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Lecture notes: https://people.math.binghamton.edu/qyu/ftp/448.pdf
Remind me if you do not see it by Saturday morning !

Homework due this Friday is on my website !!!
The answers to the first part is on my website as well. It is a final exam for math 447. It is
the format of the exams for Math 448.
First do the exam, then grade it yourself carefully and hand in.

Quizzes: once a week, at the beginning of each Friday class.
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Do not play cell phones in classes.
Grading Policy:

1. 10% hw +10% quiz & class exercise +45% tests +35% final
2. Correction: If you make correction in the next class after I distribute the test in class,

you can get 40% of the missing grades back. The correction should be on a different paper
for the whole problem, not just the incorrect statements. Attach your original test. No
partial credits for correction. Can not ask me for how to make the correction.

3. A- = 85 +; C = 60 +. 10+10+45*(0.3+0.4*0.7)+35*0.3=56
Quiz on this Friday: 447 formula 1-10.

Syllabus of math 448: Prerequisites: MATH 447 with a grade of C or better.
Summarizing data by graphical and numerical methods, point estimation, consistency, bias,

mean square error, confidence intervals, relative efficiency, sufficient statistics, minimum variance
unbiased estimators, the method of moments, the method of maximum likelihood, hypothesis
testing, type I and type II errors, lemma of Neyman-Pearson, Bayesian statistics.
Tuesday rescheduled: Sep 8 (Tu), Nov. 24 (Tu)
No class: Sept 7(M), 11(Fri), 21 (M), Oct.10-18, Nov. 25 -29 , Last day of class: Dec. 8
Tuesday

Chapter 0. Introduction
Question: What is Statistics ?

One can use the following example to explain in short.
Example (capture-recapture problem).
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In a pond, there are N fishes.
Catch m, say m = 10,
tag them and put them back.
Re-catch k fish, say k = 10,
X of them are tagged, say X = 3.

Question:

{
P (X = 3) =? probability problem, Is X a r.v. ?
N = ? statistics problem. Is N a r.v. ?

Answer: 1. P (X = x) = f(x;N) =
(mx)(N−mk−x )

(Nk)
, x ∈ {0, 1, ..., k ∧m}, k ∨m ≤ N .

2. Many methods to estimate N : MME, MLE, Bayes estimator, etc. e.g.
MME: Solve X = E(X) = km/N => N̂ = km/X = 33 1

3 .
MLE: argmaxNf(x;N) = 33 (from google). Or use R: (in a department computer)

> m=10 # of tagged fishes
> n=0:29 # untagged fishes in the pond why 0:29 ? why not larger ?
> k=10 # recaptured fishes
> (a=dhyper(3, m, n, k, log = FALSE)) phyper() qhyper() rhyper()

[1] 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
[7] 0.00000000 0.00617030 0.02193885 0.04676438 0.07794064 0.11227163
[13] 0.14697377 0.17998962 0.20998789 0.23623637 0.25844663 0.27663361
[19] 0.29100419 0.30187504 0.30961542 0.31460922 0.31723096 0.31783178
[25] 0.31673201 0.31421827 0.31054320 0.30592702 0.30055988 0.29460473

> n[a==max(a)]+10
[1] 33 # MLE

> n=0:10000 n is larger now.
> a=dhyper(3, m, n, k, log = FALSE)
> n[a==max(a)]+10

[1] 33 Why not 24+10=34 ?
Q: Properties of these estimators ?

What is the good (or possibly best) estimator ?
What is the meaning of a good or best estimator ?

Typically, statistics deals with such problems:
Suppose that X1, ..., Xn are i.i.d. from X, with cdf F (x; θ), where θ is unknown in Θ,

try to find out:
1. θ = ? or P (X ≤ x) = ? (this is called point estimation).

What is θ in the capture-recapture problem ?
2. (a, b) = ? such that it is likely that a ≤ θ ≤ b (this is called interval estimation);
3. θ = θo ? where θo is given. (This is called hypothesis testing).

In 448, we shall learn these concepts.
Chapter 8. Estimation

§8.1. Introduction.
Def. Denote X = (X1, ..., Xn), where X1, ..., Xn, i.i.d. from X ∼ F (x; θ) (= P (X ≤ x|θ)).

θ is called the parameter of the distribution.
We call X a data set or observations from X.

The sample mean is X = 1
n

∑n
i=1Xi.

In simulation one can use R to generate data set as follows:
> (x=rnorm(3,0,1))
[1] 0.3163466 0.4865695 -0.2163855
> x=rexp(30,3) # 3=E(X) or 1/E(X) ? ( f(x) ∝ e−x/µ = e−ρx, x > 0).
> mean(x)
[1] 0.3559676

Remark. In the example, we observe X1 = 0.3163466, X2 = 0.4865695, X3 = −0.2163855. We
can say X1, X2 and X3 are r.v.s,
but cannot say 0.3163466, 0.4865695, -0.2163855 are r.v.s.

They are numbers, or called observations.
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Def. A statistic is a function (or a formula) of a random vector or random variable, say X, but
does not depend on the parameter θ.

An estimator is a statistic used to guess the parameter θ.
An estimate is a value of the estimator.

Remark. Most of the time we let X (or Y , or Z) be r.v., x or y or t be value of X, say X = x
or X = y or X = t. e.g.,

> (x=rnorm(3,0,1))
[1] 0.3163466 0.4865695 -0.2163855
we observe X1 = 0.3163466 (or X1 = x), X2 = 0.4865695 (or X2 = y),
then x and y are numbers, not r.v.s.
E(X1) = 0 ? E(0.3163466) =0 ? E(x) =0 ?

Ex 1. Suppose that X1, ..., Xn are i.i.d. from N(µ, 1). Let
(a) X1 +X2, (b) X1 + µ, (c) 2, (d) X, (e) X2 +X2

3 + 5.
Which of them is a statistic ?
Ex. 2. Suppose that X1, ..., Xn are i.i.d. from bin(1,p).

An estimator of p is X, denoted by p̂ = X.
If (X1, X2, X3) = (1, 0, 1), n = 3, then 2

3 is an estimate of p, denoted by p̂ = 2/3.

Is X an estimator, or an estimate ?
Is 2/3 an estimator, or an estimate ?
Is p̂ an estimator, or an estimate ?

Remark. 1. Given a parameter θ, one can use θ̂ or θ̃ or θ̌ to denote its estimator.
2. An estimator θ̂ is a r.v. e.g. µ̂ = X, where X1, ..., Xn are i.i.d..
Q: (1) E(µ̂) = ? (2) V (µ̂) = ? (3) P (2 ≤ µ̂ ≤ 5) = ? or P (a ≤ µ̂ ≤ b) = ?

Possible Ans:
(1) E(µ̂) = E(X) = E(X), or E(µ̂) = µX if it exists ? Yes, No, DNK.

How about X ∼ Cauchy distribution ?
E(X) = E(X) does not exist.

(2) V (µ̂) = V (
∑n
i=1Xi/n) =

∑n
i=1 V (Xi)/n

2 = σ2
X/n ? Yes, No, DNK.

(3) P (a ≤ µ̂ ≤ b) =

(a) Fµ̂(b)− Fµ̂(a) ?
(b) Fµ̂(b−)− Fµ̂(a) ?
(c) Fµ̂(b)− Fµ̂(a−) ?
(d) Fµ̂(b−)− Fµ̂(a−) ?

Formula 17. A cdf F (t) (= P (X ≤ t),) satisfying
(1) F (−∞) = 0, and F (∞) = 1, (2) F (x+) = F (x), (3) F (x) ↑.
Moreover, F (b)− F (a) = P(a < X ≤ b)

Remark. Recall X = 1
n

∑n
i=1Xi. X2 = ? 1/X = ?

§8.2. The Bias and mean square error of point estimators
Def. Let θ̂ be a point estimator of a parameter θ.

If E(θ̂) = θ, θ̂ is unbiased.

O.W. θ̂ is called a biased estimator, and
the bias of θ̂ is denoted by B(θ̂), B(θ̂) = E(θ̂)− θ.
The mean square error of θ̂ is MSE(θ̂) = E((θ̂ − θ)2)

Formula: MSE(θ̂) = (B(θ̂))2 + V (θ̂).

Proof. `: MSE(θ̂)(= E((θ̂ − θ)2)) = (B(θ̂))2 + V (θ̂).

MSE(θ̂)

=E((θ̂ − θ)2)

=E(θ̂ − E(θ̂) + E(θ̂)− θ)2) = E((a+ b)2), a =?

=E[(θ̂ − E(θ̂))2 + 2(θ̂ − E(θ̂))(E(θ̂)− θ) + (E(θ̂)− θ)2] (a+ b)2 = a2 + 2ab+ b2

=E((θ̂ − E(θ̂))2) + 2E((θ̂ − E(θ̂))(E(θ̂)− θ)) + (E(θ̂)− θ)2) E(aX + bY ) = aE(X) + bE(Y )

=E((θ̂ − E(θ̂))2) + 2(E(θ̂)− E(θ̂))(E(θ̂)− θ) + (E(θ̂)− θ)2 Why ? [20]

=E((θ̂ − E(θ̂))2)+ ? + (E(θ̂)− θ)2 = V (θ̂) + (B(θ̂))2
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Ex. 1. Suppose that X1, X2 and X3 are i.i.d. from N(µ, σ2),
and their observations are 1.408, 0.015, 0.050, thus X = 0.491.
Let T1 = X1 (= 1.408), T2 = X, T3 = µ, T4 = X + 2 (= 2.491).

(A) Which of them is an estimate of µ ?
(B) Are those estimators unbiased ?
(C) MSE of those estimators = ?

Sol. (a) T1 = X1 is an estimator, 1.408 is an estimate.
E(T1) = E(X1) = µ, thus T1 is an unbiased estimator. E(1.408) = ?
bias= B(T1) = 0,
MSE(T1) = V (X1) = σ2.

(b) T2 = X is an estimator,
E(T2) = E(X) = µ,
thus T2 is an unbiased estimator.
bias= B(T2) = 0,
MSE(T2) = V (X) = σ2/3.

(c) T3 is not an estimator.
E(T3) = µ ??
bias= B(T3) = 0 ?? (I) yes ? (II) not relevant ??

(d) T4 is an estimator,
E(T4) = E(X) + 2 = µ+ 2, thus T4 is a biased estimator.
bias= B(T4) = 2,
MSE(T4) = V (T4) + (B(T4))2 = V (X + 2) + (B(T4))2 = V (X) + (B(T4))2 = ???
= σ2/3 + 22.

Q: In Ex.1 above, do we know µ ?
Ex.2. Suppose that X1, ..., Xn are i.i.d. from N(µ, σ2) and S2 = 1

n−1

∑n
i=1(Xi −X)2.

a. Is S an unbiased estimator of σ ? b. Find an unbiased estimator of σ.
Sol. Recall 447 formulae [23], [24] and [41]:

[23] X ∼ G(α, β). f(x) = xα−1e−x/β

Γ(α)βα , if x > 0, µ = αβ, σ2 = αβ2, Γ(α+ 1) = αΓ(α)

[24] Exp(λ) = G(1, λ), χ2(ν) = G(ν2 , 2)

[41] If Y ∼ N(µ, σ2),
Y−µ

Y

σ
Y

∼ N(0, 1), (n−1)S2

σ2 ∼ χ2(n− 1),
√
nY−µS ∼ tn−1, where µY = µ,

σ2
Y

= σ2

n

E(S) =E(

√√√√ 1

n− 1

n∑
i=1

(Xi −X)2) = E(
√

σ2

n−1
1
σ2

∑n
i=1(Xi −X)2)

[41]=> (n−1)S2

σ2 ∼ χ2(n− 1); => 1
σ2

∑n
i=1(Xi −X)2 ∼ χ2(n− 1)

=

√
1

n− 1
σE(

√√√√ 1

σ2

n∑
i=1

(Xi −X)2)

=

√
1

n− 1
σE(
√
Y ) Y ∼ χ2(n− 1) = G(n−1

2 , 2)

=

√
1

n− 1
σ

∫ ∞
0

√
y
yα−1e−y/β

Γ(α)βα
dy [23]=> df of G(α, β) is f(x) = xα−1e−x/β

Γ(α)βα , x > 0

=

√
1

n− 1
σ

∫ ∞
0

√
y
y
n−1

2 −1e−y/2

Γ(n−1
2 )2

n−1
2

dy [24]=> fχ2(n−1)(x) = x
n−1

2
−1e−x/β

Γ(n−1
2 )β

n−1
2

, x > 0.

=

√
1

n− 1
σ

∫ ∞
0

y
n
2−1e−y/2

Γ(n−1
2 )2

n−1
2

dy Γ(n+ 1) = n!

=

√
1

n− 1
σ

∫ ∞
0

y
n
2−1e−y/2

Γ(n2 )2
n
2

dy
Γ(n2 )2

n
2

Γ(n−1
2 )2

n−1
2

why do this ??
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=

√
1

n− 1
σ

Γ(n2 )2
n
2

Γ(n−1
2 )2

n−1
2

[23] Γ(α+ 1) = αΓ(?), Γ(n+ 1) = n!

=σ

√
1

n− 1

Γ(n2 )

Γ(n−1
2 )

21/2 = σ ? Is S unbiased ? Γ(1) =? (Γ(
2− 1

2
) =
√
π)

Let σ̃ = 1√
2

n−1

Γ(n
2

)

Γ(
n−1

2
)

S. Is it unbiased ???

b. Find an unbiased estimator of σ. Ans ? Class exercise.
Remark. The above statement may not be true if Xi’s are not normal.
§8.3 Some common unbiased point estimators.
Ex.1. Suppose that X1, ..., Xn are i.i.d. from X with mean µX ,

and Y1, ..., Yn are i.i.d. from Y with mean µY .
Unbiased estimators of µX , µY and µX − µY ?

Sol. An unbiased estimator of µX is µ̂X = X, Is there another one ? Y, N, DNK
An unbiased estimator of µY is µ̂Y = Y ,
An unbiased estimator of µX − µY is X − Y .

Reason: E(X) = E(X)
E(Y ) = E(Y )
E(X − Y ) = E(X)− E(Y ) = E(X)− E(Y ).

Ex.2. Let X ∼ bin(n, p) and Y ∼ bin(m, θ). Find the unbiased estimators of p, θ and p− θ.
Sol. The unbiased estimators are p̂ = X/n, θ̂ = Y/m and p̂− θ̂ = X/n− Y/m.

Reason: E(p̂) = E(X/n) = np/n = p. [9] µ = np ...

E(θ̂) = E(Y/m) = mθ/m = θ.

E(p̂− θ̂) = E(p̂)− E(θ̂) = p− θ.
Ex.3. Let X1, ..., Xn be i.i.d. from X, with mean µ and variance σ2.

Let σ̂2 = 1
n

∑n
i=1(Xi −X)2 and let S2 = 1

n−1

∑n
i=1(Xi −X)2 (σ̂2 = n−1

n S2).

Is σ̂2 unbiased estimator of σ2 ? Is S2 unbiased estimator of σ2 ?
Sol. σ̂2 is biased but S2 is unbiased. The reason is as follows.

σ̂2 =
1

n

n∑
i=1

(Xi −X)2

=
1

n

n∑
i=1

(X2
i − 2XiX + (X)2)

=
1

n

n∑
i=1

X2
i −

2

n

n∑
i=1

XiX + (X)2 ???

=
1

n

n∑
i=1

X2
i − 2X ·X + (X)2

=X2 − (X)2.

E(σ̂2) =E(X2)− E((X)2)

=E(Y )− E(Z2) (Y, Z) =?

=E(Y )− (σ2
Z + (µZ)2) [15] : σ2

Y = E(Y 2)− µ2
Y

=E(X2)− (σ2
X

+ (µX)2) Y = X2

=E(X2)− σ2
X
− (µX)2 = E(X2)− (µX)2 − σ2

X

=σ2
X − σ2

X/n =
n− 1

n
σ2 Thus σ̂2 is a biased estimator of σ2.

S2 =
n

n− 1

1

n

n∑
i=1

(Xi −X)2.
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=
n

n− 1
(X2 − (X)2)

=
n

n− 1
σ̂2

E(S2) =E(
n

n− 1
σ̂2)

=
n

n− 1
E(σ̂2)

=
n

n− 1

n− 1

n
σ2 = σ2. Thus S2 is an unbiased estimator of σ2.

Remark. Since E(σ̂2) = n−1
n σ2, thus S2 = n

n−1 σ̂
2 is unbiased estimator of σ2.

Q: E(S2) = σ2 => E(S) = σ ?

Recall in §8.2 E(S) =E(

√√√√ 1

n− 1

n∑
i=1

(Xi −X)2) =

√
1

n− 1
σE(

√√√√ 1

σ2

n∑
i=1

(Xi −X)2)

=σ

√
2

n− 1

Γ(n2 )

Γ(n−1
2 )

Let σ̃ =
1√

2
n−1

Γ(n2 )

Γ(n−1
2 )

S. Then σ̃ is an unbiased estimator of ??

Q: Since σ̃ is unbiased estimator of σ, is (σ̃)2 an unbiased estimator of σ2 ? Y, N, DNK.
Notice E(Y 2) = σ2

Y + µ2
Y . E((σ̃)2) = σ2

σ̃ + (E(σ̃))2 = σ2
σ̃ + σ2. Answer ?

§8.4. Evaluating the goodness of a point estimator.
Let X be a r.v. X ∼ f(x; θ). Let θ̂ be an estimator of θ.

θ̂ − θ = error of the estimator. E(θ̂ − θ) = B(θ̂).

P (|θ̂ − θ| = 0) = 0 most of the time. e.g., if X1, ..., X10 are i.i.d. ∼ bin(1, θ), θ̂ = X then

P (θ̂ = θ) =

{(
n
i

)
piqn−i =

(
10
10θ

)
θ10θ(1− θ)10(1−θ) if θ ∈ {0, 0.1, ..., 0.9, 1},

0 otherwise
.

Thus it is often to consider error bound b = 2σθ̂. That is,

|θ̂ − θ| < b = 2σθ̂, or [θ̂ − 2σθ̂, θ̂ + 2σθ̂].

If E(X) = θ, θ̂ = X and σθ̂ is known, then P (|θ̂ − θ| < 2σθ̂) =

 0.9544 if X ∼ N(µ, σ2)
1 if X ∼ U(0, 2θ)
0.9502 if X ∼ Exp(θ).

Reason: (1) If X ∼ N(µ, σ2) and σθ̂ = σX = σ is known, then

P (|θ̂ − θ| < 2σθ̂))

= P (|θ̂ − µ| < 2σ)

= P (| θ̂−µσ | < 2) (see [22])
= 1− P (|Z| ≥ 2) (where Z ∼ N(0, 1))
= 1− 2× 0.0228 from the table in P.848 Or use R > 1-pnorm(2) [1] 0.02275013
= 1− 0.0456 = 0.9544.
(2) If X ∼ U(0, 2θ), (see 447[21]). E(X) = a+b

2 = 0+2θ
2 = θ, σ2 = (b−a)2

12 = (2θ−0)2

12 = θ2/3

2σ = 2√
3
θ > θ

√
3 ≈ 1.732

P (|θ̂ − θ| < 2σθ̂))

= P (|θ̂ − θ| < 2θ/
√

3)

= P (θ − 2θ/
√

3 < θ̂ < θ + 2θ/
√

3)
≈ P (−(2− 1.7)θ/1.7 < X < 3.7θ/1.7) =? Class exercise

≥ P (0 ≤ X ≤ 2θ) = 1.
(3) If X ∼ Exp(θ) with E(X) = θ, then X ∼ G(1, θ), σ2 = αβ2 = θ2, σ = θ
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f(x) = 1
θ e
−x/θ, x > 0. (see 447 [23] & [24]).

P (|X − θ| < 2σ)
= P (|X − θ| < 2θ)
= P (−3θ < X < 3θ) f(x) = 1

θ e
−x/θ, x > 0.

= P (X < 3θ) =? Class exercise

=
∫ 3θ

0
1
θ e
−x/θdx

=
∫ 3

0
e−udu with u = x/θ

= 1− exp(−3) = 1− 0.04978707 ≈ 0.95.
In general, by Tchebysheff’s inequality, P (|X − µ| > kσ) ≤ 1/k2 (see [14]).
Thus P (|X − θ| < 2σ) ≥ 1− 1/4 = 0.75.

But σθ̂ is often unknown.
Thus estimate it by σ̂θ̂, and b = 2σ̂θ̂ called the 2-standard error (bound) (SE).

Ex. 1. A sample of n = 1000 voters showed Y = 560 in favor of A.
(1) Estimate p, the fraction of voters in the population favouring A;
(2) give a 2-standard-error bound to the estimate.

Sol. (1) p̂ = Y/n = 560/1000 = 0.56.
(2) σ2

p̂ = pq/n.

2 SE bound is 2σ̂p̂ = 2
√
p̂q̂/n = 2

√
0.56× 0.44/1000 ≈ 0.03.

Quiz on next Friday: 447: 11-42. 448: [1] – [2].
Ex. 2. A comparison of durability of 2 types of car tires was obtained by road-testing samples
of n1 = n2 = 100 tires of each type.

Y 1 = 26400 miles, Y 2 = 25100 miles,
S2

1 = 1, 440, 000 and S2
2 = 1, 960, 000.

Estimate the difference in mean mileage to wear-out and place a 2-SE bound on the error.
Sol. The difference in mean mileage to wear-out θ = µ1 − µ2,

(a) θ̂ = Y 1 − Y 2 = 1300 ? or (b) θ = Y 1 − Y 2 = 1300 ?
2SD = 2σθ̂ = ?

σ2
θ̂

=σ2
Y 1−Y 2

=V (Y 1 − Y 2)

=V (Y 1) + V (Y 2)− 2Cov(Y 1, Y 2) [34]

=V (Y1)/n1 + V (Y2)/n2−???

2SD =2
√
V (Y1)/n1 + V (Y2)/n2 = 2

√
1440000 + 1960000

100
= 368.8 Y,N,DNK

2SE =2
√
S2

1/n1 + S2
2/n2 SE = ŜD

=2

√
1440000 + 1960000

100
= 368.8

Questions: In the previous example
P (|Y 1 − Y 2 − (µ1 − µ2)| < 368.8) = ?

Ans: Approximately 95% or a little bit larger than 95%.

Reason: By the CLT [42], FY (t) ≈ Φ(
t−µ

Y

σ
Y

).

Y = Y 1 − Y 2, σ2
Y

= σ2
Y 1

+ σ2
Y 2

.

