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CHAPTER 1
MATH 450, Syllabus

Syllabus for Math 450:

The material will focus on Long-Term Actuarial Mathematics Exam.

(1) Various Life insurance such as whole life, n-year term, n—year deferred, n-year
endowment or pure endowment, and m—year deferred n-year term life insurances.

(2) Various Life annuities such as (due, immediate and continuous), whole life, n—year deferred,
n—year termporary, n—year certan annuities with level or non-level payments.

(3) Premiums calculation for insurance and annuity using equivalence principle,

(4) Present value random variable (rv) and the random variables involves in (1), (2) and
(3), including loss-at-issue r.v. for premiums. Compute their probability, means, variance,
percentiles, force of mortality and central rate of failure with changes in mortality and
interest, under select and ultimate survival models, parametric model and tabular model,
select and ultimate mortality table, or using approximation methods such as UUD, constant
force, Woolhouse and Euler, Kaplan-Meier estimator and Nelson-Aalen estimator.
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14 CHAPTER 1. MATH 450, SYLLABUS

MATH 450, Life Contingency Models I

The course is a preparation for Advanced Long-Term Actuarial Mathematics Exam.
MWF 3:15-4.45pm LN 2403
Professor: Qiqging Yu giyu@binghamton.edu
Office hours: M 2:00pm-3:00pm W 8:00am-9:00am in my office WH132;
Textbook: Arcones” Manual For SOA Exam MLC (First Volumn).

(Chapters to be covered: 2-6)

It is in my website

http://www2.math.binghamton.edu/p/people/qyu/qyu_personal

Course materials for 450, lecture note 2. It will dispear 9/1!

A pdf file with some tables needed in the homework can be downloaded from my website.
http://www.math.binghamton.edu/qyu/qyu_personal
e.g, the Illustrative Life Table needed in some of the homework problems.

The lecture notes will be posted on my website.
Exams: 3 tests + final, Sep 15 (M), Oct 20 (M), Nov. 24 (M). Dec. 10 (W) (3:15) LN G410

You can bring a calculator without the function of installing formulas. I will check !!

Quizzes: once a week, on Friday;
this week on Friday, Formulas #1-10 for 447 in page 1 (keys are in my website).

Homework: Due Wednesday in class, late homework will be taken 3 points off (out of 10).
Homework due this Friday: Do the final exam of 447 in my website including Part A !

Grading Policy:
1. 10% hw +10% quiz +45% tests +35% final
2. Correction: If you make correction and hand in with the old exam, the next class after

I return the test in class, you can get 40% of the missing grades back. No partial credit for
correction. Cannot ask me to help you in correction.

3. A— =85+ and C = 60 +.
10+10+45*(0.3+0.4*0.7)+35%0.3=56
No class: Sept 1 M (but meet Sept 2(Tu), Sept 22-24 MW, Oct.1 W, Oct 24 F, Nov 26,28 W,
F, Dec. 5 F (last day of class)
Student Attendance in Class:

The Bulletin states, “Students are expected to attend all scheduled classes, laboratories
and discussions. Instructors may establish their own attendance criteria for a course. They
may establish both the number of absences permitted to receive credit ....

If you miss a test or quiz, and have a decent reason with a proof, then I will
give the lowest grade of the class.



CHAPTER 2

Survival models

2.1 Survival models.

2.1.1 A short probability review.

Definition 2.1. Given a set §2, a probability P on ) is a function defined on the collection
of all events (subsets) of Q such that

(i) P(0) = 0;
(i) P(Q) = 1,
(iii) If {Ap Y50, are disjoint events, then P(USS Ap) = >~ P(4y,).

Q) is called the sample space.
Definition 2.2. A random variable (r.v.) X is a function from Q into R.

Definition 2.3. The cumulative distribution function (cdf) of the r.v. X is
Fx(z)=P{X <z}, z e R.

If X is the age at the death (or failure) of a life, then X > 0.

Theorem 2.1. Fx is a cdf iff
(i) Fx 1, i.e., for each x1 < xa, Fx(71) < Fx(x2).
(i1) Fx is right continuous (cts) (1}58 Fx(x+h)=Fx(z)V x)
(or F(z+) = F(z) V x).
(i5i) lim Fx(x) =0 and lim Fx(z) = 1.
T—r—00 T—r00
For the c.d.f. of an age—at—failure, we only need to define it for x > 0 Why ?7?

Theorem 2.2.

Definition 2.4. A r.v. X is called discrete
if there is a countable set C' C R such that P{X € C'} = 1.

Meaning of countable set C ?
Ans. C is either a finite set or C' = {¢; : i =1,...,00}.

Definition 2.5. The probability mass function (or frequency function) (pmf) of the discrete
r.v. X is the function p : R — R defined by
p(z) =P{X =z}, zeR.

If X is a discrete r.v. with pmf p and A C R, then
P{XecA}=>%  P{X=z}=> _,p().

Theorem 2.3. p(z) >0V z and ) p(z) = 1.

15
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Definition 2.6. A r.v. X is called cts if there exists a nonnegative function f called the
probability density function (pdf) of X such thatV A C R,
P{X € A} = [, f(x)dz (= fmeAf(:c)dm: [I(z € A)f(z)dx), where I(x € A) =1 ifz € A.

Theorem 2.4. f(z) >0V 2 and [ f(z)dz =1 ([ f(z)dx = f_oooo f(x)dx).

Q: If ar.v. X is positive and cts, and z < 0, then fx(x) = 77
Theorem 2.5.

Definition 2.7. A r.v. X has a mixed distribution if there are functions f(-) and p(+),
and a countable set D such that
for each ACR, P{X € A} = [, f(z)dz + >, _4npP().

Remark. For convenience, we call both the pmf and pdf the density function (df) hereafter.

A mixed distribution X has two parts: a cts part and a discrete part (together with D).
The function f in the previous definition is the cts part of df and the function p is the discrete
part of df. Note that

[f@)de+) cppl@)=1, f(z) >0 and p(z) >0V z.
Abusing notations, we may use f(z) rather than f(z) and p(z).

For the mixed distribution, one can let f(z) = p(x) if x € D, then
P{XeA}t=[, [ dfCJFerAme( z).

f f d{L’ + ZxGD f
Why ?
if A={0,1,2} then [, zdx =7

/ xdx # xdx Yes, No, DNK.
(0,1) [0,1]

Theorem 2.6. Let X be a r.v. with a mized distribution. Then

p(z) = FX(x) —FX( —) and
f(z) = F5 () if F5(z) exists. What to do OW ?
Example 2.1. Examples of F'(z) does not exit ?
Example 2.2.
Example 2.3. G(x) = |z| G'(z)= || =11 ?
Example 2.4.
0 it <0,
z+2 fo<z<l,
Example 2.5. Find D, f and p if F(x) = 3§2+4 . ; v <o,

1 it 2< .
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Solution: How to find D ?

F(z) — F(xz—) = 0 except, perhaps at {0,1,2} Why ?
p(0) = F(0) — F(0-) =2 —0 = 1,
p(l) = F(1) - F(1 )21—76—321—16,
p(2)=F(@2)-F@2-)=1-1=0.
1 ifr=0
One solution: p(z) = {‘i £ 1’ D =1{0,1,2} or {0,1} 7
16 -+
1 .
fla) = F'(z) = {% i;f10<<;<<21.’ What happens OW ?
Why not 1 <2 <27
Is p a pmf ?
Is fadf?
: if 0 <z <1,
Can we write f(z) = F/(z) = 3% ifl<z<2, ?

0 otherwise

if0<z<l,
L ifl<a<?2, ?

How about f(z) = F'(x) = { %
0 ifz<Ooraxz>2

: if 0 < <1,
How about f(z) = ¢ 3% ifl<z<2, ?77?
0  otherwise
i itr=0
Another solution: f(z) = %1 ,lf Vo<l and D ={0,1}.
g fx=1
Zoifl<z<?2
f(x) =7 otherwise.
Example 2.5 (continued). P(0 < X <1) =7
Sol. Two ways:
(1) Pla< X <b) = ZS) F(a—), [17] P(a < X <b) = F(b) — F(a).

(2)P<CL§X<[) f dm—i_ZxG[abﬂDf( )
Answer: (1) PO<X<1)=F0)—Fla—)=12-0or 3t —0? 0or 32 - 27
(2) POO< X <1) = [ Ldut 27
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2.1.2 Survival function.

Definition 2.8. The survival function of a r.v. X is Sx =1— Fyx.

Sx(z) =P{X >z}, x € R. Sometimes denote Sx(z) by s(x).
Most of time, we only consider Sy of an age-at-death X. Then P(X > 0) = 1,

Sx(—1)=17?
In this course we often suppress the phrase “Sx(t) = 1 for t < 0”
and only define Sx on [0, 00).

Theorem 2.7. A function Sx : (—o00,00) — R is the survival function of a positive r.v. X

(1) Sx(x) ? Fx(z) 1,
‘ (2) Sx is 77 . . Fx is right cts,
€9 (3) 5x(0) = 22 7] Fxisacdf ff 0 pe(a) =0,
(4) lim Sx(z) =77 lim Fy(x)=1.
T—00 T—r00

Example 2.6. Determine which of the following functions is a survival function of a non-
negative r.v.:

(i) s(x) = %H, for x > 0.
i) s(z) = (1 —x)e™ ™, for x > 0.

(
2
(iii) s(x) = HT”Q, for x > 0.
(iv) s(z) = (1 + 2)e~7, for z > 0.
2
(v) s(z) = l1— g for 0 <z <90,

0 for z > 90.
Solution: Need to verify (1), (2), (3) amd (4) in Th 2.7.

(i) s is a survival function. because:
(1) %) =2((x+2)"1 = =2z +2)"2<0o0n[0,00) => ?

T+2
(2) %H is continuous except at v = —2 => 7 1%2 is continuous on [0,00) => 7
(3) s(0) =7
(4) s(00) =7
(i) s(z) = (1 — z)e™" is not a survival function because
(1) 5(2) = —e72 < 0 = s(c0) => s(t) is not |. Can we say s(t) instead of s(z) ?

s
or (1) s'(z)=—e"—(1—x)e " =e"(-2+2z)>0if z > 3; => s(x) is not |.
Do we need to point out both ?

1+35 . . .
(iii) s(z) = —** is not a survival function because

2
(4) limy o0 =32 = 3 £0.
(iv) s is a survival function (why ?)
(v) s is a survival function (why ?7)

Example 2.7. Find the density function for the following survival functions:
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(1) 5(x) = (1 +z)e”™, for z > 0.
1— 10000 for 0 < x < 90,
(1) s(x) = 0 for 90 < z.
(iii) s(x) = I(x < 1) + 222U 4 < 8,
Solution: The df is 4 7 %) = ~'() if (@) exdsts gy oo
p(x) = S(z—) — S(x) otherwise.
(i) fx(x) = xe ™, for x > 0.
2 for 0 <2 <90
The df 10,000 ith D = {90}.

(ii) The df is f(x) = {1_% £ — 90 wi {90}
e ifze(1y)

(iii) s(z) =I(x < 1)+ %521)7 x <8, then fx(z)=4¢1— % ifr=1 ,Done ?
0.2 ifx =28

with D = {1,8}.
Does it matter to write f(z) v.s. fx(x) ?
Does it matter to write f(x) v.s. f(t) ?

Example 2.8. Let the survival function of a person be Sx(x) = 9%—6:‘7, for 0 < 2 <90.
(i) Find the probability that a person dies before reaching 20 years old.
(i1) Find the probability that a person lives more than 60 years.

(111) Find the probability that a 20-year-old lives more than 60 years.

Solution: P(a < X <b) = F(b) — F(a) = S(a) — S(0) = [ f(@)dz + X, priasy F(@)-
(i) P{X <20} =1—Sx(20—-) =1— 909020 g

(ii) P{X > 60} = Sx(60) = 280 = 1.

(iii) P{X > 60|X = 20} or P{X > 60|X > 20} 7

= P(A|B) = P(AN B)/P(B) = prxaay) = 9 = +

2.1.3 Expectation.

Definition 2.9. If X is discrete r.v. then E[X] =" xpx(x) (if the series converges).

Definition 2.10. If X is cts r.v. then E[X] = [afx(z)dx (if the integral exists).

Definition 2.11 IfX is a mized r.v. then
EX] =Y _apx(2)+ [xfx(x)dz (if the series and the integral are finite).

E[X] is called the expectation of the r.v. X, or the expected value, or the mean.

Definition 2.12.
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Given ar.v. X and a function g : R — R, Y = ¢(X) is another r.v., i.e. by composing the
functions X : Q@ - R and g : R — R, we get the r.v. g(X): Q2 — R. Examples of g(X) ?

(Zm g(z)px(x) if X is discrete
[ g(z)fx(z)dz if X is cts
Formula: E(Y) = E(9(X)) =< > g(z)px(z) + [ 9(z)fx(z)dx if X is mixed (1)
O sep 9@ fx(x)+ [g(z) fx(x)de  if X is mixed)
'Z zpy () if YV is discrete
) [afy(2)dz if Y is cts 2)
N > .oy () +fxfy if Y is mixed

(D aep fy (@ —&—foy Jdz  if Y is mixed)

Q: What is the difference between (1) and (2) ? between black and red ?

Ans. (1) g(z) vs z; (2) fx vs fy. Can we say f(x) vs f(y) instead ?
Are the D the same in (1) and (2) ?

Let X ~U(0,2) and Y = X A1 (= min{X,1}). Then D = 0 for px or fx
{1}  for py or fy.

Often, to find expectations, instead of the density we will use the survival function. We
will often use the following theorem:

Theorem 2.8. Let (1) X be a nonnegative r.v. with survival function s;

(2) h: [ ) [0 o0) be a function which is integrable in bounded intervals;
(3)H (x fO £)dt, z > 0
Then, E fO

d% fo h(t)dt = h(x) if ... 777 In some sense Theorem 2.8 says

E[H(X)] = [;" s(t)H'(t)dt, where H' >0 and H(0) = 0.

Actually, Th 2.8 applies to functions H where H' exists on [0,00) \ D and D is countable.
4 corollaries to be proved later, assuming P(X > 0) = 1, letting X A a = min{X, a}:

where H' >0 and H(0) =0

1. E(XP) = fo ptP~1Sx (t)dt, where p > 0. H(z) =P, (2P) = pa?~! and :)sp|x:0 =0
2. E(X):fo Sx(t)dt. p=1. H(z) =2z, (x))=1and x1|x:0:0
3. B(X?) = fooo 2tSx(t)dt. p=2. H(z) =22, (%) =2z and :)32|x:0 =0
4. E(X Na) = foa Sx(t)dt, where a > 0. H(z)=x2ANa, (xANa) =? and (' Nd') =777

(xANa) =a"Nd??

boif 1 if
(x ha) = I/ i re(0,a) i z € (0,a) and (z/ Ad') = 0.
a if x € (a,00) 0 ifx € (a,o00),
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Proof of Th 2.8. : E[H(X)] = [° s(t)H'(t) dt

Recall Y ~ bin(n,p) => E(Y)= 77 Y ~bin(1,p) => E(Y)= 77
B[H()) = B | [ o) ]
=E[[~ t)h(t) dt] I(X >t) ~?77?
= |3 ElI( X>t )h(t) dt
=P (X>tht)dt Why?
:f s(t)h

Example 2.9. Let Sx(z) = s(z) =e ¥ (x+1),x>0. (a) E(X)=? (b) E(XN10) = ?

Solution: (a) Compute F(X) (= E(H(X))). 3 approaches for E(H (X)) for a cts r.v. H(X):

’fH x)dx  method (1)
fo x)dxr  method (i7)

/ ny(X)(y)dy method (iii) 1! (2) =7 h="7 H(z)= [ h(t)dt

0

L. 7

\ =E(Y), Y=7?

(1)

The 2nd needs s(x) and h(x), the others need fx(x) or fr(x). Which is most convenient ?

How many approaches for F(X) based on Eq. (1) ? 2 o0r 37
(i) f(z) = fx(z) = = (z) = —e *(=1)(x + 1) — e *(1) = e "z, is it done ?

E[X] :ffo(l’)dxzfoooxze_xdx 2 OOLd;g:Q_

L)1
why do it 7
(i) B[X] = [;"s(t)dt = [[Ce7t(t+1)dt = [[“tetdt+ [T e tdt = [T —=5 dt+1=2.
(b) Compute E(X AN10) (= E(H(X))), H(z) =7 h=7" rA10 = fo O 10))dt
Three approaches for F(H (X)) for a discontinuous H(X):
([ H(z)fx(z method (1)
fo s(:c)h( method (ii)
E(H(X)) = 4 /ny(X) W)y + > yfuc)(y) method (iii) (2)
\ —B(Y), Y="7

How many approaches for E(X A 10) based on Eq. (2) ? h(z) =7 fgx)="7 fx(z) =7

fx(z) if z €(0,10)

10) if o= 10 with D = {10}.

W) = Iz € (0,10)),  furon(e) = {
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oo 10
(77) E[min(X,10)] :/ s(t)h(t) dt = / et +1)dt can we use G(a, () trick 7
0 0
10 b
— / (t+1)de”" integration by parts [ udv = ..
0

10
— [+ e, - /O etd(t+1)]

= le 0 et =2 - 126710,
0

=
-
-

(7) E[min(X, 10 (tAN10)f(t)dt

[ee]
10 o0
tF(t)dt + / 10 (¢)dt
10
10 e’}
te ttdt + / 10e ttdt =
10
10

(i4i) Elmin(X, 10)] = /O o) dt+ >t () D =?

teD

10
:/ te ttdt + 10710 =
0

Corollary 2.1. Let X be a nonnegative r.v. with survival function s. Let 6 > 0. Then,
EleX]=1— fO Se0s(t) dt.

Proof. Q: Can we try E[e %] = fooo(e_ét)’s(t) dt (by E(H(X)) = fooo s(t)H'(t)dt) 77
H'(z) = (e7%%) = g™ < 0 !
We shall show E[1 — e=%%] = [ 6e~%s(t) dt Why ?7?
Let H(t) =1 — e 0 then (1) H(0)=0 ) = 0 and (2) h(t) = H'(t) = 6e™® > 0. By Th 2.8,
E[l —e %X = = [ h(t)s = [y~ de70s(t) dt.
=> Fle7%¥] = 1 fo 56—& (t)dt. o

The special case of Th. 2.8 for discrete X (E(H(X)) = fooo s(t)H'(t)dt):

Theorem 2.9. Let X be a discrete r.v. whose possible values are non — negative integers.
Let h : [0,00) — [0,00) be a function. Let H(x fo t)dt, x > 0. Then,

E[H(X)] = 352 P{X > k‘}( (k) = H(k = 1)).

Corollaries: Under the assumption in the theorem,

(2.1) ZIP’{X > k}Mk ZIP’{X >k} by Th 2.9, s(t) = P(X > t)

:Zk:13 ??Or_Zkl ??Or_ZkO (k) =77
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If X ~ bm(l p) then E(X)— 7?7?7  class exercise
= [y s(t)dt="7  (s(t)=P(X >t)=pl(t €[0,1)),t>0).
= e IP’{X >k} =7

If X ~ U(O 1) then EX)="7

= [o" s(t)dt ? s(t) = (1 —t)I(t € (0,1]).
E(X Zkz:l P{X >k} =P(X >1)7?? class exercise. ~Why ?

(22)  EX%= iP{X > kYK — (k- 1)?) = iP{X > k}(2k - 1),
k=1 k=1

(2.3) E[min(X,n)] ZP{X>k}kAn—< —1) ZIP’{X>k} n>1.

Proof of Th 2.9. E[H(X)] = / s(t)h(t) dt (by Theorem 2.8)
0

00 k
:kz::/k ls(t)h(t)dt

:gj/:lmx > BYh(t)dt  (s(t) = P{X >t} = P{X > k} for k—1 <t <k)

(s(k) = P(X > k) ?? s(k—=) = P(X > k) 7?)
o0 k T
= ]P) x) =
]; (X >k} /k_1 h(t) dt H(x) O h(t)dt
ziP{X > k}(H (k) — H(k — 1))
k=1

Example 2.10. Find E[X] and E[X?] if

koo 1 2
P{X =k} | 0.2 0.3 0.5

Solution: (a) E(X): H(z) = z; (b) E(X?): H(z) = 2.
Which two are convenlent approaches among 4 below ?
(i) using that E[H Zk o H(E)P{X = k}.

(a) E(X) = Z xfx( )=

(b) B(X?) =3, 2* fx(z )
(i) using (2.1) E[X] = >, P{X >k},

(2.2) E[X?] = ZZL P{X > k}(2k — 1).

(111) E(H fo H’ )s(x)d.

fo x)dr= .
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Answer to the questio abOV(.e; The first 2.
(i) E[X]=(0)(0.2) + (1)(0. 3) +(2)(0.5) = 1.3
E[X?) = (0)%(0.2) + (1)2(0.3) + (2)%(0.5) = 2.3.
(ii) We have that P{X > 1} = 0.8, P{X > 2} = 0.5, and P{X > k} =0, for each k > 3.

=

—> EX]=P{X >1}+P{X >2} by (2.1)
=0840.5=1.3
BIX?] =P{X > 1}((2)(1) = 1) + P{X > 2}((2)(2) — 1) by (2.2)

=0.84+0.5(3) = 2.3.
Skip the next page.

Corollary 2.2. Let X be a nonnegative r.v. and a > 0. Then, E[min(X,a)] = foa Sx(t)dt.

Proof. Let H(t) = min{t,a} for each t > 0.
h(t) = H = I(t € (0,a)) if t € (0,00) \ {a}. H' does not exist at {0,a}. Notice that

r fx<a

H(x) = min(x,a) = is cts in [0,00) and ctsly differentiable in (0,a) U (a, o),

/—’H

a fa<z
but not at a and 0.
Check the condition in Th 2.8 directly. For x > 0,

(1) h(x) = I(x € (0, a)) >0 and

T) = fox h(t)d fO (t €[0,a])dt = mm( D1 gt = min(z, a).
By Theorem 2.8,
Emin(X,a)] = E(H(X)) = [;~ h(t)s(t)dt = [[7I(t € (0,a))s(t)dt = [ s(t)dt. m

Corollary 2.3.

Corollary 2.4. Let X be a nonnegative r.v.. Then, E[XP] = fooo Sx (t)ptP~tdt if p > 0.

Proof. Let H(t) = tP, for each t > 0. Hence, h(t) = H' = ptP~! >0, and H(0) = 0. By
B(X?) =2
B(X) =7

Theorem 2.8, E[X?] = fooo s(t)ptP~1 dt, and { |
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Theorem 2.10.
Theorem 2.11.
Theorem 2.12.
Theorem 2.13.
Theorem 2.14.
Theorem 2.15.
Theorem 2.16.
Theorem 2.17.
Theorem 2.18.
Theorem 2.19.
Theorem 2.20.
Theorem 2.21.
Theorem 2.22.
Example 2.11.
Example 2.12.

Example 2.13.

2.1.4 Quantiles

Definition 2.13. Given 0 < p < 1, the 100p—th percentile (or p—th quantile) of a r.v.
X is a value &, such that

P{X <& <p<P{X <G}
Definition 2.14. median = 0.50-th quantile.

Definition 2.15. The first quartile )1 of a r.v. X is the 25—th percentile of the r.v. X.
The third quartile Q)3 of a r.v. X is the 75-th percentile of the r.v. X.
The second quartile ()2 = median.

3 ways to find §,.
1. If X has a cts strictly increasing (11) cdf, then solve F'(§,) = p.
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2. Theorem 2.17.

3. Definition. &, = §* = inf{z : Fx(r) > p} =min{z : Fx(z) > p
or § =& =sup{r: Fx(v—) <p} = max{z : Fx(z) <
inf{z: 2z € (0,1)} =0, but min{z : z € (0,1)} does not exist.
sup{z : z € (0,1)} = 1, but max{z : z € (0,1)} does not exist.
inf{z:z €[0,1]} =0 =min{z : z € [0,1]}
sup{z:z € [0,1]} =1 =max{z : 2z € [0,1]}
What is the difference between them ?
Theorem 2.17. Let X be a cts r.v. with range (a,b). Let 0 < p < 1.
Let h : (a,b) — (c,d) be a one-to—one and onto function and Y = h(X).
Let &, be a p-th quantile of X.

A p-th quantile of Y is (, = h(&p) if A 1.
A p-th quantile of Y is (, = h(&1—p) if h . (¢ zeta)
Theorem 2.18. The p-th quantile §, of a normal r.v. with mean p and variance o? is
w4+ e 1(p)o. (n+2p0, X +1.646, p+1.640, Eoos).
Proof. (i) Let Z ~ N(0,1), then X = i+ 0Z ~ N(u,0?).
The cdf ® of N(0,1) satisfies ®(¢) 11 in ¢. So
®~1(p) is p-th quantile of N(0,1) (method 1).
& = h(®7L(p)), where h(z) = pu+ oz (method 3) (where does h() come from ?) u

}?
p

}?

Theorem 2.23.
Theorem 2.24.

Example 2.14. Let Z ~ U(0,1), X =2Z +1 and Y = X? + X. Find the 70th percentile
of Z, X and Y.

Solution: Use Th2.17: A is 1-1 and onto function and

X = Nh(Z). Let &, be a p-th quantile of Z.

A p-th quantile of X is (, = h(&p) if A 1.

A p-th quantile of X is (, = h(&1—p) if h {.

Fz(t) =tV te(0,1). The 70th percentile of Z is 0.7.
Since ¢g(z) = 2z + 111 in z, the 70th percentile of X is ¢(0.7) =2 0.7+ 1 = 2.4.
Since h(x) = 22 4+ = 11, the 70th percentile ¢ of Y is h(2.4) = (2.4)% + 2.4 = 8.16.

Example 2.15.

Often, we will assume that the individuals do not live more than a certain age. This age w
is called the terminal age or limiting age of the population. So, S(t) = 0, for each t > w.

Example 2.16. Suppose that the age—at—failure r.v. X has density

fx(x) =52*%51(0 < x < k) and the expected age—at—failure is 70 years.
Find the 4 intervals determined by the 3 quartiles and the terminal age.

Solution: Let &, be p-th quantile of the age-at-failure.
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& = 7 for p=10.25, 0.5, and 0.75.

&p 51.4 1'5

p 65
0

T L5
0o K

&= kpl/5 = ? k = 7 Need to solve k using 70 = E[X].

k 4 6 k
Sx Sx 5k (70)(6) 1
70 =FEX|= —dr=—=| =— => k= =84. => = 84p5
[X] /0 BT |, 6 5 & = 84p
84p% lp=1/2 1st quartile 63.66 1st quartile

&p = 84p% = 84]9% |p:2/4 2nd quartile = § 73.13  2nd quartile
84p% lp=3/4 3nd quartile 79.30  3nd quartile

The 4 intervals determined by the 3 quartiles and the terminal age are

[0, 63.66], (63.66, 73.13], (73.13, 79.30], (79.30, 84].

Example 2.17.

Definition 2.16.

Definition 2.17.

Definition 2.18.

Definition 2.19.

Definition 2.20.

Example 2.18. Let X be a r.v such P{X =1} = § and P{X = 2} = 5. Find the first
quartile Q1 and median of X, say m.

Solution. 3 ways to find &, (F(§,—) <p < F(§)).
1. If X has a cts strictly increasing cdf, then solve F'(&,) = p.

2. Definition. &, = & = sup{z : Fiy(z—

) < p},
or § =& =inf{x: Fx(r) >p

).

3. Theorem 2.17. Relation of the quantiles of g(X) and X.
Does Method 1 work here ?
Does Method 2 work here ?
Does Method 3 work here ?



28 CHAPTER 2. SURVIVAL MODELS

Fla—) (P{X <a}) | F(z) (=P{X <z})
x € (—o0,1) 0 0
r=1 0 %
r € (1,2) 3 I
T =2 3 1
x € (2,00) 1 1
§ =supi{z: F(z—) <p} | & =inf{z: F(z) > p}
Q1= g>1k/4 =1 174 =17
m= £l =" £ =72

Q=1

m: The values of x that satisfy P{X <m} < 3 <P{X <m} ??
Ans: m € [1,2].

Thus m is a median of X if and only if m € [1,2].

Remark. A quantile may not be unique.

2.2 Actuarial notation for survival analysis.

Def. In Actuary, denote (z) a life that survives to age x

(x) is called a life-age-x or a life aged x.

Let X be the lifetime of the person.

T(z) or T, (= (X —2){X > x}) — the future lifetime of (z).
Notice that T'(x) is a conditional random variable.
tpz = St,(t) — probability that (z) survives t years.
+qz = P (t) — probability that (z) dies within ¢ years.
pr = 1Pz = P(T(x) > 1).
stz = P(s < T(x) < s+1).
t|Qx = t|1Qx-
qe = O‘lqgﬂ =149z = P(T(l’) < 1)-
Q: tPx T tqz = 77

Pr+ gz = 77
Remark. p, = P(T(z) > t) = P(X — 2 > #|X > ) = 220 = Sx (v +1)/Sx(x).

pe = P(T'(x) > 1) = Sx(z +1)/5x ().
Q: How about the other notations ?
slt@e = P(s<T(x) <s+t)=P(s< X -z <s+t|X >z

Pa+s<X<zx+s+t) Sx(r+s)—Sx(x+s+t)

P(X > l’) Sx(llf) = sPx —s+t Pzx-

ql’:P(T(f)S1)=P(X§:)3+1|X>g;):%ﬁw'

Theorem 2.25. For each t,s > 0, (4sPr = (P * sPrtt-

S +i+ S +t) S +i+
Proof. thabe = PG = RO R = e P
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n—1
Theorem 2.26. ,p; = PuPuoil .- Prin-1 = szo Patj-
For each ty,...,t;m >0, 4ot De = 61D2 " toPatty * tsPettitts " tnDettit b1 -

Q: Relation between Theorems 2.25 and 2.26 77
Def. X ~Y means X and Y have the same distribution.
Question. Let X ~ N(0,1), then X = —-X 7 or X ~ —X 77

Theorem 2.27. (T(x) —t){T(z) >t} ~T(x+t). (Denoted byU ~W (=T (z+1))).

Proof. It suffices to show either their F’s, or S’s or f’s are the same.
Use S’s here. Recall that Vy >0, P(T(z) >y) = P(X —x > y|lX >y) = 59;}((50(:)1/);

Sx (z+t+y)
Suly) = PUT() —1) > ylT(w) > ) - LED 020 PO 2yt sy
“Sx (@)

= ) _ (T (a4 1) > y) = Sw(y).

Example 2.19. Let s(t) = %, 0 <t <85, wheres= Sx. What distribution is X ¢
(i) Calculate ¢pag.
(ii) Calculate the density function of T'(40).

85— (40+t) 45—t
Solution: (i) jpa = P(X >t +40|X > 40) = 28D — o — — s — 45t 9997

8(40) 85 85

t € [0,45].
tpao =0 if £ > 457 a0 =0ift <0 ?
(ii) The density function of 7°(40) is

d d (45—t 1
fr(a0) (1) TtPa0 o ( T ) 1w L€ (0,45)

fraoyt) =0ift > 457 Frant) =0ift <07
Notice the difference between the domains of Sx (t) and fx(t).

Example 2.20. If jp, =1 — ﬁ, 0 <t <90 —x, find the probability that a 25-year—old
reaches age 80 and the density of T(x).

Solution: The probability that a 25—year-old reaches age 80 is gop25 or gg—25p25 7

55 2
80—25P25 = 55025 = 1 — go=95 = 13-

The density of T'(z) is —(1 — 90%1)/1 or —(1— 9016_35)2 29

d 1
fr@)t) = — P =902 ,0<t<90—2?7? or 0 <t <90 —2?
-

Example 2.21.
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Example 2.22. Suppose that probability that a 30-year—old reaches age 40 is 0.95, the
probability that a 40-year—old reaches age 50 is 0.99, and the probability that a 50-year—old
reaches age 60 is 0.95. Find the probability that a 30-year—old reaches age 60.

Solution: gyp3o = 7 or go_30p30 = !
Given conditions:

40—30P30 = 10p30 = 0.95 — probability that a 30—year—old reaches age 40,
50—40P40 = 1040 = 0.99 — the probability that a 40—year—old reaches age 50,

60—50050 = 1050 = 0.95 — the probability that a 50—-year—old reaches age 60.

Formula: ¢, 4.1, Pr = t,Pz - taDatty " tsPattsbts "ty Patts bty (Formula 4).
The probability that a 30-year—old reaches age 60 is

30030 = 10230 * 10P40 - 10P50 = (0.95)(0.99)(0.95) = 0.893475.

Definition 2.21.
Example 2.23.
Example 2.24.
Example 2.25.

Theorem 2.28.

Announcement:
1. Quiz on Friday: 447: 9-22, 44. and 1-2 in 450. (See Formulae (item 3) in my website.)

Example 2.26. Suppose that the survival function of a person is given by
Sx(z) = 9%—6“’, for 0 <z <90.
Given a married couple with husband aged 40 and wife aged 35,
what is the probability that
the husband will die before age 60 and the wife will survive to age 757
Here, we assume that their times of death are independent r.v.’s.

Solution: 6040940 X 75-35P35 = ? Formula #3: p; = % and (g, =
Why??

8(40) _ 8(60) 909—040 _ 909—060 20 9
60—40940 = 20940 = = = = —

5(40) 909—040 T 50 5
75-35D35 = o(75) _ 0 _b_3
- 5(35) W3 T 55 11
3 6
Answer : 60-40440 X75-35 35 = £ X 77 = £

Example 2.27.
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Example 2.28. Suppose that s(t) = 0 <t <85, find the probability that a 40-year—

old will die in less than one year

85’

Solution: g4 = 7

Formula: 1q, = 1 — p, and p, = SSE:;) or #3 1qy = 3(1)8—(8:6()15%)

85—41
q40 = 1-— 8(41) =1 - _85 — i
5(40) B0 15

Example 2.29. Suppose that:
(i) The probability that a 30-year—old will die in less than one year is 0.012
(ii) The probability that a 31-year—old will die in less than one year is 0.013
(#ii) The probability that a 32-year—old will die in less than one year is 0.014.
Find the probability that a 30-year—old will die in less than three years.

Solution: 3g30 = 7
Given conditions: (i) g3o, (i) g1, (iii) g32. thus know: ;p, =1 — gy, t =7

Formula #4: ¢, ..4t,,Pr = 0Pz * taDattr * tsPattrtts b Pattrb bt -
3p30 = p3ops1pse = (1 —0.012)(1 — 0.013)(1 — 0.014) = 0.9615.
3q30 = 1 —3p30 =~ 1 —0.9615 = 0.038.

Theorem 2.29. s|tQm = sPx — s+tPx = s+t9xr — sQx = sPzx - tqz+s- Formula #3.
Proof. We have that

sltqe =P{s < T(z) < s+ t} Pla<Y <)
=S7(2)(8) = S1(e)(8 + 1) = sPx — s+1Pa, Sy (a) — Sy (D)
=Fr2)(s +1) = Fr)(s) = s+tls — s Fy (b) — Fy(a)

Pz * tquts =sPx * (1 — tDPo+s) = sPx — sDx * tDa+s
=Dz — s+tDz = s|tqa- last one

Example 2.30. Let Sx(x) = (9%6‘”)2, x € (0,90).
(i) Find s|tqz, where 0 < x,s,t and x + s+t < 90.
(ii) Find the probability that a 30-year—old dies between ages 55 and 60.

