorm(3,0,1))
[1] 0.3163466 0.4865695 -0.2163855
we observe X; = 0.3163466 (or X; = x), X9 = 0.4865695 (or X5 = y),
then x and y are numbers, not r.v.s.
E(X;)=07 E(0.3163466) =0 7 E(x)=07
Ex 1. Suppose that X3, ..., X,, are i.i.d. from N(u,1). Let
() Xi+Xe, () Xitp (2 (@)X, (¢) Xo+ XZ+5.
Which of them is a statistic 7
Ex. 2. Suppose that Xi, ..., X, are i.i.d. from bin(1,p).
An estimator of p is X, denoted by p = X.
If (X1, X2, X3)=(1,0,1), n =3, then % is an estimate of p, denoted by p = 2/3.
Is X an estimator, or an estimate ?
Is 2/3 an estimator, or an estimate ?
Is p an estimator, or an estimate 7
Remark. 1. Given a parameter 6, one can use 6 or 6 or 0 to denote its estimator.
2. An estimator 0 is a r.v. e.g. i = X, where X1, ..., X,, are i.i.d..
QM E@=? @V@=? @) PE<i<5)=lorPla<i<b) =7
Possible Ans:
(1) E(p) = E(X) = E(X), or E(j1) = px if it exists ? Yes, No, DNK.
How about X ~ Cauchy distribution ?
E(X) = E(X) does not exist.

2) V() =V, Xi/n)=>",V(X;)/n* =0%/n ? Yes, No, DNK.
(a Fﬂ(b) — Fua) 7

)
ansssn-ii GEVED
(d) u(b) Fyla—) 7

Formula 17. A cdf F(t) (= P(X <t),) satisfying
(1) F(~o0) = 0, and F(o0) = 1, (2) F(a+) = F(), (3) F() 1.
Moreover, F(b) — F(a) = P(a < X <) -
Remark. Recall X =1%" X, X2 =7 1/X =7
§8.2. The Bias and mean square error of point estimators
Def. Let 0 be a point estimator of a parameter 6.
If E(A) =0, 6 is unbiased.
O.W. 0 is called a biased estimator, and
the bias of § is denoted by B(6), B(0) = E(§) — 6.
The mean square error of § is MSE() = E((6 — 0)2)
Formula: MSE(9) = (B(9))2 + V(6).
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Proof. +: MSE(A)(= E((0 — 0)?)) = (B(0))*> + V(9).

MSE(9)
—E((0-16)*)
—FE(@ - E@6) + E6) —6)?) = E((a+b)?), a=?
=E[(0 — E(0))* +2(0 — E(0))(E() — 0) + (E(0) — 0)?] (a+b)? = a® + 2ab + b?
=E((0 — E0)*) +2E((0 — E0)(E(0) —0)) + (E(f) —0)%) E(aX +bY) = aE(X) 4 bE(Y)
=E((0— E(0))*) +2(E(6) — E(0))(E() — 0) + (E(6) —6)° Why ? [20]
—E((0 - E6))*)+ ? +(E(0) —0)* =V(6) + (B(6))

Ex. 1. Suppose that X1, X, and X3 are i.i.d. from N(p,o?),
and their observations are 1.408, 0.015, 0.050, thus X = 0.491.
Let Ty = X1 (=1.408), Ty = X, T3 = pu, Ty = X + 2 (= 2.491).
(A) Which of them is an estimate of u 7
(B) Are those estimators unbiased ?
(C) MSE of those estimators = ?
Sol. (a) 77 = X is an estimator, 1.408 is an estimate.
E(Ty) = E(X1) = p, thus T3 is an unbiased estimator. F/(1.408) =7
bias= B(T1) = 0,
MSE(T}) = V(X1) = 02,
(b) T, = X is an estimator,
E(Tz) = E(X) = i,
thus 75 is an unbiased estimator.
bias= B(T3) = 0,
MSE(Ty) = V(X) = 02/3.
(c) T5 is not an estimator.
E(Ts) = p 77
bias= B(T3) = 77 (I) yes 7 (II) not relevant 77
(d) Ty is an estimator,
E(Ty) = E(X) +2 = p+ 2, thus Ty is a biased estimator.
bias= B(T,) = 2,
MSE(Ty) = V(Ty) + (B(Ta))? = V(X +2) + (B(T1))* = V(X) + (B(4))? 777
=02/3+ 22
Q: In Ex.1 above, do we know pu 7
Ex.2. Suppose that X1, ..., X, are i.i.d. from N(u,0?) and S% = - 3" (X, — X)2
a. Is S an unbiased estimator of o ? b. Find an unbiased estimator of o.
Sol. Recall 447 formulae [23], [24] and [41]:



[41) If Y ~ N(p, 02), ~ N(0,1), @D 20— 1), i s ~ ty, where uy = p,
1 - ~ o n Y
B(S) =E(,| = > (X~ X)) = B35k i (X - X)?)
=1

n—1° ( o2 Z:1< ‘ )?)
1
=\/—7E(VY) Y ~x2(n— 1) = G(251,2)
1 0o ya 18—9/6 ) S
=\ —7° ; NG T(a)f" dy [23]=> df of G(a, B) is f(x):w,x>0
]_ / yT_l _y/2 ”;1,1 —2/p
= o Yy dy [24]=> fi2mo1(@) = F——— 57,2 >0.
n-l \FF("21>2 g = S () =5 g

/ F—le—y/2
d T 1) =
n—l / Y (n+ )
y/2 I(2)2%

=/ / y2 e, TG why do this 77

n—1 r(254)2"
=1/ 2 — 23] I'a+1)=al'(?), T'(n+1)=n!
”—1F<T>2T 23] T(a+1)=al(?), T(n+1)

rz —
o]t ﬂgl/2 = o ?Is S unbiased ? T'(1) =? (F(2—1> = /)
n

-1 F( ) 2
Let 6 = ——1 . Is it unbiased ?7?
\/T (2)
n—1 F(%)
b. Find an unbiased estimator of o. Ans ? Class exercise.