0.95 ≈ P (|Y 1 − Y 2| ≤ 1.96SD) ≈ P (|Y 1 − Y 2| ≤ 2SE)
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§8.5. Confidence interval (CI).

Def. Suppose P (θ̂L ≤ θ ≤ θ̂U ) = 1− α. Then

[θ̂L, θ̂U ] is called a 100(1− α)% (2-sided) confidence interval (CI) of θ;

(−∞, θ̂U ] (or [0, θ̂U ] if θ > 0) is called a 100(1− α)% lower one-sided CI of θ;

[θ̂L,∞] is called a 100(1− α)% upper one-sided confidence interval (CI) of θ.
Meaning of the 95% CI for θ:

If one repeats 100 times to construct the 95% CI for θ, then
about 95% of the times, [θ̂L, θ̂U ] will contain θ. Are they the same ?

Ex. 1. If X1, ...., X100 are i.i.d. from N(µ, 1), find a 95% CI for µ.

Sol. 447 [41]
Y−µ

Y

σ
Y

∼ N(0, 1).

A 95% CI for µ is [X − 1.96/
√
n,X + 1.96/

√
n], or written as X ± 1.96/

√
n.

P (X − 1.96/
√
n ≤ µ ≤ X + 1.96/

√
n)Reason:

=P (−1.96/
√
n ≤ µ−X ≤ 1.96/

√
n)

=P (|µ−X| ≤ 1.96/
√
n)

=P (|X − µ
σ/
√
n
| ≤ 1.96) (σ = 1 &

Y − µY
σY

∼ N(0, 1))

=0.95

Quiz on next Friday: 447: 11-42. 448: [1] – [2].
448 [1] Estimator of µ is X where X = , Estimator of σ2 is S2,

where S2 = , key:
∑
iXi/n, 1

n−1

∑n
i=1(Xi −X)2.

448 [2] An estimator θ̂ is unbiased if , bias B(θ̂) = ,

MSE = , (key: E(θ̂) = θ , E(θ̂)− θ , V (θ̂) + (B(θ̂))2 ,
Remark. In Ex 2 of §8.4, the 95% CI of a tire duration is 1300± 369 or [931.2, 1668.8].
Multiple choice problems: Class exercise (only write down your answers).
(1) θ ∈ [931.2, 1668.8]; Y,N,DNK;
(2) θ ∈ [931.2, 1668.8] with probability 0.95; Y,N,DNK;
(3) Is θ a r.v. ? Y,N,DNK;
(4) If one repeats 100 times to construct the 95% CI for θ, then

about 95% of the time, [θ̂L, θ̂U ] will contain θ. Y,N,DNK;
Ex. 2. Suppose that we are to obtain a single observation Y from an exponential distribution
with mean θ, say Y ∼ Exp(θ). Use Y to construct a 90% CI for θ.
Sol. Try to obtain P (a < θ < b) = 0.9 or to obtain P (a ≤ θ ≤ b) = 0.9.
Idea: use a pivotal method:

(1) Find a pivotal function Z = g(Y, θ), i.e. FZ(t) is independent of θ;
(2) Choose (a, b) so that P (a < g(Y, θ) < b) = 0.9.
(3) Solve P (A < θ < B) = 0.9 from P (a < g(Y, θ) < b) = 0.9.

These 3 steps are outlined as follows first:
Step (1) Let Z = Y/θ (= g(Y, θ)). Then fZ(t) = e−t, t > 0, (proved later), thus it is a pivotal
function.

P (a < Z ≤ b) =F (b)− F (a) =

∫ b

a

e−tdt [17] in 447(2)

=e−a − e−b = 0.9 (0.05129, 0.2995732)

=


0.95− 0.05 choice 1 i.e. (a, b) = (−log(0.95),−log(0.05))
0.9− 0 choice 2 i.e. (a, b) = (−log(0.9),−log(0))
1− 0.1 choice 3 i.e. (a, b) = (−log(1),−log(0.1))
... others

P (a < Z < b) =P (a ≤ Y/θ ≤ b)(3)

=P (1/a ≥ θ/Y ≥ 1/b)

=P (Y/a ≥ θ ≥ Y/b)
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the 1st 90% CI for θ is ≈ [Y/3, Y/0.05], as b = −ln0.05 ≈ 3 & a = −ln0.95 ≈ 0.05.
Remark. In Example 2, `: Z = g(Y, θ) = Y

θ is a pivotal function i.e.,
fZ(z), or FZ(z), or SZ(z) (= 1− FZ(z)) does not depend on θ,
[23], [24] => fY (x) = 1

θ e
−x/θ, x > 0. Any thing wrong ? fY (y) ?

SZ(t) = P (Z > t) =P (Y/θ > t) t > 0

=P (Y > θt)

=

∫ ∞
θt

1

θ
e−y/θdy =

∫ ∞
θt

e−y/θd
y

θ

=

∫ ∞
t

e−udu u =?

=− e−u
∣∣∣∣∞
t

=e−t = fZ(t), t > 0 ?

Thus Z = g(Y, θ) = Y
θ is a pivotal function i.e., fZ(z) does not depend on θ.

A 90% CI for θ is [Y/b, Y/a] = [ Y
−ln0.05 ,

Y
−ln0.95 ], or [ Y

−ln0 ,
Y

−ln0.9 ], or [ Y
−ln0.1 ,

Y
−ln1 ].

> a=−log(0.95); b=−log(0.05); 1/a−1/b
[1] 19.16192

The length of the 1st CI is Y/a− Y/b = 19.16Y .
[ Y
−ln0.1 ,

Y
0 ] is another 90% CI for θ, with a length ∞.

Q: Which of these two CIs is better ?
[ Y∞ ,

Y
−ln0.9 ) (= [0, Y

−ln0.9 ] is a third 90% CI for θ, with a length 9.491222Y.
>1/(-log(0.9))

[1] 9.491222
Remark. These 3 CI can be compared as follows.

a < Z < b [Y/b, Y/a] length
−ln1 < Z < −ln0.1 [ Y

−ln0.1 ,
Y
−ln1 ] ∞

−ln0.95 < Z < −ln0.05 [ Y
−ln0.05 ,

Y
−ln0.95 ] 19.2Y

−ln0.9 < Z < −ln0 [ Y
−ln0 ,

Y
−ln0.9 ] 9.49Y

−ln0.91 < Z < −ln0.01 [ Y
−ln0.01 ,

Y
−ln0.91 ] 10.39Y

 Which of these 4 CIs is better ?

Comments. The first 3 are typical choices.
Each is a correct answer to the problem asked in Ex. 2, unless there is another requirement.

But one can try to find an optimal one if it is asked.
Ex. 3. Suppose that X ∼ U(θ, θ + 1). Construct a 95% CI for θ.
Sol. 3 steps: (1) Find the pivotal Z = g(X, θ),

(2) P (a < Z < b) = 0.95 =>(3) 0.95 = P (A < θ < B).
Step 1: Let Z = g(X, θ) = X − θ. Then Z ∼ U(0, 1).

Reason: FX(t) =
︷ ︸︸ ︷
(t− θ) if t ∈ (θ, θ + 1).

P (Z ≤ t) (if 0 < t < 1)
= P (X − θ ≤ t)
= P (X ≤ θ + t)

=
∫ θ+t
−∞ I(x ∈ (θ, θ + 1))dx I(x ∈ B) =

{
1 if x ∈ B
0 otherwise

= [
∫ θ
−∞+

∫ θ+t
θ

]I(x ∈ (θ, θ + 1))dx

= 0 +
∫ θ+t
θ

I(x ∈ (θ, θ + 1))dx

=
∫ θ+t
θ

1dxI(t ∈ (0, 1))

=

{
? if t ≤ 0
t if t ∈ (0, 1)
? if t ≥ 1 contradicts to “if 0 < t < 1”

447 [17] F (∞) = 1.

<=> FZ(t) = tI(0 < t < 1) + I(t ≥ 1).
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<=> FX(t) = (t− θ)I(0 < t− θ < 1) + I(t− θ ≥ 1).
Step 2. P (a < Z < b) = 0.95.

=> P (a < X − θ < b) = 0.95
=P( 0.025 < X − θ < 0.975)

Step 3. P( 0.025−X < −θ < −X + 0.975)
=P( X − 0.025 > θ > X − 0.975)
=P( X − 0.975 ≤ θ ≤ X − 0.025) CE. Anything wrong ? Y, N, DNK

[X − 0.975, X − 0.025] is a 95% CI for θ.
Q: How about [X − 1, X − 0.05] due to P (0.05 < X − θ < 1) = 0.95 ? Y, N, DNK

How about [X − 0.95, X] due to P (0 < X − θ < 0.95) = 0.95 ? Y, N, DNK
a < Z = Y − θ < b [X − b,X − a] length
0.025 < Z < 0.975 [X − 0.975, X − 0.025] 0.95

0 < Z < 0.95 [X − 0.95, X] 0.95
0.05 < Z < 1 [X − 1, X − 0.05] 0.95

 Which is better ?

Summary. There are 3 typical pivotal functions Z = g(X, θ):

Ex.1. X ∼ N(µ, σ2), Z = X − µ ∼ N(0, σ2) or Z = X−µ
σ ∼ N(0, 1).

Ex.2. X ∼ Exp(θ) (E(X) = θ), Z = g(X, θ) = X
θ ∼ Exp(1).

Ex.3. X ∼ U(θ, θ + b), Z = g(X, θ) = X−θ
b ∼ U(0, 1).

CI starts with P (a ≤ g(X, θ) ≤ b) = 1− α = P (A ≤ θ ≤ B), where g(X, θ) is a pivotal.

§8.6. Large sample CI for θ: [θ̂L, θ̂U ].

Exact CI P (θ̂L ≤ θ ≤ θ̂U ) = 1− α.

Large sample approximate CI P (θ̂L ≤ θ ≤ θ̂U ) ≈ 1− α.

Most of the time (due to the CLT),

Z = θ̂−θ
σθ̂
∼ N(0, 1) approximately, (a pivotal function g(θ̂, θ) if σθ̂ is known),

or Z = θ̂−θ
σ̂θ̂
∼ N(0, 1) approximately, What is their difference ?

P (|Z| ≤ zα/2) ≈ 1− α
=P (−zα/2 ≤ Z ≤ zα/2)

=P (−zα/2 ≤
θ̂ − θ
σθ̂

≤ zα/2) or ≈ P (−zα/2 ≤
θ̂ − θ
σ̂θ̂

≤ zα/2) Class exercise: continue

=P (−zα/2σθ̂ ≤ θ̂ − θ ≤ zα/2σθ̂)

=P (zα/2σθ̂ ≥ −θ̂ + θ ≥ −zα/2σθ̂)

=P (θ̂ + zα/2σθ̂ ≥ θ ≥ θ̂ − zα/2σθ̂)

=P (θ̂ − zα/2σθ̂ ≤ θ ≤ θ̂ + zα/2σθ̂) Is θ̂ − zα/2σθ̂ ≤ θ ≤ θ̂ + zα/2σθ̂ a CI ? Y,N,DNK

≈P (θ̂ − zα/2σ̂θ̂ ≤ θ ≤ θ̂ + zα/2σ̂θ̂).

Thus an approximate CI for θ is θ̂ ± zα/2σ̂θ̂. In particular by Table 4 (p.848) about N(0, 1),

an approximate 90% CI is θ̂ ± 1.645σ̂θ̂;

an approximate 95% CI is θ̂±????σ̂θ̂; ( Class exercise)

an approximate 99% CI is θ̂ ± 2.58σ̂θ̂, if σ is unklnown.

> x=c(0.95,0.975,0.995)

> qnorm(x)

[1] 1.644854 1.959964 2.575829
An approximate one-sided CI for θ is

[0, θ̂ + zασ̂θ̂] (upper bounded), provided θ ≥ 0; otherwise (???, θ̂ + zασ̂θ̂];

[θ̂ − zασ̂θ̂,∞) (lower bounded). Need to find θ̂= ? σθ̂= ? or σ̂θ̂= ?
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Recall Table 8.1 below (in p.397):

θ sample size(s) θ̂ E(θ̂) σθ̂ σ̂θ̂
µ n Y µ σ/

√
n S/

√
n

p n p̂ p
√
pq/n

√
p̂(1− p̂)/n

p1 − p2 n1 and n2 p̂1 − p̂2 p1 − p2

√
p1q1/n1 + p2q2/n2 ??

µ1 − µ2 n1 and n2 Y 1 − Y 2 µ1 − µ2

√
σ2

1/n1 + σ2
2/n2 ???

Answer to the last question??? in the above table : # [5] in 448 formulae:
If σ1 = σ2 is assumed, ???=

√
S2/n1 + S2/n2, where

S2 =
(n1 − 1)S2

1 + (n2 − 1)S2
2

n1 + n2 − 2
=

∑n1

i=1(Y1i − Y 1)2 +
∑n2

j=1(Y2j − Y 2)2

n1 + n2 − 2
.

Otherwise, ???=
√
S2

1/n1 + S2
2/n2. # [1] in 448: estimator of σ2 is S2.

Ex. 8.7. The shopping times of n = 64 randomly selected customers at a local market were
recorded. The mean and variance of the 64 shopping times were 33 minutes and 256 minutes2,
respectively. Find a 90% CI for the true average shopping time per customer.
Sol. Formula: θ̂ ± zα/2σ̂θ̂ has the form: Y ± zα/2S/

√
n,

Y = ? S = 256 ? α/2 = 0.45 or 0.05 ? zα/2 = ?

Y ± 1.645S/
√
n

33± 1.645
√

256/n

33− 1.645
√

256/n = 29.71

33 + 1.645
√

256/n = 36.29
Thus a 90% CI for the true average shopping time per customer is [29.71, 36.29] or 33± 3.29.

> 1.645*sqrt(256/64)
[1] 3.29

Q: Does the true average shopping time per customer µ ∈ [29.71, 36.29] ? Yes, No, DNK.
90 percents of the time, µ will be contained by a CI Y ± 1.645S/

√
n. Yes, No, DNK.

90 percents of the time, µ will be contained by [29.71, 36.29]. Yes, No, DNK.
Recall: If one repeats 100 times to construct the 90% CI for θ, then

about 90% of the times, [θ̂L, θ̂U ] will contain θ.
Ex. 8.8. Two brands of refrigerators, denoted by A and B, are each guaranteed for 1 year.
In a random sample of 50 refrigerators of brand A, 12 were observed to fail before 1 year. In a
random sample of 60 refrigerators of brand B, 12 were also observed to fail before 1 year. Estimate
the true difference (p1 − p2) between proportions of failures during the guarantee period, with
confidence coefficient approximately 0.98.
Sol. Formula: θ̂ ± zα/2σ̂θ̂ has the form: (p̂1 − p̂2)± zα/2

√
p1q1/n1 + p2q2/n2

Or (p̂1 − p̂2)± zα/2
√
p̂1q̂1/n1 + p̂2q̂2/n2 Q: Which is the formula to choose ?

> qnorm(0.98) Φ−1(0.98), pnorm(2.05) = Φ(2.05) = 0.98, Φ(x) is the cdf of N(0, 1).
[1] 2.053749
> qnorm(0.99)
[1] 2.326348 Which is correct one ?
p̂1 = 12/50,
p̂2 = 12/60,
zα/2 = z0.01 = 2.33.

(0.24− 0.2)± 2.33
√

0.24∗0.76
50 + 0.2∗0.8

60

0.04± 0.1851.
Ans: The true difference (p1 − p2) between proportions of failures during the guarantee period,

with confidence coefficient approximately 0.98 is
0.04± 0.1851?
Or [−.1451, 0.2251] ?
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Question: In Ex.8.8, can we use (p̂1 − p̂2)± zα/2
√

p̂1q̂1
n1

+ p̂2q̂2
n2

if n1 = n2 = 14 (< 64) ?

Ex. 3. A simulation study. Suppose n = 100 observations Xi’s from bin(1, p), where p = 0.5.

Let Y =
∑n
i=1Xi. An 80% approximate CI is Y/n± 1.28

√
Y
n (1−Y/n)

n . Note Y ∼ bin(100, 0.5).
> n=100
> Y=rbinom(1,100,0.5)
> p=Y/n
> c(Y/n-1.28*sqrt(p*(1-p)/n), Y/n+1.28*sqrt(p*(1-p)/n))
[1] [0.4863208, 0.6136792] # Does it contain p ?
> Y=rbinom(1,100,0.5)
> p=Y/n
> c(Y/n-1.28*sqrt(p*(1-p)/n), Y/n+1.28*sqrt(p*(1-p)/n))
[1] [0.4160512, 0.5439488] # Does it contain p ?
> Y=rbinom(1,100,0.5)
> p=Y/n
> c(Y/n-1.28*sqrt(p*(1-p)/n), Y/n+1.28*sqrt(p*(1-p)/n))
[1] [0.327568, 0.452432] # Does it contain p ?
> Y=rbinom(1,100,0.5)
> p=Y/n
> c(Y/n-1.28*sqrt(p*(1-p)/n), Y/n+1.28*sqrt(p*(1-p)/n))
[1] [0.3764625, 0.5035375] # Does it contain p ?
Summary: The simulation study shows that an 80% CI interval for p may or may not contain
the true value of p (p = 0.5 in this example). However, if we repeat this procedure

100 times, roughly 80% of the time, the true value of p will be contained in the CIs.

Q: Suppose that 100 80%CIs were constructed.
1. Is it possible that the true value of p will be contained in the CIs all time ? Yes& Unlikely.
2. Is it possible that the true value of p will be contained in the CIs half of the time ? Y&U
3. Is it possible that the true value of p will be contained in the CIs 82% of the time ? Y&U

Q: How can we tell ?

> sqrt(0.8*0.2/100)

[1] 0.04 σ̂p̂ if p̂ ≈ 0.8.

> 1-round(pnorm(1:3),3)

[1] 0.159 0.023 0.001 P (Z > 3σ) ≈ 0.001

> 3*sqrt(0.8*0.2/100) 3σ̂p̂ if p̂ ≈ 0.8.

[1] 0.12 How to interpret it ?

1− 0.8 = 0.2 > 0.12 or 100%− 80% = 20% > 12% (see Question 1).
Ans.: (1) The difference in estimates is bigger than 3 SD, very unlikely, only 0.001 chance.

(2) 0.8− 0.5 = 0.3 > 0.12 = 3σ̂p̂ how to interpret it ?

(3) 0.82− 0.8 = 0.02 < 0.04 = σ̂p̂ how to interpret it ?

Quiz on next Friday: 448 [1]–[5]; 447 [1]–[42], [44]

§8.7. Selecting the sample size.

Large sample size CI for θ is θ̂ ± zα/2σ̂θ̂.
By the CLT P ( θ̂−θσ̂θ̂

≤ t) ≈ Φ(t) if n is large.

447 [42] FY (t) ≈ Φ(
t−µ

Y

σ
Y

), where Φ(t) is the cdf of N(0, 1)

Then L =length of the CI = 2zα/2σ̂θ̂. CI: [θ̂ − zα/2σ̂θ̂, θ̂ + zα/2σ̂θ̂]

error=zα/2σ̂θ̂.
Q: How to determine n for a given L or error.

Ideally, n is as large as possible due to [42] in 447.

Practically, n should not be so large, as it costs time and money.

Example 8.9. The reaction of an individual to a stimulus in a psychological experiment may
take one of two forms: A & B. If an experimenter wishes to estimate the probability p that a
person will react in manner A, how many people must be included in the experiment ? i.e., let
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X1, ..., Xn ∼ bin(1, p), try to find n = ?
To be more accurate,

1. based on experience, p ≈ 0.6,
2. the error of estimate is less than 0.04 w.p. 0.9. > a=c(.9,0.95,0.975,0.99)

Sol. Solve n through error =zα/2σ̂θ̂. > qnorm(a) [1] 1.282 1.645 1.960 2.326

error = 0.04 =zα/2σ̂θ̂

=1.645
√
p(1− p)/n or = 1.645

√
p̂(1− p̂)/n ??

=
1.645

√
0.6(0.4)√
n

= 0.04

n ≈(1.645/0.04)2 × 0.24

n ≈405.9. Is it the final answer ?

Ans. 406 people must be included in the experiment.
Ex. 8.10. An experimenter wishes to compare the effectiveness of 2 methods of training indus-
trial employees to perform an assembly operation. The selected employees are to be divided into
two groups of equal size. The i-th group receives training method i, i=1,2. After training, each
employee will perform the assembly operation and the length of assembly time will be recorded.
It is expected the measurements for both groups to have a range of approximately 8 minutes.
How many workers must be selected in each group, if the

difference in mean assembly times is to be correct within 1 minute with prob. 0.95 ?
Sol. Solve n through error =zα/2σ̂θ̂ or L = 2zα/2σ̂θ̂. Are they the same ?

Let θ = µ1 − µ2.
Let θ̂ = X − Y , the difference in sample mean assembly time.
θ̂ is to be correct within 1 minute

=>

{
|X − Y − θ| = |θ̂ − θ| = 1 = zα/2σ̂θ̂ ? A

|X − Y − θ| = |θ̂ − θ| ≤ 1 = zα/2σ̂θ̂ ? B
which is right ? Why ?

Solve 1 = zα/2σ̂θ̂ for n (1)

σθ̂ =
√
σ2
X/n1 + σ2

Y /n2

=
1√
n

√
σ2
X + σ2

Y ? why ? (2)

σX = ? σY = ?
“It is expected the measurements for both groups to have a range of approximately 8 min.”

=>
{

8 ≈ 2× 1.96σX = 2× 1.96σY => σX = σY ≈ 2.
8 ≈ 2× 1.96σ̂X = 2× 1.96σ̂Y => σ̂X = σ̂Y ≈ 2.

which is right ? (3)

“expected v.s. estimated”

(1), (2) and (3) => 1 = 1.96
1√
n

√
σ2
X + σ2

X = 1.96
1√
n

√
22 + 22

=> n ≈ 30.73.
Ans: Each group needs 31 workers.
§8.8. Small-sample CI for µ and µ1 − µ2.
We have learned several types of CIs:
In §8.6. If n and m are large, given X1, ..., Xn, Y1, .., Ym, and X ′is ⊥ Y ′j s, then

a (1− α)% CI for µX is X ± zα/2σ̂/
√
n, and

a (1− α)% CI for µX − µY is X − Y ± zα/2
√
S2
X/n+ S2

Y /m, (provided n and m ≥ 20.)
Q: How about n or m < 20 ?
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Need stronger assumptions:

In §8.5. A 95% CI for θ is

X ± 1.96/
√
n if Xi’s are i.i.d. ∼ N(θ, 1),

[ X
−ln0.975 ,

X
−ln0.025 ] if X ∼ Exp(θ) with E(X) = θ,

[X − 0.975, X − 0.025] if X ∼ U(θ, θ + 1).