Solution: (i) s|tgz = 7 (ii) 55-30[5930 = 7

Jige =Plz+s< X <a+4s+8X>12) Pla<X <b)=Fb) — F(a) = S(a) — S(b) which ?
(90—(:c+s))2 (90—($+5+t))2

(g(z%x)2 — (%)2 ( Recall a® — b* = (a + b)(a — b))
(180 — 2z — 25 — 1)t o
= Q0—z2 done

r,s,t>0and s+t+x <90.

* _ _ (180—-2(30)—2(25)-5)5 _ 65x5 _ 13
(i1) 55-30/60-55930 = 25|5¢30 = (90-30)2 = %0z = 19z ~ 0.09.
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Theorem 2.30. For x > 0, and each positive integer n,

n n
e =Y jlte =D j1Paletjo1-
j=1 j=1
Proof. ,,¢, = P{T(z) <n} = Z?:l P{j—1<T(z)<j}= Z?:l =14z
= Z;lzl j—1Pxqz+j5—1- n

Theorem 2.31. Zj‘;l j—1]qe = Z;io j—1Paqe+j—1 = 1.
Theorem 2.32. ;i s|uqz = 1Pz * s|uGutt-

Theorem 2.33. ,,1m|¢z = nPs " m|Quin-

When n=1and m =35 —1 >0, we get that
ilte = o j-1lqus1-

Example 2.31.

Definition 2.22.

Definition 2.23.

Example 2.32.

Example 2.33.

Example 2.34.

Definition 2.24.

Example 2.35.

Example 2.36.

2.3 Force of mortality

Definition. The hazard function of the survival function Sx(z) or the force of mortality
(denoted by px(x), pu(z), pe and Ax(x)), is defined as

Ax(z) = S]:f(;x_)) ’

where fx is the pdf or pmf of the r.v. X.
Denote jua(t) = pr (t) (# px () as T = X —2|(X > 2)).
e = po(x) = pz(0) ( # pal-) = :UTx('))'



SECTION 2.3. FORCE OF MORTALITY 33

Theorem 2.28. If X > 0 is cts and has the force of mortality w(+), then,
(i) %IHSX(t) fX(()) = p(t) and Sx(t) —exp( fo ),tEO.
(i) £x(t) = Sx(Ou(t) = exp (= fy u(s)ds ) u(t), ¢ = 0.

(iil) Sp(z)(t) = tpx = exp (— fo (s ds) ,t>0.

(90 0 =4

(V) fr@)(t) = ipatia(t) = exp(— [ pla + s)ds)p(z + 1), > 0.
Proof. (i), (ii), (iii) and (v) are obvious from the definition.
(iv) The survival function of T'(x) is ST(m)( ) = Sx (z41) .t > 0.

Sx(z)
d d Sx(z+1t T+t
palt) = =2 nSr(H) = ——In ( ?;;(‘;) )> _ éi((xit) = u(z + 1)

Remark. The distribution can be specified by either of F(-), S(-), f(-) and wu(-) if f exists.
e.g., if X is continuous, then F(x) yields S(z) yields f(x) yields p(z) yields F(z).
F=>§=1-F

=> f(z) = =5'(x)
f(z)

/x F(t)dt

=S(x)

=> p(z) =

t
=> F(x f w(t) exp(— / wu(y)dy)dt (see (i) of the next theorem),
0

'

=5(t)

—f(t) ’
as p(z) = ﬁ f(x) = u(r)S(x) and S(x) = f(z)/p(z).

Hereafter, when we consider the force of mortality, we assume that X is cts.

The force of mortality of a life at time =, z > 0, satisfies that u(x) = hrr(l) % as

s(x)—s(z+t)
24) Tm % gy @ gy, St —sl@) | S@) fe)
' t=0 t  t—=0 t t—0 ts(z) s(x)  s(x)

wu(zx), x> 0.

s(x)—s(z+t)

If ¢ is small, the proportion of people aged x who will die within ¢ years is RO Lty
For example, if u(z) = 0 06 and ¢ is 1/12 (a month), we expect that from each 1,000 individuals
with age z, tu(2)103 = & = 5 individuals will die within a month.

The force of mortahty is the rate of death for lives aged x. For a life aged z, the force of
mortality ¢ years later is the force of mortality for a (x + ¢)-year old.

Theorem 2.34. Let i : [0,00] — R be a function which is cts everywhere except at finitely
many points. Then, u is the force of mortality of an age—at— death r.v.

zﬁ(]),u()>Oannd(2)f0 t)dt =
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Example 2.37. Suppose that the survival function of a new born is

Sx(t) = B=L for 0 < t < 85,

(i) Find the force of mortality of a new born.
(ii) Find the force of mortality of a life aged 20.

. . 4_ 44 3
Solution: (i) u(t) = —&InSx(t) = —4In (85854t ) = —ZIn(85* — t*) — In(85%)] = ﬁ,
0<t<8

3
(i) pa0(t) = (20 + ) = gripmage, 0 <t < ??

Definition 2.25.

Example 2.38.

Example 2.39. If u(z) = 15 for x>0, find Sx, fx, pr(), e and fr(y).-

Solution: Note: Sx, fx, fir(z), tPx and fr(,) are functions, e.g., we can write Sx () or Sx ().
Do we write. firs)(z). iz, pulr) or fis(t) 7

s(x) =exp (— /m,u(t) dt) = exp(— ’ 1 dt) = exp(—In(1 +z)) = ! , x>0,
0 0

t+1 r+1
as [Ldu=Inu+c, u=7?? Sx(x) =77
1
fx () =p(x)s(z—) = G © > 0, (n(z) = flx)/s(x—))
1
D :s(x+t) _ m—&-i‘,—&—l _ r+1 ——
s(x) T r+t+1
r+1 1 r+1

t) = t) = t) = = t>0

Jr)(®) =orall) = oz +0) = o = g 120

2.4 Expectation of life

Definition 2.26. ¢, = E[T(z)] is called the expected future lifetime at age = or
the complete expectation of a life at age x.

eo is also called the complete expectation of life at birth.

Definition 2.27. The n—year temporary complete life expectancy is éx:m = E(T(x) An),
the expected number of years lived between ages x and x+n by a survivor aged x. 0 < gx:ﬁl <n.

What is the meaning of 7'(30) = 0.5 ?
What is the meaning of 7°(30) > 0.5 ?

Example 2.40. An actuary models the lifetime in years of a random selected person as a
6 6
r. X with Sx(z) = 25, for 0 <z < 90. Find:

(i) eo and Var(X); (ii) éso; (iii) €501/ E(X), V(X), E(X|X > z), E(T(X) A 10)
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Solution: Two ways for taking expectation.

(1) g:c = fooo tpzdt, where p, = S(ng;_)t)a fT(:c)(t) = tPahlz(t)
. It (t)dt if Xiscts  ( fre)(t) =papa(?)), f=5
(2) ez = Do tfra)(t) if X is discrete,

I3ty ) dt + e p thre)(t) i X is mixed.

Which way is more convenient here, (1) or (2) ?

o o o %0 906 — 1'6 1’7 %0
(i) ep and 0%. Method 1: ey = /0 Sx(z)dr = /0 de =z — (7)906] 0 = 7714
) > 0 906 — 46 - N
450Formula 2] E[X?] = /0 20Sx (z)dx = /0 Qdoa? = [z° — W] ) = 6075,
d d 90— 2%  6a°
Method 2 needs fr)(z) = fx(z) = —%Sx(x) =T To W’O < x <90.
o0 90 . 5 7 190
o 6x 6z
ey = rfx(x)dr = / r——dr = ~ 77.14,
/0 0 906 (7)906 0
00 90 5 ] 90
6z 6x
E[X?] = 2 dx = dr = ——— | =6075

0% =E[X? — (E[X])? = 6075 — (77.143)* ~ 1123.980.

(i) Method 1 for &30: Sy(so(t) = rpgo = 280 — SBOL 4 < ¢ < 27 (Check Sy)

5x(30) (90)°—(30)°
o0 60 o6 6 6 7 /7|60
o 90° — (30 + t) 90°t — (30 +1¢)"/7
€30 /0 P50 /0 906 — (30)° 905 — (30)° |,
N o 30 sEo4n’ 6(30+1)°
(ii) Method 2 for e3o: fr(30)(t) = —%tpgo = fg)(((:;g;) = (90)6932(30)6 = (90()6_4'(20)6, 0<t<??
90
00 60 5
o 6(30 + ¢t _
€30 :/ th(30) (t) dt = / tm dt (SX(LU) = %, for0 <z < 90)
0 0
9% 65°
= s —30)——=——-—=ds (change of variables s = 30+¢), Why change 7?7
30 (90)° — (30)0
B 657 IRCOE
(7)(90° — (30)%)  (90)0 = (30)° |,

(iii) The two methods for gw:ﬁl are stated as follows.

Theorem 2.35. (]) gx:m = fon (D dt; (2) gx:m = fon th(x)(t) dt +n - p,ps.
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Method 1. ;pgo = 58D — 90°-B0+0° ¢ () <4 60, So,

$(30) 905 —300
10 10 o006 6
° 90° — (30 + t)
€30:10| = /0 tp3o dt = /0 906 — 306 dt
10
(906)¢ (30 + )7
= — = 9.975520756.
906 — 306 (7)(908 — 306) |,

t if ¢ 0
Method 2. Y = T'(x) An has a mixed distribution with df. fy (¢) = fr@(®) 1 €O,
nDa if t € D ={n}.
° _ 10, 6(30+t)° d _
630:E| = Jo tm t"— 1010p30 E
Theorem 2.36. For 0 < m < n, ém:ﬁl = EIZW + mpxg:chm;m
Letting n — co=> éx = éx:m + mpxém+m.
Example 2.41. You are given that:
The expected # of years lived between ages 40 € 50 by a 40-year old is 9.7. 240:E|
The probability that a 40-year old survives to age 50 is 0.98.  10p4o
The expected # of years lived between ages 50 € 70 by a 50-year old is 19.5. 250:@

Find the expected # of years lived between ages 40 and 70 by a 40-year old. 240:@
Solution: Given (i) ¢40.15 =7 (ii) 10pa0 =7 (ill) €50,35) =7 Find €j055 =7 #6
€40:30| = €40:10] + 10P10€500) = 9.7 + (0.98)(19.5) = 28.81.

Example 2.42. Assume that
(i) The expected future lifetime of a 40-year old is 45 years.
(i1) The expected future lifetime of a 50-year old is 36 years.

(11i) The probability that a 40-year old survives to age 50 is 0.98.
The expected number of years lived between ages 40 and 50 by a 40-year old ?

Solution: Given: 240 = 45; 250 = 36; 50—40p40 = 0.98. 24021—0|:?

Formula 6: Co = Coim + mPaCaim,  => C4015 = 45 — (0.98)(36) = 9.72.

~~

45=¢40.75,+(0.98)(36)

x+n
Definition 2.28. ,m, = f”fxixs(i)é;};gidt (= f;Jrn f””*':g;(—f()u)cm“X(t) dt) is called

the central death rate or the central rate of failure over the age interval x and x + n.

nMmy is the weighted average of the force mortality on the interval [z, x + n] using the survival
Sx (t)
T[T Sx (t)dt

. Denote m, = 1my. Recall p(z) = S{i{)) and

function as a weight i.e.
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p(x)t is the proportion of people die within ¢ year for people of age = (¢t ~ 0).
Example 2.43.

Example 2.44.

_ Sx(x)=Sx(z4n) _ [ pepr,()dt g,
Theorem 2.37. ,m, = exd  Jpedi -
[T SxOux () dt [T fx()dt
PrOOf' nMgy = fchrnXSX( );du = fzz+n Sj:(u) du as SX(T’)/’I’X(T'> = fX(t)7 (1)
_ L mdt ) fx(atu)du [ pep () dt

By Eq. (1>7 nMg = f;HnS (t)d fo Sx(z+u)du fon Pz dt
— Sx(z)—Sx(z+n) _ Sx(z)=Sx(z+n) _ SX(xg;s();)(w+7l) _ _lowps  _ nGe -
nMMg fzm+n Sx(t)dt Iy Sx(z4u) du W Iy wpe du Com|

Definition 2.29. The median future lifetime of (z) is m(xz) (=median of T'(z)).

P{T(z) < m(z)} < & < P{T(z) < m(x)}.

Definition 2.30. ,a(x) = E(T(z)|T(z) < n), the average future lifetime of those who
survive to age x, but die within the next n years. a(x) = 1a(x).

x + pa(z) is the mean age at death of those who survive to age x, but die in the next n years.

to3 7 — N nPa
Theorem 2.38. ,a(z) = %ﬂ%.
nYx

Display Formulas [3]—[7]

Formulas:
3. T(x) =Ty, = (X —2)|(X > x),

+t —s(z+t

Pz = St(z)(t) = %, tqx = P (t) = %>

s‘tq:c = P{S < T(SL’) <s+ t} = sPx * tqz+s; s‘ﬂ = 8‘1%77 Pz = 1Pz, 49z = 19,
4. minPz = mPz * nPr+ms nPzx = PzPr+1- - - Potn—1,

Sk nPr = mPx * naPr+m " ngPrtnitng 'nkpx+z’?;11 n;’

5. The force of mortality is ;LX( ) = p(z) = py = fx(ij_)). fr(e)(t) = pa(t). If X is cts,
p(z) = —ZLnSx (x), Sx(x) = exp ( fo ) (@) () = tpap(z+1). po(t) = p(r +1).
6. g_x = E[T'(z)] = ga::m + npx€x+na ea::ﬁ| = E[T'(z) An] = égc:m| + mpxém+m:m|'

fo tpz,Uzz( )dt nqx
Jo e dt Eaim)

€|

My = 1My, pa(z) = E(T(x)|T(z) < n) = %’”’ a(z) = 1a(x).

7. The central rate of failure on (z,x 4+ n] is pms =

Example 2.45.

Example 2.46.
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Example 2.47. (=Ex.2.40). For the survival function Sx(z) = %, for 0 < x < 90.

Find (1) the median future lifetime of (30), (2) 10ma0, (3) 10a(30).

Solution: (1) Formula: p = F(§,) = S(1—p), as F is continuous and 1 7. We have that

Sx(304 &.5)  90% — (304 &5)"
Sx(30) 906 — 306

0.5 = P{T(30) > &5} =

—> £p5 = (90° — (90° — 30%) x 0.5)"® — 30 ~ 50.19920541.

(2) Formulas [7] nmxd;ffo tDafta (1) dt _ an:v ) TI‘y the 2nd  19msg = 010&’ where

Jo o= dt Ca:m €30:10]|
S
(a) 10q30 = 1 —10p30 = 1 — % ~ 0.006344,

(D) Cam) = Csoma = Jo 1padt = [y EHLdt & 9.976 (see Ex. 2.40),

Thus 19m3p = g“qgo R~ 0998%4 ~ 0.000636.
30:10]

(3) Formula [7]: na(x) = E(T(z)|T(x) <n)) = ém\n—%.

e300 — 10 10P30 _ 9.9755 — (10)(0.9937)

30) = ~
10a(30) 000 0.00634430727

~ 6.1415.

2.5 Future curtate lifetime.
Definition 2.31. Let K, = [T(z)], where [t] is called the ceiling of t, that is,
(
0 if —1<t<0,

[ =klk—1<t<k)=<1 if0<t<I, (t] = (k- DIk —-1<t<k)).
2 ifl<t<2,

\

Definition 2.32. K(z) = [T(z)] — 1 is the future curtate lifetime of a life aged =x.
er = E[K(x)] is the curtate life expectation of a life aged z.
erm| = E(K(x) An), the expected number of whole years lived in the interval (z,z +n] by ().

0 if 0<T(z) <1, 1 i 0<T(x) <1,
1 ifl1<T <2 2 ifl1<T <2
Kx)=K,—1= 1 <T(z) < " # |z] and K, = 1 <T(z) <2,
2 if2<T(x) <3, 3 if2<T(x) <3,

ass Exercise = o M R@E=1) _ JE(K(@) -1 7
Ciass Bercise (1) = P( =) = { 14001 e = {00001
Q: If T(30) = 0.5, K39 = ? K(30) = ?
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k—2 k—1)— k
Theorem 2.39. P{K, = k} = _1ps - Guyh—1 = (Hj:O pm+j) Qr+k—1 = ot sl()x)s(x—k )

=51l =P{k—1<T(z) <k} =P{k—1< X—2 <k|X >z} = 1Ps— Pz = kqz — k—14z-

Example 2.48. Suppose pgog = 0.05, pg; = 0.01, pg2 = 0.001, pgz = 0 (Sx(94) = ?)
Calculate the probability mass function of Kog.

Solution: Which formula to use in Th 2.39 ?? How about the formulas sheet ?

Th.2.39 P{Kgo = 1} = (qo0 — 1 — P90 — (1 — 005) = 0.95, sheet
2nd : P{Kg() = 2} = P9o0q91 — (0.05)(1 - 0.01) = 0.0495, [8]37”d
3rd : P{Kgy = 3} = poopo1qoz = (0.05)(0.01)(1 — 0.001) = 0.0004995, [8]4th

P{Kgy = 4} = poopo1peagos = (0.05)(0.01)(0.001)(1 — 0) = 0.0000005,
P{Kgy =k} =0, for k=5,6,7,..., as pg3 = P(X > 94| X > 93) = 0

Example 2.49. Calculate the probability mass function of Koo for given
poo = 0.2, 2pgo = 0.1, 3pgo = 0.01, 4pgo = 0.005, 5pgo = 0.

Sol: opP90 = ? 1P90 = ? P{Kgo = k‘} = k—lC_I:c:? Which formula in Th 2.39 to use 77

P{Kgo = 1} =1 — P90 = 1-0.2 :0.8,

P{Kgo = 2} = P90 — 2P90 — 0.2—-0.1= 0.1, [8] : K(l’) = [T(:L’)—I -1
P{Ko9p =3} = apgo — 3p90 = 0.1 — 0.01 = 0.09, K, =[T(z)]
P{Kgo = 4} = 3P90 — 4P90 — 0.01 — 0.005 = 0.005, P{Kgo = k‘} fo( ) k_1|qx
P{Kg9y =5} = 4pgo — 5p90 = 0.005 — 0 = 0.005,
P{Kgy =k} =0, for k=6,7,..., Why ??
Theorem 2.40.
Theorem 2.41.
Theorem 2.42. e, = E[K(2)] = > 0" k- klde = Y pey kPx and
E[(K(2))"] = Zk:l k- klaw = 220:1(2]‘5 —1) - yPa-
r || 90 91 92 93 9 _
Example 2.50. Suppose that oo 02 01 005 0.0 0 egp =
Solution: Theorem 2.42: e, = F(K = o1k klgz =D p— kpe (formula [9]).
Formula [4]: ypz = pz -+ Prtn—1,
o0
€90 Ikasao = P90 + P90 * P91 + P90 * P91 * P92 + P90 * P91 * P92 * P93 T+ - - -
k=1

—=(0.2) + (0.2)(0.1) 4 (0.2)(0.1)(0.05) 4 (0.2)(0.1)(0.05)(0.01) + 0 ~ 0.22.
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Example 2.51. Suppose s(t) = 1(;%615;

Solution: Formulas:

6] €x = E(T(2)) = [§* tpadt, [1]

(3] tpo = (T)t) and

9] € = E(K(x)) = 32521 kD

tPx = S(s?;)t) 1({%0:cxt’ 0<z+t< 100.

. ] . .
. Find e, and e, where x is an integer.

o e [0t 100 900 _ % 7 BT
(& = = _— = — _— — T —
==, e ; 100 — z ; 100 — z

100—=z

2
00—z 1) IR
2(100—2) |, 2
e’ 100—=z 100—=z
100 — z — k
=3 = D) oo = 21
k=1 k=1 k=1
1 (100 — 2)(100 — z + 1)
:]_ —_ —_
0=2=T50—% 2
100-c 41 99—
—100 — z —
00—z 5 5

Theorem 2.43. (Iterative formula for ey) ey

Theorem 2.44. If p,

Remark: [9] ez = > 20| kPs-

1=p)(1+p) =1-p*

o n—1 k
=2 k-1

Theorem 2.46. e, = €p:m| + nPrCrtn.-

Theorem 2.45. ¢,

Theorem 2.47. If p, 1 = p, for each integer k > 0. Then, e, =

Theorem 2.48. ¢,5 = py (1 + 6x+1;m|) .

€ [0,99] or x € [0,100) or z € {0, 1, ...,

= pg, for each integer k > 1. Then, e, = py + opy + -+ =

CA=p)(A+p+---+p)=1

99} ?

= pae(1 +ezv1).

—pFtl k=123, .. (1)

: k‘%ﬂ + N ppr = Zzzl kPx-

p— anrl

1l-p -

Theorems 2.44-2.49 above are summarized as formulas as follows.

9] ez = E[K(x)] = pr(l +eptr1) = Crm| T nPrCrin = 22021 EPz-

Crm| = E(K = ZZ—l kPz-
7L+1

def
[16] am) = Zk 1“ _“1 U’Zk 0“ = 1 v

K(2) = [T(x)] - 1.

. [16] yields Th.2.44 and Eq.(1).
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Example 2.52. Suppose that e, = 30, p, = 0.97 and pya1 = 0.95. epyo =7
Solution: [9] Cx = E[K(I)] = p:c(l +e:c+1) = Ex:7| + nPzlr+n = Zzozl kPz. Which to use 7

=7 =
Method 1. Te; ="y (1 + ez41) => €201 = & — 1 and ey 40 = e“”“ — 1. Then

Do+
€rtl = 097 —1~29.9 <30 =e¢, and

Crpp =5 —1 =88 — 1~ 305> 299 = ¢ 1.

> e,7
< ey!

Question: Should e, {

> (x=30/0.97-1) [1] 29.92784

> x/0.95-1

> x/0.99-1 [1] 29.23014 # if most people survival after 1 year, 29.2 < 29.9.
> x/0.40-1 [1] 73.81959 # if most people died before 1 year, 73.8 > 29.9.
In the other cases, it fluctuates around 29.9.

ex—€,.
Method 2. e, = €,.3) + 2Dert2 => e 2 — €r+2-

by [9] em:§| = Zk;l kDz,
by [4], 2pe = Pz - Pr+1,

€p3 = Pu + 2D = 0.97 + (0.97)(0.95) = 1.8915.
Cxr — e:c:§| 30 — 1.8915

= - — 30.50298426.
e T (0.97)(0.95)

z | 90 91 92 93 9J L,
e | 0.2 0.1 0.05 0.01 0] 02 ="

Example 2.53. Suppose that E(K(z)N2)

Solution: By [9] or Th2.46, e, = ZZ:l kDx- n= 7 1Pz =7
By [4] 2pz = 1P2 - 1P2+1, €993 = Poo + poopor = (0.2) + (0.2)(0.1) = 0.22.

Definition 2.33. Let S, = T'(x) — K(x), the period of time lived through the death interval
of an entity aged x.

S, is a r.v. taking values in the interval (0,1]. Notice that E[S,] = €x — ep. E(Sx) =?

2.6 Selected survival models.

A select table is a mortality table for a group of people subject to a special circumstance
(disability, retirement, etc). The variable in common of this group of people is called the
concomitant variable. The probability of surviving from time z, to time x + ¢ for an entity
selected at time z is ¢pf,). Here, the age at selection is denoted by [z]. The select survival

function is denoted by S (xt) = tp[x] The force of mortality is ;)4 = —%1115 (x;t). The
expected future life is e fo (z;t) dt. Here,
[z], S(x;t), 1P, umﬂ are all special notations.

Definition 2.34.
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Definition 2.35.
Definition 2.36.

Example 2.54.

2.7 Common analytical survival models
2.7.1 De Moivre model. Ignore this section.

Definition 2.37. The age—at-death X follows De Moivre mortality law with terminal
age w, if the distribution of X ~ U(0,w).

Definition 2.38.
Definition 2.39.
Example 2.55.
Example 2.56.
Example 2.57.
Example 2.58.
Example 2.59.
Example 2.60.
Example 2.61.
Example 2.62.
Theorem 2.49.
Theorem 2.50.
Theorem 2.51.
Theorem 2.52.
Theorem 2.53.
Theorem 2.54.

Theorem 2.55.
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Theorem 2.56.
Theorem 2.57.

Theorem 2.58.

2.7.2 (Generalized De Moivre model.

Definition a2.40. The age—at—death X follows a generalized De Moivre mortality if
s(z) = (1 — %) , for 0 <z <w, where « > 0. Ifa =1, it is U(0,w), called De Moivre law.

Example 2.63. The future lifetime of a new born has survival function s(x) = (1 — %)a,

for 0 < x <w, where a,w > 0. Suppose that 240 =8 and 260 = 4. Calculate o and w.

o 00 8 .Z’:Z]:O

Solution: Given ey = [ tfp(p(t)dt = s dt = ,

olution: Given e, = [ fr@)®) fo tD {4 - = 60
s(x) (w—x) w

o > YT (- — 1) —(w—z —t)*H!
0 0 (w—1x) (a+1)(w—12x)

8:O :w—40 _40
{ ) COT ol —n 9= YT o (9)(w—60) = w — 40 => w = 80.
=e

YT - {8 x =40

T o+l |4 z=60

0

__ w—60 Ty
60 = a1 “ 60

80—40 _ _80—40 1 _
1 = a=Tg— 1 =4.

Hence, 8 =

2.7.3 Exponential model.

Theorem 2.59. An exponential r.v. X with E(X) =0 > 0 (letting i = 1/6) satisfies, for
x>0, f(x) = %e‘w/e = pe M s(x) = e~ %0 = g=hz h(z) = p, E[X] =0 and Var(X) = 6.

Write X ~ Exp(1/p) or Exp(f). X has constant force of mortality h(xz) = p. The model
is also called the constant force model. [447] Exzp(a) =T'(1,a). a = E(X) ?

Theorem 2.60.

Theorem 2.61. (Memoryless property of the exponential distribution). Let X
have an exponential distribution. Then, for each s,t > 0,

P{T(s) >t} =P{X >s+t| X >s} =P{X >t}. E(T(x)) = E(X|X >z) = E(X)-?

Definition 2.41. A r.v. X has a geometric distribution with parameter p, if
P{X=k}=(1—-p)kp, k=0,1,2... where0 < p <1
(X=# of failures until the 1st success).
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Remark. The geometric distribution in Math 447 Y ~ G(p) ([10]) is
Y = X 4 1 (=# of trials until the 1st success).

Theorem 2.62. (Memoryless property of the geometric distribution) Let X be a
r.v. with a geometric distribution (X ~ G(p)). Then, for each integers k,n > 1,

P{T(k) >n}=P{X>k+n|X >k} =P{X>n}.
Proof. F: P{X >n}=(1—p)" =P{X >k+n|X >k}, k=0,1,2...
P{X >n}
= Z;O:n P{X =j} = Z;O:nﬂ —p)p (Z?:() gd = =2 ) (see formula[lT]).
PP Yo (l=p)F (k=7

= (1—p) mpl G — (1 p)n.

P{X>k+n|X >k} P(A|B) = P(AB)/P(B) = P(A)/P(B) ??
_ P{X>k+tn} _ (1=p)*t" _ (1—p)" o
P{X >k} = p)

Theorem 2.63. Let X ~ G(p). Then, E[X] =% and Var(X) = %.

b

Proof. (Math 447) [10]: E(Y) =1/p and V(Y) = ¢q/p?, where Y = X + 1.
Y = # of trials to have a success.

hSAES

X = # of trials before a success.
EX)=EY -1)=Q1/p)-1=1-p)/p=q/p. V(X)=V( -1)=V(Y)=q/p*.

Example 2.64.

Example 2.65.

Theorem 2.64. Suppose that for each k =1,2,..., ppir = pz. Then, the curtate lifetime
K (x) follows a geometric distribution with parameter p =1 — p,.

Proof: +: P{K(z) = k} = pk(1 — p,).
]P{K(:L’) > k} = kPz = PzPz+1" " "Pr+k—1 = pl; (by 450 [4]) and

P{K(x) = k} = P{K(2) > k} = P{K(x) > k+ 1} = py — p ™' = pii(1 — ps).
Example 2.66. (is Example 2.67 in the textbook). Suppose that:

(a) the force of mortality is constant.
(b) the probability that a 30-year—old will survive to age 40 is 0.95.

(i) the expected future lifetime of a 40-year—old=? eq0 = E(T(40))= ¢
(ii) the curtate life expectation of a 40-year—old=? ex=E(K(x))=7?

Q: X ~ Exp(f) with E(X) =0, u=0or 3 ?
S(x) = e=; f(x) = ¥, h(z) = {55_)) =, B(X) =

S
Solution: (i) eq9 = E(T'(40)) = E(X) =
Condition (a) => T'(z) ~ Ezp(1/p). =>

€40 = E(T(40)) =1/p = E(X), p unkonwn.
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In(0.95)

Condition (b) => 1gp30 = e 1% =0.95. => == 0 thus 240 = l m ~ 195 7
(ii) ez = > pey kPa, formula [9]

k’p:C = e—ﬂk’ n

Sor_q 2k = 2i=2 (see formula [16]).

ex:zzole” Zk 11’ =e ”116; ~ 194.5.

x="?
Theorem 2.65. Suppose that for each k =1,2,..., pyyr = pz. Then, e,z = @.
1—pg

Proof. [9]: €pm| = Zzzl Pz = ZZ:1 Pz Dz = Zzzl P = M by # [16]:

k terms by [4]

n

n k_ ,1-p
D1 PN =P T—p -

2.7.4 Gompertz model. (1825) u(x) = Bc®, where B > 0 and ¢ > 1. Hence,
Sx(r) = exp(— f Betdt) = e 1) for x > 0, where m = £

Inc*

2.7.5 Makeham model. Makehan (1860) introduced the model u(x) = A + Bc*, where
A>—-B,B>0andc>1. What model is it if A =07

2.7.6  Weibull model. (1939). u(x) = k2™, for x > 0, where £ > 0 and n > —1. Then,

kent1

Sx(z)=e 1z >0. What distribution is it if n =0 ?

2.7.7 Pareto model with parameters o (> 0) and 6 (> 0). Sx(z) = (miw)a, x> 0.
Theorem 2.66.
Example 2.67.

2.8 Mixture distributions

Math 447: fxy(zly) = fxy(z,y)/fy(y) and fxy(z,y) = fx)yv (@|y) fy (y)
fx(x) = {ffX’Y(x’y)dy Y s cts. {f fxiy(zly) fy(y)dy Y is cts.
Zy Ixy(z,y) Y isdis Zy Fxp @) fy(y) i Y is dis

Fx is called the marginal cdf of X in 447, and is called the mixture distribution here.

Theorem 2.67. ( Double expectation theorem for expectations) E[E[X|Y]] = E[X].

Theorem 2.68. ( Double expectation theorem for variances) ag( = U%(XlY) + E(agﬂy).
Var(X) = Var(E[X|Y]) + E[Var(X|Y)].

Example 2.68. You are given that:
(a) Men follow a de Moivre model with terminal age 100.
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(b) Women follow a de Moivre model with terminal age 110.
(c) 55% of births are male.
(i) Calculate the expectated life of a randomly chosen life.
(i1) Calculate the probability that a newborn survives 80 years.
(i1i) Calculate the density of the future lifetime T of a randomly chosen life.

Solution: Let X be the lifetime of a newborn and Y = I(a birth is a male).
(a) => X|Y =1 follows U(0,100), So, E[X|Y = 1] =7
(b) => XY = 0 follows a U(0,110). So, E[X|Y =0] =7
() P(Y =1) =7

@) B =BIEXY] = BGI) = [ o) fran? or 37 BXIY =)0
—E[X|Y = 1]P{Y =1} + E[X|Y = 0]P{Y =0} Z
—(50)(0.55) + (55)(0.45) = 52.25.
(i) P{X >80}=7" = E(Z), where Z = I(X > 80) ~ bin(n,p) ?

P{X >80} = E(Z) = E(E(Z|Y))
—E(Z|Y = 1)P(Y = 1)+ E(Z|]Y = 0)P(Y =0)
=P{X > 80]Y = 1}P{Y =1} + P{X > 80]Y = 0}P{Y =0} Z|Y ~ bin(1,py)

100 1 110 1
- —dtP(Y =1 —dtP(Y =
/80 T )+/80 o dtP(Y =0)
100 — 80 110 — 80

. 45) ~ 0.23.

g (0:55) + —7—(045) ~ 0.23

(ill) fx(z) = >, fxy(x.3) = >, fr (i) fxy(z[i) = (0.55) fxy (2]1) +(0.45) fx|y(2|0)

N— S—
U(0,100) U(0,110)
0551(1)0+0451}0 if 0 < z < 100,
= {0.55% 040457k if 100 < 2 < 110,

0 OW.

Question. Can we write f(x|y) = ?Ef( )) ? flzly) = f}‘(”lﬁ) ? %: ?

Can we define two distributions by that
X has df f(z) =e™®, 2 >0and Y has df f(y) =1,y € (0,1) ??
How about : X has df fx(x) =e™, x> 0and Y has df fy(z) =1, 2 € (0,1) 7

Example 2.69. The future lifetime T'(z) of (x) has constant force of mortality p.
1~ U(0.01,0.05). (i) Calculate e5. (ii) Calculate Var(T(z)).
Solution: (i) e, = E(T(x))=?
Given conditions: T'(z)|u ~ Exp(B), B = 1/u, and p ~ U(0.01,0.05).
E[EX|Y]] = E[X]. Var(X) = Var(E[X|Y]) + E[Var(X|Y)].
E[E[T(x)|p]] = E[T(z)]. Var(T'(x)) = Var(E[T'(z)|u]) + E[Var(T'(z)|w)].
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xaflefcv/ﬁ

Formula 447 [23] or [12]: X ~ G(«, ), f(x) = £&=-5m, © > 0,

E(X) = ap, 0* = aff?, Exp(f) = g(lvﬁ)
Thus fre)u(t) = 5 exp(=t/8) = pe™# and Sp(y),(t) =

ex
E[T(@)[p] = 0f = L and Var(T(x)|u) = af? = 62 = &. S

0.05

_ In(u)
0.05 - 0.01 |,

(i) Var(T(z)) =Var(E[T(z)|p]) + E[Var(T(z)|p)] = Var (%) +E [%1

] (=]

alt]-o]

0.05
1
oL
H 0.01

1 ,u—2+

1

I

1

T 0.05—001 —2+

1

INCOEE

p(—t/B) = et t > 0.

7

=>  Var(T(x)) =2 % 2000 — (40.2)* ~ 2381.1.

Theorem 2.69.

Theorem 2.70.

f 0.05 l 1
wE 001 #0.05—0.01
In (0 05) — In(0.01)
— ~ 40.2.
0.05 — 0.01 0.
ol
2
1
+E|S
) el
? 1
D = 2F l—Q] — (40.2)% =77
ol
1
_2—
0.05—0.01 *
o1 ( Lo )—2000
oo 0:05—0.01\0.0L 0.05

dp



48 CHAPTER 2. SURVIVAL MODELS

2.9 Estimation of the survival function

Given a distribution of ar.v. X, we may either know the parametric form of the distribution,
say X ~ U(a,b), or Exp(6), or G(«, ) etc., or do not know the form of the distribution. In the
last case, we say Sx is a non-parametric form, and the first case Sx is of a parametric form
with parameter, say 6 (= (a,b), or 6, or (a, #)). To compute P(X > 2) or E(X), we need to
know the value of Sx. e.g.,

Q: What is the life expectancy of American ? Ans: E(X) or 79, which makes sense 7

79 is called an estimate. E(X)=1797 E(X)~T97

There are two typical types of estimators of the distribution or survival functions:
(1) Parametric estimators such as

the maximum likelihood estimator (MLE),

the method of moment estimator (MME), etc..
(2) Non-parametric estimators such as

the non-parametric maximum likelihood estimator (NPMLE) and

the Nelson-Aalen estimator etc.