Remark. The above statement may not be true if X;’s are not normal.
§8.3 Some common unbiased point estimators.
Ex.1. Suppose that Xy, ..., X, are i.i.d. from X with mean px,
and Y7, ..., Y, are i.i.d. from Y with mean py.
Unbiased estimators of px, py and pux — py 7
Sol. An unbiased estimator of px is ix = X, Is there another one 7 Y, N, DNA

An unbiased estimator of py is iy =Y,



An unbiased estimator of px — py is X — Y.
Reason: E(X) = E(X)

E(Y)=E()

EX-Y)=EX)-EY)=EX)-E®Y).

Ex.2. Let X ~ bin(n,p) and Y ~ bin(m,#). Find the unbiased estimators of p, § and p — 6.

Sol. The unbiased estimators are p = X/n, 0 =Y/m and p — 0 = X/n — Y/m.
Reason: E(p) = E(X/n) =np/n = p. 9 p=mnp ...
E(0) = E(Y/m) = mf/m = 0.
E(p—0)=E@p) —E@)=p—0.

Ex.3. Let X1, ..., X,, be i.i.d. from X, with mean p and variance o2.
Let 02 = 15" (X, —X)%andlet $2 = 157" (X; - X)? (02 =1218?),
Is o2 unbiased estimator of o2 ? Is S2 unbiased estimator of o2 ?

Sol. o2 is biased but S? is unbiased. The reason is as follows.

A1 & _
2—") (X; — X)?
o nE_j( )

1 & —
== § (X? —2X;X + (X)?)
n
=1

X?) — 0% — (ux)? = B(X?) — (ux)* — 0%

777

— E(Z%) (Y,Z) =?
) [15]: oy = B(Y?) — i
X?) = (02 + (nx)?) Y =

X2

=0y —o0x/n=——0 Thus o2 is a biased estimator of o2.



’)’L ~

= E(o?
— E(0?)
n n — 1 2 2 2 . . . 2
= 0 = o“. Thus S~ is an unbiased estimator of o*.
n—1 n
Remark. Since E(c2) = =152 thus 52 = #UAQ is unbiased estimator of 2.

Q: E(S?)=0%=>FE(S)=0"7

Recall in §8.2 E(S) =E( - i | i(XZ —X)2) =/ - i 1UE( % i(XZ - X)2)

i=1
2 I(3)
n—1T(25Y)
1
Let 6 =—————5. Then ¢ is an unbiased estimator of 77

[2_ ()
n=1T(21)

Q: Since ¢ is unbiased estimator of 7, is (6)% an unbiased estimator of 02 ? Y, N, DNK.
Notice E(Y?) = 0% + 2. E((6)?) =02 + (E(5))? = 0% + o2 Answer ?
68.4. Evaluating the goodness of a point estimator.
Let X be ar.v. X ~ f(x;0). Let 0 be an estimator of 6.

0 — 0 = error of the estimator.  E(0 — ) = B().
P(| — 6] = 0) = 0 most of the time. e.g., if X1, ..., X1o are i.i.d. ~ bin(1,0), § = X then

()P a" " = (15p) 0% (1 = )1°0=9 if 6 € {0,0.1,...,0.9,1},

0 otherwise

P(é:@):{

Thus it is often to consider error bound b = 20;. That is,
‘é — 9| <b= 20@, or [é — QUé,é—F 20’9].
0.9544 if X ~ N(u,0o?)
If E(X)=0,0=X and 04 is known, then P(|§ — 0| < 20;) = ¢ 1 if X ~ U(0,20)
0.9502 if X ~ Exp(6).
Reason: (1) If X ~ N(u,0?) and 05 = ox = o is known, then

P(|0 - 0] < 20))
= P(|0 — p| < 20)
= P(%E <2)  (see [22)
=1—P(|Z| > 2) (where Z ~ N(0,1))
=1 —2 % 0.0228 from the table in P.848  Or use R > 1-pnorm(2) [1] 0.02275013
=1—0.0456 = 0.9544.
(2) If X ~ U(0,20), (see 447[21]). E(X) = &b = 0420 — g 52 — (b=l _ 2007 _ g2/3

_ 2 ~
2o—_ﬁe>9 V3~ 1.732




P(16 — 6] < 207))
P10 - 0] < 20/3)
PO —20/3<0<0+20//3)
P(—(2-1.7)0/1.7 < X < 3.70/1.7) =? Class exercise (on a piece of paper and email me later)]

Q

> P(0< X <20) =
(3) If X ~ Exp(f) with E(X) =60, then X ~ G(1,0), 0> =aB?*=60% 0c=10
flz)=1Lte /% z>0. (see 447 [23] & [24]).
P(|X — 0] < 20)

P(IX — 0] < 26)
P(=30 <X <30) f(z)=34e % x>0.
P(X < 30) =7 Class exercise

- fogo %e_x/edx
= fOB e “du with u = x/0
=1—exp(—3) =1—0.04978707 ~ 0.95.
In general, by Tchebysheff’s inequality, P(|X — u| > ko) < 1/k? (see [14]).
Thus P(|X — 0| <20)>1—-1/4=0.75.
But o is often unknown.
Thus estimate it by 65, and b = 26, called the 2-standard error (bound) (SE).
Ex. 1. A sample of n = 1000 voters showed Y = 560 in favor of A.
(1) Estimate p, the fraction of voters in the population favouring A;
(2) give a 2-standard-error bound to the estimate.
Sol. (1) p=Y/n =560/1000 = 0.56.
(2) of = pa/n.
2 SE bound is 26, = 21/p4/n = 2,/0.56 x 0.44/1000 = 0.03.

Ex. 2. A comparison of durability of 2 types of car tires was obtained by road-testing samples

of n1 = ny = 100 tires of each type.

Y1 = 26400 miles, Y5 = 25100 miles,

S? = 1,440,000 and S3 = 1, 960, 000.
Estimate the difference in mean mileage to wear-out and place a 2-SE bound on the error.
Sol. The difference in mean mileage to wear-out 6 = pu; — o,

()0 =Y, -Y5=13007 or (b) § =Y, — Y5 =1300?