Case 4. X1, ..., Xn are i.i.d. ∼ N(µX , σ
2),

CI for µX : X ± tα/2,n−1SX/
√
n, v.s. X ± zα/2SX/

√
n;

Case 5. X1, ..., Xn are i.i.d. ∼ N(µX , σ
2), Y1, ..., Ym are i.i.d. ∼ N(µY , σ

2) and Xi ⊥ Yj ,
CI for µX − µY : X − Y ± tα/2,n+m−2Sp

√
1
n + 1

m , where S2
p =

S2
X(n−1)+S2

Y (m−1)
n+m−2 .

v.s. X − Y ± zα/2Sp
√

1
n + 1

m .

Ex. 8.11. Suppose that 8 independent observations are obtained from N(µ, σ2).
3005, 2925, 2935, 2965, 2995, 3005, 2937, 2905.

Construct a 95% CI for µ.
Sol. The 95% CI is X ± tα/2,n−1S/

√
n.

n = 8. X =

∑n

i=1
Xi

n = 2959, S2 = 1
n−1

∑n
i=1(Xi −X)2, and S = 39.1, t0.025,7 = 2.365.

2959± 2.365 ∗ 39.1/
√

8
A 95% CI for µ is 2959± 32.7.

Ex. 8.12. Suppose that 2 sets of independent samples are from N(µX , σ
2) and N(µY , σ

2).
32, 37, 35, 28, 41, 44, 35, 31, 34,
35, 31, 29, 25, 34, 40, 27, 32, 31,

Construct a 95% CI for µX − µY .

Sol. X − Y ± tα/2,n+m−2Sp

√
1
n + 1

m , where S2
p =

S2
X(n−1)+S2

Y (m−1)
n+m−2 .

X = 35.22, Y = 31.56,
S2
X = 24.445, S2

Y = 20.027,

S2
p = 24.445×(9−1)+20.027×(9−1)

16 = 22.236
Sp = 4.716,
t0.025,n+m−2 = tα/2,16 = 2.12,

35.22− 31.56± 2.12 ∗ 4.716
√

1/9 + 1/9
The 95% CI is 3.66± 4.71

How to remember the formula and derive it ?
`: CI for µX : X ± tα/2,n−1SX/

√
n.

448. Formula [5]

If (1) X1, ..., Xn
i.i.d.∼ N(µ, σ2). (2) Y1, ..., Ym are i.i.d. from N(µ2, σ

2), (3) Xi’s ⊥ Yj ’s,

then T = X−µx
Sx/
√
n

, ∼ tn−1,

T =
X−Y−(µx−µy)

σ̂p
√

1/nx+1/ny
∼ tn+m−2, where σ̂ =

√
(n−1)S2

x+(m−1)S2
y

n+m−2 ,

W = (nx − 1)S2
x/σ

2 ∼ χ2
n−1,

F = S2
x/S

2
y ∼ Fn−1,m−1. Which relates to µx only ?

3 steps for deriving a CI:
(1) Find a pivotal function Z = g(Y, θ), such that Z is independent of θ;
(2) Choose (a, b) so that P (a < g(Y, θ) < b) = 0.9.
(3) Solve P (A < θ < B) = 0.9 from P (a < g(Y, θ) < b) = 0.9.

For µx, the pivotal function is T = X−µx
Sx/
√
n

, ∼ tn−1.

Thus P (| X−µx
SX/
√
n
| ≤ tα/2,n−1) = 1− α as tn−1 is symmetric,

=P (|X − µx| ≤ tα/2,n−1SX/
√
n)

=P (−tα/2,n−1SX/
√
n ≤ X − µx ≤ tα/2,n−1SX/

√
n)

=P (tα/2,n−1SX/
√
n ≥ −X + µx ≥ −tα/2,n−1SX/

√
n)

=P (X + tα/2,n−1SX/
√
n ≥ µx ≥ X − tα/2,n−1SX/

√
n)

=P (X − tα/2,n−1SX/
√
n ≤ µx ≤ X + tα/2,n−1SX/

√
n).
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=> a 100(1− α)% CI for µX is X ± tα/2,n−1SX/
√
n.

Or P (| X−µx
SX/
√
n
| ≤ tα/2,n−1) = 1− α

=> | X−µx
SX/
√
n
| ≤ tα/2,n−1

=> |X − µx| ≤ tα/2,n−1SX/
√
n

=> |µX −X| ≤ tα/2,n−1SX/
√
n => X ± tα/2,n−1SX/

√
n

or X − tα/2,n−1SX/
√
n ≤ µx ≤ X + tα/2,n−1SX/

√
n.

`: CI for µx − µy: X − Y ± tα/2,n+m−2Sp

√
1
n + 1

m , where S2
p =

S2
X(n−1)+S2

Y (m−1)
n+m−2 .

Which formula in [5] relates to µx − µy ?

Thus P (|X−Y−(µx−µy)

Sp
√

1
n+ 1

m

| ≤ tα/2,n+m−2) = 1− α

= P (−tα/2,n+m−2 ≤
X−Y−(µx−µy)

Sp
√

1
n+ 1

m

≤ tα/2,n+m−2)

= P (−tα/2,n+m−2Sp

√
1
n + 1

m ≤ X − Y − (µx − µy) ≤ tα/2,n+m−2Sp

√
1
n + 1

m )

= P (tα/2,n+m−2Sp

√
1
n + 1

m ≥ −(X − Y ) + (µx − µy) ≥ −tα/2,n+m−2Sp

√
1
n + 1

m )

= P
(
(X − Y ) + tα/2,n+m−2Sp

√
1
n + 1

m ≥ (µx − µy) ≥ (X − Y )− tα/2,n+m−2Sp

√
1
n + 1

m

)
= P

(
(X − Y )− tα/2,n+m−2Sp

√
1
n + 1

m ≤ (µx − µy) ≤ (X − Y ) + tα/2,n+m−2Sp

√
1
n + 1

m

)
Short cut: |X−Y−(µx−µy)

Sp
√

1
n+ 1

m

| ≤ tα/2,n+m−2

|(µx − µy)− (X − Y )| ≤ tα/2,n+m−2Sp

√
1
n + 1

m

X − Y ± tα/2,n+m−2 Sp

√
1
n + 1

m

or (X − Y )− tα/2,n+m−2 Sp

√
1
n + 1

m ≤ µx − µy ≤ (X − Y ) + tα/2,n+m−2 Sp

√
1
n + 1

m

Remark. Typo in HW solution: 8.44 b and c. 2u− u2 = 2u(1− u).

This section is based on Formulae 448 [5] & [20].

Formula 448 [5] is due to 447 Formulae: [42], [41], [44], and 448 [20].

[42] FY (t) ≈ Φ(
t−µ

Y

σ
Y

), where Φ(t) is the cdf of N(0, 1).

[41] If Y ∼ N(µ, σ2),
Y−µ

Y

σ
Y

∼ N(0, 1), (n−1)S2

σ2 ∼ χ2(n− 1), Y ⊥ S2,
√
nY−µS ∼ tn−1, where

µY = µ, σ2
Y

= σ2/n

Thus (1) Zy =
(m−1)S2

Y

σ2
Y

∼ χ2(m− 1) and Zx =
(n−1)S2

X

σ2
X

∼ χ2(n− 1),

Since Xi ⊥ Yj , we have Zx ⊥ Zy. By [44], Zx + Zy ∼ χ2(n− 1 +m− 1).

Moreover, since σx = σy, Zx + Zy =
(n−1)S2

x+(m−1)S2
y

σ2
x

∼ χ2(n− 1 +m− 1).

Furthermore,
X−Y−(µx−µy)√

2σX
∼ N(0, 1) and X − Y ⊥ (n− 1)S2

x + (m− 1)S2
y .

448[20] Suppose that Z ∼ N(0, 1), X ∼ χ2(u), Y ∼ χ2(v).

If Z⊥X, T = Z/
√
X/u, then T ∼ tu; If X⊥Y , F = X/u

Y/v , then F ∼ Fu,v and X+Y ∼ χ2(u+ v),

[44] If X1 X2.

Xi’s ∼: X1 +X2 ∼:
G(αi, β)
χ2(vi)
Pois(λi)
N(µi, σ

2
i )

bin(ni, p)

key: ⊥,

G(α1 + α2, β)

χ2(v1 + v2)
Pois(λ1 + λ2)

N(µ1 + µ2, σ
2
1 + σ2

2)
bin(n1 + n2, p)

§8.9. CI for σ2.

In §8.8, we need that σX = σY = σ for the CI of µx−µy, assuming X1, ...., Xn
i.i.d.∼ N(µ, σ2).
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Thus we need to estimate σ2 and to construct the CI for σ2. It is given by

[
(n− 1)S2

χ2
α/2,n−1

,
(n− 1)S2

χ2
1−α/2,n−1

].

How to derive it ? A class exercise based on The 447 formulae:
[40] Let Y1, ..., Yn be a random sample of Y . Y = 1

n

∑n
i=1 Yi, S

2 = S2
Y = 1

n−1

∑n
i=1(Yi − Y )2

[41] If Y ∼ N(µ, σ2), then
Y−µ

Y

σ
Y

∼ N(0, 1), (n−1)S2

σ2 ∼ χ2(n− 1), Y ⊥ S2,
√
nY−µS ∼ tn−1,

where µY = µ, σ2
Y

= σ2/n
3 steps for deriving a CI:
(1) Find a pivotal function Z = g(Y, θ), such that Z is independent of θ; (θ = σ2).

Which formula to start with ?
(2) Choose (a, b) so that P (a < g(Y, θ) < b) = 0.9.
(3) Solve P (A < θ < B) = 0.9 from P (a < g(Y, θ) < b) = 0.9.
Thus W = (n− 1)S2

x/σ
2 ∼ χ2

n−1 ,

P (χ2
α/2,n−1 ≥W ≥ χ

2
1−α/2,n−1) = 1− α

= P (χ2
α/2,n−1 ≥

(n−1)S2
x

σ2 ≥ χ2
1−α/2,n−1)

= P (1/χ2
α/2,n−1 ≤

σ2

(n−1)S2
x
≤ 1/χ2

1−α/2,n−1)

= P ((n− 1)S2
x/χ

2
α/2,n−1 ≤ σ

2 ≤ (n− 1)S2
x/χ

2
1−α/2,n−1)

(1− α)(100%) CI of σ2 is [ (n−1)S2

χ2
α/2,n−1

, (n−1)S2

χ2
1−α/2,n−1

].

How about (1− α)100% CI of σ ?
P ((n− 1)S2

x/χ
2
α/2,n−1 ≤ σ

2 ≤ (n− 1)S2
x/χ

2
1−α/2,n−1)

= P (

√
(n−1)S2

χ2
α/2,n−1

≤ σ ≤
√

(n−1)S2

χ2
1−α/2,n−1

).

=> CI for σ is [

√
(n−1)S2

χ2
α/2,n−1

,

√
(n−1)S2

χ2
1−α/2,n−1

].

Summary. Typical pivotal functions Z = g(X, θ) we have learnt:
Ex.1. X ∼ N(θ, σ2), and σ is known: Z = X−θ

σ ∼ N(0, 1) .

Ex.2. X ∼ Exp(θ) (E(X) = θ), Z = g(X, θ) = X
θ ∼ Exp(1).

Ex.3. X ∼ U(θ, θ + b), Z = g(X, θ) = X−θ
b ∼ U(0, 1).

Ex.4. If θ = E(X), n ≥ 20 and σ is unknown, Z = X−θ
S/
√
n
∼ N(0, 1),

Ex.5. Xi ∼ N(θ, σ2), n < 20 and σ is unknown, Z = X−θ
S/
√
n
∼ tn−1.

Ex.6. Xi ∼ N(θ1, σ
2), Yi ∼ N(θ2, σ

2), n,m < 20 and σ =? Z = X−Y−(θ1−θ2)

σ̂p
√

1/n+1/m
∼ tn+m−2.

Ex.7. X ∼ N(θ, σ2), Z =
(n−1)S2

x

σ2 ∼ χ2
n−1.

CI starts with P (a ≤ g(X, θ) ≤ b) = 1− α = P (A ≤ θ ≤ B), where g(X, θ) is a pivotal.
Ex. 8.13. An experimenter wanted to check the variability of measurements obtained by using
equipment designed to measure the volume of an audio source. 3 independent measurements
recorded by it for the same sound were 4.1, 5.2 and 10.2. Estimate σ2 with confidence coefficient
0.9.
Sol. S2 = 1

n−1

∑n
i=1(Xi −X)2, n = ?

CI for σ is [

√
(n−1)S2

χ2
α/2,n−1

,

√
(n−1)S2

χ2
1−α/2,n−1

].

A 90% CI for σ2 is [(n− 1)S2
x/χ

2
0.05,2, (n− 1)S2

x/χ
2
0.95,2].

Xi’s: 4.1, 5.2 and 10.2.
S2 = 10.57,
χ2

0.95,2 = 0.103
χ2

0.05,2 = 5.991.
> X=c(4.1,5.2,10.2)
> var(X)
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[1] 10.57 = 1
n

∑n
i=1(Xi −X)2 or = 1

n−1

∑n
i=1(Xi −X)2 ?

> sum((X-mean(X))**2)/2
[1] 10.57 Ans ?

> qchisq(c(0.05,0.95),2)
[1] 0.1025866, 5.991465

An unbiased estimate of σ2 is S2 = 10.57,
A 90% CI for σ2 is [(n− 1)S2

x/χ
2
0.05,2, (n− 1)S2

x/χ
2
0.95,2] = [3.53, 205.24], or 2nd CI:

> qchisq(c(0.1, 1),2)
[1] 0.210721 Inf the 2nd CI; or the 3rd CI:

> 2*10.57/6
[1] 3.523333

> 2*10.57/0.21
[1] 100.6667
[0, (n− 1)S2

x/χ
2
0.90,2] = [0, 100.3222] v.s. [3.53, 205.24] Which is better ?

Chapter 9. Properties of the point estimators and methods of estimation
§9.1. We shall study several ways to evaluate an estimator.
§9.2. Relative efficiency.

It is often that there can be many estimators of θ, say θ̂1, ..., θ̂k.
One property we like is the unbiasedness. It is possible that θ̂1,..., θ̂k are all unbiased.
Then it is natural to select the one with smaller variance.

Def. 9.1. Given two unbiased estimators θ̂1 and θ̂2 of a parameter θ, with variances V (θ̂1) and

V (θ̂2), the efficiency of θ̂2 relative to θ̂1, is defined to be the ratio eff(θ̂1, θ̂2) = V (θ̂2)

V (θ̂1)
.

If eff(θ̂1, θ̂2) = 1.8, which is better ? θ̂1 or θ̂2 ?

If eff(θ̂1, θ̂2) = 0.73, which is better ? θ̂1 or θ̂2 ?
Def. Given X1, ... Xn, the sample median (or median) is{

the middle one if n is odd
the average of the middle two if n is even

For example, case A: 1, 3, 8, 4, 5. The sample median is ?
Case B: 1, 3, 8, 8. The sample median is ?

Remark. Given a cdf FY (x), the median m satisfies FY (m−) ≤ 0.5 ≤ FY (m).
Is m unique ?
Is sample median unique ?

Formula: Let θ̃ be the sample median of i.i.d. observations X1, ..., Xn, then
V (θ̃) ≈ 1.25332σ2/n if n ≈ ∞. V (X) = σ2/n.

Thus eff(X, θ̃) = V (θ̃)/V (X) ≈ 1.25332, which is better ? median or X ?

Ex. 9.1. Suppose that Y1, ..., Yn
i.i.d.∼ U(0, θ). Two unbiased estimators are θ̂1 = 2Y and

θ̂2 = n+1
n Y(n), where Y(n) = max{Y1, ..., Yn}. Find the efficiency of θ̂2 relative to θ̂1.

Sol. A natural estimator of θ is based on E(Y ) = θ/2 => θ̂1 = 2Y . 3 steps:
(1) Show both estimators are unbiased;
(2) Compute their variances;

(3) Find the efficiency of θ̂2 relative to θ̂1: eff(θ̂1, θ̂2) = V (θ̂2)

V (θ̂1)
.

Step 1. `: both estimators are unbiased.
E(θ̂2) = n+1

n E(Y(n)) = n+1
n

∫
yfY(n)

(y)dy ? Y,N,DNK

448 [6] fY(j)
(t) =

(
n

j−1,1,n−j
)

key: (F (t))j−1(f(t))1(1− F (t))n−j .
(

n
j−1,1,n−j

)
=?(

n

k,m, h

)
=

n!

k!m!h!
.

fY(n)
(t) =

(
n

n− 1, 1, n− n

)
(F (t))n−1(f(t))1(1− F (t))n−n

=

(
n

n− 1, 1, 0

)
︸ ︷︷ ︸

=??

(F (t))n−1(f(t))
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=
n!

(n− 1)!1!0!

tn−1

θn
= Class exercise n!

(n−1)! =?, 1! =? 0! =?

E(Y(n)) =

∫
tfY(n)

(t)dt

=

∫ θ

0

tn
tn−1

θn
dt

=

∫ θ

0

n
tn

θn
dt

=(n/(n+ 1))tn+1

∣∣∣∣θ
0

/θn

=(n/(n+ 1))θn+1/θn.

=(n/(n+ 1))θ.

E(θ̂2) =
n+ 1

n
E(Y(n)) = (n+1)

n
n

(n+1)θ = θ.

E(θ̂1) =E(2Y ) = 2E(Y ) = 2
0 + θ

2
= θ.

Thus both estimators are unbiased.
Step 2. V (2Y ) = 4V (Y ) = 4σ2

Y /n = 4 θ2

12n = θ2

3n . 447[9]

V (θ̂2) = E(θ̂2
2)− θ2 = (

n+ 1

n
)2E(Y 2

(n))︸ ︷︷ ︸
=??

−θ2 θ̂2 = n+1
n Y(n)

E(Y 2
(n)) =

∫
t2fY(n)

(t)dt =Class exercises

=

∫ θ

0

t2
(

n

n− 1, 1, 0

)
tn−1

θn
dt

=

∫ θ

0

n!

(n− 1)!1!0!

tn+1

θn
dt

=

∫ θ

0

n
tn+1

θn
dt

=(n/(n+ 2))tn+2

∣∣∣∣θ
0

/θn = (n/(n+ 2))θn+2/θn = (n/(n+ 2))θ2

V (θ̂2) = E(θ̂2
2)− θ2 = (

n+ 1

n
)2(n/(n+ 2))θ2 − θ2 = θ2(

(n+ 1)2

n(n+ 2)
− 1) =

θ2

n(n+ 2)
.

eff(θ̂1, θ̂2) =
V (θ̂2)

V (θ̂1)
Step 3.

=

θ2

n(n+2)

θ2

3n

=
3

n+ 2

{
> 1 ??
≤ 1 ??

Q: Which is better ? θ̂1 = 2Y and θ̂2 = n+1
n Y(n).

Homework Solution.
§8.43. Y ∼ U(0, θ), Y1, ..., Yn i.i.d from Y and Y(n) = max{Y1, ..., Yn}. Let U = Y(n)/θ.

a. Show FU (u) =

{
un if u ∈ (0, 1)
1 if u ≥ 1

b. 95% lower confidence bound.
Sol. a. FU (t) = P (U ≤ t) = P (Y(n)/θ ≤ t) = P (Y(n) ≤ tθ)) = P (Y1 ≤ tθ) · · ·P (Yn ≤ tθ) =

( tθθ ) · · · ( tθθ ) = ( tθθ )n = tn, t ∈ (0, 1). Thus U is a pivotal statistic.
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If t ≥ 1, then FU (t) = P (U ≤ t) = P (Y(n)/θ ≤ t) = P (Y(n) ≤ tθ))
= P (Y1 ≤ tθ) · · ·P (Yn ≤ tθ) = P (Y1 ≤ θ) · · ·P (Yn ≤ θ) = 1.

b. 3 steps for deriving a CI:
(1) Find a pivotal function Z = g(Y, θ), such that Z is independent of θ; (done in part a);
(2) Choose (a, b) so that P (a < g(Y, θ) < b) = 0.95.
(3) Solve P (A < θ < B) = P (A < θ) = 0.95 from P (a < g(Y, θ) < b) = 0.9.

0.95 = P (a ≤ U ≤ b) = P (a ≤ Y(n)

θ ≤ b) = P ( 1
b ≤ θ/Y(n) ≤ 1

a )

= P (
Y(n)

b ≤ θ ≤
Y(n)

a ) = P (
Y(n)

b ≤ θ ≤
Y(n)

0 ) = P (
Y(n)

b ≤ θ)
That is, a = 0 as U ∼ U(0, 1). b =?
0.95 = P (a ≤ U ≤ b) = P (U ≤ b) = bn as U ∼ U(0, 1). Thus b = 0.951/n.
Homework due Wednesday. No class on Friday.

Quiz on Wednesday 448 [1]–[8]; 447 [5]–[42], [44].

§9.3. Consistency. Let θ̂n be an estimator of θ based on i.i.d. observations X1, ..., Xn. Ideally,
we like

lim
n→∞

P (|θ̂n − θ| > ε) = 0 or lim
n→∞

P (|θ̂n − θ| ≤ ε) = 1 ∀ ε > 0. (1)

Def. 9.2. An estimator θ̂n is said to be consistent if Eq.(1) holds. It is also said that

θ̂ converges to θ in probability, denoted by θ̂n
P→θ.

Example 1. A simulation study.

Figures 9.1 and 9.2. Simulation Data
Figure 9.1 is a plot of p̂ = Y/n, where Y ∼ bin(n, 0.5), n = 1, 2, ..., 1000.
Figure 9.2 is a plot of p̂ = Y/n, where Y ∼ bin(n, 0.5), repeating 50 times for each n.

Remark: The difference between θ̂ → θ and θ̂n
P→θ can be seen from the next example:

Example 2. Suppose that X has a uniform distribution on the interval [1, 2] (X ∼ U(1, 2)). Let
θ = 0,

W = 1(X = 1) =
{

1 if X = 1
0 OW

CE: P (W = 0) = ?

θ̂n = 1(X ∈ [1, 1 + 1
n ]) =

{
1 if X ∈ [1, 1 + 1/n]
0 ow.

CE: P (θ̂n = 0) =?

Q: W = θ. Yes, No, DNK. Class Exercise
P (W = θ) = 0 ? P (W = θ) = P (1(X = 1) = 0) = P (X ∈ (1, 2]) = 1
P (W = θ) = 1 ?