Given a parametric distribution form, say Sx(z;#), such as U(a,b), or Exp(0), or G(«, 3)
etc., where @ = 77 is the parameter, the MLE of # maximizes

L(9) = [T~ fx(X;;0) over 6 € O, the parameter space.
Let 0 be the MLE, then the MLE of Sy is Sx (z; 0).

An MME 0 satifies g;(0) = X?, where g;(0) = E(X?) for i € {1,...,p}, and 6 € RP.

The MME of Sx is Sx(x;6).

Example 1. If X, ....; X, are i.i.d. from Exp(f) find the MLE and MME of # and Sx.
Sol. f(z;60) =0e % 2,60 >0. BE(X)="7"

The MLE of Exp(0): L(0) =[], 0e %% = 0" exp(—0 ;| X;) = 0" exp(—nbX).
InL(#) = nlnd — nHX.
(InL(0)), =n/0 —nX =0=> 0 =1/X.
(InL(0))j = —n/6% < 0 => 6 = 1/X maximizes L(6).
The MLE of 6 is 1/X; the MLE of Sx(t) is Sx (t) = exp(—tI(t > 0)/X),

or Sx(t) = e /X >0, as Sx(t) = et >0 Which of Sx is better ?
MME of : E(X)=1/0=X =>0=1/X. So MME S = S.

Example 2. If Xy, ...., X, are i.i.d. from U(0,0), the MLE and MME of Sx(¢) ?

Sol. MLE: L(Q) = H?:l w ? or = H?:l% ?? — I(OS*Z{(LMSQ) 279
Lnjg(e) =—-n/6 =07 Solution ? What to do next ?

L(Q) = on J infe [X(n),oo)

[(0 < Xy < 0)

=> 0= X () maximizes L(6).
Since Sx (t) = I(t < 0) + &5LI(t €[0,0)), the MLE of Sx is

A Xy — . ) A —
Sx(t)=1(t<0)+ ﬁ)tl(t € [0, X())). Or just write Sx(t) = oo t€ [0, X (]
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MME: Since E(X) = /2, letting /2 = X yields § = 2X. Thus the MME of Sx (t) is

Sx(t) = I(t < 0) + 221t € 0,2,

If we know nothing about F(t), we make use of the NPMLE of F'(¢):

:%iI(Xi<t i% (1)
=1 7=1

where t; < t9 < --- < t;, are all the distinct points of X;’s and n; = Z?:1 I(X; =t),

F'is also called the empirical distribution function (EDF), and the estimator of Sx is

Sty=1-Ft)=23" I(X;>t)7?  or 15" I(X;>1)
Notice that the EDF is a discrete cdf with the d.f.

n m
1 n;
= dIXi=t)=)_ #I(t — t)). (see Eq. (1))

i=1 j=1
Remark. It i E interesting to notice the following facts:
S oaf(z) =X, X= EX) ? X is an estimator of E(X).

~——
=>, ofx(z)

o2 = S (x— X)2f(z)=X2 - (X)2 = IS (X —X) o2 is an estimator of V(X).

0? = (o= B(X)Pfx(x) 7

T
(. /
g

V(X)
S2 = ﬁ S (X = X)2 another estimator of V(X).

A modification of F'is to smooth it.
then F'(t) is a continuous piecewise linear function:

0 if t <0=tp,

. _ (tz) t e {to, ...,tm},

R : . |
sE(ti)+ (1 —s)F(tix1) ift=sti+ (1 —s)tiv1, s€(0,1), i€ {0,....,m—1},
1 if t>t,,.

with d.f. f(t) = (t:ﬁiﬂ ) ifte (tz,tz—H) 1€ {0, vy — 1} (nH_l = Zj 1(Xj € [ti,ti+1))) and

the survival function S(t) = 1 — F(t).
Example 2.68 Derive the MLE and MME of F' and S(2.5) under Exp(f) and U(0, ), and I3
and F, with X;’s: 1,1,2,2, 3,4, 4,5,5,8,8,8,8, 11, 11, 12, 12, 15, 17, 22, 23 (n=21).
Sol. Under Exp(f) the MLE and MME of 0 is § = 1/X ~ 1/8.7, or use the R codes as follows:
x=c(1,1,2,2,3,4,4,5,58,8,8,8, 11, 11, 12, 12, 15, 17, 22, 23)
mean(x) 8.7
The MLE of Fx (t) under Exp(0) is F(t) = 1 —e~/8DI>00 §(2.5) = ¢=25/87 ~ 0.7502.
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Under U(0,6) the MLE of 0 is 6 = X, = 23.
t/23 te(0,23)
1 t>23,

~ 1(t€(0,2X)) ~
The MME of F(t) under U(0,6) is F(t) =4 2% ¢ €(0:2%)
1 t>2X

The MLE of Fx(t) under U(0,6) is U(0,23), F(t) = { S(2.5) ~ 0.891.

. 5(2.5) ~ 0.86.

Use the EDF F (X< t) S(2.5) ~ 0.81.
1

t: 2 58, 10, 12, 15, 17, 22, 23
SI(Xi <t):2,4,5,7,9, 13, 15, 17, 18, 19, 20, 21
(0 ft<1 (0 ift<0
1
9 (1—-s)2/21 ift=1-—sand s€0,1)
g Hiell2) 24 (1—8)g ift=s5+2(1—s)andse0,1)
1oifre23) 557 s)gp ift=s s) and s € [0,
ar ! ’ s+ (1—s)2 ift=2s+3(1—s)andsel01)
5 ifte[3,4) T ! ° ’
A . 4’5 s+ (1—s)  ift=3s+4(1—s)and s € [0,1)
g Hicldd) T+ (1—s)2 ift=4s5+5(1—s)andsel0,1)
3 itiepy D B
=48 rrefsan Fo =g Et O =se s c md s
ﬁ 1€ [11,12) s5p+(1—s)5p ift=8s+11(1—s)and s € [0,1)
o ’ s 4 (19T ift =115 +12(1 - s) and s € [0,1)
1T if ¢ e [12,15) 21 o ’
i e [15’17) s+ (1—s)i8  ift =125+ 15(1—s) and s € [0,1)
3 e [17’22) s34+ (1—s)a  ift =155+ 17(1 —s) and s € [0,1)
o s+ (1—8)2  ift=17s+22(1 —s) and s € [0,1)
0 if ¢ e [22,23) 21 ar ’
fl ift>23’ s+ (1—s)F ift=225+23(1—s)and s €[0,1)
\ = 1 if t > 23

\
The curve of F(t) is a step function with jumps at {1,2,3,4,5,8,11,12,15,17,22,23}.

The curve of F(t) is a piecewise linear curve of F.

X =¢(0,1,2,3,4,5,8,11,12,15,17,22, 23, 24)

y =c(0,2,4,5,7,9,13,15,17, 18, 19, 20, 21, 21) /21

plot(X,y, type = 7" Ity = 3, zlab ="y" ,ylab="F(y)”)

lines(X,y, type =717 lty = 1)

S(2.5) ~ 0.8, §(2.5) ~ 0.78, 5(2.5) ~ 0.75, S(2.5) ~ 0.89.

Right censored data.

If one observed X7, ..., X, which are i.i.d. from F'x, it is called a complete data set.

Sometimes, one cannot observed each Xj, e.g., in life expectancy survey for E(7'(0)).
Recall T'(z). T'(0) = 7

Ideally, we collect T1(0), ...., T(0), then E(T(0)) can be estimated by T/(0) (its meaning ?)

In a survey, we try to record T1(0), ..., T,(0), but end up with e.g., 2+, 10+, 70+, 89, 95, 70.
What do they mean ?
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Sometimes, one cannot observed each X;. Instead, one observed data as above, or
(21,51), ceey (Zn,én), where ZZ' = min{Xi,Ci}, (Xl,Cl), cery (Xn,Cn) are i.i.d. from FX,C
(= FxF¢), and 0; = I(X; < (),

it is called a right censored (RC) data set.

The RC data are often recorded as Z; (if exact) or Z;+ (if right-censored).

What are (Z;,0;)’s corresponding to 24, 10+, 70+, 89, 95, 70 ?
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_ For complete data, the common non-parametric estimator of S is the NPMLE, i.e.,

S = %Z?Zl I(X;>t),as S(t) = P(X >t). E(X)=X=)_,tf(t), where f(t) = (X =1).

For RC data, can we use S and E(T(0)) =~ T(0) ? e.g., can we say
24+104+704+89+95+ 70

E(T(0)) ~ - =567 for 2+, 10+, 70+, 89, 95, 70.

Thus we need a new estimator of S as well. There are two common non-parametric estimators

of a survival function with RC data, say (Z;,d;)’s. One is the NPMLE for RC data, which is
also called the Kaplan-Meier estimator (KME) or the product-limit-estimator (PLE):

Sut) = T = 25) and fu(t) = Spt—) — Syu(0)

r
1<t k

where t; < --- < t,,, are distinct values of Z;’s with §; = 1,
dj, is the number of person died (or event happened) at time ¢, and
r), is the number of person at risk at time ¢ (=Y . I(Z; > ty)).

k 1 2 3=m
ty 70 89 95
. dy, 1 1 1
How about given 2+, 104, 70+, 89, 95, 70 ? re 4 9 1
St 1-1 a-hHa-h 2
A fa: & 2Ty
E(T(0)) =70/4+ (89)3/8 + 95 x 3/8 = 86.5 v.s. 56 treating 7'(0)+ as (7°(0),0).
An estimator of 02 . s
Spl(t)
-2 Lo 2 Spi (k) . 1 —
0% =— (S, (t — - , where Sz(t) = — 1(Z; > t).
2 =) kZ ETRYR ()=~ 2_; (Zi > 1)

A 95% confidence interval (CI) of Sx(t) is Sy (t) + 1.9664 ;-

P(Sx(t) € [Sp(t) — 1.9665,,(1ySp(t) + 1965, (;)]) = 0.95.

What does CI mean ?

Another estimator is the Nelson-Aalen estimator:

SNA( ) Ztk<t Tk

~

2
H(t

Its variance can be estimated by angA(t) = (Sya(t))%o

th<t 7']—1,. 7’2 .
Questions: S,;(0) = ? why ? Sy4(0) = ? why ?

) where
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The PLE can be derived by the Redistribution to the right method too (in 3 steps):
(1) Order the observations Zay << Zpy.
(2) Initially, each observation has equal weight;

(3) Iteratively from Z(yy to Z(,_1), each RC observation assigns its up-dated weight equally
to the Z;’s to its right.

Find the PLE of f and S based on 2+, 10+, 70+, 89+, 95+, 70 ? Class exercise.

See the next example.

Example 2.70. PLE of S(t) based on data: 60+, 70+, 70, 32, 62, 95. Class exercise.

Ordered : 32 60+ 62 70 70+ 95
Fory 1 51 _ 5 51 _ 5 52 _ 5
) fu(t) i 0 N Rl S 7 (5) 61T py)= 7
Sinlt) = Lo @) 5 1 : 22 " 2 - LT ! 2 !

Example 2.71. A follow-up study on a five-year insurance policies is summarized in the
the next table:

7 ZT; Us 7 ZT; Us

1 — 01 16 48 —

2 — 05 17— 48

3 — 08 18— 48

4 08 — 19-30 — 5

5 — 18 31 - 5

6 — 18 32 - 5

7 — 21 33 41 -
8 — 25 34 31 - wnere
9 — 28 3  — 39

10 29 — 3 — 5

11 29 — 37 — 48

12 — 39 38 40 -

13 40 — 39 - 5

14 — 40 40 - 5

15 — 41

(1) i is the policy number, 1-40;
(2) x; is the duration at which the insured was observed to die.
Those who didn’t die has “7 in that column;
(8) w; is the last duration at which those who did not die were observed.

Compute the KME and the Nelson-Aalen estimator of the survival function, as well as the
estimators of their variances.

Solution. First try to understand the data, in terms of (Z;, d;).

i 1 2 3 4 5 6

Z; 01 05 08 08 18 18

In terms of (Z;,0;): & 0 0 0 1 0 0
In terms of Z; or Z;+: Z; 0.1+ 0.57 0.84+ 0.87 1.87 1.87
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Then rearrange the data according to time Z;’s (x; or w;):

old table

© 00~ U W N
I

—
o

2.9
11 2.9

13 4.0
14 -

The two estimators of S(t) are gpl(t) = H(

te<t

0.1
0.5
0.8

1.8
1.8
2.1
2.5
2.8

3.9

4.0
4.1

16
17
18

19-30 -

31
32
33
34
35
36
37
38
39
40

4.8
4.8

ot Ot Ot

W
NN IEN le G Il SIS

: is ordered as 10

3.9
3
4.8
)
)

Tk

11
34
12
35
38
13
14
33
15
16

where t; < --- < t,, are distinct values of Z;’s with §; = 1,
dj, is the number of person died at time t;, and
r) is the number of person at risk at time ty, (= > . | I(Z; > ty)).
To find t;, d; and r;, two steps:

s

0.8

2.9
2.9
3.1

4.0
4.0

4.1

4.8

0.1
0.5
0.8
1.8
1.8
2.1

2.5
2.8

3.9
3.9

4.0

4.1

37
17
18

Ty

19 -30 —

31
32

36

39
40

1-— %) and Sy a(t) = exp(—

Sy,

Tk

te<t

time 01051081821 125]128]129(131]139(401|4.1]481|5.0
1 # of events | 1 1 2 2 1 1 1 2 2 3 2 4 | 17
"| # of deaths | 0 0 1 0 0 0 0 2 0 2 1 1 0 |d;?
# in risk 40 139 |38 136 |34 (3313231 = |« |261]23]|21 |17 | r”?
| 2 3 4 5 6
2. (t;,d;,r;) are given as folllows. Z 018 Qég Bil 4;] 411 418

r; 38 31

29 26 23 21
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2. (t;,d;,r;) are given as folllows.

lates the KME. Sy(t) = [T, <.(1-

7 1 2 3 4
t;
d;
ri
dk )

Tk

1 2 1 2
38 31

o
0.8 29 31 40 41 48
1
29 26 23 21

6

1

The following table calcu-

Table 1. Calculation of PLE or KME
Survival | (1— ‘Z—:) Spi(t) = Htkgt(l - ‘j—:)
Time
0.8 37/38 37/33~ 0.97
2.9 29/31  |(37/38)(29/31)~ 0.91
3.1 28/29  |(37/38)(29/31)(28/29)
4 24/26  |(37/38)(29/31)(28/29)(24/26)
4.1 22/23  |(37/38)(29/31)(28/29)(24/26)(22/23)
4.8 20/21  |(37/38)(29/31)(28/29)(24/26)(22/23)(20/21)
(1 ift <0.8, (1 ift <0.8,
097 ift=0.8, 0.97 ifte[0.8,2.9),
. 091 ift=29 091 ifte[29,3.1)
S(t) = 1— de) 27 ~ 1R 99
n0 =1l =50 % Y oss irr=a1 7% oss ifte[314)
. if t > 4.8. - ift > 4.8.
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;

1 if t < 0.8,

0.97 ift€[0.8,2.9),

091 ifte[293.1), A
=I5~ 0.88 ift €[3.1,4), O

if t >4.8.

Y

OT2A :l(A (t))2 fpl(tlc) (3€€(A)b6l0w)
Su(t) =, (Ol k;t S ) St

see (3)

\
-~

ift<0.8

2 Jn(08) :
(Sn(08)* 5,585 5w if t €10.8,2.9) .

2 fp1(0-8) f1(2.9) ;
(5pi(2.9)) [S‘Z(O.S—)S’pl(O.S) + 32(2.9—)S,,l(2.9)] if ¢ €[2.9,3.1)

&~ &~

1-0.97=0.03 it t =0.8,

) A “ A 0.97—-091=0.06 ift=2.9,
need to derive f,(t) = Sp(t—) — Sp(t) = 001 083— 003 iff—3l (2)

A

Sy(t) ZI (Z; > t},) and Sy(tp— ZI (Z; > ty,) = (3)

k 1 2 3 4 5 6
tx 0.8 2.9 3.1 4.0 4.1 438

where (tk, Tk) n (3) : d, 1 2 1 2 1 1
re 38 31 20 26 23 21
5 (0-97)° =555 itt€[0.8,29)  (0.0007657895 if t € [0.8,2.9)
0%s ) = 1-(0.91)? [%OX%?W + 310X00691] if t €[2.9,3.1) = < 0.002435273  if t € [2.9,3.1)

R codes:

> (1/40)*0.97**2*0.03*40/38/0.97
[1] 0.0007657895

> (1/40)*0.91**2*(0.03*40/38/0.97+0.06*%40/31,/0.91)
(1] 0.002435273
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Announcement.
Exam on coming Monday and HW due on Exam too.

This Friday Quiz and First midterm exam Formulae: 447: 6-42 and 44. 450: 1-10 and 16.

The blank quiz pages for 447 and 450 are on my website: 450 lecture notes 2.

The Nelson-Aalen estimator.

SNA( ) Ztk<t Tk
(1 if t <08,
exp(—1/38) ift€[0.8,29), ,; 1 3 4 5
~ Jexp(—(x+£)) ift€[29,31), t; 08 29 3.1 40 4.1 438
“Vexp(—(L 21y d 1 1 2 1
ri 38 31 20 26 23 21
exp(—(g 4+ + o)) ift €48 00).
Sna(100) =0 ?77?
U2§NA(t) - (SNA(t))2U2H(t)’ where 02 Zt1<t Tj—l‘
(1 or 07 1ft<0.8
(38—1)-1 .
exp(—2/38) S if ¢ € [0.8,2.9)
R 38—1 31-2)2 .
5 a) = § (23 + F)) e + npa]  ft€[29,3.1) =
... if ¢ € [4.8, 00)
0 if © <0,
242 if0<z<l1
Class exercise. (1) Find D, f, p, S(z) and h(z) if F(z) = 35128_4 o ; p 2:
1 if 2 <ux.

6

1
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(2) Compute E(X) using two formulae: F(X) =

Solution: How to find D ?

[ S@dt = [tfE)dt+>,cptpt)

F(z) — F(xz—) = 0 except, perhaps at {0,1,2} Why ?
p(0) = F(0) = F(0-) 2—7—03— 1
p(l) = F(1) - (_>:16_§:1_6’
p(2) = F(2)— F(2 ):11 5 = 0.
1 5=
One solution: p(:)s):{41 itz=0, D ={0,1,2} or {0,1} ?
g ifr=1
1 .
5 fo<x<1
—Flr)=4{% ’ What h OW ?
fl@) = Fla) {%’ if1<a<2. at happens
Why not 1 <2 <27
Is p a pmf ?
Is fadf?
: if0<ax<l,
Can we write f(z) = F'(z) =¢ 2 ifl<z <2, ?
0  otherwise
: if 0 < <1,
How about f(z) = F'(z) =< 3 if 1<z <2, ?
0 ifx<Oorxz>2
: if 0 <z <1,
How about f(z) = ¢ 32 ifl<z<2, ?77?
0  otherwise
i itz=0
1 .
3 f 1
Another solution: f(z) = ¢ 8 ! O<z< and D = {0, 1}.
g ifz=1
Zoifl<z<?
1 if £<0,
1 — 2x2 = boe if0<z<1
S(x)=1-F(x) = 8 - ’
(@) =14 Srd _ 2808 p g <p <,
0 if 2<uz.
1/1 if ©=0,
R R L ek
%"/1215’50 = s ifl<z<2
E(X)= ["S®t)ydt = [tf(t)dt+>,cptf(t)
_ [ _ le= 12-3 _ 6z—a?/2 12223 |2
B(X) = [ S(a)de = [} Cd + [ 12780 gy = C220/2) 1 A2’
22
B(X) = [ef(@)de+ T,epef @) =0 -i+gw2/2\o+m-1+%ll
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Announcement:

1. If you got 29— in Exam, I suggest that you quit the course now, unless you study harder.
2. If you did not get 30 in formula, you need to mark each of your answers whether they are
correct or not. If wrong, correct them with red color in your original exam.

3. Correct the exam problem you did not get full credit in a different paper and give a complete
solution to that whole problem.

4. Submit both old exam and correction on Friday. No quiz on Friday.

Hints on corrections:

(t)=1/4 t€(0,3)
(t)=7 teD={6},
Formulas: [3] 1qz = 1 — ¢pg, Pz = S(St&:;c)’
F(t)=0.5I(t € (0,1)) +0.6I(t = 3) + I(t > 5) anything wrong with this F(t) ?
top of 450: s(z) = SX( )=P(X >z = foof (O)dt + 3 4o piep () =1 = Fx(z).
18] in 447: Fx(x fO t)dt + 3 icpiep I(0)-

[6] in 450: e, = E(T = I3 tpadt.

2. An actuary models the future lifetime of (30) as follows. T'(30) has force of mortality p,
where p has pdf f,(u) = 500u?e~ 10 «u > 0. Calculate ¢psp.

Hint: I. Homework # 2.89. An actuary models the future lifetime of (30) as follows.
T(30) has force of mortality u, where p has pdf f,(t) = 400te=2% ¢ > 0. Calculate: (i) ¢pso,

3. If X has mixed distribution { find Fx, tp, and ém for x = 1.

IL [ ade 0%y = 7 =7 G(?,7) (447 [12], [13])

rz || 90 91 92 93 94
pes |02 0.1 005 001 O

Solution: Hint: K(z) = K, — 1 but K(z) A2 # (KzAN2)— 1!
By [2], E(X Aa) Zk, \P(X > k), if P(X €{0,1,2,..} = 1 (with X = K(90) or Kgp).
By [9], E(K (90) An) =37y wpa = Yy P(Tz > k) why different ??  Reason:

8] Ky = [T( )]. kpz is for T'(z), T'(z) is cts but X = K, or K(z) is dicrete here.
Questions:

P(K(z)>k)=P(K(z) > k) 7?7

P(T(z) > k)=P(T(z) > k) 7?

P(K(x) > k) = P(T(x) > k) 77 Ky = [T(z)]
Which is the proper one to use here ?

1. Suppose that

 Find egy3, E(K(90) A2) and E(Kgy A 2).
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CHAPTER 3
Life Tables

3.1 Life tables

Definition 3.1.

l, denotes the number of individuals alive at age x, where x > 0.

Uy is also called the number living or the number of lives at age x.

ly is called the radix of a life table.

A life table (see Example 3.1) is a display of ly, for each k =0,1,2,...

+dy denotes the number of people which died between ages in [z, x +t). dy = 1d;.

Based on life table, one can estimate Fx(t) by the EDF

F(t) = %Z?:l I(X;<t)=1- % att =0,1,2,..., any problem ?
: G o Em o g:c—i—t .
main formula: Sx(z) = %’ and 1pg = 7 (in [11])
x
secondary: Gz = b~ boyr _ td—x, tdy = Ly — Lyyy,
ly ly
. g:c—i—l o Em - Em—&—l o % ‘ . g:c—i—n - g:c—i—n—i—m . mdx+n
Pz = 0. qr = 0. = 0. n|lmdz = A = 0
Age| lz  di pr G
0 | 100000
1 97523
Example 3.1. Complete the entries in the table: 2 94123
3 91174
4 87234 . .
5 85938 — — -
Age € Uy dy =y — gw—b—l Px = gx—t—l/gx e =1—p; = dz/gz
0 100000 2477 0.97523 0.02477
1 97523 3400 0.96514 0.03486
Solution: 2 94123 2949 0.96867 0.03133
3 91174 3940 0.95679 0.04321
4 87234 ? ? ?
5 85938 — — —
77777 1290 0.98514 0.01486

By Eq.(3.1) and Formula [1]-[9], we can compute E(Ky) (= E([T(2)])), €z, exnl, -
e.g. €13 =" (see [9]).

n
61:§| :Zk’px = 1p1 +2p1 =pP1 +P1 P2 :p1+%§_2 :pl—i_% #p1+€1€_1€3
k=1

=0.96514 4 0.96514 * 0.96867 = 1.900042.
61
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. . x| 80 | 81 | 82| 83 | 84| 85| 86
Example 3.2. Consider the life table 0.1 250 217 161 | 107 62| 23] 0
(i) Calculate d, for x =80,81,...,86.
(ii) Calculate the d.f. of the curtate life K(80) and the time interval of death Kgo. (fk,)

(iii) Calculate egy, Var(K(80)), and €503

Solution: (i) dy = 7 Try ! Class exercise.
x 80 | 81 | 82 | 83 | 84|85/ 86
Uy 250 | 217 | 161 | 107 | 62 | 28 | O
dy =0y —lypy1 || 33 | 56 | 54 | 45 | 34|28 0
(i) fr@) =7 K(z)=K;—1, Ky = [T(z)] (see [8]). =>
fr@oy(k) = P{k <T(x) <k+1} = 1Pz — py1Pz = é””*k_gi”’““ - d’g’“ (see [11]).

Fr (k) ot k 0 1 2 3 4 5 16
K@) =07 [ Frso)(K) | 337250 | 567250 | 54/250 | 45/250 | 347250 | 28/250 | 0

k[ 1]2]3]4]5]6]7
Fra B 222171777

(iii) eso = E[K(80)] = 7 V(K (80)) = E[(K(80))%] — egy = 7
Two Ways for E(K(z)) and E(( (2))?):

K(r) = Ky — 1 => fg)(k) = fr,(k+1).

(1) E = >, Ufk@(y) and E(K(2))?) = 32, ¥* fr (@)
(2) E = > i1 kpe 2] and E((K(x)) 2 = e 2k~ 1)k:p:c (kpz = &Zk (see [11])).
(1) eso =B[K(80)] = Y kfx(so)(k)
k
33 56 54 45 34 28
=(0555 + Wasg + Qgsp + Blasg + Wagg + Blagg =23,
33 56 54 45 34 28
E[(K (80 0)? 1)? 2)2— 4+ (3)2— + ()’ — + (5)°— = 7.684.
[(K(80))%] =(0) 350 T (W50 T (2 g5 T 8 g5 T W 555 T ) 55
lsorr 217 161 107 62 28
5 _ R R R A |
(2) s kz_; o 250 T 250 T 250 250 T 250 ~ 2P
- ¢
21 z+k
E[(K(80))’] —;@k -
217 161 107 62 28
=(1)=— —— —— — = 7.684,
(D255 + Blasg T Blagg + (Nagg + O)gzp =768
Var(K (80)) =7.684 — (2.3)% = 2.394.
Note: Without (ii), method (2) is faster.
Two ways for Cpm| = E(K(x) Amn):
(1) E(g(X Z g(z . Q: X =7 g(X) ??
(2) E(K Zk 1k‘p»’v: k: 1
E(g = o kfx (k) +2 s, nfx (k) = i 0 kf i (@) (R) + D pon nfi() (K)-

_ lsotr __ 217 161 107
680:3| - ZIc:l lso 250 + 250 + 250 ~ 1.94.
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Example 3.3. Using the life table (Table D.1) in the end of the textbook find:
(i) l10.
(i) dss.
(iii) 5dss.
(iv) P(a newborn will die before reaching 50 years).
(v) P(a newborn will live more than 60 years).
(vi) P(a newborn will die when his age is between 45 and 65 years old).
(vii) P(a 25-year old will die before reaching 50 years).
(viii) P(a 25-year old will live more than 60 years).
(iz) The probability that a 25-year old will die when his age is between 50 and 65 years old.

Solution: (i) ¢1p = 99129.

(ii) d3s = l35 — l36 = 97250 — 97126 = 124.

(iii) 5dss = l35 — L40 = 97250 — 96517 = 733.

(iv) P(T(0) <50) =1 —s(50) =1 — 42 =1 — {515 = 0.06265.
(v) P(T(0) > 60) = s(60) = ‘2 = 18080003080 = (.88038.
(
(vi
(

vi) P(45 < T(0) < 65) = 5(45) — 5(65) = Lo tes = 9540683114 — () 19999,

0

Vi) 95q25 = 1 — 25p25 = 1 — 42 =1 — 23138 — 0.04591535533.

625

viii) g5pes = 122 = 55038 — 0.896097551.

(ix) 25115925 = 25P25 — 40P25 = ésog;f“’ = PT84 — (0.1081061824.

One may skip to section 3.4.

Theorem 3.1.
Example 3.4.
Definition 3.2.
Definition 3.3.
Definition 3.4.

3.2 Mathematical models

3.3 Deterministic survivorship group and stochastic survivorship
group
There are two interpretation about what a life table is.
deterministic survivorship group assumes

(i) The initial group consists of ¢y lives at zero.

(ii) The group is closed. We are able to track all the initial lives and we do not add any
individuals to the group.

(iii) ¢ denotes the number of individuals alive at time z.
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According to the deterministic model, the proportion of people who die at a certain age is
given by a life table.

Usually, it is very difficult to track an initial group of lives for a long time. We should
expect life expectancies to change over time. A life table using data from people born 100
years ago is not very useful to determine the death rates of the current population.

Often life tables are constructed first estimating the survival function s(-) and assuming
that the number of alive individuals follow the same survival function. If this happen, we have
a random survivorship group, which assumes:

1. {p individuals alive at time zero. Let X1, ..., X/, be the age-at-death random variables
of these individuals.

2. X1,...,Xy, are i.i.d. r.v. with survival function s(-) (s(t) = P(X; > t)).

3. The number of individuals alive at time x is the r.v. £(z).
Lx) =30 I(X; > x). L(x) ~ bin(ly, 5(x)).
E[L(x)] = los(z) and Var(L(x)) = Los(z)(1 — s(x)).

In a life table ¢, is fgs(z) rounded up.

Both the deterministic survivorship group and the random survivorship group allow to use
past data to predict future lifetimes of a group of individuals.

Some of the previous formulas have an intuitive interpretation using the group determinist
approach to life tables.

Consider e, = 220:1 Dz

The number of survivors at time x is £,,. The average complete years lived by the ¢, survivors
at time x is e;. So, the total number of complete future years lived by the ¢, survivors at time
x is lyeg. iy is the number of the ¢, survivors at time x who live the k-th year, i.e. the
period of time (z + k — 1,2 + k|. Hence, 220:1 ly+1 is the total number of complete future
years lived by the ¢, survivors at time x. Hence,

o
J— oo ez«kk _ 8]
€x =D hm1 70 = Qg1 kPx-

Consider e, = pz(1 + ez41). The number of lives aged z is ¢;. The complete number of
years lived by all lives aged x is ¢ e,. From these £, lives, during the first year ¢, — £, lives
die and do not live a complete year. From these /, lives, £, lives survive one year and live
one year plus some complete of years after time x + 1. The complete number of years lived
by all lives aged x + 1 is ly41ex4+1. Hence, lpey = lpiq1 + lpt1€4+1 = Cxt1(1 + €x41), which
implies that e; = py(1 4 €z41)-

Consider e, = €p:m| FnDr€rtn- The number of lives aged x is £,. We have that the complete
number of years lived by all lives aged z is {e,. { e, is the complete number of years lived
by all lives aged x between times x and x + n plus the complete number of years lived by all
lives aged x after time x 4+ n. The complete number of years lived by all lives aged x between
times z and  + n is {ze,5). The lives aged x who live complete years after time x + n are the
ones that survive time x + n. The average complete years lived by each of the ¢, survivors
at time x +n is ez4y. Hence, the complete number of years lived by all lives aged = after time
x4+ nis lyine€rin. Therefore, e, = Kxex:m + lyp+n€rin, which implies e, = €xm| T nPxCrtn.-

The rest of the section can be ignored!!
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Theorem 3.2.
Theorem 3.3.
Theorem 3.4.
Corollary 3.1.
Theorem 3.5.
Example 3.5.
Theorem 3.6.
Corollary 3.2.
Theorem 3.7.
Example 3.6.

Example 3.7.
Announcement: 1. Quiz next week: 450: # 1-11, 16

3.4 Continuous computations.

Assuming X is cts, knowing ¢, for each real number x > 0, we can get the following:

main secondary

d l, d 1
f(x) = —%%, p(z) = —%(ln(ﬁx)) = - E,

e = 2, 4g _ e bon f (t):—i@ It t:—ilngﬁt
g v 0, @ at 0, Tt at ly

° 1, ° Y, o ",
€0 =/ —dz, ey =/ at, €z 2/ at,
0 to 0 Uy 0 Uy

_— o Caeia(t) dt
nllty fon £x+t dt :

However, from the life table, we only know ¢, at + =0, 1, 2, 3, ...
Q: How to get ¢, for x € [0,00) ?
Ans: linear interpolation or non-linear interpolation.

Linear interpolation of F'(z) is just

0 if t <0,
Ft) = (z) ) i=t¢€{0,..,n},
sE(i)+(1—s)F(i+1) ift=si4+(1—s)(i+1),se(0,1), ie{0,.,n—

1 if t > n.

1},
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Using linear interpolation, Figure 3.1-3.5 show the graphs of the survival function of the
age—at—death using Table D.1 (see page 602 (textbook)) as well as the density, d, and p(x).

3.5 Interpolating life tables

Life tables only show the values of ¢, whenever x is a nonnegative integer. In many
computations, we need to know ¢, for each = > 0.

Suppose that 1 < xg < --+ < x, and f(z;)’s are known but not other f(x). We can
estimate the values of f(x) for x € (x1,xy,) by linear function or nonlinear function:
. . . . . . . y—y . y . y
(1) Linear 1nter(pole)1t1czn) Straight line equation: =%+ = 22=% or y = y; + 22 (v — 11)
fla) = flay) + T @ — gy

= (1= 25 f(@)) + o2 f (@), @ € (5, Tj41)-
If vj11 —2;=1and x = x; + ¢, then

flxj+1) = (L=0)f(z)) + tf(xj41), t € (0, 1).
(2) Nonlinear interpolation. f(x) is a curve passing through z;’s

3.5.1 Uniform distribution of deaths is to assume

(3.1) Cive = (1 =D+ tl =l —t-dj, 0<t <1, je{0,1,2,..}. 450[12]

important
We say that X is uniform on (j,j+1) or say a uniform distribution of deaths (UDD)
or say linear interpolation for the number of living.
Q: How to compute the following quantities under UDD ?
tPx = Sp(z)(t)
Pz = 1Pz = Sp()(1)
sltqe = P(s < T(x) <s+1t)
t‘Qx = t‘l%ﬂa
tqx = P (t).
(3.2) Ans: Key formula: ¢p, = l”;f and Eq. (3.1).

important
Theorem 3.8. Under form (3.1), Y2=01,2 .. andVte 0, 1T:
(i) tpr =1 — tqs. (i1) +q. = tq,. Notice the difference !
(i1) fr(z)(t) = qa- (iv) oyt = 1_{];%

Remark. No need to memorize Th. 3.8, they can be derived easily by (3.2).

Proof. Notice the assumption: ¢ € [0,1]. By (3.2) and (3.1),
() Spa(®) = 1oy = 2t — Lozt — | g L1 _gg, st bl ) g
(i) Fre)(t) = tQ:c—l_tp:c—th (by (i)).
(
(

i) fr(a)(t) = — s = o (by (1)),

froy(t) g
IV) Hz+t = Sry@) — T—tgqe u
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Q: Sp)(t) =1 — tq, for each t and each z ?