25D =20, =7



=V 1)+ V(Y2) - 2C00(Y1,Y>) [34]
=V(Y1)/n1 + V(Y2)/na—777

1440000 + 1960000
25D =2\ /V(Y1)/m + V(Ya) /s = 2\/ 1:;0 — 3688 Y, N,DNK
2SE =2,/5%/n1 + 3 /ns SE = 8D
1440000 + 1960000
:2\/ ;50 — 368.8

Questions: In the previous example

P(|Y1—Y5 — (1 — p2)| < 368.8) = ?
Ans: Approximately 95% or a little bit larger than 95%.
Reason: By the CLT [42], F5+(t) = @(%)

?:71 —?2, 02?: 0%1 —1—0%2.

095~ P(|Y1 — Y2 <1.965D) = P(|]Y1 — Y| <2SE)
Quiz on next Friday: 447: 11-42. 448: [1] — [2].

448 [1] Estimator of p is X where X = , Estimator of o2 is S?,
where S? = ckey: >0 X /n, A5 (X — X)2

448 [2] An estimator 0 is unbiased if , bias B(0) = ,
MSE = , (key: E(0) =0, E(0)—0, V() + (B(H)?,

§8.5. Confidence interval (CI).
Def. Suppose P(f;, <60 < fy)=1— . Then

[01,0y] is called a 100(1 — )% (2-sided) confidence interval (CI) of 6;

(=00, 0] (or [0,0y] if 6 > 0) is called a 100(1 — )% lower one-sided CI of 6;

[0, 00] is called a 100(1 — a)% upper one-sided confidence interval (CI) of 6.
Meaning of the 95% CI for 0:

If one repeats 100 times to construct the 95% CI for 6, then

about 95% of the times, [f1,0y] will contain §.  Are they the same ?
Ex. 1. If Xy, ...., Xjo0 are i.i.d. from N(u, 1), find a 95% CI for u.
Sol. 447 [41] T2X% ~ N(0, 1),

A 95% CI fo}; pis [X —1.96/y/n, X + 1.96/y/n], or written as X & 1.96/+/n.
Reason: P(X —1.96/vn <pu <X +1.96/vn)

P(-1.96/v/n < u— X <1.96//n)
=P(|p— X] <1.96/v/n)

_ Y — —
P2 <196 (o=1& TN (1)
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Remark. In Ex 2 of §8.4, the 95% CI of a tire duration is 1300 £ 369 or [931.2, 1668.8].
Multiple choice problems: Class exercise (only write down your answers).
(1) 6 € [931.2,1668.8]; Y,N,DNK;
(2) 6 € [931.2,1668.8] with probability 0.95; Y,N,DNK;
(3) [sfarv.? Y,N,DNK;
(4) If one repeats 100 times to construct the 95% CI for 6, then
about 95% of the time, [éL, éU] will contain 6. Y,N,DNK;

Ex. 2. Suppose that we are to obtain a single observation Y from an exponential distribution
with mean 6, say Y ~ Ezp(f). Use Y to construct a 90% CI for 6.
Sol. Try to obtain P(a < 6 < b) = 0.9 or to obtain P(a <6 <b) =0.9.
Idea: use a pivotal method:

(1) Find a pivotal function Z = ¢(Y,0), i.e. Fz(t) is independent of 6;

(2) Choose (a,b) so that P(a < g(Y,0) < b) =0.9.

(3) Solve P(A <60 < B)=0.9 from P(a < g(Y,0) < b) =0.9.
These 3 steps are outlined as follows first:
Step (1) Let Z =Y/0 (= g(Y,0)). Then fz(t) =e %, ¢t > 0, thus it is a pivatol function.

Step (2) P(a < Z <b) =F(b) — F(a) = /b e~tdt [17] in 447

—e % et =09 (0.05129, 0.2995732)
0.95 —0.05 choice 1 i.e. (a,b) = (—10g(0.95), —l0og(0.05))
0.9-0 choice 2 i.e. (a,b) = (—log(0.9), —log(0))
S ]11-01 choice 3 i.e. (a,b) = (—log(1),—log(0.1))
others

Step (3) P(a < Z < b) =P(a < Y/0 < b)
_P(1/a>0/Y > 1/b)
_P(Y/a>0>Y/b)

then a 90% CI for 6§ is [Y/b,Y/al, e.g. [Y/3,Y/0.05], as b = —In0.05 ~ 3 & a = —In0.95 ~ 0.05.
Remark. In Example 2, -: Z = ¢(Y,0) = % is a pivotal function i.e.,

fz(z), or Fz(2), or Sz(z) (=1 — Fz(2)) does not depend on 6,

23], [24] => fy(z) = 3e7*/%, 2 >0. Any thing wrong ?  fy(y)?

Syz(t)=P(Z >t)=P(Y/0 > t) t>0

P(Y > 6t)

/ —y/Gdy

ot

/ —y/@dy
ot

—_ o~



Thus Z = g(Y,6) = ¥ is a pivotal function i.e., fz(z) does not depend on 6.
A 90% CI for 0 is [Y/b,Y/a] = [ 555+ =5 55)» OF [T55 15 )s OF (=g 1> —1o7)-
> a=—10g(0.95)
> b=—1og(0.05)
> 1/a—1/b
1] 19.16192
The length of the 1st Clis Y/a — Y /b= 19.16Y".
[—5=, X] is another 90% CI for 6, with a length occ.
Q: Which of these two CIs is better 7

(X, 55) (=0, %55] is a third 90% CI for 6, with a length 9.491222Y.

oo’ —In0.9
>1/(-1og(0.9))
[1] 9.491222
Remark. These 3 CI can be compared as follows.
a<Z<b [Y/b,Y/al length
Y Y

—1n0.95 < Z < —In0.05 [_1136.05, _113(/).95] 19.2Y | Which of these 4 CIs is better ?

—In0.9 < Z < —In0 (5 5] 949
—In0.89 < Z < —In0.01 [5o7: —osg) 84Y

Comments. The first 3 are typical choices.
Each is a correct answer to the problem asked in Ex. 2, unless there is another statement.
But one can try to find an optimal one if it is asked.
Ex. 3. Suppose that X ~ U(¢,0+ 1). Construct a 95% CI for 6.
Sol. 3 steps:
(1) Find the pivotal Z = g(X, 0),
(2) Pla< Z <b)=0.95=>(3)0.95=P(A<0<B).
Step 1: Let Z = g(X,0) =X — 6. Then Z ~ U(0,1).