θ̂n → θ ? if X ∈ [1, 1 + 1/n] then θ̂n − θ = 1 6= 0

θ̂n
P→θ ? Is θ̂n consistent ?

Q: θ̂n = W ? Yes, No, DNK.
θ̂n →W ? How to decide ??

θ̂n = 1(X ∈ [1, 1 + 1
n ]) =

{
1 if X ∈ [1, 1 + 1/n]
0 ow

→
{

1 if X ∈ [1, 1]
0 ow

= W .

θ̂n
P→W ?

Example 3. Now suppose that X ∼ bin(1, 0.3). Let
θ = 0,

W = 1(X = 1) =
{

1 if X = 1
0 OW

θ̂n = 1(X ∈ (0, 1− 1
n ]) =

{
1 if X ∈ (0, 1− 1/n]
0 ow.

Q: θ̂n →W ? θ̂n
P→W ?

W = θ ? P (W = θ) = 0 ?
P (W = θ) = 1 ? P (W = θ) = P (1(X = 1) = 0) = P (X 6= 1) = 0.7
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θ̂n → θ ? (0, 1− 1/n]→ (0, 1), θ̂n → 0 = θ.

θ̂n
P→θ ?

θ̂n = θ ? Is θ̂n consistent ?
Abusing notations, write θ̂n = θ̂.
Th.9.1. An unbiased estimator θ̂n for θ is consistent if limn→∞ V (θ̂n) = 0. 448[8]-[9]
Proof. Recall 447 [14] Tchebysheff’s Inequality: P (|X − µ| > kσ) ≤ 1/k2.

For each k > 0, let ε = kσθ̂. If σ2
θ̂
→ 0 why ? (as given in Th 9.1).

σθ̂ → 0 and ε =kσθ̂ → 0, as n→∞,
P (|θ̂ − θ| > ε) =P (|θ̂ − θ| > kσθ̂)

≤1/k2 ∀ k > 0

=> limn→∞ P (|θ̂ − θ| > ε) ≤ 1/k2 ∀ k > 0 and ∀ ε > 0.

=> limn→∞ P (|θ̂ − θ| > ε) = 0 ∀ ε > 0.
Ex. 9.2. Show that

Y n =
∑n
i=1 Yi/n is a consistent estimator of µy if Y1,..., Yn are i.i.d. and σY is finite.

Proof. Since V (µ̂) = V (Y ) = σ2
Y /n→ 0, and E(Y ) = µY (Y is unbiased),

by Th9̇.1, µ̂ = Y n is consistent.

Theorem 9.2. If θ̂1 and θ̂2 are two estimators. θ̂i
P→θi, i = 1, 2, then

(1) θ̂1 + θ̂2
P→θ1 + θ2

(2) θ̂1θ̂2
P→θ1θ2 448[10]

(3) θ̂1/θ̂2
P→θ1/θ2 if θ2 6= 0;

(4) g(θ̂1)
P→g(θ1) if g is continuous at θ1.

Q: Can we add in Th.9.2 θ̂1 − θ̂2
P→θ1 − θ2 ?? why ? ( let θ̂2 = −1 in (2) or (3))

Ex. 9.3. Suppose that Y1, ..., Yn
i.i.d.∼ Y , E(Y ki ) = mk is finite for k = 1, 2, 4.

Show that S2
n = 1

n−1

∑n
i=1(Yi − Y )2 is a consistent estimator of σ2.

Proof. S2
n = 1

n−1

∑n
i=1(Yi − Y )2

= n
n−1

1
n

∑n
i=1(Yi − Y )2

= n
n−1 [ 1

n

∑n
i=1 Y

2
i − (Y )2]

=
n

n− 1︸ ︷︷ ︸
P→?

[ Y 2︸︷︷︸
P→?

− (Y )2︸︷︷︸
P→?

]

Y
P→E(Y ) by Ex. 9.2. Reason ? need i.i.d. Yi’s and σY <∞

(Y )2 P→(E(Y ))2, by (???) of Th.9.2.

Y 2 P→E(Y 2) by Ex. 9.2. need i.i.d. Y 2
i ’s and σY 2 <∞, V (Y 2) = E((Y 2)2)− (E(Y 2))2

n
n−1 → 1 or n

n−1

P→1 ??

So S2 = n
n−1 [Y 2 − (Y )2]

P→E(Y 2)− (E(Y ))2 = σ2 by (???) of Theorem 9.2
That is, S2 is a consistent estimator of σ2.

Th. 9.3. If P (Un ≤ t)→ Φ(t), the cdf of (N(0, 1)), and Wn
P→1, then P (Un/Wn ≤ t)→ Φ(t).

Example 9.4. Let Y1, ..., Yn be a random sample from a distribution with E(Yi) = µ and

V (Yi) = σ2. Let S2
n = 1

n−1

∑n
i=1(Yi−Y )2. Show that the cdf of

√
nY−µYSn

converges to Φ(t), the
cdf of N(0,1).

Sol. By the CLT, P (
√
nY−µYσY

≤ t)→ Φ(t).

S2
n
P→σ2 by Ex. 9.3.

S2
n/σ

2 P→1 by Theorem 9.2. (1) ? (2) ? (3) ? (4) ? Choose one.

P (
√
nY−µYSn

≤ t) = P (
√
nY−µYσ /Snσ ≤ t)→ Φ(t) by Theorem 9.3.

As applications, if n is large, an approximate CI for µ is X±zα/2Sn/
√
n, for p is p̂±zα/2

√
p̂q̂/n.
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§9.4. Sufficiency.
Data are often quite large and not convenient to handle. There is a way to simplify it without

losing information about the parameter θ.
Def. 9.3. Let Y1, ..., Yn denote a random sample from a distribution with unknown parameter θ.
Then the statistic U = g(Y1, ..., Yn) is said to be sufficient for θ if the conditional distribution
of Y1, ..., Yn given U , does not depend on θ,

i.e., fY1,...,Yn|U (y1, ..., yn|u) does not depend on θ.
Ex. 1. Suppose that X1, ..., Xn are i.i.d. from bin(1,p). Then Xi ∈ {0, 1}. Let Y =

∑n
i=1Xi.

The distribution of Y is ?
The conditional distribution of X = (X1, ..., Xn) for given Y , say fX|Y (x1, ..., xn|y) is

fX|Y (x1, ..., xn|y) =P (X1 = x1, ..., Xn = xn|Y = y)

=
P (X1 = x1, ..., Xn = xn, Y = y)

P (Y = y)

=

∏n
i=1 p

xi(1− p)1−xi1(
∑n
i=1 xi = y)(

n
y

)
py(1− p)n−y

=

{
py(1−p)n−y

(ny)py(1−p)n−y
= 1

(ny)
if
∑n
i=1 xi = y, xi ∈ {0, 1}

0 otherwise,

which is independent of the parameter p. Thus Y is sufficient for θ.
Remark. The advantage of the sufficient statistic Y (such as in the above example) is that it
simplifies the data if one just wants to make inference about θ.

In Ex. 1 above, the original data are (X1, ..., Xn), and Y is a sufficient statistic. Y is much
simpler than (X1, ..., Xn), in terms of recording and manuscript (in particular if n ≥ 103).
Def. 9.4. Let y1, ..., yn be the sample observations taken on corresponding r.v.s Y1, ..., Yn
whose distribution depends on a parameter θ. Then the likelihood of the sample, denoted by

L(y1, ..., yn|θ)
def
=

{
the joint pmf of y1, ..., yn if Yis are discrete.
the joint density of y1, ..., yn if Yis are continuous r.v.s

For simplification, we write L(θ) = L(y1, ..., yn|θ) = L(~y|θ).
Ex.1 (continued). The likelihood function of (X1, ..., Xn) for given observations (x1, ..., xn), is
L(p) =

∏n
i=1 p

xi(1 − p)1−xi . It is OK to write L(p) =
∏n
i=1 p

Xiq1−Xi . 1st exam is on Sep.
23(W) 7:45am-9:30am. It covers upto §9.4 (sufficiency).

Quiz formulae on Friday: 447: [5]-[42], [44]. 448: [1]-[11].
Th. 9.4. Let U be a statistic based on the random sample Y1, ..., Yn. Then U is a sufficient
statistic for the estimation of θ iff L(θ) can be factored into two nonnegative functions L(θ) =
g(u, θ)h(y1, ..., yn), where g is only the function of (u, θ) and h() is independent of θ.

L(p) =

n∏
i=1

pxi(1− p)1−xi = p
∑n

i=1
xi(1− p)n−

∑n

i=1
xiEx.1 (continued).

=py(1− p)n−y, where y =

n∑
i=1

xi ∈ {0, 1, ..., n}

Thus y =
∑n
i=1 xi is a sufficient statistic. Any thing wrong ?

(1) L(p) = g(u, p)h(x1, ..., xn). h = ?
(2)

∑n
i=1 xi is a number, not a sufficient statistic.

Another way: L(p) =
∏n
i=1 p

xi(1− p)1−xi = py(1− p)n−y︸ ︷︷ ︸
g(y,p)

×1(y =
n∑
i=1

xi) ∈ {0, 1, ..., n}︸ ︷︷ ︸
h(x1,...,xn)

.
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(a) Thus Y =
∑n
i=1Xi is sufficient.

(b) Thus y =
∑n
i=1 xi is sufficient.

Which of (a) and (b) is a correct answer ?

Ex.3. Suppose that X1, ..., Xn are i.i.d. from U(a, b), find a sufficient statistic.
Sol. Xi ∼ f(x) = 1

b−a1(x ∈ [a, b]).

L(a, b) =
∏n
i=1

1
b−a1(xi ∈ [a, b]) =

1

(b− a)n
1(x(1) ≥ a)1(x(n) ≤ b)︸ ︷︷ ︸
g(x(1),x(n),a,b)

h(x1, ..., xn) =?

A sufficient statistic is
(x(1), x(n)) ? Y,N, DNK; ~Y = (X(1), X(n)) ? Y,N, DNK; ~y = (x(1), x(n)) ? Y,N, DNK

Ex. 9.5. Let Y1, ..., Yn be i.i.d from the density function f(y|θ) =

{
1
θ e
−y/θ if y ≥ 0

0 otherwise
, where

θ > 0. Show that Y is a sufficient statistic for θ.
Sol. Which of the following five possible approaches is correct ? Class exercises.

L(θ) =
n∏
i=1

f(yi|θ) =
e−y1/θ

θ
× e−y2/θ

θ
× · · · × e−yn/θ

θ
=
e−
∑n

i=1
yi/θ

θn
(1)

=
e−ny/θ

θn
. Thus Y (? or y ?) is a sufficient statistic. Y,N,DNK

L(θ) =
n∏
i=1

f(yi|θ) =
e−y1/θ

θ
× e−y2/θ

θ
× · · · × e−yn/θ

θ
=
e−
∑n

i=1
yi/θ

θn
(2)

=
e−ny/θ

θn
, y1, ..., yn ≥ 0. Thus Y (? or y ?) is a sufficient statistic. Y,N,DNK

L(θ) =

n∏
i=1

f(yi|θ) =
e−y1/θ

θ
× e−y2/θ

θ
× · · · × e−yn/θ

θ
=
e−
∑n

i=1
yi/θ

θn
(3)

=
e−ny/θ

θn︸ ︷︷ ︸
=g(y,θ)

×1︸︷︷︸
=h(y1,...,yn)

Thus Y (? or y ?) is a sufficient statistic. Y,N,DNK

L(θ) =
n∏
i=1

f(yi|θ) =
e−y1/θ

θ
1(y1 ≥ 0)× e−y2/θ

θ
1(y2 ≥ 0)× · · · × e−yn/θ

θ
1(yn ≥ 0)(4)

=
e−
∑n

i=1
yi/θ

θn
1(y(1) ≥ 0) (y(1) = y1??)

=
e−ny/θ

θn︸ ︷︷ ︸
=g(y,θ)

1(y(1) ≥ 0)︸ ︷︷ ︸
=h(y1,...,yn)

. Thus Y is a sufficient statistic. Y,N,DNK

L(θ) =
e−ny/θ

θn︸ ︷︷ ︸
=g(y,θ)

1(y1, ..., yn ≥ 0)︸ ︷︷ ︸
=h(y1,...,yn)

. Thus Y is a sufficient statistic. Y,N,DNK(5)

Ex.4. Suppose that X1, ..., Xn are i.i.d. from U(0, b), find a sufficient statistic.
Sol. Xi ∼ f(x) = 1

b1(x ∈ [0, b]).

L(a, b) =

n∏
i=1

1

b
1(xi ∈ [0, b])

=
1

(b)n
1(x(1) ≥ 0)1(x(n) ≤ b). h(x1, ..., xn) =? sufficient statistic=?
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§9.5. The Rao-Blackwell Th. and Minimum-Variance Unbiased Estimator
Let θ̂ be an estimator of θ. It is desirable that θ̂ satisfies:

1. It is unbiased: E(θ̂) = θ;

2. eff(θ̂, θ̂2) = V (θ̂2)

V (θ̂)
≥ 1 ∀ unbiased estimator θ̂2.

Def. An estimator satisfying the above 2 properties is called the minimum variance unbiased
estimator (MVUE).

Q: How to find an MVUE of θ ?
Ans: 448[11] If X1, ..., Xn are i.i.d. from f(x; θ) = exp{ +g(θ)+h(x)}, γ̂ = G( )

and = γ(θ), then γ̂ is the MVUE of γ. key: T (x)ψ(θ),
∑
i T (Xi)), E(γ̂).

Due to
Theorem 9.5. (The Rao-Blackwell Th.) Let θ̂ be an unbiased estimator for θ such that

V (θ̂) <∞. If U is a sufficient statistic for θ. Define θ̂∗ = E(θ̂|U), then for all θ,

E(θ̂∗) = θ and V (θ̂∗) ≤ V (θ̂).
Sufficiency: Th. 9.4. Let U be a statistic based on the random sample Y1, ..., Yn. Then U is
a sufficient statistic for the estimation of θ iff L(θ) can be factored into
L(θ) = g(u, θ)h(y1, ..., yn), where g is only the function of (u, θ) and h() is independent of θ.

The advantage of the sufficient statistic Y is that
(1) it simplifies the data if one just wants to make inference about θ;
(2) it leads to MVUE of θ or W (θ), a function of θ.

For simplification, we write L(θ) = L(y1, ..., yn|θ) = L(~y|θ).
Ex. 9.6 Let Y ∼ bin(m, p). Is p̂ = Y/m an MVUE of p ?
Sol. Need to check: (1) Y is sufficient, (2) E(Y/m) = p.
n = 1. fY (y; p) =

(
m
y

)
py(1− p)m−y1(y ∈ {0, 1, ...,m}). Make use of 448[11]...

fY (y; p) =exp(ylnp+ (m− y)ln(1− p) + ln[

(
m

y

)
1(y ∈ {0, 1, ...,m})])

=exp( y︸︷︷︸
T (y)

ln
p

1− p︸ ︷︷ ︸
ψ(p)

+mln(1− p)︸ ︷︷ ︸
g(p)

+ ln

(
m

y

)
+ ln1(y ∈ {0, 1, ...,m})︸ ︷︷ ︸

h(y)

)

=exp(T (y)ψ(p) + g(p) + h(y)) Is Y a sufficient statistic?

T (Y ) = Y , E(T ) = E(Y ) = mp, p̂ = T/m = Y/m. E(p̂) = p. Thus p̂ is MVUE of p.

Ex. 9.7. Suppose that Y1, ..., Yn
i.i.d.∼ f = 2y

θ e
−y2/θ, y > 0. MVUE of θ ?

Sol. By [11], just let n= 1. f = 2y
θ e
−y2/θ1(y > 0) = exp( y2︸︷︷︸

T (y)

−1

θ︸︷︷︸
ψ(θ)

+ ln(2y)︸ ︷︷ ︸
h(y)

+ (−lnθ)︸ ︷︷ ︸
g(θ)

).

Thus Y 2 is a sufficient statistic. Is it right ??? Y, N, DNK

f =
2y

θ
e−y

2/θ1(y > 0)

=exp( y2︸︷︷︸
T (y)

−1

θ︸︷︷︸
ψ(θ)

+ ln(2y) + ln1(y > 0)︸ ︷︷ ︸
h(y)

+ (−lnθ)︸ ︷︷ ︸
g(θ)

) Thus Y 2 is a sufficient statistic.

For n ≥ 1:
∑n
i=1 T (Yi) =

∑
i Y

2
i is a sufficient statistic.

By [11], E(
∑n
i=1 T (Yi)) = E(

∑
i Y

2
i ) = nE(Y 2)= ?

E(Y 2) =

∫ ∞
0

y2 2y

θ
e−y

2/θdy =

∫ ∞
0

2y2

θ
e−y

2/θdy2/2 dy2 = 2ydy

=

∫ ∞
0

y2

θ
e−y

2/θdy2
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=

∫ ∞
0

u

θ
e−u/θdu u =?

E(Y 2) =Γ(2)θ

∫ ∞
0

u2−1e−u/θ

Γ(2)θ2
du︸ ︷︷ ︸

why do this?

=?

E(Y 2) =θ

γ̂ = G(
∑n
i=1 T (Yi)) =

∑n
i Y

2
i /n = Y 2 by 448[11].

E(γ̂) = E(Y 2) = E(Y 2
1 ) = θ.

γ̂ =
∑n
i=1 Y

2
i /n = Y 2 is a MVUE of θ.

1st exam is on Sep. 23(W) 8:00-9:30am. Not 8:30-9:30 !!! It covers upto §9.4
(sufficiency).

Quiz formulae on Friday: 447: [5]-[42], [44]. 448: [1]-[11].

Ex. 9.8. Suppose that X1, ..., Xn
i.i.d.∼ N(µ, σ2). Find the MVUE of (µ, σ2).

Sol. 448[11]: Form f(x) = exp(T (x)ψ(p) + g(p) + h(x)):

f =
1√

2πσ2
e−

(x−µ)2

2σ2

=
1√

2πσ2
e−

x2−2µx+µ2

2σ2

=exp(−x
2 − x(2µ) + µ2

2σ2
+ ln

1√
2πσ2

)

=exp(− x2

2σ2
+
x(2µ)

2σ2
− µ2

2σ2
+ ln

1√
2πσ2

)

=exp((x2, x)︸ ︷︷ ︸
T (x)

(
−1

2σ2
,
µ

σ2
)′︸ ︷︷ ︸

ψ(θ)

− µ2

2σ2
+ ln

1√
2πσ2

) h(x) =?

T (x) = (x2, x), ψ(θ) = ( −1
2σ2 ,

µ
σ2 ). Is T (X) a sufficient statistic ? Y,N,DNK.

How about (
∑
iX

2
i ,
∑
iXi) ? Y,N,DNK. How about (X2, X) ? Y,N,DNK.

Are (X,X2) the MVUE of µ and σ2 ? Y,N,DNK.
Recall X and S2 are unbiased estimators of µ and σ2.

Are they MVUE of µ and σ2 ?
Two ways to check:
(1) Let γ(θ) = (σ2, µ).

E(
∑
i T (Xi)) = E(

∑
i(X

2
i , Xi)) = n(σ2 + µ2, µ), or E(T ) = E((X2, X)) = (σ2 + µ2, µ).

MVUE of µ is X.
E((X)2) = ?
X ∼ N(µ, σ2/n),
E(X2) = σ2 + µ2. E((X)2) = µ2 + σ2/n.
E(X2 − (X)2) = σ2 + µ2 − σ2/n− µ2 = n−1

n σ2

MVUE of σ2 is n
n−1 (X2 − (X)2).

That is, the MVUE of σ2 is S2.
γ̂ = (S2, X) = ( n

n−1 (X2 − (X)2), X)) = ( 1
n−1 (

∑n
i=1(Xi −X)2), X),

(2) (X,S2) is MVUE, as (a) (X,S2) is unbiased and
(b) (X,S2) = (X, n

n−1 (X2 − (X)2)) = a function of (
∑
iXi,

∑
iX

2
i ).

Is S the MVUE of σ ?
Recall σ̃ = S√

2
n−1 Γ(n/2)/Γ(n−1/2)

is an unbiased estimator of σ.

Is it MVUE ?
Why ?
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(1) It is unbiased.

(2) It is a function of
∑
i T (Xi), where T (X) = (X,X2) (see 448 [11]).

Ex. 9.9. Suppose that X1, ..., Xn
i.i.d.∼ f = 1

θ e
−y/θ, y > 0. MVUE of V (X) ?

Sol. X ∼ Exp(θ) = G(1, θ), E(X) = θ and V (X) = θ2. 447 [23], [24]
448[11]: Form f(x) = exp(T (x)ψ(p) + g(p) + h(x)):
f(x) = 1

θ e
− xθ = exp(−x 1

θ + log(1/θ)). Is it right ?
f(x) = 1

θ e
− xθ = exp(−x 1

θ + log(1/θ)), x > 0. Is it right ?
f(x) = 1

θ e
− xθ 1(x > 0)

= exp(−x 1
θ + log(1/θ) + log 1(x > 0)). Is it right ?

Y =
∑n
i=1Xi ∼ G(n, θ). 447 [44]

E(Y 2) = σ2
Y + µ2

Y = nθ2 + (nθ)2 = (n+ n2)θ2.

E(Y 2/(n+ n2) = θ2.

Y 2/(n+ n2) = (
∑n
i=1Xi)

2/(n+ n2) = n
n+1 (X)2.

γ̂ = n
n+1 (X)2 is the MVUE of θ2.

Class exercise:
1. Find the MVUE of θ in this example. Recall that Y =

∑n
i=1Xi ∼ G(n, θ). 447 [44]

2. If X1, ...., Xn are i.i.d. from U(0, θ), an unbiased estimator of θ is θ̂ = n+1
n X(n).

2a. Is X(n) a sufficient statistic of θ ? Why ? f(x; θ) = ( 1
θ )n1(x(n) < θ)1(x(1) > 0)

2b. Is θ̂ a MVUE estimator of θ ? Why ?

Rao-Blackwell Theorem: (1) E(θ̂) = θ, (2) θ̂ is a function of a sufficient statistic.

2c. Does formula 448 [11] work ?

X1, ..., Xn are i.i.d. from f(x; θ) = 1
θ1(x ∈ (0, θ) = exp(− log(θ) + log(1(x ∈ (0, θ))).

f cannot be written as the form

exp(T (x)ψ(θ) + g(θ) + h(x)),

X(n) is not a function of
∑
i T (Xi).

Thus U(a, b) is an exception of formular 448 [11]. But Rao-Blackwell Theorem still works.