Example 3.8. Using the life table D.1 p. 602-605 and assuming UDD, find:
(i) 0.1p35 and (ii) 1.4p35.3-

Solution: Formulas: yp, = % = x+t

!
(1) 0.1p3s = 44;1 - 947325510 351 = f:c+t, (z,1) =

Ans: l351 = l35401 = (1 — 0. 1)£35 + (O 1)€ ( 9)(97250) + (0.1)(97126) = 97237.6

0.1P35 = (2551 = 92878 ~ 0.9998725.

29 {536.7 =lopt =1 —t)lp +tlpr (x,t) =

' U353 = byt = (1 = t)ly +tlyy1  (z,t) =777
Ans: l3g7 = U307 = (1 - 0.7)636 + (0.7)637 ( )(97126) + ( 7) (96993) = 97032.9,
U355 = 35105 = (1 — 0.3)¢35 + (0.3)l36 = (0.7)(97250) + (0.3)(97126) = 97212.8,

(a7 _ 970329 .
1.4P35.3 = 7ot = go75g ~ 0.9981.

(ii) 1.4p35.3 = ﬁﬁ

Y

x| 80| 81 | 82 | 83 | 84| 85| 86
Uy || 250 217 | 161 | 107 | 62| 28| 0O

Example 3.9. Consider the life table

Assume linear interpolation.
(A) Calculate the complete expected life at 80.

(B) Calculate 280:§|.
(C) Calculate 3mgy (central death rate).

Solution: (A) 450 [1] E (2)) = [tfre)t)dt = [ ipadt =7

(B) 450 [6] ego3) = E(T(x) A3) = [(t An) friy(t)dt = [§ ipodi=?
_ LT Sx@px @ dt [ S (Qpre (W dt nds _ 3980 _ 9
(C) 450 [7] 3m80 - fzﬂchn SX(t) dt o fO ST(z) ) ez:ﬁ\ N 28015\_ .
(a) based on p, (= szt% why?

Two usual ways for A, B: {
(b) based on fry (fr)(t) = (=tps)t), why?

which way is preferred here ?

1—
Moreover, both (a) and (b) need formula [11] {51 = {é ?% + et
T s Uy

So approach (a) has 2 preliminary steps: step (i) €y+:="7 step (ii) ¢pr="

Approach (a): (i) fgo+¢ = 7 for all ¢
Try Formula: ¢, =0, —t-d;, 0 <t <1, as we had d; in Ex. 3.2:

x || 80 | 81 | 82 | 83 |84 |85 | 86
lr || 250 | 217 | 161 | 107 | 62 | 28 | O
dp || 33 | 56 | 54 | 45 |34 28| 0

Can we say that the answer is /(5o = {39 — dgot = l39 — 33t 7

] x4t = (1 — t)gm +t€m+1, t e [0, 1], r=12, ..
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Try t € (1,2) first to avoid mistake !! then try ¢t > 2.

Cso+t =Cgotkt(t—k) = lso+k — (t — k) -dsor l=k<t<k+1l
——
€(0,1)
o _ lso+
Y s

00 1
B(T(x)) = / padt = / padt 4+
0 0

Class exercise !
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)
250 — 33t ifo<t<l _ .

o< (25033 if 0 <t<l,

217 —56(t—1) if1<t<?2 27-56(=1) ¢ <4 o 9

161 - 54(t—2) if2<t<3 161-500-2) oo ’

B ' B P R if 2 <t <3,
lgore = 107 —45(t = 3) if 3 <t <4 => (il) w30 = o = 107-95(1—3) .

' 80 —— 3 <t <4,

62—34(t—4) if4<t<5 62-34(1—4) <
28— 28(t—5) if5<t<6 28 99(t—5) S o

/ tpsodt = / tPgodt + / 1psodt + -+ - + / tpgodt + -+ 77
1 5
250 33t 2217 — 56(t — 1) 3161 — 54(t — 2)
dt + dt + dt
1 250 9 250

6
/ 107 — 45(t_3)dt / 62 — 34(t — >dt+/ 28_28(t_5)dt useu=t—k
3 5

250 250 250
(250t 33t 217t 56(t—1)2\ | (161t 54(t —2)?
h (250 ~(2)(250 ) (250 2)(250) ) * (250 ~(2)(250) )
107t 45— 32\ [* /62t 34t —4)2\ > (28t 28(t - 5)2
- (250 (2)(250) ) ; i (ﬁ (2)(250) ) A * (ﬁ ~(2)(250) )

3 1 2 3
o 250 — 33t 217 — 56(t — 1) 161 — 54(t — 2)
B) g = dt= [ 220y dt dt
(B) esos /0 tPs0 /0 50 /1 250 * /2 250

3

6
=28

=2.226.
2450 1— 3pso 4804—483 250—107
(C) 3180 =3 = 5 or = . a = 250 = 0.257.
Con = o Con = 2.226
80:3| 80:3| 80:3|

Another way for (A) and (B):

Using that fr(so)(t) = —% if the derivative exists,

(250-85¢ ifo<t<l1, (35 ifo<t<1
217%60('5—1) if1<t<?2, = ifl1<t <2
161 54(t2) ifo<t<3, o if2<t<3
tP80 = § 107— 45(§t 3 i3<i<d :>fT(80)(t):<24T% if3<t<4
58— , 28
2 ifo<t<l1
Can we write frg)(t) = ——d(téjfo) =028 if1<t<27??

Notice that the derivative of ;pgg does not exist at 1,2,...,5. But, the density can be defined
arbitrarily at finitely many points.
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(b) eso = / tfr0)(t)dt
0

B [ [ [ [ [
o 250y 250 J, 250  J; 250  J, 250 )5 250
133 356 554 745 934 1128
2250 2250 2250 2250 2250 2 250

e’} 3 00 3
%az/(Mﬁhmﬂwhﬂ/+/1WA&mw@ﬁz/uWW+%m
0 0 3 0

b dgo 2 dg 5 ds
:/ t—dt+/ t—dt+/ £ 782 0t 4 3apso A 2.2
o Iso 1 g0 5 8o

Example 3.10.

Theorem 3.9. Givent € [k, k+ 1), where k > 0, under UDD,
(i) s(t) = ﬁ—g —(t— l{:)‘g—(’j.

(ii) fx (t)(= klao) = 3.

(i) fr)(t) (= Kla) = %=
(iv) u(t) = gk_(,i,liik)dk'

Notice that the theorem expresses the notations in terms of ¢, or d,. Instead of using them
directly, you should derive them yourself in doing the homework, based on [11] and [12]:

S(t) = g—é and gt :gk—&—t—k :ek — (t— ]{2) ~dk, t—ke (0,1)

Proof. (i) s(t) = g_é = g_fg —(t— ’f)‘é—’g-

(i) fx(t) = —gs(t) = .
(i) fre)(t) = %ﬁf) Tt € [k+a,k+a+1); thus fr(t) = 2 - desrflo _ dose

s(x) Lz /lo [
. _fx@) di /¢ -
(iv) p(t) = S(E)) - ék/éo—(i/—lg)dk/ﬁo oo .

Example 3.11. Under the assumption of uniform distribution of deaths, find the average
number of years lived between x and x 4+ 1 by those who die between those ages.

Solution: The average number of years lived between x and z+ 1 by those who die in (z, x+1]
E(X —z|X € (x,x 4+ 1]) = E(T(x)|T(x) € (0,1]). (X =1T(0))
Is it 0.5 under UDD ?
E(X —z|X € (z,z + 1))

_ [rtly fx ()
- fm (t [L’) f;“q fx(u)du

_ f;H-l(t_x) f“d(d% dt (by (ii) of Theorem 3.9)

x+1 —1’227
= ;- wdr = (SR =5
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Insurance companies need to know the total years for all their clients.

Definition 3.5. Denote T, = Exgx, the expected number of years lived beyond age x by the
cohort group with /; members (different from Txdng (x) in Chapter 2).

Definition 3.6. Denote L, = &ng:m, the expected number of years lived between age x
and age x +n by the (, survivors at age x. Denote L, = 1L,. (Ty = coLyz).
Formula [11]: ¢; = # of individuals alive at age =, 1Ly = Ly. dy = {; Uy — lygt, dy = 1dy,
tPx = Hx§k<x+t(1 — di/ly). T, = gxex = fO eyt dt = Zk :1:
= E(# of years lived beyong age x by the cohort group with ly members),
nLe = loeyz = To — Topn. 5(z) =%, e = €T+ (not the T}, in #3).

Theorem 3.10. Under a linear form for the number of living,
(i) Ly = bo — % = loyr + % = =521,

y 14,
(ii) em:ﬂ ==

(it1) To = 5 + 5l bn
() my = %5 (central death rate over (z,x + 1]).
2

Ltleqa
o ) 1 kT k4l
(U) er = €x + % (UZ) Cxm| = il_: gzx
One needs to learn how to derive these formulas rather memorize the theorem.
. o o Px = £x+t/€x7 t...7
Proof. (i) Formulas [11]: Ly = lu€ot, €prt = [+ 1pxdt, f
v [ ke = e, o = Jy abe {[12] lopr = by — tdy, 1.7
() Ly = Lo [y tpedt = [ loyedt = fo p)dt =0, — & =tten —y 4 L

o

(ii) €,.7 = %= (Why ??) = 522 (check ( )).) = L Why 7
(iii) Formulas: T, = Emgx = Zzozx L., fozx = fooo tP2dt, 1Pz = Lot/ ls.

O + Crg1 Lot ls Cortls 3
Te=3 e b =21, 5 =+ “+'“=7”+Ziim+1fk~
—_—
by (4)
(iv) F: m, = 2. Formula [7]: ,m, = forn SX—(t)uX(t)dt = nqz/Cym]

x f;”" Sx (u)du

2

My = qo/€y7) = uﬁyﬁ (see (1)) = (1+1%qz)/2 = %
(v) F: 2:,; =e; + % Formula[ll]: T, = 61;2:,; and T, = %” + Zzo:xH 0.

° 7, _ 1 4o 1 Cosr 1 1

€ =75 = 5_'_2;)0504—1 z 5T D ey =5+ ey kPe = 5 €z by [9].

. o etn—1 k:+ o rz+n—1
(Vi) B epm = D _pes 7 Formula[11]: Ly = loeym = 2 12y Li

1y +4
Zw+n z+n—1 Lk k+1
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[11] £, = # of individuals alive at age , , L, = €xém:ﬁ| =Ty — Totn, 1Le = Ly,

Ty = oy = [ losedt =Y g Ly (not Ty in #3),
= E(# of years lived beyong age x by the cohort group with ly members),
tPz = Hx§k<x+t(1 - dk/lk)7 S(SL’) - g y tPx = (ZH’ tdy = ex — £x+t7 dy = ﬁa
UDD: lyy = (1 — )y + thysr.
Under UDD, we should know how to derive 1py, fr(a), pa(t), e, gfv:ﬁl’ L, (= fxeozx:ﬂ),
T, (= E(# of years lived beyong age = by the cohort group with [p members)),

« (the central death rate over (x,x+1]).
Theorem 3.10 is actually one of such exercise.

Recall S, = T'(z) — K(z) (§2.5), where K(x) = [T(z)] is the curtate duration. S, = Sx ?

Theorem 3.11. Under UDD, for each x, K(x) and S, are independent r.v.’s and
Sz has a distribution uniform on (0,1) (Sy ~ U(0,1)).

Corollary 3.3. Under the assumption of uniform distribution of deaths:
(i) ex = ex+ L. (ii) Var(T(z)) = Var(K (z)) + .

Proof (i) Since T'(z) = K(z) + Sy, €z = E[T(2)] = E[K (z)] + E[Sy] = ez + 5.
(ii) Since T'(z) = K(z) + S; and K(z) and S, are independent, )
Var(T(z)) = Var(K (z)) + Var(S,) = Var(K () + 45 (as S ~ U(0,1) and L72b).

Theorem 3.12.

3.5.2 [Exponential interpolation. Exponential interpolation is a non-linear interpolation:

ll'lgx_H = (1 — t)ll’lgx + t1n€x+1 ( V.S. €x+t = (1 - t)gx + t£x+1.>

t
(3.2) Coyy = Lopl = L, (%“) = (L) () for t €[0,1] and 2 = 0,1, ...

We should know how to derive 1py, fr(a), pa(t), e, gl’:ﬁl’ Ly, Ty, my , etc. based on (3.2).

Example 3.12. Using the life table in page 604 and exponential interpolation, find:
(i) 0.75P80 (1) 2.25ps0-

Solution: (i) Formulas: ¢p, = S(SZE;F;) = %zt, Uty = Ex(é’zl)t, t € (0,1], by (3.2) or [12]
Lyt1nt
—> Thus ip, = o = (L)t 1 e (0, 1], => o7ps0 = (22857)*™ = 0.958852885.

.. o
(ii) Two ways for 2.25ps0: tPs = 7+, O t+kPx = kDx * tPa+k-

I ¢ 0 té; £0,7599:.25 47940)°75 (44803
[11] => pospsp = &t = fpm = b o _ Ll (AT900) (O 7~ 0.8450.

YN [l
[4] => 22580 = 2Ds0 - 0.25P82 = 72 - (72)0%° = % 0.8450
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x| 80| 81 | 82 | 83 | 84| 85| 86

Example 3.13. Consider the life table 0.1 250 217 161 | 107|621 23] 0

Using

exponential interpolation, calculate
(i) the complete expected life at 80;
(i) €80:3|7
(1i) the density function of the future life T'(80);
(iv) 1(80 +1t), 0 <t <6.

Solution: Formulas: (i) er = fth(x)(t)dt = fooo P dt, tDe = Zz“.

T

(ii) Cpm = [ padt = [ (6 A0) fri (O)dt(= [} Lz )dt + nups),
(i) Frso)(t) = — 2522,

(iv) 1(80 + ) = puqao) (1) = —2nbpeol) — Jreall)

tP8o

t
The key in the 4 steps is (p, = é;zt and l,4p = (Ex)l_t (€m+1)t =4, (Z”fl) ,0<t <1, [12]

x

t
Can we say (go1: = {50 (éso—“> ,t>07

Lso0

t—k
For k = 0,1,2,... it ¢ € [k, k + 1), then fso1s = Cg (- = Lot <4+—k+) t—ke[o1].

l30+k
, i—k
0804+ = U804k ( 2&:1) = ... and 4pgg =... t — k € [0,1]. Class exercise
250 (357) if0<t<l, (20 (2AT)! jpg<i<
517 (161Y71 i <o 250 \250 = ’
(217) Ilse<s, M(@)H if1<t<?2
161 (1007 ifo<t<3 S . ?
Oaorns — 161 ez ’ = Lo ) 161 (107VI72 4p o o 3, P~
80+t 62\t-3 . tP80 ls 250 (1 1) H2<t<3, 1Pz =7
107<m) if 3 <1t <4, m(_z)t—i‘; f3<t<4
() ra<i<s, D eges
2 == \ﬁ(ﬁ) if 4 <t <5,
-

(i) Two ways: ey = fth(x) (t)dt = fooo tpzdt. Which is prefer here 7

. 00 1 2 5 e’}
(Z) 623:/ tpxdt:/ tpmdt+/ tpmdt“‘"""/ tpmdt+/ tpmdt
0 0 1 4 5
1 t 2 -1 t
250 /217 217 /161 161
_ [ 2020 g —(—) (—) dt  why 77
/0 250 (250) +/1 250 \217/) \217 i
3161 7107\ 2 7107\ 1107 762\ 3 762\ > 62 28\ 4 728\ !
G e [ ) e ) (B
, 250 \161 161 5 250 \107 107 L, 250 \62 62
1
(notice /abtdt:abtﬁ) as (b')" = b'Inb)

n
(B0 iyt L[ (Ao ey
-\ 250 \250/ In(Z1) /|, \ 250 \217 217/ In ($51)

250
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Uy E A p— ", U — . Q(%)H !
250 \161 1n(107) 9 250 \107 1n(62) 3 250 \62 ln(2—§)

161 107
~ 2.71.

_217=250 161 —217 107—161 62—107 28 — 62

+ + + +
2502 2508l 250midl  250mBZ 250

(ii) There are two ways: (1) 280:3 = fon ¢pzdt.
o 3 . .
(2) egoz = fooo(x An) freo)(@)de = fo  fr(s0)(z)dz + 3 - 3psp Which way you like ?

S L @@ym 22_17(@)t—1dt+ 3@(&?)t—2dt
s = f P 950 \ 250 . 250 \217 , 250 \161
217250 161 —217 107 — 161

250 (27) + 250 (151 + 250 (1) 2.21. (see (1))

(it}) frso) (1) = =522, (@") = a"lna), —(a'~) = —a”i(a") = '~ (~Ina).
(
250 (%)Z_l—ln (A1) ifo<t<1
() (- () ir1<i<o
Frion ()= 385 (1) (- (1)) it2<r<s
= .
%(%2 ) (-In($%)) if3<t<4
20 (5)  (—In (3 if 4 <t <5.
(iv) u(80 +1t) = pr(so)(t) = —d(ln(jfso)) = fo;ZL(t),
(In () ifo<t<1 n (&) ifo<t<1
In(%7) ifl<t<2 In(%7) ifl<t<?2
p(80+t) =< In(15) f2<t<3 orp(80+t)=<In(1) if2<t<3 Whichone?
In(gy) if3<t<4 In(gy) if3<t<4
|[In(55) if4<t<5, |[In () if4<t<s

Notice that the derivative of In(;pgg) does not exist at 1,2, ...,5. But, the density and force
of mortality can be defined arbitrarily at finitely many points. So both are right.

Theorem 3.13.
Quiz on Friday of next week: 450: [1]-[12], [16]

Theorem 3.14. Under an exponential form for €y 4,

(i) Ly = = (Ly = la€,3)), oolw = To (see (iii))

(”) e:c 1 — —lqnpz

(iii) Tp = > oo, —lnpk' (= E(# of years > x by the cohort group with lg members))
(iv) g = —Inp,. (the central death rate over (x,z+1])

(U) ex - Zk x —LlzInpy lnpk'

. z+n—1
(1}7,) ex:ﬁ| - k=x  —l.Inpy*
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Proof. Need to learn how to derive them based on ¢;, p, and d,. Formulas: 450 [11]
ly = # of individuals alive at age x, 1Ly = Ly, nLs = €x2x:ﬁ| =T, —Tyin,

Ty = loey = [} logdt = > 50 Ly, (not T, in #3),
= E(# of years lived beyong age x by the cohort group with ly members),
tpﬁ = Hx§k<x+t(1 - dk/lk:)v S(I) == ﬁ tPx = éz tu td:c - g - €x+t7 d:c == 1d$7 tPx = s

Ly zﬁxf—im, ém =[5 padt, by = (1 — )by + tinlyyy = 6,710 =4, (‘kﬂ) b7
1

. 1 1o, 1 b | lepe—1)  —lege _ d,
() Lo = bo o ipadt = by [y St dt = 0 [} phydt = fe2o | = LoD - Jlote . _do
0
Lz _ _ éac_eac J— 1— f A T
(111 r Zk =z Lk Zk =z —lnpk (1)
sttt
(iv) [7]: g = Lo OBON e sy e~ lnp, by (ii)
0 ( )d'll, ez:ﬁ\ ex:ﬂ
_Te d
(v) e = 7= = 02, _gxfnpk by (iii).
(V1) By = o = Tofoen = Simeligpisent - Mgl - Sl A by (),

Theorem 3.15. Given t > 0, let k be the nonnegative integer such that k <t < k + 1.
Under exponential interpolation:

(i) 5(t) = kpo -}, " (i) fx(t) = kpo - Py *(—Inpg). (iii) fr()(t) = epe - P45 (—Inpayr).

Proof. (i) By Formula [12] for each integer x and each 0 <t <1,

t
s(x+1) = fort _ L (6‘%1) = 2P0 Pl

o by \ £y

Hence, fort > 0 and k <t <k+1, s(t) =s(k+ (t — k)) = kDo ~pf€_k
~——

€(0,1)
The proofs for (ii) and (iii) can be skipped. u
Example 3.14.
3.5.3 Harmonic interpolation assumes
1 1 1
—(1—t)— +1t telo,l
Cott ( )fx Cot1 0.1]
(recall linear : lypy = (1 — t)ly + tlyiq, t €[0,1],
14
Exp: lyry = (1= t)nly + tnlyyy or Copy = lo(-22) te0,1]).

Uy
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Interpolation | ;4 Dz
UDD (1 —t)ly +tlyyq or by —tdy | 1 —tqy
Compare to [12] exponential | (€)' "l 1)t or £upl, pL ,t€0,1].
. 1 Pz
Balducci m +(1—t)px

A function of the form ﬁ is called a hyperbolic function.
Harmonic interpolation of the number of living is also called the
hyperbolic form of the number of living or
it satisfies the Balducci assumption.

Example 3.15. Using the life table in page 604 and harmonic interpolation, find:

(i) 075080 (11) 2.25D80-

Solution: (i) Formulas: tp, = 42“, and (4 = W ([12)
v a E l(L‘+1
g:c—i—t 1
e Uy (1 — t) + t(fﬁ ( )
= ! ! ~ 0.95857
PP T T 0 (0T ) 1 0T5 4 (0B
(ii) Formulas: 450[4] ¢1spy = Pz - sPz+t and py = 1_t+t§z/4z+1 = t/pz+1(1—t) (see (3.5)),
or Py = éz:f and [12]: (bp4t = = t)g - —) which do you prefer ?
z +1
1
V4 1-0.25) 7= +0.25 7 L 1
sanpgy = 2222 0D 100 _ — /53925 ~ 0.8737.
(30 ﬁso (1—0.25) 555 + 0-25 75803

Example 3.16.

x| 80 | 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| 0

. . . . o
Assuming harmonic interpolation calculate €g0:3) -

Example 3.17. Consider the life table

Solution: Two ways: (1) eg, 7| = f(t An) fr)(t)dt. (2) 280:ﬁ| = fon tpzdt Which one ?

o z t 1
Formulas for €g0:m| = fo Pzdt, Py = j and (¢ = W’ 0<t<l1.

So 3 steps to compute 680:§| : (1) 7 (2) 7 (3) ? Class exercise.
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_ _ 1
Ifk<t<k+1,thent—Fkel0,1]and byt = oy py—p) = ) e e e
( 1 .
<
(1—t)ﬁ+tf% ifo<t<l,
_ i _ ifl<t<?
for =\ T e S
1 <
) E e if2<t<3,
( 1 : 1 .
m 1f0§t<1, m 1f0§t<1,
if2<t<3 if2<t<3
(2B (-2 1 == ! B (i-2)(B0-20) TS ’
0 n ! 1
€80:3] = / tDedt = / 250 550350, U
A 0 %50 +t(57 — 5%0)
+ /2 L dt + /3 L dt
LS+ (E-1)(3R -2 2 B+ (E-2)(53 %0
1 1 u
— —dt= [ —d- =777
(/a +(t—c)b / Wy
| t—oc)b 1
= n(a+ E) ¢)b) as /—dx =Inz or (Inz) = 1/x).
T
250 250 1 250 250 250\ |2
° In (250 +t(217 m)) +ln (217 + (¢ - 1)(ﬁ B ﬁ))
€803 = 250 _ 250 250 _ 250
217 — 250 0 61 217 1
n (88 + - 28 - ) |
0 250 ~ 2.197.
107 ~ 161 2
Theorem 3.16. Unlder the Balducci assumption for €x+t with 0 <t <1,
(Z) DPx = 1 t)pi — q»"c (566 /12/) (7,7,) Az = T()qu | " )
1-ps _ I Pz _ dz{1l—Qqz
(1) frat = T, = T01-00 () Jr@)(t) = GFa=opr = T-0—00)
eac t 1 _ 1 _ 1
Proof. wp. = 7 = grmnyiayn ] = Toon i — o0+
_ Pz _ 1—q: _ 1—4q. _ 1—qu
(I=tpe+t t+(1-)1-q) t+1-t)=(1-1)g 1-1-1)g
3 _ _ 1-q= _ 1_(1_t)QZ—(1_q:E) _ tqx
(i) 1ge =1 —ipo = 1 = T—(1-0¢  1-(1-0¢ ~— T
d d Da d d
=——1 = ——In——— = —In(t —t = —1 t(1 —
(”Z) Hx+t 0t ¢ Py it nt T (1 — t)px i Il( +( )px) dt n(p:c + ( pm))

Gz _ qzx _ qx
Pz + Qs 1_(1_t>q96 t"'_(l_t)px.

. e (1—pa 2+ (1—qz
(V) fr@)(t) = tPatte+t = (tf—((l—tl))pi)Q = (12((1—13(13)6-)2‘

Skip the proofs of the rest theorems in this section.

d
:Eln(px + tq:l?) =
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Theorem 3.17. Under the Balducci assumption, 1—4qz+t = (1 —t)qz, t € [0, 1].

Under UDD g, = tqg, t € [0, 1];

and under Exponentail interpolation, ;p, = p’, t € [0, 1].

Remark.

Theorem 3.18. Given t > 0, let k be the nonnegative integer such that k <t < k + 1.
Under the Balducci assumption,

B _k D . 1—gg
(i) s(t) = lo I—(1—(t—k)(I—pr) 8<k)1—(1—(t — k)
=to€(0,1)
k 1— k
(ii) fx(t) = % —(1f)(t(—k)l))(i—pk))2'
(iti) fr)(t) = boti Pa+k(1—Patr) = Dz T :
z o (T=(—(=R)(A=perr)? P2 T=(=(t=k) (1=parr))?

Theorem 3.19. Under the Balducci assumption for {4,

(i) Ly = =feztlies. (= loty))

(ii) epq) = 2=,

(i) Ty = Y ., —Hectloee (= lots)

(1v) my = —pj%np,:' (central death rate over (x,x + 1])
(v) €x = D5, —HEbbe,

. +n—1 —fp 41
(UZ) 6x:ﬁ| = i:: z:;knpk
Skip §3.5.4.
3.5.4 Review of interpolations. For the previous interpolations, typically, we have
Interpolation | ;4 Dz Ly éx;ﬂ
linear Oy — dyt 1—tq, |° +§z+1 1+2p1-
(1 - t>£x + tg:c—!—l

exponential Empfv pfc _ﬁfpz - 131; P
lngx_’_t = (]_ — t)lnfm + tlnﬁx_ﬂ

. 1 Pa —Llayr1lnps | —pologps

Balducci [P e - t+(1—t)pe 0o 0o

£z+t:(1_t) _l_té i1
From ¢p,, we can get
d
tde = 1= tbz, fr@)(t) = = otbay pope = =2 lups,  0<t<1.

For the exponential and Balducci assumptions, it is more convenient to know how to derive
L, and gm:ﬂ than to trying remember the corresponding formulas.
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3.6 Select and ultimate tables

A select table is a mortality table for a group of people subject to a special circumstance
(disability, retirement, etc.). Usually, the cohort of people is given by a certain age.
Suppose that we start with £, lives of a certain cohort at time x.
The number of survivors at time ¢ is denoted by £,
Cz14) is # of lives at « + ¢ for _another cohort.

. éw n
Notations: npjzj ¢ = -, ndjaj+t = L = nPa+t: Plaj+t = 1Pfa)+ts Qal+t = 19[a)+¢ and

— - g1 G2 Uajrn Laltn -
z|Plz|+1 - - Plz|+n—1 — - — nl[x|-
* Ua] Li+1 Czlen—1 an

T | O] | a1 | Gaga2
431958 [ 823 | 768 | lugro= "7 Llugr1="7 Luz="7
44| 854 | 738 701 They all related to age 45.

45 | 723 | 687 667

A select and ultimate table displays the number of living using a select table for a
certain number of years and a standard life table when the elapsed time is bigger than this
number of years. The number of years such that the select table is used is called the select
period. A life table which does not use the select period is called an ultimate table, e.g.,

x| 80 | 81 | 82 | 83 | 84 | 85| 86
ly || 250 | 217 | 161 | 107 | 62 | 28 | O
Suppose that the selection period is m.

A select table of three cohorts:

Uy — # of living of a certain cohort selected at time x.
liz]4¢ — # of their survivors at time x +¢.
{, — # of living at time x for the ultimate table.

In a select and ultimate table, {[;) 1 = lyy, for each & > m.

Suppose that select period is three years. Then, a select and ultimate life table has the form
(2] | Uy | Yyt | laga2 | ot |+ 3
Loflpy | b | gt | e 4

2 6[2] 6[2]4_1 6[2]+2 ls )

3 1 s | L3141 | G142 | Go 6

U4a="0s 7 L3 =107 Ly =1"05"

Example 3.18. Complete the following 2 tables using the select table:

T | g | a1 | Cpae2 T | Pl | Plal+1 T | Q] | Yalt1
431 958 | 8283 | 768 43 and 43
44 1 854 | 738 | 101 7 44 44
451 723 | 687 | 667 45 45
Solution: Formulas: pp,j4; = % and g[z14 = 1 — pg)4¢- Fill the tables yourselves.

1 | s | ! b |y ey T
43 | 552 43 |11 —555 | 1 — &5
ML and | 30| 1T |

768
i 8| _ ot

723 G687
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Example 3.19. Complete the table using the following select table: Skip Example 3.19!
T G | Yt | Qe]e2 | Y | Yt | Yage2 | Gales
3510.013) 0.012 | 0.011 35 | 1000
36 | 0.010| 0.011 | 0.009 36 | 950

Solution: Formulas: 1 — qjz)4¢ = Pla)+s = %. Hence
E[x]+t+1 = f[x]+tp[x]+t = g[x]—l—t(l - q[x]+t)-
T ) |l | Ca42 Cla+3

z Dla] Plal+1 Pla]+2
35 | 1- 0.013 | 1-0.012 | 1- 0.011
36 | 1-0.010 | 1- 0.011 | 1-0.009

— — —
35| 1000 | 987 | 975.156 | 964.429284
36 | 950 | 940.5 | 930.1545 | 921.7831095

Bs)+1 = {[35)P[35)
(35142 = 35)41P35)41 = (987)(1 — 0.012) = 975.156,
€[35]+3 = €[35]+2p[35 19 =(975.156)(1 — 0.011) = 964.429284,
Uise)e1 = Lisapiss) = (950)(1 — 0.01) = 940.5,
Cisgiva = Lise)s1Pisgien = (940.5)(1 — 0.011) = 930.1545,
Uiso)es = Lissl42Pissa = (930.1545)(1 — 0.009) = 921.7831095.

Example 3.20. You are given the following entries extracted from a 2-year select—and-
[l‘] E[m] g[z]—kl loyo | T+ 2
45 | 1235 | 1124 | 1039 | 47
46 | 1135 | 1025 | 978 48
47 1 1012 | 996 | 965 49

ultimate mortality table:

2] | Gie] | Qa)sr | Qot2 | T +2
. 45 47 A
(i) Complete the table 16 48 (i4) Find 2pu7), 2pue+1 and 2paz.
47 — 49
Solution: (i) Formula: Gz =1— %.
(2] 9] | Qa]+1 | Qev2 | T+ 2 [z] q[€]124 Q[x]ﬂ)ﬂg C_I:c—lé278 xr+2
47 | — — - 49 47 |1 - 3515 | 1 — 58 - 49

(i) Find 2pp7), 2Ppej+1 and gpay. Formula: ¢p, = 46. . Class Exercise,
just write down the fractions.

_ i _ 965
2P[47] = ﬁ = o173 ~ 0.954
2o +1 = K[fg]il = 2% ~0.941 Check yourself and hand in after class.

_ ly9 _ 965
2P4T = 712 = To39 ~ 0.929
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Example 3.21. You are given the following entries extracted from a 2-year

Complete the table

2] | ) | G | Gev2 [T 42
. . | 45| 0.009 | 0.008 | 0.007 | 47
select—and—ultimate mortality table: 46 1 0.008 | 0.006 | 0.005 | 48
47 1 0.004 | 0.003 — 49
[JJ] g[m] e[:c]—&-l lpyo | x+2
45 | 10000 47
46 48
47 49
Solution: Relation between ¢, and ¢, ?
b1 = lo(1 — qa) (=)
ormula 4z = Pz x+1/ x {or 0, = €x+1/(1 _ Qa:) (<_)

Flow:

Hence,

Why need 2 ?

2] | Ll | lagar | late [ @42
45 | 10000 | — — 47
46 — — i 48
A7 | «+ — i 49
—ly7 = 5[45]+1(1 — q[45]+1) =9910(1 — 0.008) = 9830.72,
Vs = Li7(1 — qu7) = 9830.72(1 — 0.007) = 9761.90496,
l48 9761.90496
- = = = 0820.82994,
T (1= qugra) — (1—0.006)
Cla6)41 9820.82994
Ll = = = 9900.030181,
T (1 —qug) (1 —0.008)
continue, (class exercise)
a9 = lyg(1 — qu8) = 9761.90496(1 — 0.005) = 9713.095435,
) 9713.095435
/0 = = = 9742.322402,
T (1= qurn) (1 0.003)
lumje1 9742.322402
—lym = = = 9781.448195.
W T =quy) — (1—0.004)
[x] g[m] g[z]—kl lyio T+ 2
45 10000 9910 9830.72 47
46 | 9900.030181 | 9820.82994 | 9761.90496 48
47 | 9781.448195 | 9742.322402 | 9713.095435 | 49
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Example 3.22. You are given the following entries extracted from a 3—year select mortality
@] |l | lagr | laga | lovs | T+3
40 | 96489 | 96319 | 96084 | 95906 | 43
41 | 96312 | 96164 | 95998 | 95667 | 44 (@) ey
table: | 42 | 96157 | 95954 | 95265 | 95406 | 45 | Compute (D)  eugiax]
43 | 95895 | 95480 | 95243 | 95122 | 46 (c) €447
44 | 98743 | 96812 | 95012 | 94813 | 47
45 1 97239 | 95123 | 94753 | 94479 | 48

Solution: Formulas: [9] e = >,y kPp] and [4] & [11] xpy) = Z[Z]M.
(8) €(4q12) = Pad) + 2P[a4] + 3P[aa) + 4P[aa] =

[z]
. é[44]+1 Llaa)y2 lyay3 Lagta
£laq) Llaq) £laq) Claq)

]|l | g | Y2 | Lot |73

44 | 98743 | 96812 | 95012 | 94813 | 47

45 94479 48
96812 4+ 95012 + 94813 + 94479
€la4):4) = 08743 = 3.859676129.
4243 Laa4a Lazys lazte

(b) €9 422) = Pa2)+2 + 2Pz +2 T 3P42)+2 + 4Pjaz)+2 =

2= 5 [42]+2 Lla2)42 llaz)42 Llag)po”

2] | U | Ua)a

U2 | lots |2 +3

42
43
44
45

95265 | 95406 | 45

95122 | 46
94813 | 47
94479 | 48

- 95406 95122 94813 94479

€la2]+24 = + + + = 3.986983677.

(c) Class exercise.