Reason: Fx(t)=(t—0)ifte (0,0+1).
P(Z<t) (if 0<t<1)

—P(X—0<t)

=P(X<0+1) - 5
O+t rxrec

= ["" I € (0,0 + 1))da I(x € B) = {0 brel

=1 _+ [) I (x € (0,0 + 1))dx

12



— 04 [ I(z € (0,0 4+ 1))dw
= [P 1dxI(t € (0,1))

7 ift<0

= {t if t € (0,1) 447 [17] F(o0) = 1.
?7 ift>1 contradicts to “if 0 <t <1
<=>Fx(t)=t-0)I(0<t—0<1)+1I(t—6>1).

<=>Fy(x)=cl(0<z<1)+I(x>1).
Step 2. P(a < Z < b) = 0.95.
=>Pla< X —-60<b)=0.95
=P(0.025 < X — 0 < 0.975)
Step 3. P(0.025 — X < —0 < —X +0.975)
—P( X —0.025> 60 > X — 0.975)
=P( X —0.975 <0 < X —0.025) CE. Anything wrong ? Y, N, DNK
[X — 0.975, X — 0.025] is a 95% CI for .
Q: How about [X — 1, X — 0.05] due to P(0.05 < X —0<1)=0.957 Y, N, DNK
How about [X — 0.95, X] due to P(0 < X — 0 < 0.95) =0.957 Y, N, DNK

a<Z=Y—-0<b (X —b,X —a] length

0.025 < Z < 0.975 [X — 0.975, X — 0.025]  0.95 . ,
0<Z <095 (X — 0.95, X] 0.95 | Whichis better
0.05< Z < 1 X —1,X—005 095

Summary. There are 3 typical pivotal functions Z = g(X, 0):

Ex.l. X ~N(u,02), Z=X —pn~ N(0,02) or Z =2£ ~ N(0,1).

Ex.2. X ~ Exp() (BE(X) =10), Z = g(X,0) = % ~ Exp(1).

Ex3. X ~U(0,0+0b), Z =g(X,0) =22 ~U(0,1).
CI starts with P(a < g(X,0) <b)=1—a = P(A <0 < B), where g(X,0) is a pivatol.
§8.6. Large sample CI for 0: [0, 0y].

Exact CI P(A, <0 <0y)=1—o.

Large sample approximate CI P(éL <0< éU) ~1-—a.

Most of the time (due to the CLT),

Z = ég;ﬁ ~ N(0,1) approximately, (a pivotal function g(6, ) if o4 is known),
9 ~
or Z = e&;ﬁ ~ N(0,1) approximately, What is their difference ?
o
P(|Z] < z4/2) ~l-—a

:P(_Za/Q <Z< Za/Q)

=P(—24/2 < — < Za)2) Class exercise: continue
(%

:P(—Za/gaé S é —0 S Za/20'9>

:P(ZQ/QUQ > _é + 6 > _Za/20é>

:P(é—l—za/gaé >0 Zé— Za/QO'é)
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:P(é— Za)205 < 0 < é—l—za/gaé) Is é—za/gaé <0< é+za/20é a CI 7?7 Y,N,DNK
%P(é—za/ga'é <6< é-i—Za/Q@'é).

Thus an approximate CI for 6 is 6 & Zo/205. In particular by Table 4 (p.848) about N (0, 1),
an approximate 90% CI is 6 + 1.6456;
an approximate 95% CI is éi????&é; ( Class exercise)
an approximate 99% CI is 6+ 2.576,, if o is unklnown.
> x=c(0.95,0.975,0.995)
> gnorm(x)
[1] 1.644854 1.959964 2.575829
An approximate one-sided CI for 6 is
0,0 + 2404 (upper bounded), provided 6 > 0; otherwise (777, 0 + 2a04);
[0 — 2004, 00) (lower bounded). Need to find = ? o5="7 or 65="7
Recall Table 8.1 (p.397):

0 sample size(s) 0 E(0) o o

o n Y 1 a/\/n S/\/n

p n p p Vpa/n p(1—=p)/n
P1— P2 ni and ng Pr1—P2 p1—D2 V/P1a1/n1 + p2gz/na 77

1 — 2 ny and ng Yi—-Ys p1—pa o2 ni+02/ns 77

Answer to the last question in the above table : # [5] in 448 formulae:
If 01 = 09 is assumed, 77= \/SQ/nl + 52 /ngy, where

g2 (n1 —1)S% + (no — 1)53 _ S (Y — Y1)+ Z;?il(YQj _Y,)?
ny + ng — 2 ny+ng — 2 .

Otherwise, 7?7=1/5%2/n; + S%/ny. # [1] in 448: estimator of o2 is S2.
Ex. 8.7. The shopping times of n = 64 randomly selected customers at a local market were
recorded. The mean and variance of the 64 shopping times were 33 minutes and 256 minutes?,
respectively. Find a 90% CI for the true average shopping time per customer.
Sol. Formula: 6 + Za /205 has the form: Y + Zo/2S/\/1,

Y =78=2567 a/2=0.450r0.057 2,/ =7

Y +1.6455/\/n

33 4 1.645./256,/n
33 — 1.645,/256/n = 29.71
33 4 1.645./256,/n = 36.29

Thus a 90% CI for the true average shopping time per customer is [29.71, 36.29] or 33 4 3.29.
> 1.645*sqrt(256,/64)

14



[1] 3.29
Q: Does the true average shopping time per customer p € [29.71,36.29] ? Yes, No, DNK.

90 percents of the time, p will be contained by a CI Y =+ 1.6455/v/n. Yes, No, DNK.

90 percents of the time, p will be contained by [29.71, 36.29]. Yes, No, DNK.
Recall: If one repeats 100 times to construct the 90% CI for 6, then

about 90% of the times, [A,0y] will contain 6.
Ex. 8.8. Two brands of refrigerators, denoted by A and B, are each guaranteed for 1 year.
In a random sample of 50 refrigerators of brand A, 12 were observed to fail before 1 year. In
a random sample of 60 refrigerators of brand B, 12 were also observed to fail before 1 year.
Estimate the true difference (p; — p2) between proportions of failures during the guarantee

period, with confidence coefficient approximately 0.98.