Remark. It is desirable to use a MVUE of θ. However, there are two necessary conditions: (1)
E(X) exists, (2) V (X) exists.
What is an example that E(X) does not exist ?

Cauchy distribution f(x; γ,m) = (πγ(1 + (x−mγ )2))−1, or F (x; γ,m) =
arctan( x−mγ )

π + 0.5

A special case: f(x) = 1
π(1+x2) ,

E(X) =
∫

x
π(1+x2)dx =

∫∞
0

1
π(1+y)dy = 1

πln(1+y)

∣∣∞
0

=∞.
What is an example that E(X) exists but V (X) does not exist ?

t-distribution with df ≤ 2 (see [41].

Exam is on Sep. 23(W) 7:45-9:30am. It covers upto §9.4.

447: [5]-[42], [44]. 448: [1]-[11].

Review.

R1. Review on the definition of consistency:
Suppose that X ∼ U(1, 2). Let

θ = 0,

W = 1(X = 1) and

θ̂n = 1(X ∈ [1, 1 + 1
n ]).

Q: (1) W = θ ? Yes, No, DNK

(2) P (W = θ) = 0 ? Yes, No, DNK

(3) P (W = θ) = 1 ? Yes, No, DNK

(4) θ̂n →W ? Yes, No, DNK

(5) θ̂n
P→W ? Yes, No, DNK

(6) P (θ̂n = θ) = 1/n ? Yes, No, DNK

(7) θ̂n → θ ? Yes, No, DNK
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(8) θ̂n
P→θ ? Yes, No, DNK

How to decide ?
Between θ and W : (1) - (3)

W = 1(X = 1) =

{
1 if X = 1
0 if X ∈ (1, 2]

{
1 6= θ if X = 1
0 = θ if X ∈ (1, 2]

{
W 6= θ w.p.0
W = θ w.p.1

Between W and θ̂n: W = 1(X = 1)

=


1 if X = 1
0 if X ∈ (1, 1− 1

n ]
0 if X ∈ (1− 1

n , 2]


W = 1 = θ̂n if X = 1
W 6= 1 = θ̂n if X ∈ (1, 1 + 1

n ]

W = 0 = θ̂n if X ∈ (1 + 1
n , 2]

{ w.p.0
w.p.1/n→ 0
w.p.(1-1/n) → 1

Between θ and θ̂n: Mimic the above 2 cases.Class exercise.

θ =

{
0 6= 1 = θ̂n if X ∈ [1, 1 + 1

n ]

0 = θ̂n if X ∈ (1 + 1
n , 2]

{
w.p.1/n→ 0
w.p.(1-1/n)→ 1

R2. Suppose that X1, ..., Xn
i.i.d.∼ U(0, θ).

1. Show that θ̃ = 2X is an unbiased estimator of θ.
2. Show that θ̃ is a consistent estimator of θ.
3. Show that θ̂ = n+1

n X(n) is an unbiased estimator of θ.

4. Show that θ̂ is a consistent estimator of θ.
5. Compute eff(θ̂, θ̃).

Sol. 1. `: θ̃ = 2X is an unbiased estimator of θ.

E(θ̃) =E(2X) = 2E(X)

=2× 0 + θ

2
a+b

2 by 447 [21]

=θ.

That is,θ̃ = 2X is an unbiased estimator of θ.
2. `: θ̃ = 2X is a consistent estimator of θ.

By Tchebysheffs Inequality (447 [14]), it suffices to show V (θ̃)→ 0 as n→∞.

V (θ̃) =V (2X)

=4V (X)

=4V (X)/n

=4θ2/(12n) V (X) = (b−a)2

12 by 447 [21]

=θ2/(3n)→ 0 as n→∞,

Thus θ̃ is consistent by Tchebysheffs Inequality (447 [14]).

3. `: θ̂ = n+1
n X(n) is an unbiased estimator of θ.

First find E(X(n)). By 448 [6], f(x) = n!
(n−1)!1!(n−n)! (

x
θ )n−1 1

θ (1− x
θ )n−n.

Thus E(X(n)) =
∫ θ

0
x n!

(n−1)!1!(n−n)! (
x
θ )n−1 1

θ (1− x
θ )n−ndx

E(X(n)) =

∫ θ

0

xn(
x

θ
)n−1 1

θ
dx

=n

∫ θ

0

(
x

θ
)ndx

=nθ

∫ θ

0

(
x

θ
)ndx/θ
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=nθ

∫ 1

0

yndy

E(X(n)) =
nθ

n+ 1
yn+1

∣∣∣∣1
0

=
n

n+ 1
θ

Then E(θ̂) = E(
n+ 1

n
X(n)) =

n+ 1

n
E(X(n)) =

n+ 1

n

n

n+ 1
θ = θ.

Thus θ̂ = n+1
n X(n) is an unbiased estimator of θ.

4. Since E(θ̂) = θ, if V (θ̂)→ 0 then θ̂ is a consistent estimator of θ.

`: V (θ̂)→ 0.

V (θ̂n) = (n+1
n )2V (X(n)).

E(X2
(n)) =

∫ θ

0

x2n(
x

θ
)n−1 1

θ
dx

=n

∫ θ

0

(
xn+1

θn
)dx

=nθ2

∫ 1

0

yn+1dy

=
nθ2

n+ 2
yn+2

∣∣∣∣1
0

=
n

n+ 2
θ2

V (X(n)) =E(X2
(n))− (E(X(n))

2

=
n

n+ 2
θ2 − (

n

n+ 1
θ)2

=[
n(n+ 1)2 − n2(n+ 2)

(n+ 2)(n+ 1)2
]θ2

=[
n

(n+ 2)(n+ 1)2
]θ2

V (θ̂) =V (
n+ 1

n
X(n))

=(
n+ 1

n
)2V (X(n))

=(
n+ 1

n
)2[

n

(n+ 2)(n+ 1)2
]θ2

=([
1

n(n+ 2)
]θ2 → 0 as n→∞

Thus θ̂ is consistent by 448[9], or Tchebysheffs Inequality (447 [14]).

5. Compute eff(θ̂, θ̃). 448[7]

eff(θ̂, θ̃) =
V (θ̃)

V (θ̂)
=

θ2/(3n)

θ2/(n(n+ 2))
=
n+ 2

3
.

R3. Summary on CI:

Large sample CI: for θ: [θ̂L, θ̂U ] based on Z = θ̂−θ
σ̂θ̂
∼ N(0, 1) approximately.

1− α ≈P (−zα/2 ≤ Z ≤ zα/2)

=P (−zα/2 ≤
θ̂ − θ
σ̂θ̂

≤ zα/2)

=P (θ̂ − zα/2σ̂θ̂ ≤ θ ≤ θ̂ + zα/2σ̂θ̂) 448[4] : θ̂ ± zα/2σ̂θ̂
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Small sample CI makes use of Z = g(X, θ), a pivotal function, i.e.
P (Z ≤ t) does not depend on θ.
There are 4 typical pivotal functions Z = g(X, θ):
1. X ∼ N(µ, σ2), Z = X − µ ∼ N(0, σ2) or Z = X−µ

σ ∼ N(0, 1). 447 [22]

2. X ∼ Exp(θ) (E(X) = θ), Z = g(X, θ) = X
θ ∼ Exp(1). 447 [24]

3. X ∼ U(θ, θ + b), Z = g(X, θ) = X−θ
b ∼ U(0, 1). 447 [21]

4. For σ under i.i.d. N(µ, σ2): : Z = (n− 1)S2
x/σ

2 ∼ χ2
n−1 . 448 [5]

Derivation of a CI begins with P (a ≤ Z ≤ b), ends with A ≤ θ ≤ B or P(A ≤ θ ≤ B).
e.g. Case 2. 0.90 = P (a ≤ X/θ ≤ b) = e−a−e−b = 0.95−0.05 => a = −ln0.95 and b = −ln0.05

P (a ≤ X/θ ≤ b) = P (X/b < θ ≤ X/a), so the 90% CI for θ is [−X/ln0.05,−X/ln0.95].
a 95% CI for θ is [0,−X/ln0.95] for given X.

R4. Suppose that Y1, ..., Yn
i.i.d.∼ N(µ, σ2). Let n = 2k for k = 1, 2, ..., θ = σ2, and

θ̂ =
1

2k

k∑
i=1

(Y2i − Y2i−1)2

1. Show that θ̂ is an unbiased estimator of σ2.
2. Show that θ̂ is a consistent estimator of σ2.
3. Compute eff(θ̂, S2).

Sol. 1. Show that θ̂ is unbiased estimator of σ2. (a+ b)2 = a2 + 2ab+ b2

θ̂ =
1

2k

k∑
i=1

(Y2i − Y2i−1)2 =
1

2
[
k∑
i=1

Y 2
2i

k
+

k∑
i=1

Y 2
2i−1

k
− 2

1

k

k∑
i=1

(Y2iY2i−1)]

E(θ̂) =
1

2
[E(Y 2) + E(Y 2)− 2E(Y1Y2)]

=
1

2
[E(Y 2) + E(Y 2)− 2E(Y1)E(Y2)]

=
1

2
[E(Y 2) + E(Y 2)− 2(E(Y ))2]

=E(Y 2)− (E(Y ))2

=σ2.

Thus θ̂ is an unbiased estimator of σ2.
2. Show that θ̂ is a consistent estimator of σ2. Need to show V (θ̂)→ 0 by 448[9]

Since Y2i and Y2i−1 are i.i.d., Y2i − Y2i−1 ∼ N(µ− µ, σ2 + σ2) by 447 [44].

44. If X1 X2.

Xi’s ∼: X1 +X2 ∼:
G(αi, β)
χ2(vi)
Pois(λi)
N(µi, σ

2
i )

bin(ni, p)

key: ⊥,

G(α1 + α2, β)

χ2(v1 + v2)
Pois(λ1 + λ2)

N(µx + µy, σ
2
1 + σ2

2)

bin(n1 + n2, p)

That is, Y2i − Y2i−1 ∼ N(0, 2σ2) and Y2i−Y2i−1√
2σ

∼ N(0, 1). Need to find V ((Y2i − Y2i−1)2).

`: If X ∼ N(0, 1), then X2 ∼ χ2.

P (X2 ≤ t) = P (−
√
t ≤ X ≤

√
t) =

∫ √t
−
√
t

1√
2π
e−x

2/2dx by 447 [22]

=2

∫ √t
0

1√
2π
e−x

2/2dx

=2

∫ √t
0

1

x
√

2π
e−x

2/2dx2/2 dx2/2 = xdx
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=2

∫ t/2

0

1
√

2y
√

2π
e−ydy where y = x2/2

=

∫ t/2

0

1
√

2y
√

2π
e−2y/2d(2y)

=

∫ t

0

1
√
u
√

2π
e−u/2du where u = 2y

=

∫ t

0

u
1
2−1

√
2π

e−u/2du see 447 [23], [24], f(u) =
uα−1e−u/β

Γ(α)βα

Thus it is the χ2(1) or G(1/2, 2). Then

θ̂ =
1

2k

k∑
i=1

(Y2i − Y2i−1)2 (Y2i − Y2i−1) ∼ N(0, 2σ2)

=
σ2

k

k∑
i=1

(
Y2i − Y2i−1√

2σ
)2 =

σ2

k
Z, where Z

def
=

k∑
i=1

(Y2i − Y2i−1)2

2σ2
∼ χ2(k) or G(k/2, 2),

with E(Z) = αβ = (k/2)2 = k and V (Z) = αβ2 = (k/2)22 = 2k.

Then θ̂ = σ2

k Z is an unbiased estimator of θ and V (θ̂) = (σ
2

k )2(2k) = (σ
4

k )(2) → 0 if k → ∞.

Thus θ̂ is consistent by 448[9].

3. Compute eff(θ̂, S2) = V (S2)

V (θ̂)
. 448[7] Class exercise. Hint: (n−1)S2

σ2 ∼ χ2(n− 1) 447 [41].

V (S2) = σ4

(n−1)2V (n−1
σ2 S

2) = σ4

(n−1)2 2(n− 1) = 2σ4/(n− 1)

and V (θ̂) = (σ
2

k )2(2k) = 2σ4/k = 4σ4/n

eff(θ̂, S2) = n
2(n−1) ≤ 1. Thus S2 is better.

R5. Suppose that X1,..., Xn are i.i.d. from N(µ, σ2),
find an unbiased estimator of σ based on S (need to prove it).

Sol. Recall that S2 = 1
n−1

∑n
i=1(Xi −X)2 is an unbiased estimator of σ2.

Recall 447 [41]. If Y ∼ N(µ, σ2),
Y−µ

Y

σ
Y

∼ N(0, 1), (n−1)S2

σ2 ∼ χ2(n− 1),
√
nY−µS ∼ tn−1, where

µY = µ, σ2
Y

= σ2/n

First try E(S) =E(

√√√√ 1

n− 1

n∑
i=1

(Xi −X)2) =

√
1

n− 1
σE(

√√√√ 1

σ2

n∑
i=1

(Xi −X)2)

=

√
1

n− 1
σE(
√
Y ) Y = (n−1)S2

σ2 ∼ χ2(n− 1) = G(n−1
2 , 2)

=

√
1

n− 1
σ

∫ ∞
0

√
y
y
n−1

2 −1e−y/2

Γ(n−1
2 )2

n−1
2

dy 447[23], [24]

=

√
1

n− 1
σ

∫ ∞
0

y
n
2−1e−y/2

Γ(n2 )2
n
2

dy
Γ(n2 )2

n
2

Γ(n−1
2 )2

n−1
2

why do this ??

=

√
1

n− 1
σ

Γ(n2 )2
n
2

Γ(n−1
2 )2

n−1
2

=σ

√
2

n− 1

Γ(n2 )

Γ(n−1
2 )

Let σ̃ =
1√

2
n−1

Γ(n2 )

Γ(n−1
2 )

S. Then σ̃ is unbiased.
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R6. Suppose that X1, ..., Xn
i.i.d.∼ U(θ, 1).

1. Show that θ̃ = 2X − 1 is an unbiased estimator of θ.
2. Show that θ̃ is a consistent estimator of θ.
3. Show that θ̂ =

(n+1)X(1)−1

n is an unbiase estimator of θ.

4. Show that θ̂ is a consistent estimator of θ.
5. Compute eff(θ̂, θ̃).

Sol. 1. `: θ̃ = 2X − 1 is an unbiased estimator of θ. Class exercise. Hint: E(X) = a+b
2

E(θ̃) =E(2X − 1) by 447 [21]

=2E(X)− 1

=2× θ + 1

2
− 1 a+b

2 by 447 [21]

=θ. That is, θ̃ = 2X − 1 is an unbiased estimator of θ.

2. `: θ̃ = 2X − 1 is a consistent estimator of θ.
By Tchebysheffs Ineq (447 [14]), need E(θ̃) = θ ) and V (θ̃)→ 0 as n→∞. Class exercise.

V (θ̃) =V (2X − 1)

=4V (X)

=4V (X)/n

=4(1− θ)2/(12n) (b−a)2

12 by 447 [21]

=(1− θ)2/(3n)→ 0 as n→∞,

Thus θ̃ is consistent by Tchebysheffs Inequality (447 [14]).

3. `: θ̂ =
(n+1)X(1)−1

n is an unbiased estimator of θ.

E(θ̂) = n+1
n E(X(1))− 1/n. E(X(1)) = ?

By 448 [6], fX(1)
(x) = n!

(1−1)!1!(n−1)! (
x−θ
1−θ )1−1 1

1−θ (1− x−θ
1−θ )n−1. Class exercise:

Thus E(X(1)) =
∫ 1

θ
x n!

(1−1)!1!(n−1)! (
x−θ
1−θ )1−1 1

1−θ (1− x−θ
1−θ )n−1dx

E(X(1)) =

∫ 1

θ

xn(
x− θ
1− θ

)1−1 1

1− θ
(1− x− θ

1− θ
)n−1dx

=n

∫ 1

θ

x
1

1− θ
(
1− θ − (x− θ)

1− θ
)n−1dx

=n

∫ 1

θ

x
1

1− θ
(
1− x
1− θ

)n−1dx

=n(1− θ)−n
∫ 1

θ

x(1− x)n−1dx (a+ b)k =

k∑
i=0

(
k

i

)
aibk−i

=n(1− θ)−n
∫ 1−θ

0

(1− y)(y)n−1dy y = 1− x

=n(1− θ)−n(
yn

n
− yn+1

n+ 1
)

∣∣∣∣1−θ
0

=n(1− θ)−n(
(1− θ)n

n
− (1− θ)n+1

n+ 1
)

=n(
1

n
− (1− θ)

n+ 1
) = n(

1

n
− 1

n+ 1
+

θ

n+ 1
)

E(X(1)) =
nθ + 1

n+ 1
(n+ 1)E(X(1))− 1

n
=θ
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Thus θ̂ =
(n+1)X(1)−1

n is an unbiased estimator of θ.

4. Show that θ̂ is a consistent estimator of θ. Need to show V (θ̂)→ 0,

thus need to find V (θ̂) (V (X) = E(X2)− (E(X))2).

E(X2
(1)) =

∫ 1

θ

x2n(
x− θ
1− θ

)1−1 1

1− θ
(1− x− θ

1− θ
)n−1dx θ̂ =

(n+1)X(1)−1

n

=n(1− θ)−n
∫ 1

θ

x2(1− x)n−1dx by Eq.(1)

=n(1− θ)−n
∫ 1−θ

0

(1− y)2(y)n−1dy y = 1− x

=n(1− θ)−n
∫ 1−θ

0

(1− 2y + y2)(y)n−1dy

=n(1− θ)−n(
yn

n
− 2

yn+1

n+ 1
+
yn+2

n+ 2
)

∣∣∣∣1−θ
0

E(X2
(1)) =n(1− θ)−n[

(1− θ)n

n
− 2

(1− θ)n+1

n+ 1
+

(1− θ)n+2

n+ 2
] = n(

1

n
− 2

(1− θ)
n+ 1

+
(1− θ)2

n+ 2
)

0 ≤ V (θ̂) =V (
(n+ 1)X(1) − 1

n
)

=(
(n+ 1)

n
)2V (X(1))

=(
(n+ 1)

n
)2[E(X2

(1))− (E(X(1)))
2] (1− (1− θ))2 − θ2

=(
(n+ 1)

n
)2[n(

1

n
− 2

(1− θ)
n+ 1

+
(1− θ)2

n+ 2
)− (

nθ + 1

n+ 1
)2]→ 1− 2(1− θ) + (1− θ)2 − θ2

Or =(
(n+ 1)

n
)2[(

n

n
− 2

(1− θ)n
n+ 1

+
(1− θ)2n

n+ 2
)− (

nθ + 1

n+ 1
)2]

=(
(n+ 1)

n
)2[(

n

n
− 2

(1− θ)(n+ 1− 1)

n+ 1
+

(1− θ)2(n+ 2− 2)

n+ 2
)− (

(n+ 1− 1)θ + 1

n+ 1
)2]

=(
(n+ 1)

n
)2[(1− 2(1− θ) + 2

(1− θ)
n+ 1

+ (1− θ)2 − (1− θ)22

n+ 2
− (θ +

1− θ
n+ 1

)2]

=(
(n+ 1)

n
)2[(1− 2(1− θ) + (1− θ)2 + 2

(1− θ)
n+ 1

− (1− θ)22

n+ 2
− (θ +

1− θ
n+ 1

)2]

=(
(n+ 1)

n
)2[(1− (1− θ))2 + 2

(1− θ)
n+ 1

− (1− θ)22

n+ 2
− (θ +

1− θ
n+ 1

)2]

=(
(n+ 1)

n
)2[(θ)2 + 2

(1− θ)
n+ 1

− (1− θ)22

n+ 2
− θ2 + 2θ(

1− θ
n+ 1

)− (
1− θ
n+ 1

)2]

=(
(n+ 1)

n
)2[2

(1− θ)
n+ 1

− (1− θ)22

n+ 2
+ 2θ(

1− θ
n+ 1

)− (
1− θ
n+ 1

)2]→ 0 as n→∞.

Thus θ̂ is consistent by Tchebysheff’s inequality.

5. Compute eff(θ̂, θ̃) = (1−θ)2/(3n)

(
(n+1)
n )2[2

(1−θ2)
n+1 −(1−θ)2[( 1

n+1 )2+ 2
n+2 ]]

→ (1−θ)2/3
2(1−θ2)−2(1−θ)2 = (1−θ)2/3

2−2θ2−2(1−2θ+θ2) = (1−θ)2/3
4θ(1−θ) = (1−θ)

12θ ≤ 1 iff θ ∈ [1/13, 1].

That is θ̃ = 2X − 1 is better if θ ∈ [1/13, 1], otherwise, ...

Homework Solution. 9.1. Yi ∼ Exp(θ) with S(t) = exp(−t/θ). Find the efficiency of θ̂i,

relative to θ̂5, i = 1, 2, 3 = n. θ̂1 = Y1, θ̂2 = (Y1 + Y2)/2, θ̂3 = (Y1 + 2Y2)/3, θ̂5 = Y .
447 [24] Y ∼ G(1, θ), E(Y ) = αβ, V (Y ) = αβ2.
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447 [19] V (aX + b) = a2V (X),

448 [7] eff(θ̂1, θ̂5) = V (θ̂5)/V (θ̂1).

V (θ̂5) = V (Y ) = V (Y )/3 = θ2/3, 447 [41] σ2
Y

= σ2/n.

V (θ̂1) = θ2,

V (θ̂2) = θ2/2, 447 [41] σ2
Y

= σ2/n.

V (θ̂3) = V (Y1)+22V (Y )
32 = 5θ2/9, 447 [34] V (aX + bY ) = a2V (X) + b2V (Y ) + 2ab ?

eff(θ̂1, θ̂5) = 1/3,

eff(θ̂2, θ̂5) = 2/3,

eff(θ̂3, θ̂5) = 5/9,

Confidence interval θ̂ ± bound, e.g., θ̂ ± 1.96SE
2 SE is called a 2-SE error bounds
Or θ̂ ± 2SE is called a 2-SE error bounds

§9.6. The method of moments.
Q: How to construct an estimator in general ?
Ans. Two common methods:

(1) Method of Moments estimator (MME);
(2) Maximum likelihood estimator (MLE).

[12] An MME of θ, is the solution of θ to µ′i(θ) = for k i’s, where µ′i(θ) = ,

and k is the dimension of θ. key: Xi, E(Xi),

Ex. 9.11 Assuming X1, ...., Xn
i.i.d.∼ U(0, θ), find an MME of θ.

Sol. Since E(X) = θ/2, set X = θ̂/2 => θ̂ = 2X.
Q: Can we derive an MME of θ as follows ?