(c) €443 = P14t

95265 95265 95265 95265

¢ ¢ ¢ ¢
9D44 + 3Pa4 + aPag = 5+ + G2+ G2 4

L4 la4 las lis
Em—&-S 4+ 3
95667 44
g;lgg ig Ca4:9) = 95406+9512925§g§813+94479 3.970230069.
94813 47
94479 48

Quiz on Friday of next week: 450: [1]-[12], [16]



SECTION 3.6. SELECT AND ULTIMATE TABLES

83

Skip the rest ! /, = # of individuals alive at age z.
tdy = Uy — Uyyy = # of individuals which died in (z,z + t].
dy = 1dy = Ly — L1
T, = Exgx = fooo ly4¢dt (# T, in other sections)

= E(# of years lived beyong age = by the cohort group with [y members).

S(JJ) = %7
Estimators based on life table:
by — 1
o= T gy = g =0 g, = i
x Em 9 x E:C 9 X Em’ nim4x Em
d
() =~ Tog(Ly),
o n
o Em—&-t o / Em—&—t
ey = dt, e,= = dt,
[ee] n
Cotk Lot
€x = Z » Com| =
=1 ba k=1 b
. T 2 [*T,dy
¢ = BT()] = 22, Bl(T(@)) = == LY
T T
nLg = Emgx n| — Ly+ Lyt1+ -+ Lytn—1, Lo =1Ly
> d d
Tx = ZLk’ nmx = :Lz’ mx = L_Z’
k=x
+n—1
L _TEn T
T gm 9 xrn gx *
Interpolation | 54+ Dz Ly
UDD ﬁx + t(£x+1 - ﬁx) 1- tQ:c %
exponential | £ypl = (€)' 7t (Cey1)? | Pl _figpz
: 1 Pa —Lyi1log pa
Balducci [y — == s +qz

where ¢ € [0,1]

Y

. _ O _ ° 1
UDD : piavt = =57 Mg = g, ¢c =Cx + 3.

exponential : py s = —logpy, my = —log py.
Bald i f (t) — pz(1—p2) — %
alqucct T(x) I+ (1—1)pa )2’ my “pa logpa
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#5 (#35, Exam M, Fall 2005) An actuary for a medical device manufacturer initially models
the failure time for a particular device with an exponential distribution with mean 4 years.
This distribution is replaced with a spliced model whose density function:

(i) is uniform over [0, 3]

(ii) is proportional to the initial modeled density function after 3 years

(iii) is continuous

Calculate the probability of failure in the first 3 years under the revised distribution.

(A) 043 (B) 045 (C)047 (D)0.49 (E)0.51

—x/4

Solution. (A) Since the density of the exponential with mean four is 4e™%/*, the density has

the form
flo) = ae~@/* if 3<x (from (i),
T lae ¥ if o <z <3 (from (i) and (iii)),

where we have used that f is continuous. Since
0 3 0
1= / fx)de = / ac™?/* dx +/ ae”* dx = 3ae™3/* + ade 3/t = Tae 3/,
3/

e 4
= “—. Hence,

f(x){§ if0<z<3,

3/4 .
676_‘"”/4 if 3 <z,

and P{X <3} = 2 = 0.4285714286.



CHAPTER 4

Life Insurance

4.1 Introduction to life insurance.

We will consider a cashflow of contingent payments, i.e. the payments depend on uncer-
tain events modeled as a random variable. We call such cashflow the contingent cashflow.

Definition 4.1. The mean of the present value at the time of purchase of a cashflow is
called its actuarial present value (APV) of the cashflow of payments,
its expected present value, or
its net single premium.

Recall that under compound interest: v = (14i)7!1 =1 —d = e7%, [16] where

7 is the annual effective rate of interest,

v is the annual discount factor,

d is the annual discount rate,

0 is the force of interest.
In general, for t > 0, let v; be the t—year discount factor,

the forcetof interest is d; = —d%lnvt (similar to p(t) = —%lnﬁS x(1))

vp = e Jo 0 ds (similar to Sy (t) = e~ Jo #(@)dzy,
Under compound interest, v; = v* = (1 +4)7!, and §; = 6 = In(1 +i) = —Inv.
Otherwise, v; can be different.

Example 4.1. On January 1, 2000, John entered a whole life insurance contract.
This contract pays a death benefit of $50,000 at the end of the year of death.
On June 13, 2009, John died. The annual effective rate of interest is 6%.
Calculate the present value of the benefit payment at the time of the issue of this contract.

Solution: Time of death: 6/13/2009. Time of payment: 12/31/2009, treated as 1/1/2010.
Present value= bv!. Time of present value: 1/1/2000.

The present value is bv’ = (50, 000)(15355)"" & 27, 919.79.

Example 4.2. John pays for his electric bill at the end of each month. John estimates
that its electric bill X; ~ U[100,300]. Assume that John is going to pay his bill precisely at
the end of each month. Find the APV of the total amount which John will pay in electricity
in the next 12 months if i = 6%.

Solution: X1,..., X 9 are the amounts in John’s electric bill for the next 12 months. So
the total amount is 23111 X;,
but their present values is Z = Z;il Xt = Z;il X;v3/12 where v = 1/(1 +i) = 1/1.06.

The APV of Z is E(Z) = E {2}2_1 Xjuj/w] _ {2}2_1 E(Xj)vj/lz] = BX)) 2 0 p =77
Thus E(Z) = 1004300, 10" ~ 2325.76 as Y7 pl = pirL-.

n=12,p=v1/12
85
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Quiz on Friday : 447: [6]-[20], 450: [1]-[12], [14](first 2 lines), [16]

Example 4.3.

In this chapter, we consider an insurance policy on a certain entity.
Most of the times, the considered entity is (x), a live aged z.
Let T be the age—at—death of this entity.
The policyholder receives a payment at a certain time in the future.
Both the amount of the payment and the payment date depend on T
Let b; be the benefit payment made when failure happens at time t.
Let v; be the discount factor when failure happens at time t.
The present value of the benefit payment is byvr and is denoted by {Z = brur Tf I TS CFS’
Z =bpvp if T is discrete.

vy = v' if the benefit payment is made at the time of death and compound interest is assumed.

In this section, we will see different insurance policies. Each policy has a different (b, v¢),
t > 0. The theory in this section applies to life insurance as well as insurance related with the
time at failure of inanimate objects.

Example 4.4. An insurance guarantees a payment at the time of failure of a machine.
(i) The age—at—failure T' of this machine satisfies T ~ U(0,40).
(ii) i = 7%.
(iii) The payment is by = (20000)(1.04)%.
Find the mean and the SD of the present value random variable for this insurance.

Solution: The present value random variable of the payment benefit is

— 1.04
7 — bpop = (20000)(1.04)7(1.07)~T = (20000) (1 87) “f (7).
Possible formulas: F(Z f t fZ f S( f g(t) fr(t)dt Which to choose ?
v
? =7

E[Z) = E(¢(T)) = [ g(t)fr(t)dt, where fT(t) = 45, 0 <t <40.

40 40 t t
_ 1.04\* 1 . 20000 1.04 a
EZ)=[ _ 2000 tgp = 7
12 /0 (20000) (557 07) 0= |, (57) (/“dt o T @

oot [ 000 (1" [
40In(a) |, ~40In(1.04/1.07) 0

40 ot 40 2 2 t
—2 9 1.04) 1 20000 (1.04) " " a
[ ] /0 ( 0000) (1 07 40 dt 0 40 ( 1.07 ) dt ( adi = lna + C)’ “

200002 ((108)2)" [
~ 157748208.7
~40In((1.04/1.07)?) |, ’

~ 11945.07,

Var(Z) = /157748208.7 — (11945.07)2 ~ 3881.19.

Example 4.5. A four—year warranty on a digital television will
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pay $400(5 — k) if the television breaks during the k—th year, k =1,... 4.
The payment will be paid at the end of the year.

The effective annual discount rate is d = 4%.

The survival function s(x) = %, x> 0.

Find the actuarial present value of this warranty benefit.

Solution: 7' is the time to break of the TV. The present value of the benefit payment is
(4.1) Z = bpop = 400(5 — [T)o!"T = 400(5 — K)vX, where K = [T1], i.e.,

(b, vz) = (400(5 — k), vF) = (400(5 — k), (1 — d)*) it k = [¢] (i.e., t € (k—1,K)), k € {1,2,3,4}.

APV = E(Z k dr = ’ ) .
RN fz / it= [ 9(o) fu(ayds = 3 ali) (o

=7 (3) ¢ =7 (4)

Given Sp(z) = s(z) = (xlf(l)g)g, x > 0, which among the four to choose?

Methods (1) and (2): not convenient. Method (3) and (4):

4 k
(3) E(Z) = E(400(5 — [T])v!"]) = / 400(5 — [¢1)ol"! fr(t)dt = /k 1 400(5 — k)vF fr(t)dt
k=1 -

4

4
(2) = g(k)frc(k) =Y bpo*P{k =1 < T < k}

& &
:;4()0(5 — BoR(s(k — 1) — (K)) o(0) =

22400(5 - /f)v’ﬂo?’[(l€ ~ 11+ 7 G +110)3] (v=1-d)

e D) (<110£>O3 § <11+001%>3> +400(5 — 2)(0.96) ((11)2%)3 - <21+001%>3>

1000 1000 1000 1000
+400(5 — 3)(0.96)3 ( )

(24103 3+ 10)3> +400(5 — 4)(0.96) ((3 +10)3  (4+10)3
~T12.14.

4.2 Payments paid at the end of the year of death.
4.2.1 Whole life insurance.

Definition 4.2. A policy is called a whole life policy if it pays a fized amount, called the
face value or death benefit, after the death of the policyholder.

Theorem 4.1.
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The payment in a whole life insurance can be paid at different times. In this section, we
consider the situation when the face value is paid at the end of the year of death.

An insurer offering life insurance takes a liability. It is of interest to know the amount of
this liability.

Definition 4.3. The present value at time of issue of the death benefit payment of a unit
whole life insurance payable at the end of the year of the death is denoted by Z,. Its APV is
denoted by A,, also called the premium. The APV of a contingent contract is called the net
single premium (# A, ).

[14] Z, = v+, where K, = [T(x)]. Ay = E[Z,] = E[v®]

and v“~% < A, < v, where w is the terminal age of the population.

The insurer would like that a policy holder will die as late as possible. In this way, the
present value of the death benefit is low. The whole life insurance Z = bpvp is a r.v..
An insurer may estimate Z, using its APV (= E(Z2)).

If # and w are integers, Z, is a discrete random variable taking the values v, v?, ..., v¥ 7.
The model Z = bpup applies with by = b and v, = v[t].
Or use the model Z = bgvg = bypvpyy with by = b and vy, = v*, where k=1,2,. ..

| i 1127 3
Example 4.6. Let i = 5% and PIK, =k} | 0.2] 03] 0.5

(1) Find fz, and Sz, (2) Find Ay (i.e., E(Z;)) and (3) Var(Zy).
Solution: (1) fz, =7 Z, = UK” a function of K, say g(Ky).

If Z, = g(K,), then P(Z, = 2) Zk’g (Ky = k).
k 1 2
P{K, =k} 0.2 0.3 0.5 t 1.05°1 [ 1.0572 [ 1.0573 | < 1.0573
Zy =0l =t ol v? v? fz. @] 02 0.3 0.5 0
t 1.0571 [ 1.0572 | 1.0573 | | Sz (¢) || 0.8 0.5 0.0 0 ?
fz. () ? ? ? Sz (t)| 0.0 0.2 0.5 1 ?
Sy (t) ? ? ?

(2) Formula: 3 methods: A, = >, v*fg, (k) = E(Z;) =Y, 2fz.(2) = fooo Sz, (t)dt.
Which method is better to compute both E(Z;) and V(Z;) ?

Ay = (1.05)71(0.2) + (1.05)7(0.3) + (1.05)7%(0.5) = 0.8945038333 i it Method 1 or 2 7

1.05™ 1.05™ 1.05™
=/, 1dt+f 053 05dt+[ Loz 0.2dt (Method 3).

=1-(1.0573—=0)40.5(1.0572 — 1.0573) + 0.2(1.05~' — 1.0572).
(3) E[Z2] =Y, t2f2,(t) = (1.05)72(0.2) + (1.05)74(0.3) 4 (1.05)7%(0.5) = 0.8013243364,
Var(Z,) = E[Z2] — (E[Z])? = 0.8013243364 — (0.8945038333)2 = 0.001187228612.
Notations: Z, = v« A, = Ax(v) = B(vfs),
mA, = E(Z™) (= E = > v fi, (K)).
Formula: 2A, = E(Z2) (= E(v QK”” =Y v fr, (k) = Ag(v?)).

Example 4.7.
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Example 4.8.

Recall under compound interest:
7 is the annual effective rate of interest,
= (144) 7' =1—d=e"? is the annual discount factor and
d is the annual discount rate.
0 =1In(1 +14) = —Inw, the force of interest.

Remark. If 2A, (= E(Z2)) is written as a function of notations d, i or d, then
(i) Ay = A +(6) and 24, = A,(29).
(i) Ay ( )and 24, = A, (i(2 +1)).
(iii) Ay = Az(d) and 24, = A, (d(2 — d)).
(iv) Ay = Ay(v) and 24, = A(v?) (which of them is easier to remember ?)

x| 80 | 81 | 82 | 83 | 84| 85| 86
Cp || 250 | 217| 161 | 107 | 62| 28| 0
An 80-year old buys a whole life policy insurance which will pay $50000 at the end of the year
of his death. Suppose that i = 6.5%.

(i) Find the actuarial present value of this life insurance.

(i) Skip (ii).

(#ii) Find the probability that the APV of the life insurance is adequate to cover this insurance.
(iv) An insurance company offers this life insurance to 250 80-year old individuals. How much
should each policyholder pay so that the insurer has a probability of 1% that the present value
of these 250 policies exceed the total premiums received?

Solution: (i) Letting Z = bZ, (b =7?), find A = E(Z)

Example 4.9. Consider the life table

Formula: Z, = v®+, (whole life insurance), A, = E(vf=) =37 0¥ fr (k) = D707 0% 1] gq
k—2
s(e+k—1)—s(z+k losp—1 — 1
etlgs = )o@ E) okt m ok g = [Ipesi ) geina 18
s(x) Uy ]
Jj=0
=k 1Pz — kPz = kGz — k—19=- [3] Which to choose ?
T 80 | 81 | 82 | 83 |84 |85 |86
potlge = Cotplent o dept ls 250 | 217 | 161 [ 107 | 62| 28| 0
by —lpy1=dy || 33 | 56 | 54 | 45 | 34|28 | 0O

d d d d
Ago_zk80+k1_180+ 008 7ds6

/50 /50 30 (30
33 5 56 5 54 4 45 5 34 6 28
=(1. 1 1. 1. 1. 1. 1.
(1.065)~ 250+( 065)~ 250+( 065)~ 250+( 065)~ 250+( 065)~ 250+( 065)~° 50
~0.8162.

Hence, the APV for this insurance is A = bAgp =~ (50000)(0.8162) =~ 40810.
(iii) P(A is adequate to cover the insurance)=?

P(A > 50000Z7,) A =~ 40810 in (i) is adequate if
A > 500007y,
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<=> 40810 > (50000)(1.065)%
<=> In(40810/50000) > —K,In(1.065)
<=> K, > RUEYRE0 ~ 3995 7 or K, < 3.225 7 8] Ky = [Ty
The probability that the APV is adequate is
P(A > 500002,) = P{K, > 3.225} — (P{Km e P{K, >3} PT() >3} P{T(s) > 3}>
&m 107

=3pr = 77— = 355 = 0.428. What is its implication ?

P(Z < E(Z)) < 0.5, mean<median, A is far from enough.
(iv) The insurer offers a whole life insurance to n lives aged x (= 80) with a benefit payment
of b paid at the end of the year of death and a price P (for purchasing the insurance).
Let Zy1,...,Zzn be the present values per unit of their benefit payments.

Let W = 62?21 Zg j/n. By the CLT or formulae [22] in 447 (F3(t) ~ @(%))

P(W < P) ~ &(P=200) = 0.99 = ®(20,01) where @ is the cdf of N(0, 1),

P—E(W) — 2001

ow

=> P = E(W) + z0010w, where E(W) = E {b > Zx,j/n] =bA, (E(Y)=E(Y)), and

=>

o, =Var(W) = Var (bzn: Zj /n> = v’V (Z,)/n 0% =0 /n

j=1
=b*(*A, — A2)/n
d 3 56
2 2 2k @80+-k—1 _4
A, =E(Z?%) = (1.065 1.065) 4 —
v ( Z i = ) 250+( ) 250
54 45 34 28
1.065) 75— 4+ (1.065) % —= + (1.065) 10— 4+ (1.065) 1= ~ 0.672
+ (1.065) 250+( 065) 250+( 065) 250+( 065) 550 0.67

Hence, U%V = 50000%(0.6723 — 0.81622) /250. Each policyholder should pay
P=EW)+zpp10w = 40809.50+2.326\/500002(0.6723 — 0.81622) /250 &~ 41388 v.s. 50000.

20.05 20.025 20.01 20.005
1.64 1.96 233 2.58

If7>0,0< A, <1. The following is the table of A4y, using the life table in page 604.

i 2% 3% 4% 5% 6% 7% 8%
Ay || 0.4658 0.3286 0.2373 0.1754 0.1326 0.1026 0.0812

Table D.2 (see page 605) shows A, and 2A, using the life table for the total population of
United States in 2004 and i = 6%.

Common critical values:

Ay = E(') | in .

Example 4.10. An insurer issues a whole life insurance to 100 lives age 40 which pays
$20000 at the end of the year of their death. i = 0.06. Mortality follows the life table for
the USA population in 2004 (see pages 602-605). The insurer has a fund with an amount of
$300,000 of dollars to paid for these 100 life insurances. Calculate the probability that this
fund is not enough to cover the payments of these 100 life insurances.

Solution: Let Z = 2100 (20000)Z40,j. Zao;’s are iid. from Zyg = v E(Zy) = Ago
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P{Z > 300000} =

Formula: P(Y <t) ~ (ID(%) => P(nY <nt) ~ @(%) —> P(Z <)~ (I)(x_fz(Z))'
[ ] n b A40 and U% = b2n(2A4O — (A40)2).
T~

From the life table D.2 (p.603), A4 = 0.13264232 and 2440 = E(Z3,) = 0.03648695. Then

E[Z] = nbE(Z49) = (100)(20000)(0.13264232) = 265284.64,
Var(Zs) = 0.03648695 — (0.13264232)% = 0.01889296495,
Var(Z) = nb*V (Zs) = 100(20000)%(0.01889296495) = 755718598,

The probability that the fund is not enough to cover the payments is
300000 — 265284.64
V755718598

Example 4.11. If the mortality of (x) is given by

k 0 1 2 3 |4
Da+k || 0.05 | 0.01 | 0.005 | 0.001 | O

P{Z > 300000} ~ 1 — ®( )~ 1 — ®(1.26) ~ 0.1038.

calculate A, if i = 7.5%.

Solution: A, = E(vE=) =37 v*fi (k), where v = %ﬂ fre, (k) = k-1 =
k—1 k) _ 4 ‘ k—2 .
s(z+ 8(26) S(x+k) _ logr glx 1 De - Qa1 = (szo p:H_j) Gr+k—1 which to choose?

%9 k—2
Ay = ka (pr+j> Gr+k—1 (what happens to k=1 7)

k=1 720
=Vqy + Uzp:c(h"—&-l + ngmp:c+1(Jm+2 + U4pmp:c+1p:c+2(h+3 + USPxpx+1pm+2px+3Qm+4
+ U6pxpx+1px+2px+3 PridQeis+ -+ ppsare dif ferent
=0
=(1.075)71(0.95) + (1.075)72(0.05)(0.99) + (1.075)3(0.05)(0.01)(0.995)
+ (1.075)7%(0.05)(0.01)(0.005)(0.999) + (1.075)~5(0.05)(0.01)(0.005)(0.001)(1) ~ 0.9270.

Theorem 4.2.

Example 4.12. Rose is 40 years old. She buys a whole life policy insurance which will
pay $200000 at the end of the year of her death. Suppose that the de Moivre model holds with
terminal age 120. Find the mean and the standard deviation of the present value of this life
insurance under the annual effective rate of interest of 10%.

Solution: Z = bZ,, Z, = v b= 200,000 E(Z) 7 07="
oz =boz,. 0’% =24, _A2 Ag(v) = E Zk 1Y *frc, (K Zk 1“ k—1/qz-

k—2
s(e+k—1)—s(z+k Cpito1— Uy
sz(k> = ( S(?”E) ( ) = otk 1£ +k k—1Pz " z+k—1 = (H]%—Fj) r+k—1
v >0
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Which to choose for fx (k) ?

w—T w—x
s(r+k—1)—s(x+k) ol 11— 1
A — k — — _ =9
o(0) ZU s(x) Ye—s 10 w—u (z,0,v)
k=1 k=1
=(w—z)/w
1 — (,UQ)w—x 1
2 2
A = . Why??
o =) 1—(v?) w—=x Y
_ ol 1 _
Aygy = vz w—w‘va—h w120, oto = 0-12 and
24, 1-wvT 1 _
Ay = v M‘v:(i)a w=120, z=40 0.06.

1.1

The actuarial present value of this life insurance is F(Z) = bAyy ~ 24987.80 (b = 200000).
oy =b(2A, — (A)?)Y? ~ 41911.36.

Theorem 4.3. (Iterative formula for the APV of a discrete whole life insurance) For each
T >0, Ay = vqz + vprApi1.

Proof. (Skip the proof). A, => 2 v¥;_1|q,
= Uqz + 22022 Ukk—l|€l:c

= Ve + D peo U De - p—2lGet1 Formula [8]: |gz = P - k—1¢w+1
_ o k—1

= V{z + UPx Zk_lzl_ v (k—l)—l‘qm—l

= Vqy + Uy Zjil Ujj—1|Q:c+1 Jj=k—-1

= Uqy + vpr Azt (which is Theorem 4.3 or formula [14]).

In particular, “A, = T G

it, as it is valid only for p, x = p.

- 1t is better to derive Eq.(1) rather than memorizing

Theorem 4.4. Skip! Suppose that for each k =1,2,..., ppip = pz. Then,

1—ps Qx 1 —pe 4z
A, = = and A, = = 1
Ll et L @t -1 (1)

Example 4.13. Jess and Jane buy a whole life policy insurance on the day of their birth-
days. Both policies will pay $50000 at the end of the year of death. Jess is 45 years old and
the net single premium of her insurance is $25000. Jane is 44 years old and the net single
premium of her insurance is $23702. Suppose that i = 0.06. Find the probability that a 44—year
old will die within one year.

Solution: Given bA4y and bAys, qua = 7

Ay = vqy + vprApia (which is formula [14] or Theorem 4.3).

bAys = 25000, bAgy = 23702, b = 50000. Ay = 23505, Ags = 25000, v = 1+ and i = 0.06.
Ay = vqz + U(l - Q:C>Ax+1 = va(l - Ax+1) +vApp =>

— A44_'UA45 ~
qu = A=l ~ 0.0049648
(Y 1 A44~N40.477A45=0.5

~71.06’

Example 4.14. Jane is 30 years old. She buys a whole life policy insurance which will pay
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$20000 at the end of the year of her death. Suppose that p, = 0.9, for each x > 0, and i = 5%.
Find the APV of this life insurance and its variance.

Solution: Z = bZ,. The APV A = 200004, = ?

V(Z) =

V(bZy) = b2V (Z) ?

Key is Az(v) =7  Formula: Am =Y o W fr (k) = D00 vFk_1]ge, and
k— k © © k—2
Which to choose ?
o0 k—2 o0 k—2
:ka (H pm+j> Qr4k—1 = ka (H p:c) ¢z why ?
k=1 7=>0 k=1 720
00 00 2+1 terms
=) o = pe)? or =) o1 - py) Hpj = fopi
k=1 k=1 >0
1 —ps - gl — Pz - k 1 —pg 1_(t)oo l_pmvp:c(l_(vp:c)oo)
- Z(Upf”) Z(t) - 1 - 1
Pz 1 " Pz —1 T— Pz — UPx
1-— 1-— 1-—
4, L= Pa)v Pa =Pz _ % _ 4, (whichis Th 4.4)
1 —vpy = — P I+i—py Qe +1
Q: Which of A, = q:zzzv = %:Zz = o &2~ do you prefer ?
1—
2Ax :Ax(v2) = 3 Dz
2 Dz
Since b = 20000, the actuarial present value is
1-—
APV =bAg = (20000)7— = | gty 13333,
24 —,4(2)—1 Pa ~ 0.493827
30 = HA2\V) = 7 — py Ipe=0.90=1/1052 T :
v
0% = (A, — (Ap)%) = 20000%(*A,) — (bA,)* = 19761991.

Example 4.15.
Example 4.16.

Definition 4.4.

Example 4.17. An actuary models the future lifetime of (30) as follows. The actuary clas-

sifies lives according with health into 3 groups: good, average and poor health. The probabilities
of belonging to a given group are given by the following table. Individuals for the same group
have the same constant force of mortality. The force of mortality for each group is given in
the following table The annual effective rate of interest is i = 7.5%. Find Ay and Var(Z,).

Group in health | good | average | poor
Probability 0.1 0.3 0.6
Force of mortality | 0.01 | 0.05 0.1
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1
o P dx —c

Solution: [5]: For constant force of mortality u, = ¢, p, = e~ =e fhy =7
[14] Ay = E(UKZ) = Zzozl Ukk:—1|qu Ay = A:c—|—1 Why ? tPx+1 = tPx-

[14] Ay = vqy + vprAst1 = VG + VP Ay yields Ay = 1“%”;71 = 1};2;1., or

1— 1—e#
A, = Ag(v"™) = Pe S (Can we use it directly here 7)(3)

1 1 _
om — Pz U——e“

We introduce a new r.v. Y to denote the health status of an insuree.

2 if an insuree is in good health, 9 1 0
Y =<1 if an insuree is in average health, fy( j) | 0.1 |03 |0.6
0 if an insuree is in poor health, Hj 0.01 ]0.05] 0.1

Using the double expectation theorem,
2 . .
MAr = E[Z]'| = E[E[Z]Y]] = 3250 Sy DEIZPY =j], m =7

BlZ,[y =9 — asood = L =Pz 1=eP0 G no00s by 3
[$| _]_ x - —p2_1075—6_0'01_. y()7
o x, .
1= pas 1 _ o—0.01
2 _ 2 d T,4 _
BIZY = 2] = 2Aot = T2 = e = 0.06009455091.
E[Z,|Y = 1] = Adverage — 1 Pl _ 1P 00401440
ZalY =1 = AT = == = T — oo O ’
v 5
2 2 paverage _ 1—e 00 _
E[Z2|Y = 1] = 24® o = 02386087633
. — e
1 — —0.1
2 2 poor _ - 6_0.1 .
E[Z7]Y =0] ==AP (L0752 1 = 0.3794549205.
. — € '

Ay = E[Zy] =E[E[Z;|Y]]
=E[Z,|Y =2]P{Y =2} + E[Z,|[Y = 1]P{Y =1} + E[Z,|Y = 0]P{Y =0}
~(0.1)(0.1171) + (0.3)(0.3940) -+ (0.6)(0.5592) = 0.3053,
A, = E[Z7) =E[E[Z}|Y))
E[Z%Y = 2]P{Y =2} + E[Z%|Y = 1]P{Y = 1} + E[Z%]Y = 0]P{Y = 0}
~(0.1)(0.0601) + (0.3)(0.2386) + (0.6)(0.3795) ~ 0.4480,
) =

Var(Z,) = %A, — (A;)? ~ 0.448 — (0.3053)% ~ 0.0886.

4.2.2 n—year term life insurance.

Definition 4.5. The n—th term life insurance policy (or n—year term life insurance):
It pays a face value b if T'(x) < n (the insured dies within n years of the issue of the policy).

Definition 4.6. The present value and the APV of an n—year term life insurance policy
which pays a unit face value at the end of the year of the death is denoted by Z;;—| and AL _

x:m|’
respectively (AL, 7 = = Al |( v) = E[Z,, n|])
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if K, <n,

Definition 4.7. 7! ,
if K, >n.

K vfe

The model Z = byvy, applies with by, = bI(K, < n) and v, = v*, k > 1.

3 types of problems
(1) A=dAL =7
(2) 0* =0V (Z) ) =7
(3) p, or n, or P(Z < p) ? (such that P(Z < p) = @(%) > 0.99 or 0.95.)
Theorem 4.5. ™Al = = Al n|( ™) = E[( xn| =S (W™E g
Example 4.18. Let i = 0.05, ¢, = 0.05 and gz41 = 0.02. Find AiE' and Var(Z;:m).

Solution: Formulas: A;:m = B I(K, <n)) = 0 % fr, (k) = vfg, (1)+v% fk,(2).

+k—1)—s(z+k Lotr—1—la k—2 .
fKﬁ(k‘) = s(z S(l)s(x ) = —ztk flx th = k—1Pz "dz+k—1 = (Hj>0 p:c+j> r+k—1 which one?

Ai 2|( v) =vfk,(1) + UQfo( ) = vqy + U2pmf_kc+1 why 7
(1 05)1(0. 05) (1. 05)—2(1 —0.05)(0.02) = 0.06485260771,
2Ai 2 2|(U2) =’ Gz +V px%ﬁ—l
)"

=(1.05)72(0.05) + (1.05)*(1 — 0.05)(0.02) = 0.06098282094,

2
Var(ZL) =2ALy — (AL )" ~0.06098 — (0.06485)% ~ 0.0565.

x| 80 | 81 | 82 | 83 | 84| 85| 86
Oy || 250 | 217| 161 | 107 | 62| 28| 0
An 80-year old buys a three—year term life policy insurance which will pay $50000 at the end
of the year of his death. Suppose that i = 6.5%.

Example 4.19. Consider the life table

(i) Find the APV and the standard deviation of the present value of this life insurance.
(i1) Find the probability that the APV of this life insurance is adequate to cover it.

(i1i) Find the probability that the present value of this life insurance exceeds one standard
deviation to its APV.

Solution: (i) The APV of this life insurance Z = bv®+1(K, < n) is A = (50000) A’

80:3|
Formula: Ai 7 U = ZZ:1 ok - sz (]f)a 0z = 50000\/2A80:§| B A§0;§| and

+k—1 +k Losr—1—Cotk k—2 .
sz(/{Z) = s(@ 8():C)S($ ) — Zztk élz tk — k—1DPz  Qutk—1 = (HJZO px—|—j> Qrak—1 which one?
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3
A Z ok €04+k—1 — {0+
80:3)
k=1

30
250 — 217 217 — 161 161 — 107
=(1.065) "1 === 4+ (1.065) 2"————— + (1.065) *————— = 0.5002507
(1.065) 250 * ) 250 + ) 250
250 — 217 217 — 161 161 — 107
2 41 1 2 —2 —4 —6
oAl (2 = (L LS - (1L = .438531
Agoz =Agoz (v?) = (1.065) og— + (1.065) 5eg— + (1:065) o 0.4385316,
_ 1
A _(50000)A8013| = 25012.53726.
oz :50000\/0.4385316 — 0.50025072 = 21695.66542.
(ii) The probability that 25012.53726 is adequate is
P(B) =P{(50000)Z}5 < 25012.53726}
o 1
=P{Zy5 < 25012.53726/50000}
—P{(1.065) %=1 (K, < 3) < 25012.53726/50000} = P(B)
=P{B, K, < 3} +P{B, K, > 3} B = {(1.065) %=1 (K, < 3) < 25012.5/50000}

=P{(1.065) "%+ < 25012.53726,/50000, K, < 3} + P{0 < 25012.53726/50000, K, > 3}??
—P{—K,In(1.065) < In(25012.53726/50000), K, < 3} + P{K, > 3}
In(25012.53726,/50000)

—P{K, > — K, <3 +P{K, >3
{Ke > In(1.065) Ko < 3} + PUG > 3
=P{K, > 10.999, K, < 3} + P{K, > 3}
Cpis 107
=P{Te >3} =spa = =~ g0 = 35 = 0-428.

(iii) P(U) = P(Z > A+ 07) = P{(50000) 2§, > 25012.53726 + 21695.66542}

—P{(50000)(1.065) %= I(K, < 3) > 46708.20268}

—P{U, K, < 3)+P{(U, K, > 3)

—P{(50000)(1.065) %= > 46708.20268, K, < 3} + P{0 > 46708.20268, K, > 3}
In(46708.20268/50000)

B In(1.065)

—P{K, < 1.081435921, K, < 3}

—P{K, <1} =7?

=P(T'(z) <1) =gz =1-px

=P{K, < , Ky <3}

Oy 217
=1— | . _¢qp=1—— =0.132.
¢, ‘v=80 250
Theorem 4.6.

Corollary 4.1.
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Example 4.20. If§ = 0.04 and (z) has force of mortality . = 0.03, (A Var(Z 10|)) =7

Top
Solution: Formulae: Z! v = = v I(K, < n), Ai::m (v) = >0, v* fix.(k), and

+k—1 +k = —loik k—2 .
fr. (k) = oz 8(10) sloth) _ fask glz = 1Dr ekl = (Hj>0 px—|—j> dz+k—1 Which one?

s(t) =pz =e" Jo pwdu — p=pt _, pe = e #, which one?

10 10
Algg )= o fie (k) = > 0" (pa)" g (Why 22)
k=1 k=1
10
-1 k ="
=p, (1—px);(vpx) ZU =vT— v ="
e el U9 A
Pz 1 —vpg
_ vl — (vp)'?)
=(1—pa) 1
— Uz [y, =003 and p = ¢ 0 = ¢ 004
=0.2114417945,
v3(1 = (v%pa)")
2A:10 10|( ) Ai 10|( ) (1 _pm) 1 2 g
V2Dy pp = 003 and ¢ = 004
=0.1747285636,

Var(Z, 1) =" Al 15— Al 2 1 = 0-1747285636 — (0.2114417945) = 0.1300209311.
Theorem 4.7. Under the de Moivre model, if n < w — x, Ai,, 7 = %
Theorem 4.8. Al = Mrlie) = BU=RD) i fe (k) = ph=' (1 po) k= 1,2,....
Theorem 4.9. Forn >1, Al v = Uz + prAxH it [14]
Proof. Formula: Al = =3 vl

=0z + Y o V¥k_1|gx (notice
o=l —s(ath) _ s(at) slork—1)=stath) _ s (@) +(k-2)) —s ((@+1) + (k-2)+1)

k—1|Qm = s(2) s(x) s(z+1) - rr s(z+1)
= Dz k—2|qz+1)

1
A:c:ﬁ|

_ n k
= UG + D 3o V'Ds * k-2/qu+1
n k—1+1
= UGz + Zk_lzl (i Pz - k—l—l‘qg:—kl
n—1
= Uy + VDg Z -1 Ujj—1|Q:c+1

= UGz + UpmA:c—i—l m—1|

The second exam cover Chapter 2-Chapter 4 (4.2.2).
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Midterm formulae : 447: [6]-[22], 450: [1]-[12], [14](first 5 lines), [16]
Example 4.21.

Example 4.22. An insurer offers a 20-year term life insurance of $10° to independent
lives age 45. i = 7.5%. Mortality follows de Moivre model with terminal age 110. The insurer
has a fund with $10° to pay for these insurances. Using the normal approzimation, calculate
the mazimum number of policies the insurer can cover so that the probability that the aggregate
present value for the issued policies exceeds the amount in the fund is less than 0.01.

Solution: Let n be the number of policies that the insurer can cover. The present value for
the aggregate n insurances is Z = Z;'Z:I 1O5Yj, where Y71, ..., Y, are i.i.d. fron Z!