Sol. Formula: § + Zo /205 has the form: (p1 — pa) & 24/2 \/plql/nl + p2qga/no
Or (p1 — P2) £ 202 V/P1d1/n1 + Paga/ne Q: Which is the formula to choose ?
> gqnorm(0.98)  ®71(0.98), pnorm(2.05) = ®(2.05) = 0.98, ®(z) is the cdf of N(0,1).
[1] 2.053749
> gnorm(0.99)
[1] 2.326348 Which is correct one ?
p1 = 12/50,
Pa = 12/60,
Zaj2 = Z0.01 = 2.33.
(0.24 — 0.2) + 2‘33\/0.245*00.76 N 0.26*00.8
0.04 4+ 0.1851.

Ans: The true difference (p; — p2) between proportions of failures during the guarantee period,

with confidence coefficient approximately 0.98 is
0.04 +0.18517
Or [—.1451,0.2251] ?
Question: In Ex.8.8, can we use (p1 — p2) £ 2421/ ﬁé—fl + 5’3;—32 ifny =ny=14 (< 64) ?
Ex. 3. A simulation study. Suppose n = 100 observations X;’s from bin(1,p), where p = 0.5.
Let Y =>"" | X;. An 80% approximate CIis Y/n+1.28/ w Note Y ~ bin(100,0.5).
> n=100
> Y=rbinom(1,100,0.5)

> p=Y/n

> ¢(Y/n-1.28*sqrt(p*(1-p)/n), Y/n+1.28*sqrt(p*(1-p)/n))

[1] [0.4863208, 0.6136792] # Does it contain p ?
> Y=rbinom(1,100,0.5)

> p=Y/n

> ¢(Y/n-1.28*sqrt(p*(1-p)/n), Y/n+1.28*sqrt(p*(1-p)/n))
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[1] [0.4160512, 0.5439488] # Does it contain p ?
> Y=rbinom(1,100,0.5)

> p=Y/n

> ¢(Y/n-1.28*sqrt(p*(1-p)/n), Y/n+1.28*sqrt(p*(1-p)/n))

[1] [0.327568, 0.452432] # Does it contain p ?
> Y=rbinom(1,100,0.5)

> p=Y/n

> ¢(Y/n-1.28*sqrt(p*(1-p)/n), Y/n+1.28*sqrt(p*(1-p)/n))

[1] [0.3764625, 0.5035375] # Does it contain p ?

Summary: The simulation study shows that an 80% CI interval for p may or may not contain
the true value of p (p = 0.5 in this example). However, if we repeat this procedure
100 times, roughly 80% of the time, the true value of p will be contained in the Cls.
Q: Suppose that 100 80%CIs were constructed.
1. Is it possible that the true value of p will be contained in the CIs all time ? Yes& Unlikely.
2. Is it possible that the true value of p will be contained in the CIs half of the time ? Y&U
3. Is it possible that the true value of p will be contained in the Cls 82% of the time ? Y&U
Q: How can we tell 7
> sqrt(0.8*0.2/100)

1] 0.04 G5 if p A 0.8,

> 1-round(pnorm(1:3),3)

[1] 0.159 0.023 0.001 P(Z > 30) ~ 0.001

> 3*sqrt(0.8%0.2/100) 3, if p~0.8.

[1] 0.12 How to interpret it ?
1-0.8=0.2>0.12 or 100% — 80% = 20% > 12% (see Question 1).

Ans.: The difference in estimates is bigger than 3 SD, very unlikely, only 0.001 chance.
0.8—-0.5=0.3>0.12=36;  how to interpret it 7
0.82—-0.8=0.02<0.04 =065  how to interpret it ?
Quiz on next Friday: 448 [1]—[5]; 447 [1]-[42], [44]
§8.7. Selecting the sample size.
Large sample size CI for 0 is 6 + 2020
By the CLT P(é&;ée <)~ ®(t) if n is large.
447 [42] F(t) = O( t;“7 ), where ®(t) is the cdf of N(0,1)

Then L =length of the CI = 2z,,265. CL [é — 20/204, 0 + Za /204
eITor=2z,/20.
Q: How to determine n for a given L or error.

Ideally, n is as large as possible due to [42] in 447.
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Practically, n should not be so large, as it costs time and money.
Example 8.9. The reaction of an individual to a stimulus in a psychological experiment may
take one of two forms: A & B. If an experimenter wishes to estimate the probability p that a
person will react in manner A, how many people must be included in the experiment ? i.e., let
X1, ...y Xy ~ bin(1,p), try to find n =7
To be more accurate, > a=c(.9,0.95,0.975,0.99)

1. based on expeirence, p ~ 0.6, > qnorm(a) [1] 1.282 1.645 1.960 2.326

2. the error of estimate is less than 0.04 w.p. 0.9.

Sol. Solve n through error =z,,26;.

error = 0.04 =z, /20

=1.645+/p(1 —p)/n or =1.645+/p(1 —p)/n 77
=1.645/0.6(0.4) /n
_ 1.645\\/_/(;. 6(0.4) _ 0.04

(1.645/0.04)% x 0.24 ~ n

n ~405.9. Is it the final answer ?

Ans. 406 people must be included in the experiment.
Ex. 8.10. An experimenter wishes to compare the effectiveness of 2 methods of training
industrial employees to perform an assembly operation. The selected employees are to be
divided into two groups of equal size. The i-th group receives training method i, i=1,2. After
training, each employee will perform the assembly operation and the length of assembly time
will be recorded.
It is expected the measurements for both groups to have a range of approximately 8 minutes.
How many workers must be selected in each group, if

the difference in mean assembly times is to be correct within 1 minute with prob. 0.95 ?
Sol. Solve n through error =z, /2645 or L = 2z,,26;. Are they the same ?

Let 0 = p1 — po.
Let = X — Y, the difference in sample mean assembly time.

0 is to be correct within 1 minute
which is right ? Why ?

Solve 1 = 24/20 (1)

o :\/Ui/nl + 0% /na

1
:% 0% +02 ?why? (2)
17



UX:?Uy:?