Set X = E(X) = θ/2 => θ̂ = 2X. What is wrong ?

Q: Is θ̂ unbiased ?
E(θ̂) = E(2X) = 2 θ+0

2 = θ. Answer ?

Q: Is θ̂ consistent ? 448 [8], [9], [10]

“Yes” by Tchebysheff’s Inequality, as V (θ̂) = V (2X) = 4V (X)/n = 4 θ
2

12/n = θ2

3n → 0.

Actually letting ε = k θ√
3n

, P (|θ̂ − θ| > k θ√
3n

) ≤ 1/k2 ∀ ε or k, thus it is consistent.

The 3rd proof: X
P→E(X) = θ/2 by Ex. 9.2 (provided V (X) exists).

2X
P→2θ/2 = θ by Th.9.2. (448[10])

Q: Can we derive an MME of θ as follows ?

E(X2) =

∫ θ

0

x2 1

θ
dxSince

=
x3

3

θ

∣∣∣∣θ
0

=θ2/3,

set X2 =θ̃2/3 => θ̃ =
√

3X2. Yes,No,DNK.

Check formula 448 [12] above. Can we write as follows ?

Set X2 = E(X2) =
∫ θ

0
x2 1

θdx =
x3

3

θ

∣∣θ
0

= θ2/3 => θ̃ =
√

3X2. Yes,No,DNK. Class Ex

Q: Is θ̃ unbiased ? Vote !

Q: An MME θ̃ =
√

3X2. Is θ̃ unbiased ? E(θ̃) =
∫ √

3tf
X2(t)dt = θ ? f

X2(t) = ?

447 [38]. U = h(Y ), where h is monotone, and Y is cts. fU (u) = fY ( h−1(u) )·
∣∣∂h−1

∂u

∣∣.
Complicated if n ≥ 2. Try n = 1. Y = X, U = h(X) = X2, E(θ̃) =

∫ √
3tfX2(t)dt=?
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447 [38] becomes U = X2 = h(X), fU (u) = fX( h−1(u) )·
∣∣∂h−1

∂u

∣∣= ?

Class Exercise ! !! h−1(u) = ? =?

u = h(x) = x2, x ∈ (0, θ); fU (u) = fX( h−1(u) )·
∣∣∂h−1

∂u

∣∣,
h−1(u) =

√
u = u1/2, u > 0 or u ∈ (0, θ) or u ∈ (02, θ2) Class exercise !

∣∣∂h−1

∂u

∣∣ = 1
2u
−1
2 , (

(
a b
c d

)
)−1 =

(
d −c
−b a

)
∣∣(a b
c d

)∣∣ (|A| = determinant of A) = ad− bc.

fU (u) = 1
θ1(
√
u ∈ (0, θ)) 1

2u
−1
2 , u... ?? (See above CE)

E(θ̃) =
∫ √

3tfX2(t)dt Is it OK to replace u by t ?

=
∫ θ2

0

√
3t 1

2θ t
−1/2dt

=
∫ θ2

0

√
3t1/2 1

2θ t
−1/2dt

=
√

3θ/2 6= θ. Is θ̃ unbiased ?
Thus θ̃ is biased. (No need to consider n ≥ 2 due to the counterexample.)

Q: Is θ̃ consistent ? (see 448 [8], [9], [10])
Ans: Yes, if V (X2) <∞. (Prove it later).

By 3 reasons:

 (1) X2 is unbiased estimator of E(X2);
(2) X2 is consistent estimator of E(X2), if V (X2) is finite;
(3) g(X2) = (X2)1/2 is a continuous function of X2.

We still need to show V (X2) <∞. It suffices to show E(X4) exists,
as V (X2) = E(X4)− (E(X2))2 and E(X2) exists.

E(X4) =
∫ θ

0
x4/θdx = x5

5θ

∣∣θ
0

= θ4/5.

Thus V (X2) exists.

Since E(X2) = θ2/3 and θ̃ =
√

3X2 is a continuous function of X2, by Th 9.2,
θ̃ →

√
3θ2/3 = θ ? Yes, No, DNK.

or θ̃
P→
√

3θ2/3 = θ ? Yes, No, DNK.

Ans: θ̃ is consistent, though is biased.

Ex. 9.13. Assuming X1, ...., Xn
i.i.d.∼ Gamma(α, β), find an MME of (α, β).

Sol. Note that E(X) = αβ and V (X) = αβ2. 2 Steps:
Step 1. 3 possible ways: Set

(1) X = α̂β̂ and X2 = α̂(β̂)2 + (α̂β̂)2; => X2 = Xβ̂ + (X)2.
(2) x = αβ and x2 = αβ2 + (αβ)2; => x2 = xβ + (x)2.
(3) sketch X = αβ and X2 = αβ2 + (αβ)2 => X2 = Xβ + (X)2. Which is right ?

Step 2. Thus the MME β̂ = X2−(X)2

X
with X = α̂β̂ => α̂ = (X)2

X2−(X)2
.

Remark. The MME of (α, β) is consistent, by Th. 9.1 and 9.2. Or 448[8],[9],[10].

Is MME always unbiased ? Y,N,DNK. Recall θ̂ = X and θ̃ =
√

3X2 in Ex. 9.11.
The MME of σ2 is X2 − (X)2 (= 1

n

∑n
i=1(Xi −X)2), due to σ2 = E(X2)− (E(X))2.

Is it unbiased ?
An unbiased estimator of σ2 is S2 = 1

n−1

∑n
i=1(Xi −X)2

Is S2 the MVUE of σ2 ?
Yes, if under N(µ, σ2). S2 = n

n−1 [X2 − (X)2)].

No, if under Exp(θ), then the MVUE of σ2 is n
n+1 (X)2.

Class exercise: Prove it by 448 [11]: If X1, ..., Xn are i.i.d. from f(x; θ) =
exp{T (x)ψ(θ) + g(θ) + h(x)}, γ̂ = G(

∑
i T (Xi))) and E(γ̂) = γ(θ), then γ̂ is the MVUE of γ.

Sol. f(x) = e−x/θ/θ1(x > 0) = exp(−x(1/θ)− ln(θ) + ln1(x > 0)).
Thus

∑
iXi is a sufficient statistics. Is it a correct arguement ?

Ans: No, need to explain (T, ψ, g, h) =?∑
iXi ∼ G(n, θ).

E((X)2) = 1
n2E((

∑
iXi)

2) = 1
n2 [(E(G(α, β)))2 + V (G(α, β))], where α = n and β = θ.
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E((X)2) = 1
n2 [(nθ)2 + nθ2] = n2+n

n2 θ2.

Thus n
n+1 (X)2 is MVUE of σ2.

Remark. The MVUE depends on the distribution !

1. It is unbiased !

2. It is based on sufficient statistics of the given distribution !
Class Exercise: Derive an MME of θ based on X0.5 if X1, ..., Xn are i.i.d from U(0, θ).

(1) Is the MME consistent ? Yes, No, DNK.

(2) Is it unbiased ? Yes, No, DNK.

(3) Is it MVUE ? Yes, No, DNK.

Ans. E(
√
X) =

∫ θ
0

(x1/2/θ)dx = 1
θ
x3/2

3/2

∣∣θ
0

= θ1/2

3/2

Set X0.5 = 2
3 (θ̂)1/2 => θ̂ = ( 3

2X
0.5)2 is the MME of θ.

(1) It is consistent, as θ̂ = ( 3
2X

0.5)2 → ( 3
2E(X0.5))2 = ( 3

2θ
1/2/ 3

2 )2 = θ. Is it right ?

θ̂ = (
3

2
X0.5)2 P→(

3

2
E(X0.5))2 = (

3

2
θ1/2/

3

2
)2 = θ.

(2) Try n = 1. E(( 3
2X

1/2)2) = (3/2)2E(X) = (3/2)2θ/2 6= θ. Is θ̂ unbiased ?

(3) No, as it is biased.

Remark. It is desirable to use a MVUE of θ.

Does a MVUE always exist ?

There are two necessary conditions: (1) E(X) exists, (2) V (X) exists.
What is an example that E(X) does not exist ?

Cauchy distribution f(x; γ,m) = (πγ(1 + (x−mγ )2))−1, or F (x; γ,m) =
arctan( x−mγ )

π + 0.5

A special case: f(x) = 1
π(1+x2) ,

E(X) =

∫
x

π(1 + x2)
dx =

∫ ∞
0

1

π(1 + y)
dy =

1

πln(1 + y)

∣∣∞
0

=∞.

What is an example that E(X) exists but V (X) does not exist ?

t-distribution with df ≤ 2 (see 448 [5]).

Ex. 9.12. Assuming X1, ...., Xn
i.i.d.∼ Beta(α, β), find an MME of (α, β).

Sol. Need to 2 equations: E(X) = ? (E(X) = α
α+β by 447. [25]) and E(X2) = ?

X ∼ beta(α, β). f(x) = xα−1(1−x)β−1

B(α,β) , if x ∈ (0, 1), µ = α
α+β , where B(α, β) = Γ(α)Γ(β)

Γ(α+β)

E(X2) =

∫ 1

0

x2x
α−1(1− x)β−1

B(α, β)
dx =

∫ 1

0
xα+2−1(1−x)β−1

B(α,β) dx

=
B(α+ 2, β)

B(α, β)
?? Why ?

=
Γ(α+ 2)Γ(β)

Γ(α+ β + 2)

/Γ(α)Γ(β)

Γ(α+ β)

=
(α+ 1)αΓ(α)Γ(β)

(α+ β + 1)(α+ β)Γ(α+ β)

/Γ(α)Γ(β)

Γ(α+ β)

=
α(α+ 1)

(α+ β)(α+ β + 1)

Set

{
X2 = α̂

α̂+β̂
α̂+1

α̂+β̂+1

X = α̂
α̂+β̂

What to do next ?
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Sketch hereafter: One way: =>

{
X = α

α+β

X2/X = α+1
α+β+1

=>

{
X(α+ β)− α = 0 = (X − 1)α+ βX (1.1)
X2(α+ β + 1) = X(α+ 1) (1.2)

=>

{
(1.1) : (X − 1)α+ βX = 0 => β = α(1−X)/X

(1.2) : (X2 −X)α+X2β = X −X2 => (X2 −X)α+X2

︷ ︸︸ ︷
α(1−X)/X = X −X2 =>

=> α[(X2 −X) + (X2−X2X)

X
] = X −X2 => α̂ = X−X2

X2−(X)2
X and β̂ = (X−X2)(1−X)

X2−(X)2

2nd Way: => A

(
α
β

)
=

(
0

X −X2

)
. A = ??

{
(1.1) : (X − 1)α+ βX = 0
(1.2) : (X2 −X)α+X2β = X −X2

=> A

(
α
β

)
=

(
0

X −X2

)
=>

(
a
β

)
= (A′A)−1A′

(
0

X −X2

)
..... Class exercise !

Quiz on Friday: 447: [9]-[25], [41], [44] 448: [1]-[13]

§9.7. The Method of Maximum Likelihood.

Def. Given observations y1, ..., yn, the maximum likelihood estimator (MLE) of θ maximizes
the likelihood function L(θ), (= L(y1, ..., yn|θ)), θ ∈ Θ, the parameter space.

[13] Given a random sample X1, ..., Xn from f(x; θ), their likelihood is L(θ) = , the

MLE θ̂ of θ maximizes . If g(θ) is a function of θ, the MLE of g(θ) is
.

key:
∏
i f(Xi; θ), L(θ). 1− 1, g(θ̂),

Ex. 9.14. Given a random sample X1, ..., Xn from bin(1, p), find the MLE of p.
Sol. Two usual steps.
(1) solve ∂lnL

∂p = 0 to get p̂;

(2) check either (2a) ∂2lnL
∂p2 < 0 ?

or (2b) lnL at the boundary points: 0 and 1: whether lnL(0) < lnL(p̂) and lnL(1) < lnL(p̂).

L(θ) =

n∏
i=1

f(xi; p)

=

n∏
i=1

(pxi(1− p)1−xi)

=p
∑n

i=1
xi(1− p)n−

∑n

i=1
xi

=py(1− p)n−y where Y =
∑n
i=1Xi ∼ bin(?, ?)

lnL =ylnp+ (n− y)ln(1− p)

(lnL)′p =
y

p
− n− y

1− p
= 0

=> y(1− p)− (n− y)p = 0

=> y(1− p)− np+ yp = 0

=> y = np =>

{
p = y/n = x ? (1)
p̂ = y/n = x ? (2)

which is correct ?

Method (1): (lnL)′′p = −y/p2− (n− y)/(1− p)2 < 0. Thus p̂ = y/n = x (or X) is the MLE of p.

Method (2):

{
L(0) = 0 < L(p̂)?
L(1) = 0 < L(p̂)?

Thus p̂ = y/n = x is the MLE of p.

Ex. 9.15. Given a random sample X1, ..., Xn from N(µ, σ2), find the MLE of (µ, σ2).
Recall two usual steps.
(1) solve ∂lnL

∂p = 0 to get p̂;
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(2) check either (2a) ∂2lnL
∂p2 < 0 ?

or (2b) lnL at the boundary points: 0 and 1: whether lnL(0) < lnL(p̂) and lnL(1) < lnL(p̂).

L =
n∏
i=1

f(xi;µ, σ
2)Sol.

=
1√

2πσ2
e−

(x1−µ)2

2σ2 × · · · × 1√
2πσ2

e−
(xn−µ)2

2σ2

=(
1√

2πσ2
)ne−

∑n

i=1

(xi−µ)2

2σ2

lnL =− n

2
lnσ2 − n

2
ln(2π)− 1

2σ2

n∑
i=1

(xi − µ)2

∂lnL

∂µ
=

1

σ2

n∑
i=1

(xi − µ) = 0 => µ̂ = x

∂lnL

∂σ2
=− n

2
/σ2 +

1

2σ4

n∑
i=1

(xi − µ)2 = 0

=> σ2 =
1

n

n∑
i=1

(xi − µ)2

=> σ̂2 =
1

n

n∑
i=1

(xi − x)2 = x2 − (x)2 and µ̂ = x. Done ?

Need to check whether (µ, σ2) = (x, σ̂2) is indeed the MLE:

(1) ∂2lnL
∂µ2 , ∂2lnL

∂(σ2)2 lnL, ... or

(2) lnL or L at µ = ±∞ and σ2 = 0 and ∞.
It is more convenience to check (2) here:

lnL =− n

2
lnσ2 − n

2
ln(2π)− 1

2σ2

n∑
i=1

(xi − µ)2

=


−∞ if µ = ±∞
−∞ if σ2 =∞
−n2 ln0− n

2 ln(2π)− 1
0+ =∞−∞ ?? if σ2 = 0+

as (ln0+, 1
0+ ) = limx↓0(lnx, 1

x ) = (−∞,∞).

Since limx↓0
lnx
x−1 = limx↓0

(lnx)′

(x−1)′ = limx↓0
(1/x)
−(x−2) = 0,

−ln(0+)− 1

0+
= −∞.

Thus the MLE of (µ, σ2) is (x, σ̂2), where σ̂2 = x2 − (x)2.

Ex. 9.16. Given a random sample Y1, ..., Yn from U(0, θ), find the MLE of θ.

L =
n∏
i=1

f(yi; θ) =

{
1
θ × · · · ×

1
θ if 0 ≤ yi ≤ θ, i = 1, ..., n

0 otherwise.
Sol.

=

{
1
θn if 0 ≤ y(1) ≤ y(n) ≤ θ
0 otherwise

=
1(0 ≤ y(1) ≤ y(n) ≤ θ)

θn
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Usual approach: ∂lnL
dθ = ∂(−nlnθ)

dθ = −n/θ Is it right ? Y, N, DNK.
∂lnL
dθ = ∂(−nlnθ)

dθ = −n/θ, θ > y(n)

Next ∂lnL
dθ = ? (class exercise). Is there a solution to ∂lnL

dθ = 0 ? How to continue ?
L ≤ 1

(y(n))n
why ?

∂lnL
dθ = −n/θ < 0 if θ > Y(n), i.e. L(θ) ↓ in θ ∈ (Y(n),∞).

L =
1(0≤y(1)≤y(n)≤θ)

θn

∣∣
θ=y(n)

≤ 1
(y(n))n

Thus the MLE of θ is θ̂ = y(n).

Remark. The usual approach of taking dlnL
dθ = 0 to solve for the MLE does not work,

as d
dθ lnL = d

dθ (−nlnθ) = −nθ if θ ∈ (0, X(n)).
[13] Given a random sample X1, ..., Xn from f(x; θ), their likelihood is L(θ) =

∏
i f(Xi; θ), the

MLE θ̂ of θ maximizes L(θ). If g(θ) is a 1− 1, function of θ, the MLE of g(θ) is g(θ̂).
The last key word in [13] is the

Invariance principle of the MLE:
If g is a 1-1 function of θ and θ̂ is the MLE of θ then the MLE of g(θ) is g(θ̂).

We considered 3 typical cases:
(1) bin(1,p) or bin(n,p), (2) N(µ, σ2), (3) U(0, θ).

Example 9.14 (continued) (a) X1, ..., Xn ∼ bin(1, p) or (b) Y (=
∑
iXi) ∼ bin(n, p).

How many observations in each case ?
L(p) =

∏n
i=1 p

xi(1− p)1−xi in Case (a).
L(p) = ? in Case (b) Class exercise !
lnL(p) = ln[

(
n
y

)
py(1− p)n−y] = ln

(
n
y

)
+ ylnp+ (n− y)ln(1− p), y=0,...,n.

(lnL(p))′ = y
p −

n−y
1−p = 0 p̂ = y/n.

Write (lnL(p))′ = yp−1 − (n− y)(1− p)−1 (for (lnL(p))′′, (xk)′ = kxk−1)
(lnL(p))′′ = − y

p2 − n−y
(1−p)2 < 0

The MLE is p̂ = y/n as an estimate or X as an Estimator. Why different ?
Example 9.14 (continued) Recall E(X1) = p and V (X1) = pq.

What is the MLE of V (X1) ? What is the MLE of V (Y ) ? Y ∼ bin(n, p)

The MLE of V (X) is ˆσ2
X1

= X(1−X). Yes, No, DNK. Class Exercise.

The MLE of V (Y ) is σ̂2
Y = X(1−X). Yes, No, DNK. Class Exercise.

Y ∼ bin(n, p) with σ2
Y = npq. σ̂Y = ? Class Exercise.

Example 9.15 (continued) Let X1, ..., Xn ∼ N(µ, σ2). Find the MLE of σ.

Sol. Since the MLE of V (X) = σ2 is X2 − (X)2, the MLE of σ is σ̂ =
√
X2 − (X)2.

Example 9.16 (continued) Find the MLE of σ2 with Y1, ..., Yn from U(0, θ),

Sol. The MLE of θ is θ̂ = y(n). V (Y ) = σ2
Y = θ2/12. 447 [22] (b−a)2

12

Thus the MLE of V (Y ) is σ̂2
Y = Y 2

(n)/12.

§9.8. Some large sample properties of the MLE. Quiz on Friday 448 [1]-[14]

Very offen, we need to estimate a parameter θ together with the SD of the estimator, say θ̂
and V (θ̂), e.g. for a CI of θ. It is often not simple. However, if n is large, it can be approximated.

Recall the CLT. P (X ≤ t) ≈ Φ(
t−µ

X

σ
X

) = Φ( t−µX
σX/
√
n

) if n is large as assumed in §9.8.

Suppose that X1, ...., Xn
i.i.d.∼ f(x; θ), θ ∈ R, if g′(θ) is continuous, and θ̂ is the MLE of θ,

then P (g(θ̂) ≤ t) ≈ Φ( t−g(θ)σ̂g(θ̂)
), where σ̂g(θ̂) =

√
( ∂∂θ g(θ))

2

−nE( ∂
2

∂θ2
log f(θ))

∣∣∣∣
θ=θ̂

and n is large. (448 [14])

Based on [14], an approximated CI for g(θ) is g(θ̂)± zα/2σ̂g(θ̂) if n is large.

Ex. 9.18. Let X1, ...., Xn be
i.i.d.∼ bin(1, p). Construct an approximate 100(1− α)% CI for σ2

X .
Sol. The MLE of p is p̂ = X (as derived before).

E(p̂) = E(X) = ?
σ2
X= ? = g(p)

A CI for g(p) is P (a ≤ g(p̂) ≤ b) = P (c ≤ σ̂2
X ≤ d),
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which is a little bit tedious to construct if n is small.
If n is large, the 95% approximated CI for σ2

X is (g(p̂)− 1.96σ̂g(p̂), g(p̂) + 1.96σ̂g(p̂)).
The MLE of σ2

X (= g(p) = p(1− p)) is

g(p̂) = X(1−X) (by the invariance principle of the MLE.)

To solve σ̂2
g(p̂), by 448 [14] above, need to find

∂
∂θg(θ) ? f(θ) ? ∂

∂θ lnf(θ) ? ∂2

∂θ2 lnf(θ) ? −nE( ∂
2

∂θ2 lnf(θ)) ? What is θ = ?

θ = p, (1) g(p) ? (2) ∂
∂pg(p) ? (3) f(p) ? (4) ∂2

∂p2 lnf(p) ? (5) −nE( ∂
2

∂p2 lnf(p)) ?
Class exercise: derive the 5 expressions above.

(3) f =pX(1− p)1−X(1) g(p) = pq = p− p2

lnf =Xlnp+ (1−X)ln(1− p)(2) ∂
∂pg(p) = 1− 2p

∂

∂p
lnf =

X

p
− 1−X

1− p
∂2

∂p2
lnf =− X

p2
− 1−X

(1− p)2
(4)

−nE(
∂2

∂p2
lnf) =

np

p2
+

n− np
(1− p)2

=
n

p(1− p)
(5)

σ̂2
g(p̂) =

( ∂∂θg(θ))2

−nE( ∂
2

∂θ2 lnf(θ))

∣∣∣∣
θ=θ̂

= (1− 2p̂)2/
n

p̂(1− p̂)
= (1− 2p̂)2p̂(1− p̂)/n.

The approximate 95% CI for g(p̂) (= p̂(1− p̂)) is

g(p̂)± 1.96

√
σ̂2
g(p̂) =p̂(1− p̂)± 1.96

√
(1− 2p̂)2p̂(1− p̂)/n.

Example 9.19. Assuming X1, ...., Xn
i.i.d.∼ Poisson P (λ).