45:20|°
We need to determine n so that P(Z >10% ~1— q)(m;if()) =1—®(z.01) = 0.01,
=> #}j(z) = 20.01 = 2.33 =>
=>0=FE(Z) + 23307 — 10°.
=>0= FE(Z) +233x oy —10°,
—— ~—
5 A1
n10 Ax:%‘ (v) \/n(105)2 (Aalc:%\ (Uz)_(Aglc;m (v))2)
=>0=an+b/n+cn="
Jn= 4;: b2 dac

k
x20| Zk 1Y fK

+k—1)—s(x+k los—1—bpik k—2 .
sz( ) = iz 8(10) s( ) = etk gl th = k—1Px dzx+k—1 = (Hj>0 px—|—j> qz+k—1 Which one?

T

w—z—k—(w—x—k—1)

s(r) =1—x/w="2%and fx, (k) = —— = = x,0<x<w
20
1 v —2")
1 oF —
Ay = ;vm%—z et 1
— 107 Al sv(1 —v*) _
E(Z) = n10°Aj; 7 = n10 m‘v:m.ow = 15683.83286n,
v(1 — v?Y) v(1 — o)

Var(Z) = n(10°)%( )%) = 687801161.6n.

m’v:1/1.0752 - (m‘vzl/l.O%
Now solve n from equation E(Z) + 290107 — 108 =0
15683.83286n + (2.3263479)v/687801161.6n — 10° = 0 (T inn) (2!)
=> 15683.83286n + 61010.71512v/n — 10% = 0.

\/_:—bi— \/21;2—4‘16, :>\/’__b_vb2 dac ), or v/n = 6.27. So, n ~ 6.3% ~ 39.4.

The maximum number of policies that the insurer can cover is 39 or 40 7 Why ? (see (2!)).

Example 4.23. Using i = 0.05 and a certain life table A37 o = = 0.52.

Suppose that an actuary revises this life table and
changes ps7 from 0.95 to 0.96.
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Other values in the life table are unchanged, except Al

37:10|"
Find Azl))7 i) using the revised life table.
Solution: Using recursive formula [14]: Al v = Ve T vprx It
.Al _ 1 _ 0.52%1.05—0.05
Old: A |—O52 105(005+O95A n—l) => A:C—Hn =00

z+1:
1) = 105 (0-04 + 0.9622252=002) ~ 0.515.

New: Aizm = 5:(0.04 + 0.96Ai

4.2.3 n—year deferred life insurance.

Definition 4.8. The n—year deferred life insurance: It pays a face value b if T'(x) > n
(the insured dies at least (after) n years after the issue of the policy).

Definition 4.9. The present value and APV of an n—year deferred life insurance with

unit payment paid at the end of the year of death are denoted by ,|Z; and ,|A,, respectively
(n|Ax = E[n|ZJC])

if K, <n

0
Definition 4.10. ,,|Z, = v« I(K, > n) = { K if p< K
* ifn -

The model Z = brur applies with b, = bI (K, >n) and v, =v*, k=1,2,...
n|Ax = n|Ax(U) = E Zzo ntl UkIP){K = ]{Z}
TolAz = "] Ap(v) = n|A Zk =n+1 vV P{K, =k} = E [(n‘Zx)m}
and Var(,|Zs) = 2n]| Az — n|As 2.

x| 80| 81 | 82 | 83 | 84| 85| 86
Up || 250 217 | 161 | 107 | 62| 28| 0O

An 80-year old buys a three—year deferred policy insurance which will pay $50000 at the end
of the year of his death. Suppose that i = 6.5%.

Find the probability that APV of this life insurance is adequate to cover this insurance.
Solution: P(A>Z) =7 Z =0b(y|Z)),b="and A=E(Z)=bY ;. v"fx, (k) =7

k—1)— k Losr—1—Vs k—2 .
fKﬁ(k‘) = s(at S()x)s(x—b- ) = =2k gl = k—1Pz " Qz+k—1 = (Hj>0 p:c+j> r+k—1 which ?

x

Example 4.24. Consider the life table

o o
lgori—1 — ¢
A =(50000) Z v® fre (k) = (50000) ka 80tk—1 — "80+F Annual discount factor v = ?
Pyt {80
107 — 62 62 — 28 28 — 0
= 1.065) "4 ———= + (1.065)° 1.065) "0 ——] = 15796. .
(50000)[(1.065) 0+ (1.065) 50+ (1.065) 5 ] = 15796.96857
P(A> 2)
=PA>Z 3<K,;)+P(A>Z, K, <3)
= P(A>D(1.065)"%I(3 < K,), 3 < K,) +P(A>b(1.065)"%-1(3 < K,), K, <3)
= P(A > (50000)(1.065)" 5+ 3 < K,) +P(A>0, K, <3)
= P(K, > /5000 s - i) +P(K, < 3)

In(1.065)
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(Ky;>183, 3< K;) +P(K, <3)
(Kgo > 18.3) +P(Kgp < 3)
(Tso > 18) +1 — P(Tgo > 3)
8

lss _ 107
80%—1—%-04—1 550 = 0.572.

|
ST

)

Theorem 4.10. ,|Z, + Ziiﬁl = Zy and ,|Ap + Aflviﬁl = A,

n(p+d) gz _ (0p2)"qa
gz+1 o Pz ’

Theorem 4.11. Under constant force of mortality p, »|Ay = e~

[14] n-year deferred : ,|Z, = v5I(n < K,), n|Zs = v 1(n < T,), 2|4z = | As @,
nlAz = Eln|Z,] Zk Zik=n+1 kaKJ:( ) = UanKx(n + 1) + nt1[Az = vpz - n-1|Azt1.

Example 4.25. Suppose that mortality of (x) is given by the table

K 0 | 1 2 3 14 L
Dotk || 0.05 | 0.01 | 0.005 | 0.001 | 0 Calculate 5| Ay of # = T.5%.

Solution: Formula: ,|A, = E(v%=I(n < K,)) = ZZO:TLH v* fx (k) and

k—1)— k Losr—1—Vs k—2 .
fKﬁ(k‘) = slat S()x)s(x—b- ) = =2k flx = k—1Pz " dz+k—1 = (Hj>0 p:c+j) r+k—1 which ?

Zk =n+1 v frc, (K Zk 3V (Hpopxﬂ) Qutk—1"""

=v pmpm+1qcc+2 +v pmpm+1p:c+2%+3 +v pmp:c+1px+2pm+3qsc+4
= (1.075)_3(0.05)(0.01)(0.995)

+ (1.075)_4(0.05)(0.01)(0.005)(0.999)

+ (1.075)_5(0.05)(0.01)(0.005)(0.001)(1) ~ 0.0004.

How about Az 7 (for review on Midterm exam).

Az = E(v Zk 1V (HJ>0 Pmﬂ) Qutk—1

=v! Qe TV px%ﬁ—l +v pxpx+1Qx+2 + U4pxpx+1px+2%6—|—3 + U5pxpx+1px—|—2px+3qg:+4
(1.075)71(0.95)

(1.075)72(0.05)(0.99)

(1.075)73(0.05)(0.01)(0.995)

( )~7(0.05)(0.01)

( )~2(0.05)(0.01)

1.075)~4(0.05)(0.01)(0.005)(0.999)
1.075)75(0.05)(0.01)(0.005)(0.001)(1) ~ 0.927.

+ 4+

Theorem 4.12. For each v > 0, p|Az = vpg - n—1|Az+1.  Formula [14]

Omne may try to derive formula [14] directly as follows. Skip -
Conditions:
oo
0.24 = 14|A35 = n|A:c = Zk’:n—&—l ok - /<:—1|Q:c
o0

=t n+1—1|(h: + Zk:n+2 ok - k:—1|Q:c
="t n‘Q:c + Zzin+1+1 ok - k—l‘Q:c
= Un—H : n‘q:c + n—|—1‘A:c
= v 14|g35 + 15/ As5. -

Example 4.26. Let 14|A35 = 0.24, 1= 8% and P35 = 0.96. 13|A36: 7
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Solution: Formula [14] ,,|Az = vps - n—1|Az+1- (n,z) =7
Thus 0.24 = 14|A35 = (1.08)71(0.96) - 13| Ase.
=> 13|A36 = 7(0'23?5(13'08) = 0.27.

Theorem 4.13.

Example 4.27. Rose is 40 years old. She buys a 25-year deferred life policy insurance
which will pay $200,000 at the end of the year of her death. Suppose that the de Moivre model
holds with terminal age 120. Find the mean and the standard deviation of the present value of
this life insurance under the annual effective rate of interest of i = 10%.

Solution: E(Z) =" and 0z = ? where Z =b - ,|Z,.
Formula: ,|A; = ZZO:nH ok fie, (k), s(t) =1 — L and

fr, (k) = 8(x+k_31()358(x+k) _ £z+k—€1m—£z+k — 1D Q] = (Hf;g p:c+j> Grik—1- Which ?
—z+k) = (w—z+k+1 :
Some results: fi, (k) = S@rhD_st@th) _ . )w(—u:ic i) = = if U(0,w)
v s(z) e~ =D _ o= — o=(k=Du(1 — e=1) if Exp(1/p)
n|Ax=ZZ°n+1v k- 1‘q$_2k n—HU w—z —Unzw L kﬁ N (vw z) nﬁ
ol 1w *™m ( )
(1—v)(w—z)
1—
E(Z) = b x 25| Ago(v) = b Z oF = = 20000002 —— ~ 2295.20.
(1—-v)80] _
k=n+1 v=1/1.1
2 2 2 2y 0 1 —v”
E(Z%) = 1% 25| Ay (v?) = (200000%)v?0 ————— ~ 20281697.51.
(1 —v)(80) v=1/(1.1)2

o7 =~ \/20281697.51 — (2295.20)2 ~ 3874.76.

Example 4.28. An insurance company offers a 10—year deferred life insurance for indi-
viduals aged 25, which will pay $250000 at the end of the year of his death. Suppose that
pr = 0.95, for each x > 0, and 6 = 0.065. 50 lives enter this insurance contract. Calculate
the amount Q) such that the probability that the aggregate present value of these 50 lives is less
than this amount Q) is 0.95.

Solution: Z = 250000,,|Z,, m = ? annual discount factor v = e=% and n = 50.

Let Z1, ..., Zy be iid. from Z. CLT => Z-22) Zzazf(zz) (0,1). 0% ,=no%?

Find @ such that P( Zizl Zi < Q)= (%) = ®(20.05) = 0.95. => % = 20.05,
=>Q =nE(Z) + z05v/noz =
E(Z)=1b-m|A; and 0% = Vo 2|Z So,

Q = b(n - | Au(v) + 1.645v/1\/ 1| Ae(v2) — (| Az (0))?).
m|A Zk m+1Y fKJc( )
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T

k—1)— k loir—1—As k—2
fKJc(k) — slod ()) s(wih) = ik gl = k—1Px " Qx+k—1 = (Hj>0 p:c+j> Qr+k—1

o0 oo
mlAe@) = Y i g = Y (pe)pr e
k=m-+1 k=m+1

oco—m

=(vpe)"p; g Y (wpa) (G =k —mork=j+m)
j=1

_ v vpg )"
—(upy) "y g = (P

1—ovpy %—Px

@ = 250000(72 - 1| Az (v) + 1.645v/7/ml Az (v2) — (] A2 (©))?)],_50 00005 1 —0.95.0,0.05
~ 2130968.

Theorem 4.14. For each x > 0, ,|Az = v, |qp + ni1|As. ( see [14)])

Example 4.29. Suppose that 14| Ass = 0.24, i = 8%, 14p35 = 0.7, qa9 = 0.03. Find 15|Ass.

Solution: Formula [3]:  |iqz = sps - tqu+s => 14]q35 = 14P35 - Q9.

[14] n-year deferred : ,|Z, = vBI(n < K,), n|Zs = v"oI(n < T), %.|As = u| Az (v?),
wlAe = Blal Zo) = Y0y Pk (k) = v i, (0 4 1) + w1 [As -
(n,z) =7
14]Ass = oM e (14 + 1) 4 1451 Ass = v 4] g35 + 1441] Ass.

Thus 0.24 = v'°14p35 - qug + 15| A35 = (1.08)712(0.7)(0.03) + 15| Ass.
=> 15| A35 = 0.24 — (1.08)71%(0.7)(0.03) ~ 0.23.

4.2.4 n—year pure endowment life insurance.

Definition 4.11. The n—year pure endowment life insurance: It pays a face value in
n years when T(x) > n (the insured dies at least (after) n years from the issue of the policy).
Its present value and APV with unit payment are denoted by Zm:% and Am%, respectively.

1 — 1
Z, 1| = U”I(K >n) =v"I(T(x) >n) =2, q)y and A 711| =Apm = E[Zx:%] = Fy.
Z1 |—v *[(Ky <n),
n|Zm = o I(K, > n),
Zy = v5e.
The model in (4.1) applies with by = I(K,; > n) and vy = 0", k=1,2,...
Recall Y = I(K; > n) ~ bin(1,p) with p= P(Y = 1) = P(K; > n) = ppas.

E(Y)=p=npe and 05 = pg = npz - na-
Formulas [14]:
Z, 1| =o"I[(K; >n), A 1| =" s, Axm( v) = Amll|( v?) andVar(Zx:%
2

Is it right Var( x%') A L

7|
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Example 4.30. An insurance company has 100 clients age 30 which will receive a payment
of 50,000 at the end of 10 years if they are alive. Suppose that the probability that a life age
30 will die within 10 years is 0.02. The current annual effective rate of interest is 9%.

The insurance company sets an account to meet these payments. Calculate the deposit made
at time zero such that the probability that the insurance will have enough funds to the benefits
15 approzimately 0.95.

Solution: Let W = szq Z; be the total payments made to the 100 clients,

(Z's are iid. from Z =07, ). CLT: 222 — WEW (o, 1), (B(W),ow) = ?

aZ ow

Let @ be the deposit which the insurance company needs to make. By the CLT,
P(W < Q) ~ &2 20— ¢(1.645) = 0.95.

Hence, Q_ULMEW) = 1.645.
Solve for Q: Q= E(W) + 1.6450y = 7 W=?EW)=7?oy ="
E(W)=100b* A 1|( v), b=?
o, = 1000V (Z, _|) ? or = 100°0*V(Z, ) ? Which one ?
A L@w)=E@"I(K;>n))=v" Dz =71 v=7 n

7|
V(Zxa) 2" nPx — (U npm) = v? "D nx
Given 19g30 = 0.02 and v = 1/(1 + 0. 09)

A 1| = 0",z = (1.09)710(0.98) = 0.4139626,
Var(Z, n|) V2" - e = (1.09)729(0.98)(1 — 0.98) = 0.003497266.

Then E[W] = 100bA 1| = (100)(50000)(0.4139626) = 2069813,
oty = 1000*V (Z, |) (100)(50000)2(0.003497266) = 874316500.

Q = E(W) + 1.6450 = 2069813 + (1.645)+/874316500 = 2118454.

I
B

x| 80| 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 | 62| 28| 0

year old buys a three year pure endowment with an amount of $50000. Suppose that i = 6.5%.
Find the APV and SD of this life insurance.

Solution: Let Z = be:% =bw"I(Ky>n). v=7 b=7 n=7
E(Z) = bv™p and U% = b20%"pg , where p= 3pso 3psgo = 7

E(Z) = bw"3pgo = (50000)v 348(“3 = (50000)(1.065) 3197 ~ 25850.12.

o7 = bu"\/3pso(1 — 3pgo) = 50000(1.065) 197(1 — 291) = 20480.52

Example 4.32. An actuary models the future lifetime of (30) as follows. T'(30) has force
of mortality p, where p has pdf f,(u) = 400ue™2%, w > 0. The force of interest is § = 0.1.

Calculate Var(Z_ 110|)

Example 4.31. Consider the life table An 80—

Solution: Let Y =7 110| Var(Z 110|) v*10 p3ongz0 =7

n=10,v=e""1 ,p, = [ 400ue~>"du ? Y ? N ? DNK ?
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The exercise assumes that
conditional on i, fy,(tlu) = ue™""1(t > 0), where

Julu) = 400%, u >0, a =7 and § =7
Formulas: E(Y) = [yfy(y)dy = E(E(Y|y)) from E(X) = E(E(X]Y)) (36).
Given conditions: annual discount factor v = e =% = ¢~ 01 and nPz = € " conditional on pu.

1 17 1 _ 10 ,—-10
Am:ﬁ| o E[meﬂ o E[E[Z:cﬁ”’u]] =Lk [U € H]

oo o0 oo
:vlo/ e~ 101 (400) e =201 dp? :vlo/ e 101 (400)te =20 at? :vlo/ e 100 (400)te 20 at?
0 0 0

> 400T'(2) /°° p2-le 7
10 —30 10
—10(400 e 30 dp = v dp — 0.1635019739,
(400) /O H H 302 J, T(2)/302 | _ .,
400
2A, 10 = A, d0(0?) = 00— why ? = 0.06014901477,
' . 302 v=(e—01)2

Var(Z,.14) = 0.06014901477 — (0.1635019739)2 = 0.0334161193.

Example 4.33. Assume that mortality follows the life table in page 606. i = 6%. Calculate:
240:10 and 220:15 (i.e. 10E40. 15F2). Must learn how to solve it.

Solution: (i) From the table in page 606, 10E1 = 0.542299641.
(ii) The life table only presents 5E,, 10E; and 20 FE,. No 15FE.
But 15F20 = 10+5F20-
Formula: py4nDe = mPe - nPrtm, and By = 0™ - ps.
minfy = . manPzr = V"V pnDe = V" e - V" - pPram = mEr - nEoim.
15E2() = 1()E20 : 5E30 = 5E2() . 10E25. Which to choose ?
From the life table in page 606 19FE29 = 0.553116815, 19 F25 = 0.552733873.
From the life table in page 606 5F30 = 0.74323819, 5Fo9 = 0.743753117.

1520 = 10F20 - 5E30 = (0.553116815)(0.74323819) = 0.4110975404.
Theorem 4.15. Am% =B =0"" s,

Theorem 4.16.

Theorem 4.17.

Theorem 4.18.

Theorem 4.19.

Theorem 4.20. . nFEy = FEr - nErim

Definition 4.12.

Definition 4.13.
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4.2.5 n—year endowment life insurance.

Definition 4.14. The n—year endowment life insurance: [t makes a payment b at
K, An. Its present value and APV with unit payment paid at end of year of death is denoted
by Zym and Ay = E(Zy.q), respectively.

v i K, <n
v if n < K, TN

)

Ko if K, <
Definition 4.15. 7, = i — { 7z 1 _ {U LRz <n

v it n < K.

The model Z = byvy applies with by = b and vj, = v™0ER) =1 2 .

n

" Agm| = A (V") = B2 =Y 0™ P{K, = k} + v""P{K, > n}.
k=1
Theorem 4.21. A,z (v Zk 1” k1|qe + 0" npr = ZZ: VP lge + 0" o 1pe.
The proof makes use of E(g(X)) =), 9(k) g(k) =" 22 fx (k) =7
Zk’<n ) g(n )fX n) -+ Zk:>ng )fX( )77
Zk<n _'_ Zk>n g(n Zk<n kfX _'_ Zk>n k)

Example 4.34. Suppose that i = 0.05 and ¢, = 0.05. Ax:§| and Var(Zx:m) ?

Solution: A, 5 = vo|gs +v*1]gs + v*2ps = vqy +v*p, why g, not olg, ?
Are both equations applicable here ?
A,z(v) = vgz + v?py = (1.05)71(0.05) 4 (1.05) (1 — 0.05) ~ 0.9,
A9 (v) = Ay (v*) = v7qr + v*ps = (1.05)7%(0.05) + (1.05)*(1 — 0.05) ~ 0.8269188,
Var(Z,5) = 24,3/ (v) = (A,5/(v))* = 0.000097695860391.

xX:
Example 4.35. A 10-year endowment insurance pays $20,000 at the end of the year of
failure, or $20,000 for survival to time 10, whichever occurs first. Find the actuarial present
value and the variance of this endowment insurance for a 40-year old if s(x) = 1()1%6x, 0<

x <100, and i = 7.5%.
Solution: Let Z = bZ,5. n=" b= "7 Find E(Z) and V(Z).
x n| — Zk 1'U k—1|Q:c + 0" nPx = Zz;i Uk . k_1|qx + ™. n—1Px Which is better 7

+k—1 +k Lotr—1—Czik k—2 .
fr,(k ) = sz S()x)s(x ) _ Lask l} =k 1Pr Qetk—1 = (Hj>0 px+j) qz+k—1 Which ?

x

1_ n
Apm () = Ypy Pl 401 = gy = U (1 - ), w=7 a =7
A = (20000)A _ (20000)fp -t L i ~ 10374.5
_( ) 40:1_0|(U) _( )[U 1—0 @_l_ ( _@)]|v:1/1.075 ~ s

V(Z) = sz(Z40:E|) = (20000)2(A40:E|(U2) - (A40:1_|(U))2)|v:1/1_075 =

Definition 4.16.
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Theorem 4.22. (9 = 0|14z

n-year endowment Z, . = pEa/n

Theorem 4.23. Foreachx >0, Ay = v@tvpe A, 7=y (= S vl g v nps)

Theorem 4.24. A,z = A, 757 + dA ! (A, _1| =0"py and d=1—v).

xm| n

x 80 | 81 | 82| 83 | 84| 85| 86
Cp || 250 | 217 | 161 107 | 62| 28| 0
i =6.5%. An 80-year old buys a 3-year endowment policy insurance which will pay $50000.

Example 4.36. Consider the life table Let

Find the probability that APV of this life insurance is adequate to cover this insurance.
Sol: Let Z = bv™+"3 =07, 5 (b=") and A = E(bZ,5) =bA,3 =7 P(Z<A) =7
3 steps. (1) A,3 =7 (2) Simplify A > Z, (3) Ans.
(1) Az = Zzzl VR e_]ge + 03 - opy = Zizl VR e_1]gz + 03 - 3p. Q: Which ?

1)— o L .
I, (k) = s(z+k 31(1:)8(35+k) _ Losk glz bot k—1Pz * Qu+k—1 = (Hj>§ p:c+j> Gz+k—1 Which ?
2 Y =/ Y
A= (5OOOO)A80§| = (50000)[Zk:1 pk £8otk 6180 804k 4 4,3 2:;2]

= (50000)[(1.065) 1292217 4 (1.065) 2217161 4 (7 065)7310L] ~ 42728.5 = A.
250 250 250

(2) Simplify A > Z =bZ,.5: A =42728.50782 is adequate if A > Z = bZ,.5

<=> A > (50000)(1.065)K="3,

. —In(42728.50782/50000) _
<=> min(K,,3) > T (1.06%) ~ 2.45.

(3) P{A > bo®:"3} = P{min(K,,3) > 2.45} =7classexercise.
= P{min(K,,3) > 2.45, K, > 3} + P{min(K,,3) > 2.45, K, < 3}

= P{3 > 245 K, > 3} + P{K, > 2.45, K, < 3}

= P{K, >3} + P{245 < K, <3}

=77

= P{T, > 2} or P{T,, > 3} 777

— lso _ 161 _
= 72 = 355 = 0.644.

Remark.
+k—1)—s(z+k Cogr—1—Ay k-2
sz(k) = sz 8():0)8(1 ) — Zztk le k= k—1Pz " z+k—-1 = (Hj>0 p:c+j> dz+k—1

[8] fo(k) == k—1Pz " Qx+k—1 = (Hf;g p:c—l—j) Qr+k—1

3] sjed = Pls < T(x) < s +t), S sl@Hh) Loy s

s(x) Uy

i, (k) = s(:c+k—81()x—)8(:c+k) _ é,:+k,£1x_gw+k

Remark. Quiz on Friday : 447: [20]- [25], 450: [1]-[12], [14], [16]

4.2.6 m-—year deferred n—year term life insurance.
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Definition 4.17. The m—year deferred n—year term life insurance: [t makes a pay-
ment b if T(x) € (m,m +n| (death happens during the period of n years that starts m years
from now). Its present value and APV with unit payment paid at the end of the year of death
is denoted by m|nZy and m|nAz

Definition 4.18. ,,|,Z, = v5*I(m < K, <m +n) and *,|nAp(v) = im0z (0F).

The model Z = by applies with by, = bI(m < k < m +n) and vy, = v

Theorem 4.25. ,,|, A, = EpS<I(m < K, <m 4+ n)] Zk m+1v “k—1]qa-

Theorem 4.27. Zy = Z, o+ m|Ze = Z, o + mlnZa + minl Zo.

The proofs of the last two theorems follows from the definitions:

Ly = vK

z! |—v K [(Ky <m),

m|Zx = v (K, > m).

mlnZe = & I(K, € (m,m +n)).

man|Ze = 05 I (K, > m +n).
For instance,

mlnZy = v I (K, € (m,m +n]).
+) man|Ze = VB I (K > m 4 n).

m|Ze = 8o I (K > m).
That iS, m‘nZ:c + m—|—n‘Z:c = m‘Z:c
Thus the first theorem holds:
Theorem 4.28.
Theorem 4.29.
Theorem 4.30.
Theorem 4.31.

Definition 4.19.
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4.3 Properties of the APV for discrete insurance.

type of life insurance present value of unit payment
whole Zy = vl
n—year term z! vl = vB (K, <n)
n—year deferred w|Zy = 08 I(n < K)
n—year pure endowment Z l| =v"l(n < Ky)
n—year endowment Zym| = pin(Ken)
m-year deferred n-year term | |, Z; = v5I(m < K, < m +n)

Formula[14]: (note I[(A)I(A°) =0, I(A)+ I(A°) =1, and I(A) x I(A) = I(A))

Z _an|+n‘Zxa 1—|'n|szga
1 1 1 1 _

n|Ax - nE:cAm+na & - Aiﬁ:m + nE:cAm+n~

Example 4.37. Find E[,|Z;] and Var(,|Zy) if
Ay =0.75, Var(Z,) = 045, Ay = 0.5, Var(Z

mn|)

=0.2.

Solution: By the given conditions, we know (Az(v), Az(v?), A;: |( v), Ai n|( ),
n|Az(v)="7 Var(n|Ze) = n|Az(v?) — (4] Az)?=? and ,|A;(v?)=?

Which formula in [14] above ?
Ag(v) = AL 21(V) + nlde(v) => nAz(v) = 0.75 - 0.5 = 0.25.
Formulae: 0% = E(X?) — (E(X))? or 0% + (E(X))? = E(X?).

[14] Zy = Zyy + n|Zy and 0 = X | Zy

:cn|
(Ze)? = (Zy)® + (n IZ) and 0 = (Zy)* X (n]Z2)?
(Ap(v), Ay (1), Ay (0), AL (v%) = (0.75,0.45 4 0.757, 0.5, 0.2 + 0.5%)

By Eq. (3), 045+ (0.75)? =A, = 2A, o + %[ Ay (by Eq. (2))
=((0.2+(0.5)%) + *n|4q (by Eq. (3))
Hence,
20| Ay = 0.45 4 (0.75)% — 0.2 — (0.5)% = 0.5625.
and

Var(,|Z,) = 0.5625 — (0.25)% = 0.5.
Proof of Eq. (1) and (2):

Zy g % 0l Zo = VB [(K, <n) x 05 I(n < K;) = 0?5 (K, <n)I(K, >n)=0.
Dt 0l Ze = v I(Ky <) + 05T (n < Ky) = 05 = Z,.
Z' 24 12,2 = v (K, < n) + 0¥ I(n < K,) = 0?5 = 72,

x|
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Example 4.38. Suppose that A1 Al = =05 Var(
E[Z,7)] and Var(Z,z).

=) = 0.35,0" = 04,,p, = 0.6. Find

Solution: Need to know A, (v) =7 Ax.n|(v )="7 Why ?
Formula[14]: Z,5 = Z |+Z Lozl .7 1 =0. In fact,

zm|? Tz xm =
=7

) /A\
Z g = v0nEen) — Ko (K, <p)+0"I(n < Kp) =2} + 2, 1 q => Apm| = Ap gy + A, -

x|

(L)) = w2 minest) — 2K (K, < m) 402 (n < Ky) = 282+ 2,12
Given v" = 0.4 and ,p, = 0.6 =>
A 1|—v npzr = 0.4 % 0.6.
Aml”( 2) = v, p, = 0.42 x 0.6.
(Aps Ay Ay “Ayy) = (0.5,0.35+ 0.5%,0.24, 0.096).
2Am = 2A1 w) T 2Am ) = 0.35 4 (0.5)% +0.096 = 0.696.

Var(Z, ) = 0.696 — (0.74)* = 0.1484.
Theorem 4.32. Zy = Z, o +nlZz and 0 = Z, o X | Zs.
Theorem 4.33.
Theorem 4.34. Zy,m = Z, o+ Z, 3 and 0= Z, o X Z, 0.
Corollary 4.2.

Theorem 4.35.

Theorem 4.36.
Skip page 155

Example 4.39.
Example 4.40.
Example 4.41.

4.4 Non-level payments paid at the end of the year

Suppose that a life insurance provides a benefit of by paid at the end of the k—th year if
death happens in this year.
The present value of this benefit is Z = by, v+, The net single premium is P = E(bg, v*).

Example 4.42. A whole life insurance on (50) pays a death benefit at the end of the year
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of death. The death benefit is $50000 for the first year and it increases at annual rate of 3%
per year. The annual effective rate of interest is 6.5%. If A%, = 0.47 when the annual effective

rate of interest i* is %. Calculate the net single premium P for this insurance.

Solution: P = E(bg,v%") = > 77 bpv® fr, (k)=" with given by and v, but not fg, .

¥ N0k o .
However, Ay = o vs fo(k)|v*: 1 e = 0.47 is given.
1+m 1.065

b v
So P = Zf50000(1.03)’“—1\-21.065)"3-f1<2(k)

k=1

= (1.03)50000 Y (1.03/1.065)" - fr;, (k)
k=1

7

Az, ~0.47
=(1.03)71(50000)(0.47) = 22815.53398 (the net single premium).

Example 4.43. A whole life insurance on (50) pays $50000 plus the return of the net single
premium with interest at 6* = 0.03 at the end of the year of death. The survival function for
(50) follows the de Moivre’s law with w = 110. Calculate the net single premium for 6 = 0.07.

Solution: Let P = E(Z), Z = bg, v%s, v =e7%, b, = 50000 + Ped *.
P =350 bpoP i ]ge="?

k=1)—s(z+k atk—1—lo k—2 '
k—1|Qx = s(z+ 51()23)8(:6—’_ ) — Lotk Zz Lotk = k102 * Quik—-1 = (HjZO pr—Fj) Qosk—1 which ?
[e e}
P :Zbkvk k—1qx
k=1
60
= (50000 + Pel009k) e~ (O0D 1 s+k—1)—s@+k) _
k=1 w—x 8(1’) w—a
6 1 60 )
= 50000)e (0-07)k . Pe—(0.04)k
( Je P + Z e —
k=1 k=1
60 1 60 ]
_ k k
=50000» v _$+PZT —
k=1 k=1
1—" 1 1 — " 1
500002 — ") L prd=r L
- v:e*OU?w — T 1—7r e o—0.04 w—x

P =11320.61245 + 0.3713406834 P.
B 1132061245
=> P = 1=5313106831 ~ 18007.55.

Theorem 4.37.

Theorem 4.38.
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Definition 4.20. The increasing by one whole life insurance or annually increasing

whole life insurance pays k (units) at time k, for each k > 1, if the failure happens in the
k—th year. Its present value and APV are denoted by (IZ), and (IA),.

Under this policy a payment of K, is made at time K.

(12), = Koo,
(I4), (v) = BIKv"] = 3777 kv* - 1o
B[(1Z)}]) = B3] = 3300 Ko™ - lae = (TA4), (v7) 772

Example 4.44. A special whole life insurance on (40) makes non-level death benefits at
the end of the year of death. The first year death benefit is $10000. Each subsequent year death
benefit is $200 more than the previous year death benefit. i = 0.06. Mortality follows de Moivre
model with terminal age 100. Calculate the net single premium of this life insurance P.

Solution: P = E(Z), Z = 10,0000%* 4-200K 0% ? or (10,000 — 200)v’+ 4- 200 K v 5= ?

Z = (10000 — 200)v"= 4 200K,v%> = (10000 — 200) Z, + 200(12)..
P = E(Z) = (10000 — 200) A40 + (200) (IA)40, Ay =77 (IA)4O:??

00 w—2x 1 1 e |
Ay ;v fre, (k) ;vw_x v W =
o w—x 1 n ]
([A)mzzkvk'k—1|Q:c:ZkUkw_x ZUZkvk_lm n =77
k=1 k=1 k=1
n
ky Y 1— oyt ;0
= —_— 1
(§U >vw_$ ( 1—w >vw—:x [6]
—((1 — o™y (1 — )" LY v
R R
=[(—(n+ D)1 =) (L (1 -0
w—
ﬁ(l — (n+ 1)o" + no"t)
B w—2x
P =(10000 — 200)A4p + (200) (1A),q
1 — % L (1 — (n + 1)v™ + no" 1)
=[9800— Y 49002 o
w—z 1—-v w—2a w—r=n=60,v=17

=3490.380588.
Definition 4.21. Quiz on Friday : 447: [20]- [25], 450: [1]-[12], [14], [16]
Definition 4.22.

Definition 4.23.
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Example 4.45. Let A3y = 0.13, (IA)4, = 0.45, v = 0.94 and p3p = 0.99. ([A)q =7?
Solution: Need the relation between (IA),, Ay and (IA), ;.

(A), =) k"l

k=1
o0
=) (k= 1wkglg (try to get Ay)
k=1
o0 oo
=3 ol ) (k= 0F ey why k=27
k=1 k=2
o0 o0
=As + Z(k = D" g (try to get (TA)pqn = ZJ'UJ - j-1ldz+1)
k=2 j=1
o0
:A:c + Z (k - 1)Uk_1+1 ' k:—1|Q:c
k—1=1

=Ap+ Y (e (G=k—1)

j=1
A, +v ) ol i qa ([3] - sltqe = P(s < T(x) < s+1) t =177
(lgs S(z + ) —Sé()x+j +1)
S+ -1) =S+ )+ -D+1) SE+1) | 22
= S(:L’ n 1) S(CL’) = j—19z+1 " Pz

00
=A; + UZjUj 'j—1|Qx+1 * Pz
=1

(IA);C =Az + vpy (IA):CH

—> 0.45 = 0.13+ (0.94)(0.99) (I4)s, ,

— _ _0.45-0.13 __
=> (IA)y; = {airosey = 0.3438641737.

Typical cases of fx (k) in computing ([ A),:
(1) Uniform ——, (2) Exponential (e #:=1) — =1k (3) life table, (4) probability table.

w—x’

Basic method (IA), = >, kv* fx, (k) due to E(g(Y)) = >, g(k) fy (k).

Definition 4.24.
Definition 4.25.

Example 4.46. Suppose that ji,(t) = 0.03, t > 0, and 6 = 0.06. ([A),=?
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Solution: leen condltlons v = =0 = 7006 and s(t) = e Mt = 003,
(IA), = E(K, vk Zk: L ke k_1|qx.