“It is expected the measurements for both groups to have a range of approximately 8 min.”

- {8 ~2x190cx =2 x 1960y => ox =0y = 2. which is right ? (3)

8~2x1960x =2x 1960y => ox =0y ~2.

“expected v.s. estimated”
(1), (2) and (3) => 1=1. 96— 0% + 0% =1 96—\/ 22 422

=>n =~ 30.73.

Ans: Each group needs 31 workers.

68.8. Small-sample CI for p and p; — po.
We have learned several types of Cls:

X +£1.96//n if X;’s are i.i.d. ~ N(6,1),
In §8.5. A 95% CI for 0 is § [257=, —oy095) if X ~ Fxp(0) with E(X) =

[X —0.975, X —0.025] if X ~U(#,0+1).
In §8.6. If n and m are large, given X1, ..., X,,, Y1, .., Y, and X/s L Yj’s, then

a (1 —a)% CI for px is X + z,/26/y/n, and
a (1 —a)% CI for px — py is X =Y =& 24/21/S% /n + S% /m, (provided n and m > 20.)
Q: How about n or m < 20 7

Need stronger assumptions:
Case 1. Xy, ..., X, are i.i.d. ~ N(ux,o0?),
CI for px: X + ta/2,n—19x/v/n, V.. X+ Zoj29x [N/
Case 2. X1, ..., X, are i.i.d. ~ N(ux,0?), Y1, ..., Yy, are iid. ~ N(py,0?) and X; LY},

CIfor px —py: X =Y + ta/2,n+m—25py/ % + %, where S:g Sx(n nlJ)rijQ(m D,
V.S. Y—Yiza/QSp,/%-i—%.

Ex. 8.11. Suppose that 8 independent observations are obtained from N (u,o?).
3005, 2925, 2935, 2965, 2995, 3005, 2937, 2905.

Construct a 95% CI for u.

Sol. The 95% CI is Y:i: ta/g n_15//n.

n=8 X = L X _ = 2959, §? = L5 (X, — X)?, and S = 39.1, t.025,7 = 2.365.
2959 + 2.365 * 39.1/f
A 95% CI for pu is 2959 + 32.7.

Ex. 8.12. Suppose that 2 sets of independent samples are from N(ux,o?) and N(uy,o?).
32, 37, 35, 28, 41, 44, 35, 31, 34,
35, 31, 29, 25, 34, 40, 27, 32, 31,

Construct a 95% CI for ux — py .

Sol. X —Y + ta/2n+m—25py /% + %, where Sz Sk(n- 1)+SY(m D,

n+m—
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X =35.22, Y = 31.56,

S% =24.445, S3 = 20.027,

§2 — 2A445x(O0-1)420.027x(0-1) _ 99 936

S, = 4.716,

t0.025,n+m—2 = ta/2,16 = 2.12,

35.22 — 31.56 £2.12%4.716,/1/9+ 1/9

The 95% CI is 3.66 £ 4.71

How to remember the formula and derive it 7

F: CIfor px: X £ ta/2,n—15x/Vn.
448. Formula [5]

If(1) Xy, ..., Xy, i N(u,02). (2) Y1, ..., Yy, are iid. from N(p2,02), (3) Xi’s L Y}’s,
then T = )27\/%, ~tn_1,

T = —\/m tntm—2, where & = — ,

W = (n, —1)S3/0% ~ x7_1,

F = Sﬁ/S; ~Fn1m-1. Which relates to p, only ?

3 steps for deriving a CI:
(1) Find a pivotal function Z = ¢(Y, 0), such that Z is independent of 6;
(2) Choose (a,b) so that P(a < g(Y,0) < b) =0.9.
(3) Solve P(A <6 < B) = 0.9 from P(a < g(Y,0) <b) =0.9.

For p,, the pivotal function is T' = ;i?\’;%, ~lp_q.

Thus P(| SYX_/%\ <tajon-1)=1—a as t,—1 is symmetric,
=P(|X — pz| < taj2n-15x/v/n)
=P a/2n 1SX/\/_<X_M$ <ta/2,n—1SX/\/ﬁ>

(=

P(ta/an-15x/Vn > =X + piz > —tajan-15x/v/n)
(X
(X

P X+toc/2n 1SX/\/_> Hzx ZX_ta/Qn 1SX/\/_)
P - ta/Q,n—lsX/\/_ S Mo S X +ta/2,n—1SX/\/_)~
=> a 100(1 — )% CI for px is X ttq/20-15x/V/n.

Or P(\%\ <tajon—1)=1—-«a

Y_ T
=> |SX/'L\L/H| < ta/2,n—1

=> |X — pig| <tajon1Sx/vVn
=> |,UX - X‘ < ta/Q,n—lsX/\/ﬁ => X+ ta/Q,n—lsX/\/ﬁ
or X — ta/Q,n—lsX/\/ﬁ < Mg < X + ta/Q,n—lsX/\/ﬁ‘

F: CI for puy — py: X =Y Fto/2ntm—25p1/~ + =, where S2 = Sk (n nlljfyg(m N
Which formula in [5] relates to p, —p,, 7

Thus p(|w| <tajrmimz)=1—a

Spv/ 7t
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”U

a/2 n+m—2 <

(=
( O‘/2 n+m— 2S P\ n + % < X-Y - (/1’90 - ,uy) < ta/Q,n+m_QSp % + %)
(a/2n+m 25 %‘1‘%2—(7—

) — f1y) > —t YA
(X =Y) + taomim—25p /2 + L > (e — 1) > (X =Y) — tajamim_25/ = + L)
— P((X =) —tajpmem oS/ 2+ 2 < (1o — 1) < (X =) + tajonim 25/ L + L)

Short cut: |XSLM| < ta/2,ntm—2
P n m

|(,le _:uy) - (Y—?ﬂ < ta/2 n+m— QSp %"' %

7_?:i:to¢/2n—|—m—2 S \/_+_

or (X =Y) —ta/2ntm—2 Sp L <y —py (X =Y) +taj2nim—2 Sp
This section is based on Formulae 448 [5] & [20].
Formula 448 [5] is due to 447 Formulae: [42], [41], [44], and [20].
[42] F3(t) = ®( = ZY ), where ®(t) is the cdf of N(0,1).