(1)Derive an MME of λ and e−λ (= P (X = 0)), and the MLE of λ and e−λ.
(2)Are the MLEs of λ and e−λ the MVUEs ? Consistent ?
(3) Construct an approximate 100(1− α)% CI for the MLE of λ and e−λ.
Sol. (By 447 [13]) f(x) = e−λ λ

x

x! , x = 0, 1, 2, .... E(X) = ? σ2 =?

MME: Since µ = λ, an MME of λ is λ̂ = X.
Since σ2 = λ = E(X2)− (E(X))2, another MME is λ̃ = X2 − (X)2. Which you like ?
P (X = 0) = ? f(x) = e−λ λ

x

x!

An MME of e−λ or P (X = 0) is ??

To solve the MLE of λ: L =
n∏
i=1

e−λ
λXi

Xi!
=
∏n
i=1 exp(−λ+Xilnλ− lnXi!))

lnL =ln
n∏
i=1

e−λ
λXi

Xi!
(= −nλ+

∑
i(Xilnλ− lnXi!))

=ln
n∏
i=1

e−λ + ln
n∏
i=1

λXi − ln
n∏
i=1

Xi!

=lne−nλ + lnλ
∑n

i=1
Xi − ln

n∏
i=1

Xi!

=− nλ+
n∑
i=1

Xilnλ− ln
n∏
i=1

Xi!
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d

dλ
lnL =− n+

n∑
i=1

Xi/λ (= 0) => λ̂ = X (Done for MLE ?)

check
d2

dλ2
lnL =−

n∑
i=1

Xi/λ
2 < 0,

or check L(0) =

n∏
i=1

e−λ
λXi

Xi!

∣∣
λ=0

=? and check L(∞) =

n∏
i=1

e−λ
λXi

Xi!

∣∣
λ=∞ =?

Can we check lnL(0) = ... and check lnL(∞) = ...instead? Y,N,DNK.

Thus the MLE of λ is λ̂ = X, v.s. an MME of λ is λ̂ = X

The MLE of e−λ is e−X by the invariance principle. Class Exercise: the MME of e−λ =?
(2) Is λ̂ = X the MVUE of λ ?
Need to check the following 2 conditions :

(1) E(λ̂) = E(X) = µ = λ. Thus it is unbiased.

(2) Need to show that λ̂ is based on the sufficient statistic.
[11] If X1, ..., Xn are i.i.d. from f(x; θ) = exp{ + g(θ) + h(x)}, γ̂ = G( ) and

= γ(θ), then γ̂ is the MVUE of γ. key: T (x)ψ(θ),
∑
i T (Xi), E(γ̂),

One way to show the UMVE using [11]:

f(X) =e−λ
λX

X!

=e−λ+Xlnλ−lnX!

=eXlnλ−λ−lnX!

=exp{Xlnλ+ g(θ) + h(X)}.
T (X)ψ(θ) = Xlnλ.∑

i

T (Xi) =
∑
i

Xi

γ̂ =G(
∑
i

T (Xi)) =
∑
i

Xi/n = X.

Another way to proceed: L =
n∏
i=1

e−λ
λXi

Xi!
Skip

=
n∏
i=1

e−λ︸ ︷︷ ︸
h(λ)

n∏
i=1

λXi︸ ︷︷ ︸
g( ~X,λ)

1∏n
i=1Xi!︸ ︷︷ ︸
T ( ~X)

=

n∏
i=1

e−λ︸ ︷︷ ︸
h(λ)

λ
∑n

i=1
Xi︸ ︷︷ ︸

g( ~X,λ)

1∏n
i=1Xi!︸ ︷︷ ︸
T ( ~X)

=
n∏
i=1

e−λ︸ ︷︷ ︸
h(λ)

λnX︸︷︷︸
g( ~X,λ)

1∏n
i=1Xi!︸ ︷︷ ︸
T ( ~X)

Thus λ̂ = X is a sufficient statistic, is unbiased estimator of λ, and it is the MVUE of λ.
Is λ̂ = X consistent ? Yes, NO, DNK.

Is e−X consistent estimator of e−λ ? Yes, NO, DNK.

39



Is e−X MVUE of e−λ ? Need to check E(e−X) = E(exp(−
∑
iXi/n)) = e−µ ?

447 [44]: If X1 X2.

Xi’s ∼: X1 +X2 ∼:
G(αi, β)
χ2(vi)
Pois(λi)
N(µi, σ

2
i )

bin(ni, p)

key: ⊥,

G(α1 + α2, β)

χ2(v1 + v2)
Pois(λ1 + λ2)

N(µ1 + µ2, σ
2
1 + σ2

2)
bin(n1 + n2, p)

Thus
∑n
i=1Xi ∼ Poisson(nλ) is a sufficient statistic for λ.

Is e−X MVUE of e−λ ? E(e−λ̂) = e−λ ?

Most of the time, it is difficulat to check whether E(e−λ̂) = eλ for n > 1. But it is OK here:

E(e−λ̂) =E(e−
∑n

i=1
Xi/n) = E(e−

1
n

∑n

i=1
Xi)

=
∞∑
i=0

e−i/nf∑
i
Xi

(i)
∑n
i=1Xi ∼ Poisson(nλ)

=
∞∑
i=0

e−i/ne−nλ(nλ)i/i!

=
∞∑
i=0

e−nλ(e−1/nnλ)i/i!

=
e−nλ

e−e1/nnλ

∞∑
i=0

e−e
−1/nnλ(e−1/nnλ)i/i! =

e−nλ

e−e1/nnλ

∞∑
i=0

e−λ
∗
(λ∗)i/i!

=
e−nλ

e−e1/nnλ
6= eλ => e−λ̂ is not a MVUE.

(3) An approximate CI for λ ? Class exercise.

A CI for λ is λ̂± zα/2σ̂λ̂, λ̂= ? σ2
λ̂

= σ2
X = ?

Notice that σ2
X = λ

A CI for λ is X ± zα/2
√
X/
√
n.

A CI for P (X = 0) = e−λ: g(θ̂)± zα/2
√
σ̂2
g(θ̂) θ = λ here.

(e−λ)′ = −e−λ, f = e−λ λ
X

X! , (lnf)′ = −1 +X/λ (lnf)′′ = −X/λ2, −nE((lnf)′′) = n/λ.

ˆσ2
g(p̂) = (e−λ̂)2

n/λ̂
= Xe−2X/n

A CI for P (X = 0) = e−λ is e−λ̂ ± zα/2
√
Xe−2X/n.

—————————Skip the next paragraph.
It suffices to check E(e−X) = e−λ first

E(e−X) =
∞∑
i=0

e−if(i)

=
∞∑
i=0

e−ie−λλi/i!

=
∞∑
i=0

e−λ(λ/e)i/i!

=
e−λ

e−λ/e

∞∑
i=0

e−λ/e(λ/e)i/i!

=
e−λ

e−λ/e
= e−λ ? Is it unbiased ?

Chapter 10. Hypothesis Testing
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§10.1. Introduction. Quiz on Friday: 448: 1-16.
3 typical statistical inferences on unknown θ:

(1) estimation: θ = ?
(2) Confidence interval: I = [a, b] =? such that it is likely that θ ∈ I.
(3) Hypothesis testing of Ho: θ = θo? e.g. θ = 0 ? v.s. alternative hypothesis Ha.

§10.2. Elements of a statistical test.
448 [15] The 5 elements of a test are (1) , (2) , (3) test statistic (4) ,

(5) , key: Ho, Ha, RR, Conclusion,
Remark. It is often to write H1 instead of Ha.
Def. 10.1. Probability of type I error is the probability rejecting correct Ho, denoted by
α = P (Ha|Ho). α is call the level of the test. Probability of type II error is the probability not
rejecting incorrect Ho, denoted by β = P (Ho|Ha),
448 [16] Probability of type I error is , Probability of type II error is , key:

P (Ha|Ho), P (Ho|Ha).
Ex. 10.1. John claims that he will gain 50% of more of the voters in a city election. A random
sample of n = 15 was taken, resulting Y people favor Jone.
Describe the 5 elements of a test.
Sol. Let p =proportion of voters who likes John.

Ho: p = 0.5 (or p ≥ 0.5) which one ?
Ha: p < 0.5.
Test statistic: Y=# of people who like John in a random sample of size n.
RR: Y ≤ yo, where yo needs to be decided.
Conclusion: reject Ho (or do not). Choose one ! And write down what it means.

Remark. What is the interpretation of Ho: p = 0.5 v.s. H1: p < 0.5 ?
Ans: It is to find out whether voters dislike John, as p ≥ 0.5 is a question mark.

We need to learn how to determine yo.
Q: If Y = 10 out of 15 people favor John, do you believe Ho ? (p ≥ 0.5).

If Y = 0 person favors John, do you believe Ho ?
If Y = 7 < n/2 (= 7.5) people favor John, do you believe Ho ?
If Y = 6 < n/2 people favor John, do you believe Ho ?

Remark. The statistical issue is how to select yo.
Ex. 10.1b. Under the set-up in Ex. 10.1,

P (Ha|Ho)=? and P (Ho|Ha)=?

 (1) if we select yo = 15,
(2) if we select yo = 0,
(3) if we select yo = 2.

Sol. (1) RR: Y ≤ 15. P (Ha|Ho)=α = 1 and P (Ho|Ha)= β = 0. Why ?
447 [2]. Axioms of probability: (1) P (A) ≥ 0, (2) P (S) = 1. S=? Class E.
447 [7]. P ( A) =1− P (A).

α = P (Ha|Ho) = P (Y ≤ 15|p = 0.5)) = P (S) = 1.
β = P (Ho|H1) = P (Y > 15|p < 0.5) = P (∅) = 0.

(2) α = P (Y ≤ 0|p = 0.5) ≈ 0 Yes, No, DNK,
and β = P (Y > 0|p < 0.5) ≈ 1− 0 = 1 ? Yes, No, DNK

Reason: α = P (Ha|Ho)

= P (Y ≤ 0|p = 0.5))

= P (Y = 0|p = 0.5)

=

(
n

0

)
p0(1− p)n−0 = 0.515 ≈ 0.0003 ≈ 0.

β = P (Ho|H1)

= P (Y > 0|p < 0.5) = 1−

=p0(1−p)15, p<0.5︷ ︸︸ ︷
P (Y = 0|p < 0.5) = 0? Y,N,DNK

Ans: β

{
≈ 1− 0 = 1 if p ∈ (0, 0.5)
= 1− 1 = 0 if p=0

. α ≈ 0. Q: P (Ho|H1) = 1− P (H1|Ho) ??
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P (Ha|Ho) =P (Y ≤ 2|Ho) = [

2∑
i=0

(
n

i

)
pi(1− p)15−i]

∣∣∣∣
p=0.5

(
n

i

)
=

n!

i!(n− i)!
(3)

=[

(
n

0

)
p0(1− p)15−0 +

(
n

1

)
p1(1− p)15−1 +

(
n

2

)
p2(1− p)15−2]

=0.004 if p = 0.5

P (Ho|Ha) =1− 0.004 = 0.996 ??? Y, N, DNK

P (Ho|Ha) =P (Y > 2|Ha) =
15∑
i=3

(
n

i

)
pi(1− p)15−i] ( 6= 1− P (Ha|Ho))

is a function of p < 0.5, which can be anything < 0.996, e.g.

> 1-round(pbinom(3,15,0.1),2)
[1] 0.06

> 1-round(pbinom(3,15,(1:4)/10),2)
[1] 0.06 0.35 0.70 0.91

Ex. 10.1c. Under the set-up in Ex. 10.1, if one tries to select α ≤ 0.05 with α ≈ 0.05,
what are yo, P (Ha|Ho), α and P (Ho|Ha) ?
Sol. Use R program:
> round(pbinom(0:14,15,0.5),2)

[1] 0.00 0.00 0.00 0.02 0.06 0.15 0.30 0.50 0.70 0.85 0.94 0.98 1.00 1.00 1.00
Ans: Select yo = 3, that is, reject Ho if 3 or less out of 15 do not favor John.

P (Ha|Ho) = P (Y ≤ yo|Ho) = [
∑yo
i=0

(
15
i

)
pi(1− p)15−i]

∣∣∣∣
p=0.5

= 0.02 ≤ 0.05. α = ?

P (Ho|Ha) = 1− 2% ? Yes, No, DNK
Ex. 10.1d. Under the set-up in Ex. 10.1, if 30% of people likes John and one sets yo = 5, what
are P (Ha|Ho) and P (Ho|Ha) ?

Sol. α = P (Ha|Ho) =
∑5
i=0

(
15
i

)
pi(1− p)15−i

∣∣∣∣
p=0.5

≈ 0.15 (see pbinom() above),

P (Ho|Ha) = P (Y > 5|Ha) =
∑15
i=6

(
n
i

)
pi(1− p)15−i]

∣∣∣∣
p=0.3

Can we use pbinom above ?

or = 1−
∑5
i=0

(
n
i

)
pi(1− p)15−i]

∣∣∣∣
p=0.3

= 0.278 Which you prefer ?

Ex. 10.2. Under the set-up in Ex. 10.1, if 20% of people likes John and one still sets yo = 2,
what are P (Ha|Ho) and P (Ho|Ha) ?

Sol. α = P (Ha|Ho) =
∑2
i=0

(
15
i

)
pi(1− p)15−i

∣∣∣∣
p=0.5

= 0.004

and P (Ho|Ha) = P (Y > 2|Ha) =
∑15
i=3

(
n
i

)
pi(1− p)15−i]

∣∣
p=0.2

= 0.60

Ex. 10.3. Under the set-up in Ex. 10.1, if 10% of people likes John and one still sets yo = 2,
what are (1) P (Ha|Ho) and (2) P (Ho|Ha) ?

Sol. (1) α = P (Ha|Ho) =
∑2
i=0

(
15
i

)
pi(1− p)15−i

∣∣∣∣
p=0.5

= 0.004.

(2) P (Ho|Ha) = P (Y > 2|Ha) =
∑15
i=3

(
n
i

)
pi(1− p)15−i]

∣∣
p=0.1

= 0.18

> round(pbinom(2,15,0.5),4)
[1] 0.004

> 1-round(pbinom(2,15,0.1),2)
[1] 0.18

> 1-round(pbinom(2,15,(1:4)/10),2)
[1] 0.18 0.60 0.87 0.97

> round(pbinom(3,15,0.5),2)
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[1] 0.02

Remark.

RR Y ≤ 0 Y ≤ 2 Y ≤ 3 Y ≤ 15
α 0 0.004 0.02 1

β

{
≈ 1 if p > 0
0 if p=0

(0, 0.996) 1−
∑3
i=0

(
15
i

)
piq15−i 0


α ↑ <=>β ↓ but α 6= 1− β in general.

Quiz on Friday 448: [1]-[17]
§10.3. Common large sample tests.
A large sample test for testing θ based on observation X is as follows.

Case : (1) (2) (3)
Ho : θ = θo
Ha : θ > θo θ < θo θ 6= θo

test statistic θ̂
Rejection region {X : θ̂ > θo + zασ̂θ̂} {X : θ̂ < θo − zασ̂θ̂} {X : |θ̂ − θo| > zα/2σ̂θ̂}
Conclusion :

Reason: Under certain assumptions,

P (H1|Ho) =


P (θ̂ > θo + zασ̂θ̂) ≈ P ( θ̂−θoσθ̂

> zα) in case (1)

P (θ̂ < θo − zασ̂θ̂) ≈ P ( θ̂−θoσθ̂
< −zα) in case (2)

P (|θ̂ − θo| > zα/2σ̂θ̂) ≈ P ( |θ̂−θo|σθ̂
> zα/2) in case (3)

≈ α

448 [17] For a large sample test for Ho: θ = θo, a test statistic is Z = θ̂−θo
σ̂θ̂

, a RR is Z> zα if θ > θo;

and a RR is |Z| > zα/2 if θ 6= θo;

Question. How to modify [17] if θ < θo ? CE.
Ex. 10.5. A vice president in charge of sales for a large corporation claims that salespeople are
averaging no more than 15 sales contracts per week. As a check on his claim,
n = 36 salespersons are selected at random, resulting X = 17 (> 15) and S2 = 9.
Does the evidence contradicts the vice president’s claim with α = 0.05 ?

What is your instinct answer, as X = 17 > 15 ? (`: no more than 15)
How about X = 25 ? How about X = 13 ? (`: no more than 15)

Sol. The 5 components of a test:
1: Ho: µ = 15 v.s.
2: Ha: which of the next 3 ? µ 6= 15 or Ha: µ > 15, or Ha: µ < 15,
3. Test statistic: which of the next 3 ? θ̂ = X ? or µ̂ = X ? or Z = µ̂−µ

σ̂µ̂
? CE.

X > 15 + 1.645S/
√
n if the 1st 2 above4. RR : µ̂ > µ+ zασ̂µ̂.

= 15 + 1.645 ∗ 3/
√

36

= 15.82

17 > 15.82?

Or µ̂−µ
σ̂µ̂

> 1.645. i.e., µ̂−µ
σ̂µ̂

= 17−15√
9/
√

36
= 4 > 1.645

5. Conclusion:
(1) Reject Ho.
(2) The VP’s claim is not correct. Done ?
(3) It seems that salespeople are averaging more than 15 sales contracts per week.

Comments: (2) may be ignored, but not (3).
Class exercise. Repeat the test if S = 9 rather than S2 = 9 was observed.

43



Ex. 10.6. A machine in a factory must be repaired if it produces more than 10% defec-
tives a day. A random sample of 100 items from the day’s production contains 15 defectives
and the supervisor says that the machine must be repaired as 15% > 10%.
Does the sample evidence support his decision ? Use a test with level 0.01.
What is your instinct answer, as 15% > 10% ? v.s. more than 10%
What is your instinct answer if the data were 9% < 10% instead of 15% > 10% ?
Sol. 1. Ho: p = 0.1 = po (no more than 10%)
2. v.s. Ha: p > 0.1 or p 6= 0.1 or p < 0.1 which one ? more than 10% ?

3. Test statistic: 3 possible ways:


p̂ = X, X = ?
Z = p̂−po√

p̂o(1−p̂o)
n

= ... Which is better ?

Z = p̂−po√
po(1−po)

n

= ... 1st ? 2nd ? 3rd ?

4. RR : p̂ > po + zασ̂p̂ = · · · z0.01 ≈ 2.32, σ̂p̂ =
√

p̂(1−p̂)
n ? or σp̂ =

√
po(1−po)

n ?

or RR: Z = p̂−po√
po(1−po)

n

> zα = 2.32 Z = 1.667

5. Conclusion: do not reject Ho ?? compare to your instinct.
Need to also say: “p = 0.1 that day, no need to inspect all machines”.

Class E.: Redo the test if 20%, instead of 15%, were observed. σp̂ =
√

p∗(1−p)
100 = 0.03

Ex. 10.7. A psychological study was conducted to compare the reaction times of men and
women to a stimulus. Independent random samples of 50 men and 50 women were employed in

the experiment. The results are
men n1 = 50 Y 1 = 3.6 S2

1 = 0.18
women n2 = 50 Y 2 = 3.8 S2

2 = 0.14
. Let α = 5%.

Do the data suggest a difference between the true mean reaction times for men and women?
Sol. 1: Ho: µ1 = µ2 or Ho: µ1 − µ2 = 0
2: v.s. (a) Ha: µ1 − µ2 6= 0? (b) µ1 − µ2 > 0? (c) µ1 − µ2 < 0? “a difference ?”

3. Test statistic:

{
Z = Y 1 − Y 2 = −0.2 ?

Z = Y 1−Y 2√
S2

1/n1+S2
2/n2

= Y 1−Y 2√
S2

1+S2
2

√
n1 = −2.5 which one ? 1st, 2nd, both

4. RR: |Z| > 1.96 (used the 2nd one).
5. Conclusion: Reject Ho, done ?

there is a difference in the reaction times between men and women.
Class exercise. Redo the problem if the results are

women n1 = 25 Y 1 = 3.6 S2
1 = 0.18

men n2 = 25 Y 2 = 3.8 S2
2 = 0.14

√
50/25 ≈ 1.414.
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Midterm Oct.19, 8-9:30pm. Formulae : 447: [9]-[42],[44]; 448 [1]-[17]. HW due Oct. 19
Review

Ex. 10.6. A machine in a factory must be repaired if it produces more than 10% defec-
tives a day. A random sample of 100 items from the day’s production contains 15 defectives
and the supervisor says that the machine must be repaired as 15% > 10%.
Does the sample evidence support his decision ? Use a test with level 0.01.
Sol. 1. Ho: p = 0.1 = po (no more than 10%)
2. v.s. Ha: p > 0.1 or p 6= 0.1 or p < 0.1 which one ? more than 10% ?

3. Test statistic:


Z = X
Z = p̂−po√

p̂(1−p̂)
n

= ... Which is the right choice ?

Z = p̂−po√
po(1−po)

n

= ... 1st ? 2nd ? 3rd ?

4. RR : Z = p̂−po√
po(1−po)

n

> zα = 2.32 Z = 1.667

5. Conclusion: do not reject Ho ?? compare to your instinct.
Need to also say: “p = 0.1 that day, no need to inspect all machines”.

Ex. 10.7. A psychological study was conducted to compare the reaction times of men and
women to a stimulus. Independent random samples of 50 men and 50 women were employed in

the experiment. The results are
men n1 = 50 Y 1 = 3.6 S2

1 = 0.18
women n2 = 50 Y 2 = 3.8 S2

2 = 0.14
. Let α = 5%.

Do the data suggest a difference between the true mean reaction times for men and women?
Sol. 1: Ho: µ1 − µ2 = 0
2: v.s. (a) Ha: µ1 − µ2 6= 0? (b) µ1 − µ2 > 0? (c) µ1 − µ2 < 0? “a difference ?”

3. Test statistic: Z = Y 1−Y 2√
S2

1/n1+S2
2/n2

= Y 1−Y 2√
S2

1+S2
2

√
n1 = −2.5

4. RR: |Z| > 1.96.
5. Conclusion: Reject Ho, done ?

there is a difference in the reaction times between men and women.
Homework Solution.
Additional Problems:
# 3: Suppose that Y1, ..., Yn are i.i.d. from U(a, b), find a sufficient statistics for (a, b) and
give a proof.

Proof. L =
∏n
i=1( 1

b−a )1(Yi ∈ [a, b]) =


( 1

(b−a)n )1(a ≤ Y(1), Y(n) ≤ b) Y,N,DNK

(
1

(b− a)n
)1(a ≤ Y(1), Y(n) ≤ b)︸ ︷︷ ︸

g((Y(1),Y(n)),(a,b))

× 1︸︷︷︸
h(~Y )

Y,N,DNK

g() is a function of (Y(1), Y(n)) only. Thus (Y(1), Y(n)) is a sufficient statistics for (a, b).
# 1. Show Y(1) alone is not a sufficient statistic under the assumptions in 9.55 p.464.

f = αβαy−α+11(y ≥ β), α and β > 0
Proof 1: L = [

∏n
i=1(αβαY −α+1

i )]1(Y(1) ≥ β).
L cannot be written as a function of Y(1) alone.
Thus Y(1) is not a sufficient statistic.