+k—1 +k fz Ly k—2
me( ) = (x 8();0) s(otk) _ Lok gl = D Gkl = (Hj>0 p:c—l—j) r+k—1

T

—p(z+k)

k=1
m —_— —_—

k=1 e
o0

=(1—e* e“Zk‘e (0+n)k

—=(1 — e ek Z o P

k=1
N - 1 —¢oot! 1
=(1—e ")t x ;ktk’—l formular[16] ; ; K = ()i = (=)
—(1 - e x (T,
1
(1—eHMe (e
_(1 — e_“)eu_a_ﬂ
T (1= e (0tm)2
—0 _
1—eh
:M =) e B (This actually proves in the next theorem)
—eve — VPz
=0:06(] _ o=0.03)

= 3.757282156.

(14), _(1 _ 6—(0.03+0.06))2

Theorem 4.39. Under constant force of mortality pu,

Ge(1+1) VQy

UA)e = (72 = T=vpn)?

Proof 2. Since the mortality force is constant, (IA), = (IA), ;. By Eq.(1) above

e s (14
(TA), = Ay +1E; (IA), ) = 725 (1A4), and (I4), = 125 = 720 = %qfﬂ')lg'

Example 4.47.

Example 4.48.
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Definition 4.26.
Definition 4.27.
Definition 4.28.

Definition 4.29. A decreasing by one n— year term life insurance pays n +1 — k
(units) at time k if the failure happens in the k—th interval, where 1 < k < n, that is,

(DZ):lc;m = (n41— K)o I(K, <n). Its APV is denoted by (DA).

xm|

?

Example 4.49. Suppose that p,(t) = 0.03, t > 0, and 6 = 0.06. (DA)m:m =
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Solution: v =e™%, and Sy, (t) = 1pr = tpo = e, t > 0.
n

(DAY g5 =E((n+ 1 — K )o" (K, <n)) = (n+1— k)’ fic, (k)

k=1
10
= (11 — k)em008k (0031 _ =008y (k) = g, = 4 1ps — 4
k=1
10
_ Z(ll _ k)6—0.06k6—0.03(k—1)(1 . 6—0.03)
k=1
10
:6—0'06(1 _ 6—0'03) Z(ll o k)e—0.09(k—1)
k=1
9
26—0.06(1 _ 6—0.03) Z(lo _ j)e—0.09j (] — k- 1)
7=0
9
= 0001 — e Y (10 - j)o! v =7~ 1.19.
j=0
9 9 9
D 0=t =) 1007 = vl
j=0 =0 J=1
9 9
=10 Z v —w Zjvj—l
J=0 J=1
9 9
=10 Z v — ’U(Z v
7=0 7=0
9+1 9+1
:10% — v(%)'w (see formula [16])
10
:1011 _”U -4 —00)2 (1—100° + (9)0'°)
1 ~0. -0. 11—t v 10
(DA)xl_0| =€ 006(1 —¢ 003)[10 1o - (1 — U)Q(l —100” + (9)U )”v:exp(—0.0G) ~ 1.196.

4.5 Life insurance paid m—thly

It is unusual that claims are paid at the end of the year. A better model uses that claims
are paid at the end of each month, or other period. In this section, we consider the case
when payments can be made at m different equally spaced times a year. Previous insurance
quantities are defined as before. To indicate that payments are made m-thly, a superindex (")
is added to the actuarial notation of insurance variables.

Suppose that a whole life insurance is paid at the end of the m—thly time interval in which

failure occurs. Let Jém) be the m—thly time interval of death. We have that
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Jg(;m) =jif T, € (%, %], for some positive integer j > 1. In other words, Jfﬁm) = [mT,].
The present value of a whole life insurance paid at the end of the m—thly time interval in which

. ) (m)
failure occurs is Zg(;m) =72 /™ Thus

o0

ATV =AY W) = Bl =Y 0P =y =0 g, (1)
j=1

J=1

240 —p[(ZEM) = 37 oML = jy = A ?)
7=1

Example 4.50. Let p,(t) =0.03, ¢ >0, and 6 = 0.06. Calculate A;S) and Var(Z:(CS)).

Solution: A{Y = Zj‘;l wimPLI™ = ) = Zj‘;l vl/m . =] 1.
m = 3’ v = 6_0‘067 tpl’ e 6_0'03t7 %|%Qx e Sj}(%) —_ STI(L) — e_p‘];Ll — e_/’l‘%7 /"L = 7

m

AD =Sl = 1 =30 g (1)
j=1 =1 s
:Zvj/m[e_“% — e ] 1z = Sp,(t) = e
j=1

(o]
mpo—pd ol —pd
:E :vj/m[e Himelm — e~ Him]
J=1

o0

:(e”% —1) Zvj/me_“%

7=1
11—t
=(etm — 1)t
(e T
1
=(etwm — 1)t——
(e e
1/m, —£
:(6M% - 1) - 1 ‘ _©
1— (vt/me=m) v=e-0-06 ;,—0.03,1=3

=0.330005611.
240 = AP (v2) = 0.1960201321.
Var(Z8Y) =0.1960201321 — (0.330005611)2 = 0.087.

The second way to find A;m) is to use the formulas for A,, by changing the parameters to take
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in account that payments are m times a year, that is,
v —v"/™ and j—1|Q:c — %1|%C_I:c (0l¢e = @z — %Q:C)

e.g., under constant force of mortality u,

1— 1 Q:c
Ay =7 Pr _ : Qe becomes AEJ”)
v Pz 5_14‘%6 vl/m 1+1Qx

However, if A, needs to be derived, then it is better to use Eq. (1) above.
Definition 4.30.

Example 4.51.

Example 4.52.

Example 4.53.

Example 4.54.

Example 4.55.

4.6 Level benefit insurance in the continuous case.

In this section, we consider the case of benefits paid at the moment of death. This is
also called immediate payment of a claim.

4.6.1 Whole life insurance.

Definition 4.31. The present value and the APV of a unit payment whole life insurance
paid at the time of death are denoted by Z, and A,, respectively.

7 T

A, = E[Z | = ET] = [Jv! fr, (t) dt and A, = Ay (v) = E[Z,] = Au(v™)

Example 4.56. The force of interest is 0.06. (x) has a constant force of mortality of 0.05.
Consider the benefit of the whole life insurance to (x) with unity payment paid at the time of
the death. (i) Find its APV and the variance.

(ii) Find the density of its present value.
(#ii) Find the first and third quartile of the present value of the benefit of a life insurance
to () with unity payment paid at the time of the death.

Solution: (i) x—f ol fp ()dt =7
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v=e"0=¢e"006 Constant force of mortality => fr@) = pe Mt > 0.

sz/ vthz(t)dt:/ e_‘st,ue_“tdt:/ pe~ Ot gy
0 0 0

o0

__ K —+m)t gy M
= ) Wt = —
p+9o J, (i +0)e w0

~ 045 = Why do it ?

lnv

11=0.05,6=0.06

2Z:c :Zg;(’U2) _ H

— Inv?

~ 0.29
1=0.05,=¢—0-06

Var(Z,) = Az (v )— (A4(v))? ~ 0.0875.
(ii) f () = fyre (t)= 7 with fr,(t) = pe =", t > 0.

Formula [20] for df of U = h(Y): fy(u) = fy(h_l(u))|dh;—;(u)|. (UY)=?h=7h"1=7
U=Z,=v" Y =T,andu=h(t)=v' oru=e"% t>0.

t=h"t(u) =, u € (0,1)7?
Sy (t) = fr,(t) = pe " ¢ > 0.
dh™! Inu, di% 1
frtw) = (0 @) 2] —pesp( - ulﬁjjn "t | pexp(—p)| | (v = 4)
:,uexp(lmﬁ)|—| = %u% = %u%_l, we (0,1). p=? §=77
fz,(u) = fu(u) =2u"s, 0<u<l. (1)
(iii) Quartiles of Z, ? Two ways for Z, = v’* or U = h(Y): (U,Y) ="
(1) & = F7 ' (p); (Fu(t) = Fzz(t) = Jo fz,(2)dz = [y77dz). (see (1))
he) i h() 1 B
(2) & = {hgﬁ?ip) ; hEt; v where U = h(Y), {; = v (p) and Fy (t) = Pr,(t) = 1 — e M.

Method (1): Let &, be the p-th quantile of Z,.
Solve p = I (fp) for &,
p=1Fyz fO fz. (2)dz = fot %z%dz =%/6 ¢t € (0,1).
(fp) 5/6- =>§p = poo.
The first quartile of Z, is (0.25)6/% ~ 0.189.
The third quartile of Z, is (0.75)%/° ~ 0.708.
Method (2): (2) & = {h@{i) AT Chere u = h(t) = of | 1,
hEr-,) iEht) )
So & = h(&]_,)- Need to solve &
Fy(t) = Fr,(t)=1—e" =p,
=>1-p=e#
=>In(l—p)=—ut
. In(1-p) _ , /-«
=>-———=1t=¢
& = h(&i_p) h(t) =o'
— i — Why 77
_ np Inp
=) = ) = exp(In(p/)) = pPl = p¥/5.
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Example 4.57. An actuary models the future lifetime of (15) as follows. T'(15) has force
of mortality p, where p has pdf f,(t) = 25, 0.01 <t < 0.05. The force of interest is 6 = 0.1.

Calculate Aqs.

Solution: Which ways: (1) A5 = E[Z,] = [v* fr,(2)dz; (2) Ais = E[Z,] = E[E[Z|u]]?
Which of them is correct ? (1) fr ( ) = pe Mt > O (2) fras)(tlu) =ue™™, t>07
Given conditions: (1)Sp(i5) = _“t, t>0.  (2) fu(u) =25, ue[0.01,0.05].

A result from Ex. 4.56: F (7:0) L& = —L— under constant forces if p is given.

A1s = E[Z,] =E[E[Z15|u]]

0.05 0.05

0.1-0.1

:El a ] / a -(25) dju = (2 )/ EH0 0 4, Why do this ?
p+9 0.0 #+0.1 oo1  HT01

0.05
:(25)/001 ( 0.1 ) (In(z + ¢)) = zic

=(25) (3 — (0.1)In(p + 0.1))

0.01
~0.22.

Example 4.58. A cohort of lives age x consists of 10% of smokers and 90% of non-
smokers. The force of mortality for smokers is p.(t) = 0.08, t > 0. The force of mortality for
non-smokers is pz(t) = 0.02, t > 0. The force of interest is 0.04. Calculate A, and Var(Z,).

) for 1 f k
Solution: Given condition: p = 0.08 or 10% of smokers and § = 0.04
O 02 for 90% of non-smokers

Can we use it directly ?

From Ex. 4.56, A, = A5 = Ao

Let Y = I((x) is a smoker), that is, Y = {1 %f (z) %s a smoker,
0 if (x) is a non — smoker.
Then the given assumption is
fry (t1) = fi(t) = 0.08¢~%%% ¢ > 0;
frpy (£l0) = fo(t) = 0.02e700% ¢ > 0.
Y ~ bin(1,0.1).
Formula [19] E(X) = E(E(X]Y)) yields

A, = Ewl=] =E[E[Z,|Y]]
=E[’|Y = 1]P{Y = 1} + E[v=|Y = 0]P{Y = 0}
( [ T, |Y _ 1] Asmoker(_ M ) _

— Inv

, oo
4 8 B=tsmorer=0.08 " ().08 4- (.04

0.02
S = _—1/3
T =02 002001 /3

A =(2/3)(0.1) + (1/3)(0.9) = 1.1/3 =~ 0.37

—9/3,

—non— smoker

E["|Y =0] = 4,
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E[(v™)*) =E[E[(v™)*|Y]]
=E[vT)YY = 1]P{Y =1} + E[(v")?]Y = 0]P{Y =0}

— 0.08
FE Tx2Y:1 :AsmOker 2y = H = =0. -1 2:2
(El)] =AY = T T hos g @001~ P (as —Inv™ =29)
E[(’UT””)2|Y _ 0] _ Zzon—smoker( 2) 0.02 _ 0.2’)

T 0.02 + (2)0.04
E[(vT*)?] =(0.5)(0.1) + (0.2)(0.9) = 0.23,
Var(Z,) =0.23 — (1.1/3)* ~ 0.096.

Example 4.59. A benefit of $500 is paid at the failure time T of a home electronic product.
The pdf of the time of failure of the product is fp(t) = % if 0 <t <10.
(i) Calculate the actuarial present value of this benefit if i = 0.075.
(ii) Find the density of present value of this benefit.
(iii) Find the 25, 50 and 75th percentiles of the present value random variable of this benefit.

Solution: (i) b4, = b [ vf fr, (£)dt = (500) [, *(1.075)~" & dt = (500/50) [ t-(1.075)~" dt=?

[ tatdt = [ tda'/Ina 0 =7
= ﬁ[tat — [ d'd]
= =[ta' — a'/Ind]
= allt — 1/Ind], (a = 1/1.075).
10 0 ' 0
bA, =(500/50 t-(1.075) Pt = - [LO75 7 (t — ————)]| =~ 313.39.
e >/o LTS = om0 s

(ii) Let T'= T'(x) and Z = b’ = (500)(1.075)~T = h(T) be the present value of the insurance
benefit. Then Z/500 = 1.075~7 and

In(Z/500)

T=h"(2)=~ In(1.075)

€1[0,10] Why ? (fr(t) =t/50, t € (0,10)) (1)

and f7(2) = fr(h=)())| 2] (see 447 [20]).

fate) =ir ( 1H(1~075)> dz ( In(1.075) why

—In(z/500) 1

pu— _ 1
Chatrors) 0 i) fr(t) =1/50, t € (0,10)

- —In(z/500) , Done?
50z(In(1.075))2
0= %{]igo) < 10, or simplify it as 500(1.075) 1% < z < 500.

nit.

t (see Eq.(1))

(ili) Two ways: Let , be the p-th quantile of Z.
» (o —In(z/500
(1) Solve p = fo f7(2)dz for (. Fz (&) = |, mda



SECTION 4.6. LEVEL BENEFIT INSURANCE IN THE CONTINUOUS CASE.

121

(2) Since z = h(t) = (500)(1.075) " is decreasing, we have that
Cp = h(&1—p), where &1, is a (1 — p)-th quantile of T'. Fr(t) = ft sgd.
Use method (2). Why ?7?
&

=> §{1—p = 10y/1 — p. Hence,
Cp = h(€1-p) = h(104/1 — p) = 500(1.075)~10v1=

The 25th percentile of the benefit is (p.25 = 500(1.075) 710V = 290.6742245.
The 50th percentile of the benefit is (o5 = 500(1.075)~10V05 = 348.2793162.
The 75th percentile of the benefit is (.75 = 500(1.075)~10V0-25> = 417.300441.

Definition 4.32.
Example 4.60.
Theorem 4.40.
Theorem 4.41.
Theorem 4.42.
Theorem 4.43.
Theorem 4.44.
Theorem 4.45.
Theorem 4.46.
Theorem 4.47.
Theorem 4.48.
Theorem 4.49.
Corollary 4.3.
Theorem 4.50.
Theorem 4.51.
Theorem 4.52.

Theorem 4.53.
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Theorem 4.54.
Theorem 4.55.

Definition 4.33.

4.6.2 n—year term life insurance.

Definition 4.34. n—year term life insurance: a payment is made if the failure happens
within the n—year term of an insurance commencing at issue. So, a payment is made only
if the failure happens before n years. Its present value and APV of a unit payment n—year

term life insurance paid at the moment of death is denoted by 731m| and Zm:m; respectively.
—1
Zom = 0™ I(Tz <) (2 = VeI (K <))
—1 —1 —1
mAm:ﬁ| = E[(Z:cm)m] = A:cﬁ| (Um) = E(UmTzI(Tx < n)) = f()n Umthx (t> dt.

Example 4.61. Julia is 40 year old. She buys a 15-year term life policy insurance which
will pay $50,000 at the time of her death. Suppose that the survival function is s(x) = 1 — 155,
0 <z <100. Suppose that the continuously compounded force of interest is 6 = 0.05. Find the
APV and SD of the benefit of this life insurance.

Solution: Let Z = bv™01(Tyy < 15). T(40) ~ U(0,60) and v = e 0 = ¢ 0% p =7
—1 —1 —1
B(Z) = W (v)=" and 07 = by Ao (02) — Apor5(0))? ?

n n
Ayprs) =E@W" (T <n)) = / o' fr. (t)dt = / o
0 0

t |15 15
—1
Y I ~ 0.1759.
60lnv |, 60lnv |, _ o0
15
91 —1 9y v —1
A= =A = ~ 0.129.
40:15] 40.15|(U) 60Ino ym(e05)2

The actuarial present value is bzio:ﬁ = (50000)(0.1759) ~ 8793.9.

o . 2
(50000)\/ 2 A075| — (Aioﬂ) ~ 15695.96.

o7 = bo=1
zZ= Z4o 15|

Example 4.62. Consider a 15-year term life insurance to (x) with unity payment. Assume
that § = 0.06 and (z) has a constant force of mortality p = 0.05. Calculate the probability that
the present value random variable is smaller than or equal to twice the APYV.

Solutlon P(Z xn| < 2Ax 7)="

ﬁ fon thx fo t(s'ue Hdt = f pe i d
_ 5” f e—t(0+p) dt(5 + p) u-substitution. u= 7
B 4o o B _
S (0-+1) ‘0 = Hs(—e” n(n+d) 1 1) = 0.36725.
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P{Zy.15) < (2)(0.36725)} = P{e~ )T [(T,, < 15) < 0.73450}
= P{e=(0:00T: < (.73450, T, < 15} + P{0 < 0.7345, T}, > 15} —(0.06)T% < In0.73450
— p{—ROBI0) < 7, T, <15} + P{T, > 15}
= P{5.14275 < T}, } + P{T < 15} 4+ P{15 < T}, }? or P{5.14275 < T), < 15} + P{15 < T;,}?
= P{5.14275 < T}, } = e~ (5:14275)(0.05) — () 77326,

4.6.3 n—year deferred life insurance. In the case of n—year deferred life insurance, a
payment is made only if the failure happens at least (after) n years following policy issue.

Definition 4.35. The present value and APV of a unit payment n—year deferred life in-
surance paid at the moment of death are denoted by ,|Z; and ,| Ay, respectively.

Definition 4.36. ,,|Z, = v’*I(n < T}).

nlAz = Eln]Z,] = f;o e~ fr, (t) dt and "y |Ay = E[(a]Z2)™] = n| Ax(0™).

09 0< k<50
0.6 k> 50.
uniform distribution death (UDD) within each year (or linear interpolation). 40|Az0= ?

Example 4.63. Suppose pr = { The force of interest is 0.05. Assume

=7

_ 0o LN
Sol. 4| A3y = f40 vt fr (t)dt. Due to UUD, fr (t) = p_1|qz if t € (k—1,k], k =
k

[ee] t
10| Az = f4o ol fr, (B)dt =312 40 fk LV k-1 gedt = > o k—1ltz e
k-1
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- ) kl-1/v _ 1-¢? _ k
= > houo k—1]0eV" T = TF—40]A3o Needs 40| A30 = Y 400" £—1430

=7

—
k—11930 =k—1P30930+k—1 = D30 P30+k—2 (930+k—1) 2Dx = Dalat1, -
(0.9)k=1(0.1) k=1,..,21, (30+k—2<49or k <21)
=< (0.9)271(0.4) k=22 (30+k—2=50)

(0.9)22710.6¥22(0.4) k>23 (30 +k—2>51), or k> 22

a0ldzo = Y oM ilgz = Y 0v50.9%10.6420.4

ke>40 ke>40
o0
=0.9%06722.04 ) vk0.6" = (3/2)*1(0.4/0.6) > (0.6v)"
k>40 k=41
oo
= (3/2)21(0.4/0.6)(0.6v)"" ) ~(0.6v)7 j=k—41
§=0
= (3/2)%1(0.4/0.6)(0.6v)" by [1
(3/2°0.4/0.6)(0.60) o by 1]
— 7.998342 x 1077
— 1—-1/v
40| A30 =40/ A30 1 /
nv |, _.-o.0s
1-1
_7.008342 x 10T 1/Y ~ 8.201632
Inv ——0.05
v=e
Remark. Quiz on Friday : 447: [20]- [25], 450: [1]-[12], [14], [16]
—Inz . < 5 < —nd — N
Theorem 4.56. F 7 (z) = an"‘STz( 0 ) i 0 == (=)
nl4e 1 otherwise.
0 ifz<0,
Proof. Since ,|Z, = v=I(n < Ty) = e = I(n < Ty) € [0,1], Fn|7w(z) =<¢... z€[0,1]

1 ifz>1.

Do we have FnIZ(l) =17 Why 7
Ifz=0,F 7 (2) = P{,|Z, <2} =P{eI(n < T,)=0)=P(Ty <n)or =P(n<Ty)?
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F 7.(0)=P(T; <n)>0. F 7 (0-)=07?7Y,N, DNK.

f0<z<1 F 7 (2) =P{,|Z, < 2}
—P{p|Z0 < 2,Tp <0} +P{u[Z, < 2Ty >n}  o|Z =0 1(T, > n)
=P{0< 2, T, <n}+P{e " <2 T, >n}
=P{T, <n} +P{-In(z)/0 <Tp,n<Tp} (max{—In(z)/d,n} <Ty)
B {P{Tx <n}+P{-In(z)/6 <T,} ifn< %nz

P{T, <n} +P{n < T,} if n > =z,
nte+ St () if0<z<e™,
IR if 2> e,
Question: P(,|Z, =0) =7 (A) ngz, (B) P(T, <mn), (C) 0.

Example 4.64.

Example 4.65. Under De Moivre’s model with w = 100, fn|Z (t)=7¢

Sol. Let F(t) = F 7 (t). If t € (0,e7™), then F(t) = ngo + S1,(—Int/d).
1) Ift ¢ [0 ,e‘”‘;] then F'(t) = 0.

(

(2) If t € (0,6 ™), then F'(t) = S, (—ln—t)_—(;:(l—;%)_—5(>0att—0+oroo7)
(B)Ift_ aF(O)_F(O_):F(O)_nQ:c: 2

(4)

w—zx"

—nd

Hlft=e" no F(t—l—) F(t—)zl—nqx_STm(_lng ):l_an_np:c:O-

_ Int

(1— =)= ifte(0,e™™)
nqz ifte D= {O}

Is it cts 7 discrete ?

Thus the df f(t) = {

4.6.4 n—year pure endowment life insurance. In the case of an n—year pure endow-
ment life insurance, a payment at the end of n years is made if and only if the failure
happens at least n years after issuing the policy. The present value of the benefit payment is

a =" (0 < Ty) (= o"I(n < Ky) = Z, )

— 1 — 1
= E[Z a1l = v"npe and Val”(Zx:m) = 02" nPz * nx-

4.6.5 n—year endowment life insurance. In the case of an n—year endowment life insur-
ance, a payment is made at either the time of death or in n years, which ever comes first.

Definition 4.37. The present value and APV of a unit payment n—year endowment life
insurance paid at the moment of death are denoted by Z,. 7| and A, 7|s Tespectively.

vle if T, < n,

Definition 4.38. Z .- = v1="\" = ¢(T,) =
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M =E(Zo)") = /O o ) dt /O O p (1) dt + / oM (1) dt
_ / VP f (8) dt 4 PAT, > ) = Ay (o)
0

Example 4.66. Find the APV and variance of a 15—year endowment life insurance to (x)
with unity payment if 6 = 0.06 and (z) has a constant force of mortality p = 0.05.

Solution: A, = E[v""*] fo (t) fr, (t) f t)dt +v"P{T, >n} and v = e 9.

15
A1) :/ ' fr, (t) dt +v"%15p,
0

15
= / e ey dt + p1Pe— ()15
0

15
::U/ e~ Ot gt 4 yloe= (W15 set u=—(0 + p)t

0

_e—(6+p)t

_, = T o (9)(15) = (m)(15)
=/ + e ( e

d4+p 10

— o= (6+m)15
. 1;T 1 = (9(15) = (1) (15) d = —lnv (why put here?) (1)

ol
—(0.11)(15
_ (0 05)(1(0 1)( 49) + ¢~ (0.06)(15) ,—(0.05)(15) (3 979,
V(A,5) = A5 (0) - ( »15)(v))? &~ 0.3492341 — 0.279% &~ 0.2713931
Note that 2_x 15|( v) = A, 15|( 2)
1 — ¢~ (6"+m)15 .
:MW + ¢ (0)05) o =(1)(15) — Inv? = (2)(=Inw) = 20
0*=—Inv?
— (28 15
_w( —22 i ) | -s205),-005) _ 3492341
ol

Theorem 4.57.
Theorem 4.58.
Theorem 4.59.
Example 4.67.
Theorem 4.60.

Theorem 4.61.
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4.6.6 m—year deferred n—year term life insurance.

Definition 4.39. In the case of m—year deferred n—year term life insurance, a payment is
made if death happens during the period of n years that starts m years from now.

Definition 4.40. The present value and APV of an m-year deferred n—year term life in-
surance with unit payment paid at time of death are denoted by m|nZz and py|n Az, respectively.

iftm<T, <m-+n,
else.

e = Bl Ze] = "y / - / in>g<t>m<t> a- [ b ar

J— J— m+n J—
2m‘nA:c(U) = E[(m‘an)z] = / U2thx (t)dt = m‘nAx(U2)

m

T
Definition 4.41. |, Z, = v I(m < T, <m+n) = g(T,) = {O

4.7 Properties of the APV for continuous insurance

The following table shows the definition of all the variables in the previous section: Level
payment paid at the time of death

type of life insurance payment
whole 7. = vl
n—year term 731m| = vl [(T, < n)
n—year deferred wlZe = v I(n < Ty)
n-year pure endowment ch:% =v"l(n <Ty)
n—year endowment Ex.m = pmin(Ze.n)
m-—year deferred n-year term | | Zs = vel(m < T, < m +n)

1 = =1 - 1
[14]: Z) 0 Zoh =00 Zom = 2l ¥ Zpdts Do X 7. =072 Zym) = Zopa| + Zyp
_1 _
xnI “n|Zz =0, Ly _Zsﬁnl—i_n‘Zﬂﬂ7 l“”| n|Z =07 Z—_Zmn|+n|Z ’
n|Ax - nEmA:c—i—m & == Al.—| +nEmA:c+n- n|A:c - nE:cAm+n . Z_ - Ax n| + E A:c—l—n
1 1 _ _ 1 _ _ 171

— _ - L . — —1 — 1
m|Zz = m|nZz + m+n|Zz, which line above is it similar to ? MApm = mAx:m + mAx:m.

Example 4.68. If E[
Ax:m and Var(Zx:m).

=0.5 Var(Z =0.35,0v" =04, ,p, = 0.6, Find

Solution: Z,E:m = BT\ = E(vT=I(T, < n) +v"I(T, > n))
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= BT (T, < n)) +v"P(T; >n)) = 0.5+ (0.4)(0.6) = 0.74.

Var(?x:m) = 2Zx:ﬁ|_(zx:ﬁ|)2
YApml =2Zglm| + 22:0:% =?
— Var(Zym) + (Zisz — 0.35+ (0.5)2 = 0.6,
Ay = Ay (%) = 0¥ = (0.4)%(0.6) = 0.096,
A i) = Ay + Ay = 0.6+ 0.096 = 0.696,
Var(Z,.z) = 0.696—(0.74)% = 0.148.

Theorem 4.62.
Theorem 4.63. ,,[,Z, = Ei’:m——i—m -7

Theorem 4.64.

Skip the rest theorems.

1
x+m:m|

Theorem 4.65. .|, Ay = Ey - A
Theorem 4.66.

Theorem 4.67. 1|02y = m|Z2 — min|Zs.

— —1 — —
Theorem 4.68. 7, = Z yim) + mnZz + min|Zz-

Theorem 4.69.
Theorem 4.70.
Theorem 4.71.
Corollary 4.4.
Theorem 4.72.
Example 4.69.
Example 4.70.

Example 4.71.
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4.8 Non—level payments paid at the time of death

In this section, we consider a life insurance with a general payment at the time of the death.
Suppose that if failure happens at time ¢, then the benefit payment is b;. The present value of
the benefit payment is denoted by B, = by, v’=. The actuarial present value of this benefit is

E[B,] :/ b’ fr, () dt:/ bev' - g ppre dt.
0 0

Example 4.72.

Skip the next two examples.

Example 4.73. For a whole life insurance on (60), you are given:
(i) Death benefits are paid at the moment of death.
(ii) Mortality follows a de Moivre model with terminal age 100.
(iii) i = 7%.
(iv) by = (20000)(1.04)¢, t > 0.
Calculate the mean and the standard deviation of the present value random variable for this
msurance.

Solution: The present value random variable is

Z = by, vT® = (20000)(1.04)T0uT00 = (20000)(1.04v)Te.

fr,(t) =7
0 1 (20000)((1.04v)% — 1)
E[Z) = /O (20000)(1.040)" 15 dt = =0 "5 540)
—11945.06573,
E[7%] = (= (20000)(1.04%)® — Yoo

40In(1.0402)
40 .

:/ (20000)2(1.04v)% — dt
0 40
20000)2((1.04v)%0 — 1

-t 53)01(1§(1 02) ) _ 1577482087,

Var(Z) =157748208.7 — (11945.06573)% = 15063613.41,
\/Var(Z) =v/15063613.41 = 3881.187114.

Example 4.74.

Definition 4.42. An increasing life insurance in the continuous case (or a contin-
uously increasing life insurance) makes a payment of T, at the time of death. Its present
value and APV are denoted by (I Z)x (or by (IZ):E) and (I A)x (or by (IA):E, respectively.

(12), = ™

In this case by = ¢, t > 0 and (7 Z)x = fooo tol - fr (t) dt.
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Definition 4.43. Other increasing life insurances in the continuous case (or con-
tinuously increasing life insurances) are defined as follows.

type of life insurance payment
whole (ﬁ)x = Tyt
n-year term (1 ); = Tw=1(T, <n
n—year deferred |(_ )m =TwwleI(n<T
n-year pure endowment 1z),1 7 =

n—year endowment (1Z),. 7 = min{Ty, n}omin(Zen

)
x)
0" (n < Ty)
)
)

m-year deferred n—year term | p|n(IZ)e = Too'=I(m < Ty <m+n

w—x

Theorem 4.73. Under de Moivre’s model, (7 Z)x = m{[(w — )T = ] 4 )

w—T
= 1
— Tey _ t
Proof. (IA4) =BE(Tw')= /0 ol ——di
w—
1 t N : .
:m tdv (v") =v'lnv  (integration by parts)
0
w—T
:;[tvt _ ot dt]
(w—z)lnv 0
1 . ’Ut w—x
p— ) t —_— —
(w—z)lnw ! lnv] 0
_ 1 o OUTT 1
(W f)hw{[(w ) Inv ] Inv”"

Example 4.75. Suppose that p,(t) = 0.03, ¢ >0, and § = 0.06.
Compute (1) 19 (I A)x, (2) (I A) (3) (IA):E /"

Solution: (7 Z)x = BE(Tyw'=) = BE(Tyo™ I(T, < n)) + E(Tyo™=I(T, > n))
|

= (IA)! 20 + 10] (7 Z)x =0

Q1. How many integrations to do 7
Q2. Can we simplify to 2 questions ?
Q3. Can we reduce to 1 integral ?

nl (7 Z)z withn =7
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ol (1'4),

E(Tw™ (T, > n))

/ tolpe M dt
], v

8

o0
= ,u/ (t —n + n)e” T+ gt a trick
n

8

5+u
(y + n)e~Wrn0+m) gy, (y=t—nort=y+n)

I
0

o0
,u/ (y 4 n)e YO0+ gy
0

e (410 / Je VD | ey g
0

:,ue—n(f?w) [/OO ye—y(5+u)dy + /OO ne—y(5+u)dy] /OO de =? B =2
0 0 o L(a)p®

~ I'?2) P04 p)? 4 n _
_ o —n(64p) 2-1_—y(6+u) y(5+p)
e [(5 e / r2) Y e dy + 5+ ), 0+ pe dy|

1 n
—n(0+p)
[®+MV+5+M

1 n
(0 + p)2 + ,u_|_5]|n:10,,u:0.03,5:0.06

(7, =l (1), = 549

~ 2.86

10 (7 Z)x =pe O]

1 n

@+My+u+ﬁhﬂwﬂwkmm“3m-

(H)}m' ~ 0.84 why ?

Remark. (1) No need to convert to v as E((T 7)i) # (7 Z)m (v?).
(2) Avoid integration by parts and making use of G(«, [3).

Definition 4.44. An increasing whole life insurance in the piecewise—continuous

case (or an annually increasing life insurance) makes a payment of [T,] at the time of
death. Its present value and APV are denoted by (I Z) and (I A)x, respectively.

(I Z)m = [T, v = K,v™=. Other increasing life insurances in the piecewise—continuous
case (or annually increasing life insurances) can be defined similarly.

Remember that [t] is the least integer greater than or equal to ¢.
Theorem 4.74.

Example 4.76. Suppose that p(t) = 0.03, t > 0, and § = 0.06. (I Z)x:?.
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Solution: (I A) = E([T,v") = [["[t]o" - fr,(t)dt and [T,] € {1,2,---}.
00 k 00 k
I4) = / [t]e %t pe =" dt - / ke O e M dt
0 ok
:Z/ kepe™ O+t gt /e“xdx—e“m/a
k=17k=1
=3 k”é[e—(ﬂu)(k—l)_e—(5+u)k] o= Ok _ —(O+p)(k=141) _ —(+m)(k=1) ,—(0+p)
w+
k=1
= n —e_(5+“)]2ke_(5+“)(k_l) _ CZk:L’k Lz =177)
,u+5 k=1 k=1
__H —(8+n) ™k _
=—[1— e CTm)(> "ok (x =177)
w0 —
oco+1
Mg Gy
u+5[1 e =) (by [16])
__H ~(E L 1y
e | B ) e 1—a
u+6[ ](l_x)Q e (1—2)7")
ol

~ 3.43.

:(M £ 0)(1 — ety ‘u:0.03,6:0.06

Example 4.77. Suppose that 11,(t) = 0.03, ¢ > 0, and 5 = 0.06. (D Z)im -

Solution: (DA) - = E((n — Tp)v™=1(T, < n)) fO (n—t)o"- fr,(t)dt.
= fon(n—t ot et dt = f (n—t)pe t+9) dt 2 ways: integration by parts or a trick :

Oz =1~ [ 00w a0y D a— [ = e
0 n 0 n

:/ (n = ettt - / (n—y —n)ue” WM dy (y =t —nort=y+n)
0 0

= / (n — t)pe "1+ gt 4 / ype~ WM Wt0) gy
0 0
:nIu/ €_t(u+5) dt—/,l,/ t2—1€—t(u+5) dt+ﬂ6—n(6+u)/ y2—16—y(u+5) dy
0 0 0

0 o0 o0 a—l,—z/B
ITW/ e~ tu+0) gy 4 u[—1+ e—n(5+u)] / y2—16—y(u+5) dy / do =7
0 0 0

T(2)

(0 + u)2}‘u:0.03,a:o.067n:10 ~ 1.135.

—{— =1 4 e

Orders of Def. 4.45-4.51 are different from the textbook
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Definition 4.45.
Theorem 4.75.
Theorem 4.76.
Definition 4.46.
Definition 4.47.
Theorem 4.77.
Definition 4.48.
Definition 4.49.
Theorem 4.78.
Example 4.78.
Example 4.79.
Theorem 4.79.
Theorem 4.80.
Definition 4.50.
Definition 4.51.