P
P(t
P

3=
+

3=

?

41 fY ~ N ,@wNO,l,%wan—l,?LSQ, nhwtn_l,where
/"L fok g S
- X\ ) ‘n—1
iy = p, 0% =0°/n
2 2

Thus (1) Z, = % ~ x%*(m—1) and Z, = % ~ x3(n —1),

Xi S~ X1 -|—X2 ~: g(O./l + Of276>

g(aivﬁ) 2

XQ(U') X (1)1 +02>

[44] Tf Xy Xo. Pois(l)v) — key: L, Pois(\ + A2)

N (i, 0%) N(p1 + p2, 0% + 03)

bzn(nz,p) bzn(nl +n27p)

Since X; 1 Yj, we have Z, | Z,. By [44], Z, + Z, NXQ(n—l—I—m—l).

n—1)S2+(m— IS
Moreover, since o, = 0y, Zy + Zy = ) 02( ) Y~y (n—14+m—1).

Furthermore, %:;“y) ~N(,1)and X =Y 1L (n—1)S2+ (m — 1)55.
448[20] Suppose that Z ~ N(0,1), X ~ x?(u), Y ~ x?(v).
f ZLX, T = Z/\/X]u, then T ~ t,; f X LY, F = 35%, then F ~ F, , and X +Y ~ x*(u + v),
§8.9. CI for o2. -

In §8.8, we need that ox = oy = o for the CI of 1, — 1, assuming X, ...., X,

i.4.d

~ ‘N(:uv 02)'

Thus we need to estimate o and to construct the CI for o2. It is given by

[(n - 1)8% (n—-1)52
2

v 2
Xa/2n—1 X1-a/2,n-1

.

How to derive it 7 A class exercise based on The 447 formulae:
[40] Let Yi, ..., Y, be a random sample of Y. Y = %2?21 Y;, §? = 5% = ﬁ bV, —=Y)?
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[41] Ly ~ N(/JHO-Q)? then % ~ N<071)7 (71—0712)52 ~ XQ(n_ 1)7 Y L S27 \/_% ~ tp_ ln—1,
- AP
where i3 = p, 02? =ao?/n

3 steps for deriving a CI:

(1) Find a pivotal function Z = g(Y, 0), such that Z is independent of 6; (0 = o?).
Which formula to start with ?

(2) Choose (a,b) so that P(a < g(Y,0) <b) =0.9.

(3) Solve P(A <6 < B)=0.9 from P(a < g(Y,0) <b) =0.9.

Thus W = (n —1)S2/0% ~ x2_,,
P(Xi/Zn 2 W =3 o)2,n— )=1-a

P(x Z/Qn 12 (nal)sm > X7 o)2,n— 1)

P(]'/Xa/Zn 1 = (n—1)sg < 1/X1—a/2,n—1)

= P((n— 1)S£/Xa/2,n—1 <o?<(n- 1)S£/X?—a/2,n—1)
(1 - a)(100%) CI of 02 is [f{Z‘”SQ (n=1)s" ]

5 .
a/2,n—1 Xl—a/z,'n—l

How about (1 — «)100% CI of o ?
((n—1) SQ/Xa/zn p<So?<( ”_1)52/X1 o)2,n— 1)

(n 1)S2 <o< (n 1)S2
a/2n 1 X7 a/2,n— 1

=> CI for o is [\/iz/:isi \/Xén;ljizl].

Summary. Typical pivotal functions Z = g(X, #) we have learnt:
Ex.l. X ~ N(0,0?), and o is known: Z = 2% ~ N(0,1) .
Ex.2. X ~ Ezp(f) (E(X)=10), Z = g(X,0) = % ~ Exzp(1).

Ex.3. X ~U(6,0+0b), Z = g(X, 9):X—_"~U( 1).
Ex.4. If 0 = E(X), n > 20 and o is unknown, Z = g/ ~ N(0,1),
Ex.5. X; ~ N(0,0%), n < 20 and o is unknown, Z = S/\/ﬁ ~tn_1.

X-Y—(0:—-6
Ex.6. X; ~ N(01,0%),Y; ~ N(02,02), n,m <20 and 0 =? Z = #\/ﬁ ~tpim—2-

Ex.7. X ~ N(0,02), Z = =0% 2
CI starts with P(a < g(X,0) <b)=1—a = P(A <0 < B), where g(X,#) is a pivatol.
Ex. 8.13. An experimenter wanted to check the variability of measurements obtained by using
equipment designed to measure the volume of an audio source. 3 independent measurements
recorded by it for the same sound were 4.1, 5.2 and 10.2. Estimate o2 with confidence coefficient
0.9.
Sol. 52 = L3 (X; - X) , n=7"

X;’s: 4.1, 5.2 and 10.2.

S? =10.57,

X(2).95,2 = 0.103
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X(2).05,2 = 5.991.
> X=c(4.1,5.2,10.2)

> var(X)

1] 10.57 =yt (Xi—X)Por= A" (X —X)? 7
> sum((X-mean(X))**2)/2

[1] 10.57 Ans ?

> qchisq(c(0.05,0.95),2)

[1] 0.1025866, 5.991465

An unbiased estimate of o2 is S? = 10.57,

A 90% CI for 02 is [(n — 1)S2/X3.05.2, (n — 1)S2/X5.95.2) = [3.53,205.24], or 2nd CI:

> qchisq(c(0.1, 1),2)

[1] 0.210721 Inf the 2nd CI; or the 3rd CI:

> 2%10.57/6
[1] 3.523333

> 2%10.57/0.21
[1] 100.6667
[0, (n —1)SZ/XG.00,2] = [0,100.3222] v.s. [3.53,205.24] Which is better ?

Chapter 9. Properties of the point estimators and methods of estimation

9.1. We shall study several ways to evaluate an estimator.

§9.2. Relative efficiency. It is often that there can be many estimators of 6, say 01, ..., Op.
One property we like is the unbiasedness. It is possible that él,..., 0, are all unbiased.
Then it is natural to select the one with smaller variance.