Proof 2: Let α = β = 2, n = 2, and (Y1, Y2) = (2, 3) and (y1, y2) = (2, 4).
Then Y(1) = 2 = y(1), but L(2, 3)/L(2, 4) = (4/3)−2+1 6= 1.
That is, L(2, 3) 6= L(2, 4). Thus Y(1) is not a sufficient statistic.

#2: Show Y(n) alone is not a sufficient statistic under the assumptions in 9.74 p.475.

Proof 1: f = [ 2
θ2 ](θ − y)1(0 ≤ y ≤ θ). L cannot be written as a function of Y(n) along.

Thus Y(n) is not a sufficient statistic.

Proof 2: f = [ 2
θ2 ](θ − y)1(0 ≤ y ≤ θ).

Let θ = 4, n = 2, 2 pair of Yi = 1, 3 and yi = 2, 3.
Then Y(n) = y(n), but L(1, 3) = [ 2

16 ]2(4− 3)(4− 1) 6= [ 2
16 ]2(4− 3)(4− 2) = L(2, 3)

Thus Y(n) is not a sufficient statistic.
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Review Problem 1. Suppose that X1, ..., Xn are i.i.d. G(α, β), the gamma distribution,
(a) Find the MME of (α, β).
(b) Is it consistent ? Why ?
(c) Find the MLE of β (assuming α is known).

Sol. (1) Since E(X) = αβ and V (X) = αβ2 = E(X2)− (E(X))2 447[23]

Setting X = α̂β̂ and X2 − (X)2 = α̂(β̂)2 = (α̂β̂)︸︷︷︸
=X

β̂ = Xβ̂ (= X2 − (X)2)︸ ︷︷ ︸
β̂=

X2−(X)2

X

,

X = α̂β̂ yields α̂ = X/β̂ = (X)2

X2−(X)2
. (α̂, β̂) is the MME.

(2) Is it consistent ? Why ? Make use of 448 Formula [10]:

[10] If g(·) is , θ̂1
P→θ1 and θ̂2

P→θ2, then

θ̂1 ± θ̂2
P→ , θ̂1θ̂2

P→ , g(θ̂1)
P→ , key: cts, θ1 ± θ2, θ1θ2, g(θ1).

Proof. Since X2→E(X2) and X→E(X) Is it right ??

Since X2 P→E(X2) and X
P→E(X) Is it right ??

β̂ =
(α̂β̂)β̂

α̂β̂
=
X2 − (X)2

X

P→E(X2)− (E(X))2

E(X)
as g(x, y) = x−y2

y is continuous in (x, y)

=
αβ2 + (αβ)2 − (αβ)2

αβ
= β

α̂ = X/β̂
P→E(X)/β as h(x, β) = x/β is continuous in (x, β)

=
αβ

β
= α.

(3) MLE : L =
n∏
i=1

f(xi;α, β)

=
∏
i

xα−1
i e−xi/β

Γ(α)βα
447[23]

=(Γ(α))−nβ−nα(
∏
i

xi)
α−1e−

∑
i
xi/β

lnL =lnC + lnβ−nα + (α− 1)ln(
∏
i

xi)−
∑
i

xi/β

∂lnL

∂β
=− nα/β +

∑
i

xi/β
2 = 0

=>xβ−2 = αβ−1 α is known

=>β−1 = α/x

β̂ = x/α. The MLE is β̂ = x/α. Done ?

Need to check: (lnL)′′ = nαβ−2 − nx(2β−3) = nβ−2(α− 2xα/x) < 0 if β = x/α.

Thus The MLE is β̂ = x/α.

Or L(0) = (Γ(α))−n0−nα(
∏
i

xi)
α−1e−

∑
i
xi/0 =∞e−∞ = 0, lim

β→∞

β

eβ
= lim
β→∞

β′

(eβ)′
=

1

∞

L(∞) = (Γ(α))−n∞−nα(
∏
i

xi)
α−1e−

∑
i
xi/∞ = 0e0 = 0. Thus the MLE is β̂ = x/α.
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Review Problem 2. Let X1, ..., Xn be i.i.d. from Poisson distribution with mean λ.
(a) Find the MLE of λ and P (X = 1).
(b) Prove or disprove that they are unbiased.
(c) Prove or disprove that they are consistent.

Sol. The MLE of λ ?
447 [13]: f(i) = e−λλi/i! Class Exercise
L =

∏n
i=1 e

−λλi/i! ? Y, N, DNK.
L =

∏n
i=1 e

−λλxi/xi! ? Y, N, DNK.
L =

∏n
i=1 e

−λλXi/Xi! ? Y, N, DNK.

L = (
∏
i

1
xi!

)e−nλλ
∑

i
xi

lnL = c− nλ+
∑
i xilnλ

(lnL)′ = −n+
∑
i xi/λ => λ̂ = x.

(lnL)′′ = −
∑
i xi/λ

2 < 0

Thus the MLE of λ is λ̂ = x ? Or λ̂ = X ?
Since P (X = 1) = e−λλ, its MLE is P̂ (X = 1) = e−λ̂λ̂, or e−XX.

(b) λ̂ is unbiased as E(λ̂) = E(X) = λ.
To check whether E(P̂ (X = 1)) = P (X = 1) = e−λλ:

E(e−λ̂λ̂) =E(e−
∑n

i=1
Xi/n

n∑
i=1

Xi/n)? Y,N,DNK = E(e−
∑n

i=1
xi/n

∑n
i=1 xi/n)?

=E(e−Y/nY/n) Y =?

=
∞∑
i=0

e−i/n
i

n
e−nλ(nλ)i/i! 447 [44] Y =

∑
iXi ∼ Poisson(nλ)

=e−nλ
1

n

∞∑
i=0

i(e−1/nnλ)i/i! f∑Xi
(t) = e−nλ(nλ)i/i!

=
e−nλ

e−e−1/nnλ

1

n

∞∑
i=0

ie−e
−1/nnλ(e−1/nnλ)i/i! =

e−nλ

e−e−1/nnλn

∞∑
i=0

ie−λ
∗
(λ∗)i/i!

=
e−nλ

e−e−1/nnλ

1

n
[e−1/nnλ] E(X∗) = λ∗ = e−1/nnλ

=e−(1−e−1/n)nλe−1/nλ = e−λλ = P (X = 1)? How to check ?

Ans: (1) Try λ = 1 and n = 2. e−(1−e−1/2)2−1/2 6= e−1. E(P̂ (X = 1) 6= P (X = 1). Done ?
Thus the MLE is not unbiased.

Class exercise. Find the MLE of P (X ≤ 1) and check whether it is unbiased.
You can make use of previous results.

Review Problem 3. The hourly wages in a particular industry are normally distributed with
mean $13.2 and SD $2.5. A company in this industry employs 36 workers paying them $12.20
per hour. Can this company be accused of paying substandard wages ? Use α = 0.05.
Sol. (1) Ho: µ = 13.2;

(2) Ha: µ < 13.2;

(3) Test statistic: Y or T = Y−13.2
2.5/
√
n

= 12.2−13.2
2.5/
√

36
= −6/2.5 = −12/5 = −2.4;

(4) RR: T < −1.645.
(5) Conclusion. Reject Ho;
this company can be accused of paying substandard wages.

447. [44] If X1 X2.

Xi’s ∼: X1 +X2 ∼:
G(αi, β)
χ2(vi)
Pois(λi)
N(µi, σ

2
i )

bin(ni, p)

key: ⊥,

G(α1 + α2, β)

χ2(v1 + v2)
Pois(λ1 + λ2)

N(µx + µy, σ
2
1 + σ2

2)

bin(n1 + n2, p)
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These distributions are really from 4 distributions.

G(α, β), with df f(x) = xα−1e−x/β

βαΓ(α) ∝ xαe−x/β , x > 0,

Pois(λ), with df f(x) = e−λλx/x! ∝ λx, x = 0, 1, 2, ...

N(µ, σ2), f(x) = 1√
2πσ2

e−
(x−µ)2

2σ2 ∝ e−
x2−2µx

2σ2 ,

and bin(n, p), with df f(x) =
(
n
x

)
px(1− p)n−x ∝ ( p

1−p )x, x = 0, 1, ..., n.

They belong to the exponential family.

Def. A family of distributions {f(x|θ) : θ ∈ A} belongs to the exponential family if

f(x|θ) = h(x)c(θ) exp(

k∑
i=1

wi(θ)ti(x)). (h, c, k, θ, wi, ti) (1)

bin(n, p). f(x|p) =

(
n

x

)
px(1− p)n−x, x ∈ {0, 1, ..., n}

f(x|p) =

(
n

x

)
1(x∈{0,1,...,n})︸ ︷︷ ︸

h(x)

(1− p)n︸ ︷︷ ︸
c(θ)

exp(xln(
p

1− p
))

k = ? θ = ? ti(x) = ? wi(θ) = ? in Eq.(1)

N(µ, σ2).

f(x|µ, σ) = 1√
2πσ2

exp(− (x−µ)2

2σ2 )

= exp(−x
2−2µx+µ2

2σ2 ) 1√
2πσ2

= exp(− µ2

2σ2
)

1√
2πσ2︸ ︷︷ ︸

c(θ)

· 1︸︷︷︸
h(x)

exp(− 1

2σ2︸ ︷︷ ︸
w1(θ)

x2︸︷︷︸
t1(x)

+
µ

σ2︸︷︷︸
w2(θ)

x︸︷︷︸
t2(x)

).

Class exercise: k = ? θ = ? ti(x) = ? wi(θ) = ?

Ans: 2, θ = (µ, σ) ? θ = (µ, σ2) ?
G(α, β), with df

f(x) = xα−1e−x/β

βαΓ(α) I(x > 0)

=
1

βαΓ(α)︸ ︷︷ ︸
c(θ)

I(x > 0)︸ ︷︷ ︸
h(x)

e(α−1)lnx− 1
β x =

1

βαΓ(α)︸ ︷︷ ︸
c(θ)

I(x > 0)/x︸ ︷︷ ︸
h(x)

eαlnx− 1
β x

Which is correct ?
Class exercise: k = ? θ = ? ti(x) = ? wi(θ) = ?

Ans: 2, (α, β), ...
Pois(λ), with df
f(x) = e−λλx/x!I(x = 0, 1, 2, ...)

= e−λ︸︷︷︸
c(θ)

(1/x!)I(x = 0, 1, 2, ...)︸ ︷︷ ︸
h(x)

exlnλ

k = ? θ = ? ti(x) = ? wi(θ) = ?

The above expressions present sufficient statistic, which lead to MVUE.
[11] If X1, ..., Xn are i.i.d. from f(x; θ) = exp{ + g(θ) + h(x)}, γ̂ = G( ) and

= γ(θ), then γ̂ is the MVUE of γ. key: T (x)ψ(θ),
∑
i T (Xi)), E(γ̂),

For Pois(λ), t(X) = X leads to
∑
iXi or X. Why ??∏

i f(xi) = e−nλ︸ ︷︷ ︸
c(θ)

∏
i

(1/xi!)I(xi = 0, 1, 2, ...)︸ ︷︷ ︸
h(~x)

e
∑

i
xilnλ

=> X is sufficient, and E(X) = λ.
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Thus X is MVUE of λ.

f(x|p) =

(
n

x

)
1(x∈{0,1,...,n})︸ ︷︷ ︸

h(x)

px(1− p)n−x︸ ︷︷ ︸
g(x,θ)

For bin(n,p),

=

(
n

x

)
1(x∈{0,1,...,n})︸ ︷︷ ︸

h(x)

(1− p)n︸ ︷︷ ︸
c(θ)

exp( x︸︷︷︸
t(x)

ln(
p

1− p
))

the sufficient statistic is X or X/n.
T = X/n. E(T ) = p, thus T = X/n is a MVUE of p

For N(µ, σ2), f(x) = exp(− µ2

2σ2
)

1√
2πσ2︸ ︷︷ ︸

c(θ)

· 1︸︷︷︸
h(x)

exp(− 1

2σ2︸ ︷︷ ︸
w1(θ)

x2︸︷︷︸
t1(x)

+
µ

σ2︸︷︷︸
w2(θ)

x︸︷︷︸
t2(x)

)

(X,X2) is a sufficient statistic, it yields (
∑n
i=1Xi,

∑n
i=1X

2
i ) or (X,X2).

Thus (X,S2) is the MVUE of (µ, σ2), where S2 = n
n−1 (X2 − (X)2)

For G(α, β), f(x) =
1

βαΓ(α)︸ ︷︷ ︸
c(θ)

I(x > 0)/x︸ ︷︷ ︸
h(x)

eαlnx− 1
β x

(X, lnX) leads to (
∑
iXi,

∑
i lnXi) or (X, lnX). Thus (X, lnX) is sufficient.

Since E(lnX) ∝
∫∞

0
lnxxα−1e−x/βdx no simple expression,

for simplicity in 448, set α as a constant.

Review Problem 4. Let f(x|µ, λ) = 1
λe
− x−µλ , x > µ, λ > 0.

Does {f(·|µ, λ) : µ ∈ (−∞,∞), λ > 0} belong to the exponential family?

Sol. Ans (1) Yes, as f(x|µ, λ) = 1︸︷︷︸
h(x)

1

λ
eµ/λ︸ ︷︷ ︸
c(θ)

exp(− 1

λ︸︷︷︸
w1(θ)

x︸︷︷︸
t1(x)

). Q: Is it correct ?

Ans (2) No. Since

f(x|µ, λ) =
1

λ
eµ/λe−

1
λx1(x>µ)1(λ > 0)

=
1

λ
1(λ > 0)eµ/λ exp(− 1

λ
x+ ln1(x>µ)) = h(x)c(θ) exp(

k∑
j=1

wj(θ)tj(x)) with k = 2

=h(x)c(θ) exp
(
− 1

λ
x+ w2(θ)t2(x)

)
∀ (x, θ), θ =?

It suffices to prove or disprove:
ln1(x > µ) = w2(θ)t2(x) ∀ (x, θ), where both w2 and t2 are finite.

If x > µ, 0 =
∑2
i=2 wi(θ)ti(x) = w2(θ)t2(x).

Thus w2(·) = 0 or t2(·) = 0.

If x < µ, −∞ =
∑2
i=2 wi(θ)ti(x) = w2(θ)t2(x) = 0. A contradiction.

What is the final answer ?

Review Problem 5. Let f(x|θ) =

{
p1 if x = 1
p2 if x = 2
p3 if x = 3,

where θ = (p1, p2), pi ≥ 0 and p1+p2+p3 =

1. Does it belong to the exponential family ?

f(x|θ) =p
1(x=1)
1 p

1(x=2)
2 p

1(x=3)
3 1(x ∈ {1, 2, 3})Sol. Y es.

=p
1(x=1)
1 p

1(x=2)
2 p

1−1(x=1)−1(x=2)
3 1(x ∈ {1, 2, 3})

=(p1/p3)1(x=1)(p2/p3)1(x=2)p31(x ∈ {1, 2, 3})
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Let yi = 1(x=i), i = 1, 2, 3. Then y3 = 1− y1 − y2 and

f = exp(y1ln(p1/p3) + y2ln(p2/p3) + lnp3 + ln1(x∈{1,2,3}))

=exp(

k∑
i

wi(θ)ti(x) + c(θ) + h(x))

What is θ ? (1) θ = (p1, p2, p3), (2) θ = (p1, p2), (3) θ = (p2, p3). Which is correct ?
h = ? c = ? k = ? wi= ? ti = ?

f = exp(y1ln(p1/p3)︸ ︷︷ ︸
w1(θ)t1(x)

+ y2ln(p2/p3)︸ ︷︷ ︸
w2(θ)t2(x)

+ lnp3︸︷︷︸
c(θ)

+ ln1(x∈{1,2,3}))︸ ︷︷ ︸
c(θ)

Review Problem 6. Suppose X ∼ U(θ, 6). Does it belong to Exponential family ?
Ans. Yes, No ?

f = 1(x ∈ (θ, 6]/(6− θ) =h(x)c(θ) exp(w(θ)t(x)) ?

=
1

(6− θ)
exp(ln1(x ∈ (θ, 6]) Class exercise.

Sol. The proof is similar to the proof in Review Problem 5.
If it were true, then

ln1(x ∈ (θ, 6]) = w1(θ)t1(x) ∀ θ < 6 and for each given x, where both w1 and t1 are finite.
Given x ∈ (2, 3) and θ ∈ (0, 2], w1(θ)t1(x) = ln1(x ∈ (θ, 6]) = 0.

Thus either w1(θ) = 0 or t1(x) = 0.
However, if x = 2 < θ, ln1(x ∈ (θ, 6]) = −∞, a constradiction.

Thus U(θ, 6) does not belong to the Exponential family.
Review Problem 7. Given data of size n = 100 as follows.
> (Y=sort(X))

[1] 2.05 2.09 2.24 2.25 2.28 2.34 2.40 2.43 2.49 2.50 2.57 2.71 2.74 2.81 2.81
[16] 2.82 2.85 2.96 2.98 2.98 3.03 3.06 3.07 3.17 3.27 3.30 3.33 3.34 3.36 3.36
[31] 3.39 3.49 3.52 3.53 3.54 3.54 3.56 3.60 3.63 3.64 3.65 3.74 3.75 3.82 3.84
[46] 3.91 3.91 3.91 3.91 3.93 3.97 3.99 4.07 4.12 4.21 4.29 4.40 4.52 4.57 4.59
[61] 4.60 4.61 4.64 4.65 4.67 4.75 4.77 4.84 4.85 4.87 4.89 4.93 5.03 5.07 5.08
[76] 5.11 5.11 5.12 5.13 5.16 5.18 5.19 5.24 5.28 5.31 5.36 5.44 5.46 5.48 5.50
[91] 5.51 5.57 5.59 5.59 5.63 5.65 5.74 5.78 5.84 5.97

> mean(X)
[1] 4.0832

Assume X ∼ U(a, 6). Let P = P (X > 3). Derive
(1) the MLE of a and the MLE P̂ ,
(2) the density of X(1),
(3) σP̂ as a function of a.
(4) Compute the MLE estimate of P and SEP̂ based on the above data.

Comments before solution.
1. Can we assume X ∼ U(a, b) with unknown (a, b) ?
2. Can we assume X ∼ U(a, 2) with unknown a ?
3. Can we assume X ∼ N(µ, σ2) with unknown (µ, σ) ?
4. Can we assume X ∼ G(α, β) ?

Sol. (1) `: Maximizing likelihood function over a < b = 6 yields the MLE is â = X(1).

L =
∏n
i=1

I(a≤Xi≤b)
b−a =

I(a≤X(1)≤6)

(6−a)n ≤ I(a=X(1)≤6)

(6−X(1))n . â = X(1).

Range of a: 2.05 ? (−∞, 6) ? data independent.
Difference between the maximum likelihood estimator and the maximum likelihood estimate.
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Estimator = estimate ?
X(1) is the MLE estimator of a, and x(1) = 2.05 is the MLE estimate of a based on the data.

Since P = P (X > 3) = 6−3∨a
6−a =

{
6−3
6−a if a < 3
1 if a ∈ [3, 6]

, by invariance principle of MLE,

MLE P̂ =
6− 3 ∨ â

6− â
=

{
6−3
6−â if â < 3
1 if â ∈ [3, 6]

v.s. estimate of P̂ is
6− 3

6− 2.05
= 0.7594. (1)

(2) fX(1)
(t) = n!

1!(n−1)!f(t)Sn−1(t), t ∈ (X(1), 6), where S = 1− F which formula in [448]?

(3) σ2
P̂

= E((P̂ )2)− (E(P̂ ))2 (see Eq.(1)).

If â ∈ [3, 6], then P̂ = P̂ (X > 3) = 1, thus σ2
P̂

= 0. right ? wrong ? DNK

If a ∈ [3, 6], then â ≥ 3 and P̂ = 1, thus σ2
P̂

= 0. right ? wrong ? DNK

σ2
P̂

= σ2
0.7594?? σ2

0.7594 =??

Hence, σP̂ =

{
0 if a ∈ [3, 6]√
E(P̂ 2)− (E(P̂ ))2 if a < 3

, where

E(P̂ ) =

∫ 3

a

3

6− x
× n!

1!(n− 1)!

1

6− a
(
6− x
6− a

)n−1dxfor a < 3,

+

∫ 6

3

1× n!

1!(n− 1)!

1

6− a
(
6− x
6− a

)n−1dx

=
3n

(6− a)n

∫ 3

a

(6− x)n−2dx+
n

(6− a)n

∫ 6

3

(6− x)n−1dx

=
−3n

(n− 1)(6− a)n
(6− x)n−1

∣∣3
a
− 1

(6− a)n
(6− x)n

∣∣6
3

E(P̂ ) =
3n

(n− 1)(6− a)n
[(6− a)n−1 − (6− 3)n−1] +

3n

(6− a)n

E((P̂ )2) =

∫ 3

a

(
3

6− x
)2 × n!

1!(n− 1)!

1

6− a
(
6− x
6− a

)n−1dx

+

∫ 6

3

12 × n!

1!(n− 1)!

1

6− a
(
6− x
6− a

)n−1dx

=
32n

(6− a)n

∫ 3

a

(6− x)n−3dx+
n

(6− a)n

∫ 6

3

(6− x)n−1dx

=
−32n

(n− 2)(6− a)n
(6− x)n−2

∣∣3
a
− 1

(6− a)n
(6− x)n

∣∣6
3

E((P̂ )2) =
32n

(n− 2)(6− a)n
[(6− a)n−2 − (6− 3)n−2] +

3n

(6− a)n

n=100
a=2.05
(A=3*n/((n-1)*(6-a)**n)*( (6-a)**(n-1)- (6-3)**(n-1))+(3/(6-a))**n)
[1] 0.7671653
(B=3*3*n/((n-2)*(6-a)**n)*( (6-a)**(n-2)- (6-3)**(n-2))+(3/(6-a))**n)
[1] 0.5886027
(s=sqrt(B-A*A))
[1] 0.00774954 => σ̂P̂ for the given data.

(4) Compute the MLE estimate of P and SEP̂ based on the above data.

Ans. P̂ = 0.76 and SEP̂ = 0.008,
(6-3)/(6-a) [1] 0.7594937
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