Def. 9.1. Given two unbiased estimators él and ég of a parameter ¢, with variances V(él)

and V(ég), the efficiency of 0, relative to él, is defined to be the ratio eff(él, ég) = “jgzg
If eff(él, ég) = 1.8, which is better ? 0, or Oy ?

If eff(él, ég) = 0.73, which is better ? 0, or 0 ?

Def. Given Xy, ... X,,, the sample median (or median) is
the middle one if n is odd
the average of the middle two if n is even

For example, case A: 1, 3, 8, 4, 5. The sample median is ?
Case B: 1, 3, 8, 8. The sample median is 7

Remark. Given a cdf Fy (x), the median m satisfies Fy (m—) < 0.5 < Fy(m).
Is m unique ?

Is sample median unique ?
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Formula: Let § be the sample median of i.i.d. observations X1, ..., X,,, then
V() ~ 1.2533%02/n if n ~ co. V(X) = o?%/n.
Thus ef f(X,0) = V(0)/V(X) ~ 1.2533%, which is better ? median or X ?
Ex. 9.1. Suppose that Y7, ..., Y, Z.'ri\ld'U(O,G). Two unbiased estimators are §; = 2Y and
0y = ”THY(TL), where Y(,,) = max{Y1,..., Y, }. Find the efficiency of 65 relative to 6;.
Sol. A natural estimator of 6 is based on E(Y) = 0/2 => 6, = 2Y. 3 steps:
(1) Show both estimators are unbiased;
(2) Compute their variances;

(3) Find the efficiency of 0 relative to 6;: eff(él, 92) = \‘iggzi'
1

Step 1. F: both estimators are unbiased.
E(02) = "2 E(Yiw) = 2 [yfy,,(y)dy 7 Y,N.DNK
448 16) Friyy () = (1 2) key: (F(0) ' (F()' (L= F@)"7. (7)) =7

n B n!
k,m,h)  Klmlh!

( " )<F<t>>”—1<f<t>>1<1—F<t>>”—”

n—1,1,n—n

jkin)(t)

(o) O o)

=77

| tn—l

:( Z)'l'O' = Class exercise (n’i—'l), =7, 11=? 0l =?
n — 1)!1110! !

E(Yin) = [ thv,, (0t
0 n—1
t
:/ tn dt
0 o
0
tn
:/ n—dt
o 0"

—(n/(n+1))t""!

(%
/o

0

(n/(n+1))6" " 6.

=(n/(n+1))6.

A 1
B(fy) =" B(Y() = (ntd) ng— .

n

E(6,) =E(2Y) =2E(Y) = 2—— =0.

Thus both estimators are unbiased.
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Step 2. V(2Y) =4V(Y) =402 /n =42 = L. 4479]

)2 E(YZ)) —62 02 = “ELY(,,)

E(Y(i)) :/thy(n) (t)dt =Class exercises

0 n—1
- 9 n t

0 n! gl
:/ dt
o (n—=1)1lo! o

0 g+l
:/0 n on dt
)
=(n/(n + 2))t"*? 0/9” = (n/(n+2))0""2/0" = (n/(n + 2))6”
AN A2\ p2 n+12nn 2 2_2(n+1)2_ _ 0°
V(0:) = B(83) 0% = (") n/tn+2)67 02 = 07 E T 1) = e
s s V(b
Step 3. eff(@l, (92) _V(él)
:n(ffiim _ 3 {>1 77
g—z n+2 | <1 77

Q: Which is better ? §; = 2Y and 6, = ”THY(n) ~ 1/2.
Homework Solution.
§8.43. Y ~ U(0,0), Y1, ..., Y, iid from Y and Y,y = max{Y1,...,Y,,}. Let U = Y, /0.
u" ifu € (0,1)
1 ifu>1
b. 95% lower confidence bound.
Sol. a. Fy(t) = P(U <t) = P(Y,)/0 <t) = P(Y,) <t0)) = P(Y1 <t0)---P(Y,, <10) =
(2)--- (&) = (L) =¢n, t € (0,1). Thus U is a pivotal statistic.
b. 3 steps for deriving a CI:
(1) Find a pivotal function Z = g(Y, ), such that Z is independent of #; (done in part a);
(2) Choose (a,b) so that P(a < g(Y,6) < b) = 0.95.
(3) Solve P(A< 60 < B)=P(A<0)=0.95from P(a < g(Y,0) <b) =0.9.
0.95=Pa<U<b)=Pla< ™ <b) =P <0/Y,) <)
Y Y Yin Yin Yin
— P << Y = p(p << Ty~ P <0)
That is,a =0as U ~U(0,1). b =7
095=Pla<U<b)=PU<b) =b"as U ~ U(0,1). Thus b= 0.95"/".

a. Show Fy(u) =
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§9.3. Consistency. Let 6,, be an estimator of 6 based on ii.d. observations X1, ..., X,.

Ideally, we like

lim P(|f, —0] >¢)=0or lim P(|f,—0|<e)=1 Ve>0. (1)
n—oo n—oo
Def. 9.2. An estimator 0, is said to be consistent if Eq.(1) holds. It is also said that
6 converges to # in probability, denoted by énie.

Example 1. A simulation study.

Figures 9.1 and 9.2. Simulation Data
Figure 9.1 is a plot of p = Y/n, where Y ~ bin(n,0.5), n =1, 2, ..., 1000.
Figure 9.2 is a plot of p = Y/n, where Y ~ bin(n,0.5), repeating 50 times for each n.
Remark: The difference between 6 — 6 and énie can be seen from the next example:

Example 2. Suppose that X has a uniform distribution on the interval [1,2]. Let

0 =0,
1 ifx=1
W:MX:D:{OOW | CE: P(W =0) = ?
én:MXeHJ+%D:{éi;¥€ml+Uﬂ CE: P(0, = 0) =7
Q: W =46. Yes, No, DNK.
PW=6)=07 PW=0)=P1(X=1)=0)=P(X € (1,2]) =1
PW=0)=17
0, — 07 if Xe[1,141/n]thend, —0=14£0=40
0 — W 7
%ZHXGWLHm:{lﬁXEDJ+Um%{1ﬁXe@H:W/
0 ow 0 ow
0, 5w ?
0,50 2 PO#£W)=PX=1)=0
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