Definition 4.52. An n—year term decreasing life insurance in the continuous case pays
n — T, at the time of death, if 0 < T, < n. Its present value and APV are denoted by

— =1 — 1 =1 T,
(D Z), and (D 4) . (D Z) . = (n =T ™ I(T < n).

Definition 4.53. An n—year term decreasing life insurance in the piecewise—continuous
case pays [n — Ty| at the time of death, if T, < n. Its present value and APV are denoted by

D7) _ and (DA 1._ , respectively. (D Z = [n — T o= 1(T, <n).
x|

1
x| x|

Example 4.80. Suppose that p,(t) = 0.03, t > 0, and 6 = 0.06. (D Z)LE':?

Solution: (D Z)Lm = [[n—t]ot - fr(t)dt =31, f,f_l[n — t]ot - fr (t) dt.
k= 1 2 3 e
te 0,1) (1,2) (2

, ,3) (In—=t|,_y5 = [95] =10—k+1, k=1)
[10-¢]= 10 9 8 mn—k+1
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10 k
=) (0.03) / (11— k)e 0 gt (%) = get®
=1 k—1

_ 003 (11 — k)[e™009k=1) _ o=0.09%) ( £ormulal16))

0.09
k=1
0.03 —
:m (11 i k)e—0.0Q(k—l) [1 i 6—0'09]
T k=1
0.03 k—1 ~0.09 o
=009 (11 —=k)p" [l —e | (p=7)
T k=1

0.03 —0.09 - k—1 - k—1
:m[l —e ](Z Hp™ - Z kp" ) [p=e-000

0.03 _ e
:m[l—e 0'09](11]9 12]9 Zp |p £—0.09

+1

:—0.09 [1 —e€ ](11 [ 1—p ] - ( 1—p )p)‘pze—oog
1—ptt, 1

~1.23. - _ L Tt
(T =7z~ (et P+

Level payment paid at the end of the year of death

type of life insurance present value of unit payment
whole Zy = vi5e
n—year term zZ! =V KaeI(K, < n)
n—year deferred n|Zx =0 I(n < K,)
n—year pure endowment Z. il =v"l(n < Ky)
n—year endowment Zym = pmin(Ke,n)
m-—year deferred n-year term | ,|nZ, = %o I(m < K, < m +n)

Level payment paid at the time of death
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type of life insurance payment
whole Zy=0v'=
n—year term Zi_m = vT= (T, < n)
n—year deferred wlZe = v I(n < Ty)
n—year pure endowment ?w.% =v"I(n < Ty)
n—year endowment Z . q| = pmin(Ze.n)
m-year deferred n-year term | |, Z, = v7=I(m < T, < m +n)

Increasing by one

life insurance in discrete case

n—year endowment
m~—year deferred n—year term

type of life insurance payment
whole (I12); = K ve
n-year term ([Z) = W I(K, <n
n—year deferred n|(IZ)x = K, 0% I(n < K,
n-year pure endowment (17),. il|

mln({Z)z =

)
)
Y (n < Ky)
(IZ),. 7| = min{ K, n}o™n (K..n)

)

W5 I(m < Ky <m+n

Increasing life insurance in continuous case

type of life insurance

payment

whole
n—year term

n—year deferred
n—year pure endowment,

n—year endowment

m~—year deferred n—year term

(ﬁ)x =(I 7);6 = Tpvl=

([Z) _l—Tv (T, <n)
W|(I2)y = TyoTeI(n < Ty)

(12), l| =T,"I(n < Ty)

(12),. 7| = min{ 7, n}o™n(T=n)

mln (IZ)m—Tv Lal(m < Ty <m+n)

Increasing life insurance in piece-wise continuous case

n—year pure endowment

n—year endowment

m~—year deferred n—year term

type of life insurance payment
whole (IZ); = [Ty 0"
n—year term (IZ);7 = [T, 1(T, <n
n—year deferred nl = [T, \wl=I(n < T,

(7)23
(12),

)
x)
%:( z | (n < Ty)
arin{ [, ], n}o"ie(T-)
Tal(m < Ty <m+n)

(12),

[ Z)s = (1,10

Skip the rest of this section.

4.9 Computing APV’s from

a life table

To calculate the actuarial present values of some life insurance products we need to know

fr,(t) for each t > 0, as

E(b.op.) = / beog fr. (1)t
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Usually, survival functions do not have an analytical form and mortality is given by a life table.
Then fr, can be estimated by UDD or exponential interpolation in Chapter 3.

This section, we discuss some tricks under UDD.

Theorem 4.81. Assume UDD, and by, t > 0, is constant in each interval (k — 1,k],
k=1,2,.... Then,

l
E[br,vT] = SE[bKZUK””].

Proof: Under UDD, fr(;)(t) = k-1/gs for k —1 <t <k (can be verified).

=> E[bTm’UT””] :/ btvth(x)(t) dt
0

Theorem 4.82. Assuming a uniform distribution of deaths, we have that:
(z') Zw = %A (Note by = 1).

x| zm|
Question: (1) A,z = $A,7 7
— 1 )
(2) Amﬁl %A:c% ?

Theorem 4.81 does not apply to A, n| as Z,. n| pin(Ten) (g, £ o),
Theorem 4.81 does not apply to Ax 7| as Zl, 5| = V" (Ty > n) and vy = 0" # vt
I =al e

xm| — wl

Example 4.81. Assuming a uniform distribution of deaths, i = 6% and based on
Tables 7.1 (for Ly (see page ??)), 2?7 (for Ay), 7.8 (for sE;) and 7.4 (for 10E; and 20 Ey ),

— - 1 ] — —1 —
find: Aso, Aso5) (i-e., 15F50), 15|A50; As0:15) and Agy15)-

SOlutiOIl' 250 = Z.A50 =

6 _(0.20695786) = 0.2131063032,

1583114 ~
= (1.06) 981U ~ 0.37

( 6)
Ao 15 = v 15p50 = (1.06) 17
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(01” = 15E50 = 5E5() 10E5()+5 ~ (0.728 x 0.508 ~ 0. 37)
15/A50 = %15/ 450 (not in the table), but ,|Ay = pEyAyiy (see [14])

0.06
In(1.06)

Z§021—5| = As0 — 15| A50 = 0.2131063032 — 0.1432839903 = 0.0698223129,
Asots = Z§0:1—5| + 1550 = 0.0698223129 + 0.3699852591 = 0.439807572.

— 7
15| As0 = 515E50A65 ~ (0.37)(0.38) ~ 0.14,

Example 4.82.

x| 80| 81 | 82 | 83 | 84| 85| 86
Uy || 250 | 217 | 161 | 107 62| 28| 0

that i = 6.5%. Assume a uniform distribution of deaths. 3|Agy="?

Example 4.83. Consider the life table

Suppose

Solution: Two ways: (1) direct, (2) Th4.82.

) sl =G> 3) = [ o= [ o=

k

Cos 14 (t—

= E /k v (—( k 1Z(t kH))Q)dt (sothatt —k+1¢€(0,1) formula[12])
1 x

_ x+k 1+s) s —1—
Z/kl —)dt (s=t—k+1)

x

:Z/ +l80+k—1 —f80+/<:dt (by [12))
k-1

(30
0 0 t|F

:Z 80+k—1 — £80+k U

P 680 lnv k—1
_ i g0+ k—1 — lgop vF — vF 1

lg0 Inv

1 107 — 62 62 — 28 28 — 0

v [v* —’) 950 [v* =) 250 L "= 250
v=1/1.065

~(0.326.

o0
— i i l0+k—1 — 80+
2 Agqpg = = - 2| Agp = = k ~ 0.326.
(2)  3lAso 5 3/ Aso 5};_40 ™ 0.326

Theorem 4.83. Assuming a uniform distribution of deaths, we have that:
(i) (IA); = %(IA)

(ii) (DA)L, = H(DA)L,.

(iii) (TA); = %( Ao +1e° (5= 32) + 340
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(iU) (m);m = %(DA)i"m + % (% - ) xm|

1

d

Elbg,v=] and (IA), = E[[T. MKI] = Elbg,v"].
o] with by = [t], t

Proof (i) (IA4), = E[[T,|vT"] =
By Theorem 4.81 Elbg, v’*] = 4 E[bg, v
=> (i),

(ii) It follows similarly from Theorem 4.81 with b = [n —t], ¢t > 0,
(iii) Recall Sy (=Ty — K(x) =Ty — Ky + 1).

Sy L Ky and S; ~ U(0,1) by Theorem 3.12, and so is 1 — S;. Thus,

(TA), =E[Tye ]
—E[(Ty — Ky +K,)e %]

=([A,); — E[(1 — Sy)e dH=+5:1)]
—(IA,)y — B[(1 — 8, )e0am1) g=0Ks]
—(IA,)y — E[(1 = Sp) %) Ble™0Ke] (as S, L K,)
! t(L_1 ) T
_5(IA):,;+5<5 =) As, as E(e~0K+) — B(vf+) = A, and
1
E[(1—8,)e® %) = [ ttdt Y =1—-8, ~U(0,1)
0

11 1
= G-7)+s
(iv) (DA)L_ = E[(n—Ty)e " I(T, < n)]

=E[(n — Ky — Sy + 1)e " I(K, < n)]

=EB[(n — K,)e A0 1(T, < n)] + E[(S, — 1)e K5 (T, < n)]

=E[(n — Ky)e " 1(Ty < )| E[e™ V] 4 E[e™ " 1(T; < n)]E[(Sy — 1)e™"7 Y]

=(DA)L | tdt + Ble T I(T, < n)]E[(S, — 1)e 5]
0
o1 i1

IR VS S S
50+ 5 (5 - 7) Ak

An insurer offers a 20-year term life insurance of $10° to independent lives age 45. i = 7.5%.
Mortality follows de Moivre model with terminal age 110. The insurer has a fund with $10° to
pay for these insurances. Using the normal approximation, calculate the maximum number of
policies the insurer can cover so that the probability that the aggregate present value for the
issued policies exceeds the amount in the fund is less than 0.01.
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Solution: Let n be the number of policies that the insurer can cover. The present value for
the aggregate n insurances is Z = Z;’L:I 1O5Yj, where Y7, ..., Y, are i.i.d. fron Zi5 )"

We need to determine n so that P(Z >10% ~1— CI)(lo_—E()) =1—®(z0.01) = 0.01,

oz
—> WBE) _ 5 =233 => 0 = E(Z) + 2.330, — 105,
0= FE(Z) +233x oy —10% or an+bynt+c=0=>n="7"
N\ / \ / - ~~ o
O ) ¢ (10 (41 (02) (A1 5 (0)2) N

k
1720| ji:k 1Y jy(f

th—1)—s(ztk) _ Lorni—loin k—2 .
fr, (k) = Stk sle ) = R = 1Dr ekl = (Hj>0 p:c+j) qz+k—1 Which one?

s(x) «
s(z) =1—x/w= "% and fx, (k) = w_x_k;ft_ugx—k_l) = o= x, 0<z<w.
20 20
1 1 vl ="
1 k _ k _
Al”20| ;Uk_l‘qx_sz—x_w—x 1—v (1)
_ 541 sv(1 — U2O) -
E(Z) = n10° Ay 55, = n10 m|” L1075 = 15683.83286n,
20 20
vl =v7) ol —v7) 2y — 687801161.6n.

Var(Z) = n(10°)%( (1= 0)65 ‘v:1/1.0752 - (m|v:1/1.075) )

Now solve n from equation E(Z) + 290107 — 108 =0

15683.83286n + (2.3263479)v/687801161.61 — 10° = 0 (1 in n) (2!)
=> 15683.83286n + 61010.71512/n — 10% = 0.
V=2l o = ePdac ) or /i & 6.27. So, n & 6.3% 2 39.4.

The maximum number of pohcles that the insurer can cover is 39 or 40 ? Why 7 (see (2!)).
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CHAPTER 5

Life Annuities

A life annuity is a financial contract according to which a seller (issuer) makes periodic
payments in the future to the buyer (annuitant). Life annuities are one of the most often used
plans to fund retirement. The payment for a life annuity can be made at the time of issue. But,
in the case of retirement, contributions are made to the retirement fund while the annuitant
works. Common retirement plans are 401(k) plans and (individual retirement accounts) TRA’s.
At the time of retirement, the insurance company uses the accumulated deposit to issue a life
annuity. Contributions to this retirement fund can be made by either the employer and/or the
employee. Contributions made by the employee can be tax free. Another way to get retirement
funds is done by the Social Security. So, Social Security is some how similar to an insurance
company issuing life annuities being funded while an individual works.

5.1 Whole life annuities

A whole life annuity is a series of payments made while (x) is alive.

5.1.1 Whole life due annuity

Definition 5.1. A whole life due annuity is a series payments made at the beginning
of each year while an individual is alive. Its present value and APV with unit payment are
denoted by Y, and a,.

Definition 5.2. Y, = Zﬁal b (= g, where ) = dgy; = zz;é o).
Definition 5.3. i, = E(Y . ' vF) (= BE(ig))).

Theorem 5.1. (i) Ifv =1, Y, = ZkK;al b = K,
Loy . iy K,—1 _ Kz _7. . —_A.
/17/ (ZZ) Zfl)#]_, szzkao Uk:%:% andaxzzzozovkkpm: 11_121]1'

k T2 3
P{K, =k} | 0.2]03]05

Example 5.1. Suppose thati = 5% and Find iy and Var(Yy).

Solution: 4 ways for a,:

k 1 2 3
(1) E(Yz) = 32, ufy. (y) (from 447[6], needs fy =7 | P{Ky =k} [ 02] 0.3 0.5
Y. 1 [1+4v|1+40v+02
. Kg ) —Uk
(2) E(Yz) = B(57) = 2000 (55 fx. (k) (from 447]6]) v=1/1.05
(3) B(Y,) = = (A =7),
(4) E(Y,) = > e o v pe (kpz= 7 1pz= 7). Which you like the best here ?

141
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Yy
[ee]
iy = kakpx —14+0.80+ 0502 =

k=0
. 1'_44x . K
o = T~ need to first derive A, (= E(v"*))
1— ok 1—1.057"%
o = B(—— ): D i (k) = 1% 0.2 4 1.9524 % 0.3 + 2.8594 % 0.5 = 2.2154,
S 1- 105
EY2 =) (——=) = (1)%(0.2) + (1.9524)%(0.3) + (2.8594)%(0.5) = 5.431
V7] ;1_1_05_1) fre. (k) = (1)%(0.2) + (1.9524)*(0.3) + (2.8594)*(0.5) = 5.4317,
Var(Y,) = 5.4317 — (2.2154)? = 0.5236 or = Var(Z:) = o (A%) = (A(v)?) = -+
Example 5.2. Suppose that p, i, = 0.97, for k >0 and i = 6.5%. Find i, and Var(Yy).
Solution: Which of the methods (2), (3) and (4) is better here ?
Most of the time, method (3) is more convenlent
Formula: Yx—llzv. 'am—ll_éf—'? Ay =E(v Zk L fK k)="
_ (ZL’+]€ 1)—8(ZL’+]€) _ £z+k71 ez«kk _ X _ k’ . Wh. h ?
sz( ) = 5(2) = 7. = k—1Pz " Que+k—1 = HJZO Px+j ) de+k—1 icn !
o0 o0 o0
k k, k-1 kG 1—(vpa)™ Ga
— v g v = v = — — .
; Ik, 2 Py Gz = Qx/px;( Pa) P e o —po)
0.03 1-A 1 —0.3157894737
Ap= 12— — 0.315789), = —2 = 2L~ 11.2105.
L p, _1.06571 +0.97 1—w 1 —(1.065)

Formulas: Y, = 12, V(aX +b) = a®V(X), and V(Y;) = ‘zfi(vz);) = Qéz_—v?;zc.

24, = Ay (v?) = —— —0.1827
2 Dz

. 2A, — A2 0.1827 — (0.3158)?
Y,) = ———2% = ~ 22.269.
Var(Yz) I—v)2  (1-(1.065) 1) o

Example 5.3. Assume i = 6% and the de Moivre model with terminal age 100. Find dsg.

Solution: Method (3) is better here. Formula: Y, = =2z 4, = 1=4«

1—v 1—v °

1 1—v")1
Ay = BoFr) = ok _wi=h)l = 0.2340649124.
e Y7 L=v n|_11.06m=w—s=70

Hence, iz = 177 = 1202 = 13.53151988.
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Example 5.4. John, age 65, has $750,000 in his retirement account. An insurance com-
pany offers a whole life due annuity to John which pays $P at the beginning of the year while
(65) is alive for $750,000. The annuity is priced assuming that i = 6% and the life table for
the USA population in 2004 (see pages 605). The insurance company charges John 30% more

of the APV of the annuity. Calculate P.

Solution: 750000 = (1.3) Pii, = 1.3P14s = 1310376

(from the life table)
750000

750000 = 1.3P x 11.022 => P =

Denote ™, = dgz(v™). Notice that, 2,

Example 5.5. Suppose that i = 0.075, a4, =

8.6 and %, = 5.6. Var(Yy)

(1.3)(11.022)
Y,)2).

=7

26, # B((Yy)?

~ 52341.

Solution: Formula: Y, = =22, Var(V;) = (A ;1 ? or 2y — (iig)? ?
Given conditions: (1) i, = 1=4s = 8.6. (2) %, = =AL) — 56,
Eq.(1) => A, =1— (1 — v)8.6|U:1/1‘075 =0.4.
Eq.(2) => 24, = A,(v¥) =1—- (1 — 7;2)5.6|v:1/1.075 = 0.246. Hence,
. A, — A2 0.246 — (0.4)?
YV,) = —— L ~ 17.640.
Var(Ye) = 3= ~ 0= o)1~ 1640
. . v | 80| 81| 82 83 [84|85] 86
Example 5.6. Consider the life table 01 250 217 161 107 621 28] 0

An 80-year old buys a due life annuity which will pay $50000 at the beginning of the year. Let
1 = 6.5%. The single benefit premium for this annuity = ¢

Solution: 50000% =7

gormula Yw—zk Lk — 1_Zv””. Zy = ve,
ways:
o\ e _pKz
(1>afv:E(11Ev)_ 2011va<) Z
(if) by = =

(iii) Gy = Zk 0 kD (ko = SHE).,

00
k=1

1—v" dotr—1
1—v

Either way is ﬁne, most of the time, use the last two ways.

(i) dp = e, Ay =37 0P fie (K
By prev1ous example, Agg = 0. 816

. 1—Asp 11— (0.816)
gy = ~
50 d 1—1/1.065

N Cosk
(ili) dz = D> pep ka".

1217 161

=1+ (1.065) " S5 + (1.065) 2=

~3.012.

+ (1.06

Hence, (50000)igo ~ (50000)(3.01165) ~ 150582.71.

Zk LU kdz+k iy

5)”

3107
250

+ (1.065)~*

(as fx, (k) =

dyyr—
zk 1.)

~ 3.012. Hence, (50000)dso ~ (50000)(3.01165) ~ 150582.71.

2
1.065)~
250 * )
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Example 5.7. An insurance company issues 800 identical due annuities to independent
lives aged 65. Fach of this annuities provides an annual payment of 30000. Suppose that
Pk = 0.95 for each integer k > 0, and i = 7.5%. Using the central limit theorem, estimate
the initial fund needed at time zero in order that the probability that the present value of the
random loss for this block of policies exceeds this fund is 1%.

Solution: Let Yx Tyooe Yx 800 be the present value per unit face value for 800 due annuities.
The present value of total payment is Y = ZBOO 30000Y, z,j = 800 * 30000Y .
The fund needed is @ = 800 * 30000(E(Y) + 20.010y), Where <I>(zo 01) = 0.99, why 7

PV <t)m o(520)) = B(ze) = 1 —a by 447 [22) V=V

=> LD — 2y => t = B(Y) + 20y and 2001 = 2.326 or 2.33.
Formulas: Y, = % (1) a4y = 11 A (2) iy = > g v*kpe, which one ?

Since we need to compute V(Yx), first way is simpler, then need [8]:
k—2
sz(k) = k—1|QSC = k—1Pz " Qe+k—1 = (H]>0 p:c—i—j)Q:c—i—k 1 which ?

o0 oo
r 49z  VUPx qzx
A= e () = S = Y
k=1 k=1 k=1 e pel—upe v P
Gz 0.05 5 G 0.05
Ay = = =04, %A, = = = 0.2444988,
C Ly, 1.075-0.95 C L —p, 10752-0.95
1— A,
Ay = T—0 = = 8.6,
. 2A, — A2 0.2444988 — (0.4)?
Var(Y,) = a —v); = TaoyioneE 17.35981.

EY)=E [ZSOO 300007, J] = (30000)(800)(8.6) = 206400000,

o2 =V (2800 30000, J) = n300002V (Y;;) = (800)(30000)3(17.3598) = 12499063200000.
Q = E(Y) + 2.3260y = 206400000 + (2.326)y/12499063200000 = 214623343.70.

Theorem 5.2. (Tterative formula for the APV of a due annuity) i, = 1 + vpgdgy1. [18]

Example 5.8. Suppose that a, = dz4+1 = 10 and q; = 0.01. Find i.

Solution: Formula [18]: i, = 1 + vpydzy1 and v = = =>

T+
10 = 1+ 125(0.99)(10) => i = @200 1 — 10%,

Theorem 5.3. For the constant force of mortality model,

R T 1 _ _
aZE - 1_Up£ - Z+q£ — 1_67(64,“), U)h@Te qx — 1 — € H.
. _1-A, _ N0k
Proof. 3 ways: i, =Y o 121 Ov I fre, (k A = N oV kDa
o oo oo
co+1
}:Uk :Z —kde—kMZE: —5— u Zxk 1— x> _;'
1—1’ s 1 —e k90
r=e ®

k=0 k=0 k=0 k=0
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Theorem 5.4.
Theorem 5.5.
Theorem 5.6.
Theorem 5.7.
Example 5.9.
Example 5.10.
Example 5.11.
Theorem 5.8.
Example 5.12.
Theorem 5.9.
Theorem 5.10.
Theorem 5.11.
Example 5.13.
Theorem 5.12.
Example 5.14.

Example 5.15.

5.1.2 Whole life immediate annuity

Definition 5.4. A whole life discrete immediate annuity is a series payments made

at the end of each year, while an individual is _alive. Its present value and APV with unit

payment are denoted by Y, and ay, respectively. Y, = ZkKﬁl_l Uk,

If T, = 0.5 then Yx = Zﬁal vF= 7 Y, = ? Class exercise.

If T, = 1.1 then ¥, = Sy ' of=7 ¥, = 2

Theorem 5.13. Y, =Y, — 1, ay = iy — 1 and Var(Yy) = Var(Yy).

Example 5.16. Suppose that p,yp =097, ¥V k>0, and i = 6.5%. a, = ? Var(Y;)= 7
Solution: By Ex 5.2, i, ~ 11.21 and Var(Y,) ~ 22.27 => Answers ?
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ay = i, —1 =10.21 and Var(Y;) = Var(Y;) = 22.27.

o . _ _ K:c_l kj — _ n k
Definition 5.5. Y, = O =) = 2uk>1 U where ap) = ag); = D 1 VY

Definition 5.6. im = > ,_,v".
Theorem 5.14. a; = vpylz+1 = vpz(1 + azy1).

5.1.3 Whole life continuous annuity Recall az); = fon vtdt.

Definition 5.7. A whole life continuous annuity is a continuous flow of payments with
constant rate made while an individual is alive. Its present value and APV with unit rate are

denoted by Y, and @, respectively. Y, = fOTz vldt (= ET_,:|) and ™, = az(v"™)

Vo= S ok Ve = itk — Land Y, = [ ol
Like Z,, Z, elc., they are all of the form ¢(7}) or g(kK,).

Theorem 5.15. (i) If§ =0 (i.e., v=1) then Yo, = Ty and Gy = ¢,.

_ = — - =2
(ii) If 6 # 0 then Y, = =72 @, = 15 — [yl dt and Var(V,) = a4,

Do we have Var(Y,) = E((Y;)?) — (@) ?

Example 5.17. Let v = 0.92, and the force of mortality be 1+ = 0.02, for t > 0. Find
(i) the density of Y, (i) the first quartile of Y, (i) @z and Var(Y,).

Solution: (i) Given fr,(t) = 0.02¢709% ¢ >0, => fy. (y) = fr, (h—l(y)) d%h_l(y) , where
Y, =1 = 1:&‘8%2; =h(Ty) (as d = —Inv) and
_ In(1 + yIn0.92) ,
1 —
piy) = L) ¢ 0,17 (by [20] in 447)
asy =158 — h(t) => ot =1 —yd => ¢ = 2L pli) a5 5 — —Ing, (1)
_ 1 — pTe 1 — p>®
t— Ty € (0,00) and y — Yy = 5“ e (O,T”). (2)
3 B In(1+yIn(0.92)) \ | d In(1 + yIn(0.92)) B In(1 —dy),, In(1—dy),,
fr. () =fr. ( In(0.92) dy In(0.92) = fr.( - )‘( - )y‘
B In(1 + yIn(0.92)) 1 1
=(0.02) exp ( (002) == 092) m0.92 15 yn(002) 092

—(0.02) 1
=(0.02) exp (In[(1 +¢1n(0.92)) 7] ) s
(0.02) exp ( n[(1 + yIn(0.92)) ]> 1+ yIn(0.92)

—(0.02)(1 + (In0.92)y) =055~ done ?
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0 <y < mEsy 92) Why 77 (see Eq.(1) and Eq.(2))

(ii) Two ways for finding 7,, the 100p—th percentile of Y
(1) to solve p = P(Y, < n,) with p = 0.25.

(2) np = {Zggp) ) li Z I, where &, is the 100p—th percentile of 7). Now h(t) 1 in ¢.
1-p 1

Second way is easier here : First solve p = P{T, <} =1— 6002

0.92)T=
So, & = — (()02 2 We have that Y, = W = h(Ty).
) — _(0. &p _(0. ,ln(}*p)
So, the 100pth percentile of Y, is h(&p) = 1_110(329)2) =1 (2?112()0.92)( ,p="7
L _ In(1-0.25)

The first quartile of Y is 1‘(03123(0‘92‘3‘02 = 8.378536891.
First way: P(Y, <) fot fY
— 0.02 (1 + (In0.92)y) "m0 - dy
= 0.02 [}(1 + ay)bdy ((a,b) = 7)
:002f1+at uldu/a (u="7)

= 0,027 |, = = 1= (1+ (n0.92)#) WO = p = 0.25.

Solving 1 — (1 + (1n0.92)10.25) " —1,,?5“52) = 0.25. yields 70.05 = 8.378536891.
(iil) E(Y,) = ? ? = Jo “v'dt =1=Z= (6 = —Inv). 4 approaches:

- f tfyw = [ JJvtdtfr,( )dy— =de — [ 0lyp,dt. Are they feasible ?

The last two are simpler for E(Y ), and the 3rd is better for 07

A, = BT :/ ot ,tdt:/ e~ 0t e—“tdt:L/ 5+ p) e Otmtgy — _H
(v"") i fr.(t) i [ N+50( 1t)

O+ p
why?
— I 7 0.02
A, = = = = 0.1934580068
R —Iny  +p —In(0.92) + 0.02 ’
N~~~
why do this 7
_ 0.02
2 2
o = A7) = G gen o 0p O LOTORTAGTA,
1—A, 1-—0.1934580068 —
Oy = —— “(0.92) 9.672900337, Var(Y,)
— — —2
— Var(Z,) 2A,—A, 0.1070874674 — (0.1934580068)>
Var(Ys) = —5 (—tno)? (—In(0.92))2 00
1-4, 1-75 1

A by- t: ap = = =
by-product: @ 3 3 P

Example 5.18.

Example 5.19. Let § = 0.05 and ;p, = (0.01)te™% ¢t > 0. Calculate @,.
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Solution: Formulas: @, = 5Aw = fooo vl ype dt and v = e 9.

Which is better here ?

o o
Ty = / e~ (009 (0.01)te 0 dt = 0.01 / te =015t gt
0 0

00 ta—le—t/ﬁ
=0.010()B* | ———=—d 2
0.010(a)8 /0 Ta)pe t (see[23])
00 242—1_,—0.15¢
_O0IT(2) [ (0152217 001
0152, r'(2) (0.15)2

Skip to Ex. 5.23.
Definition 5.8.
Definition 5.9.
Theorem 5.16.
Theorem 5.17.

oot

Theorem 5.18. @, = 0 U tbx dt = fooo B dt.
Theorem 5.19.
Theorem 5.20.
Corollary 5.1.
Corollary 5.2.
Theorem 5.21.

Example 5.20.

Example 5.21.

Skip to next section.

Theorem 5.22. If &, is a p-th quantile of T, then given b,0 > 0, the p-th quantile of
ploe ™ g ploe
0 0

Theorem 5.23.

Example 5.22. Assume i = 6% and de Moivre model with w = 100.
(i) Calculate the 30th percentile of Y3p.
(ii) Calculate the APV and variance of Ysg.
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Solution: (i) Two ways since Y39 = %(: hT)):

(1) based on Iy (1), (2) based on Fr,(t).
(2) is easier, as it is U(a,b).

1—(1.06)
h(t) = W T mt.
Let £p.30 the 30th percentile of Tyg.
0.3 = Py, (¢0.30) = 532

So, £.30 = 21. The 30th percentile of Vg is h(21) = % = 12.11357171.

(ii) agp = % = [ v'pydt. Which equation is better here ?

(Since we need to compute 02? , the first one is better).

w—x 1 vt wSC_l() _1-(1.06)7"
Ao = [y v'omdt = oome | —(70)In(o) — {70Vl 06) ~ 0.2410

9 o 1_(,02)70 .
A30 = ympey = 01225492400

1-0.2410186701
ZUCISITOL — 13.02549429).

Var(Vao) = Var(iFw) = Aol _ 0120092409 (0200186100" _ 907 8908307,

Skip ends here

Example 5.23. An actuary models the future lifetime T, of a life age x as follows. T,
giwen (i has constant of mortality . p has a density function f,(t) = 1250(t — 0.01), for
0.01 <t <0.05. 6 =0.06. Calculate a,.

Solution: Q: fr,(t) = pe ", t >0 or fr,,(tju) = pe ", t >0 2?7

@ =B(Y,) = [ [Yalpal] .
and E[Y,|p] = [("vle e = [ e OTmldt = 5.

1 0.05
G=F|———| = 1250(t — 0.01) dt
o [u T 0.06] /0‘01 7006 20 )

0.05
:1250/ £+0.06 - 0.07
o L+0.06

0.05 0.05 0.05
:1250/ - 207 dt:1250[/ 1dt—/ 0.07 dt]
001 t+0.06 0.01 001 t+0.06

0.05

=1250 (¢ — (0.07)In(¢ + 0.06))

0.01
=10.45130167.

Example 5.24.

Skip to next section
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5.2 Deferred annuities.
(Quiz this week: 450 [1]-[12], [14]-[16], [17] V)
5.2.1 Due n—year deferred annuity.
Definition 5.10. A due n—year deferred annuity guarantees payments made at the

beginning of the year while an individual is alive starting in n years. Its present value and
APV for (x) with unit payment are denoted by ,|Yy and ,|dy, respectively.

Definition 5.11. ,,|Y, = Zk>_1 P,

Theorem 5.24. |V, = v" ZK”” n=l ok,

" —v II(K > n) (_ anl\_Z|Zw)

Theorem 5.25. Ifi # 0, ,|Y, =
Example 5.25.

Theorem 5.26.
5 ways for E(u|Y.): nliz =Y, tf v, () = > i T — =[x, (k) and

Aac n\ "|A

Theorem 5.27. ,|d,; = Zk WU kDz = nEilGz1n. All in formulas sheet.

(The last three are more useful, the third is from the definitions in [14], and the last one is
included in the formula sheet [18].

Example 5.26. An insurer offers a 10-year deferred life annuity—due to a (55) with an
annual payment of $30000. Mortality follows the life table for the US population in 2004 (see
pages 605). The annual effective rate of interest is 6%. Find the APV of this life annuity.

Solution: (30000)19|dss = ? life table gives ,, F, and dyyn

00 A 1 00
.. v — U n .
n|le = E tfn|Yx (t) = E fo( )= 23711| s E ok kPe = nErlzin. (1)
t k=n+1 k=n

Which way ? n=7 x =7
(30000)1p|ds5 = (30000)10E55d65 = (30000)(0.508011685)(11.022302) ~ 167983.75

Theorem 5.28.
Theorem 5.29. FE {(MYx)Q} =2F,-FE {(Yﬁn)ﬂ Ignore it.
Theorem 5.30.

Theorem 5.31.
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Example 5.27. Let A - = 0.3, Ay = 0.6 and i = 0.05. ,|d, = ¢

|
nly = A | = 0. 3

n|am = nEmCL:c-i-n = (03) 1_11_/01'.605 = 2.52.

Example 5.28. Let v = 0.91 and p, . = 0.97 for k > 0. Find 49|d, and Var(40|Yx).

Solution: [18] |4y = pEy-dgin, [14] By = 0"z, 4] nps = PaPat1 - Potn—1 = 0.97"
dm+n—§v kpx+n—2v px_l—vpm n ="
1
40|ty = nEy-lgin = V"Dl = 0.05797317039. (0)
L=wpa|,_0.91p,-097n=10
Q: V(n|Yx) = E((n|Ym)2) - (n|d1’)2: ?
- o — ke )
E((n[Y2)") =E(———1(Ka > n))")  [17] (1)
U2n o 21}"+K” 4 U2K,C
—F I(K
( (1 . U)2 ( x > n))
1
:W[U%E(I(Kx >n)) — 20"EWR I(K, > n)) + E0*5I(K, > n))]
—v
1
=Ty W e — 20" A + 0| As(0?)]  alAr = nBrApin [14] (2)
1 .
—17 5 [Uznnp:c — 20" e Agin(v) + UznnpmAm+n(v2)] (noting
(1—v) v=0.91,p,=0.97
o o v
As(v) = Y oF e, (1) = Y oFauph ! = —E— (see [14]) and wp, = p})
k=1 k=1 — e
E((n|Yx)2) =0.01275747 — (0.05797317)% = 0.009396582
Example 5.29.
Example 5.30.
Theorem 5.32. ,|d; = vpy - n—1|dzt1- [18]

Example 5.31. Using i = 0.05 and a certain life table 19|dsg = 7.48. Suppose that an
actuary revises this life table and changes pso from 0.95 to 0.96. Other values in the life table
are unchanged. Find 19|dso using the revised life table.

Solution: Formula: [17] ,|d, = Zzozn vF - pe and [4] wpe = Dabrs1 - Prin_1,
changed unchanged

[18]: n|d:c = UPg * n—1|dm+1 =V Pz Z?in—l 'Uj © jPz+1
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known
//\
. . 1.05)(7.48
10|a§6d = Up30 10_1|a30+1 =T7.48. => 9|CL31 = % = 8.267368421.
10]a55" = vpsg® - 10—1|ds04+1 =7

10]d30 = vpg - 9ldz1 = (1.05)_1(0.96)(8.267368421) = 7.558736842.
Example 5.32.
Theorem 5.33.

Theorem 5.34.

5.2.2 Immediate n—year deferred annuity.

Example 5.33.

Theorem 5.35.

Theorem 5.36.

Definition 5.12. An immediate n—year deferred annuity guarantees payments made
at the end of each year, while an individual is alive starting n years from now. The present
value and APV of an immediate n—year deferred annuity for (x) with unit payment are denoted

by n|Yy and y|ay, respectively.

Definition 5.13. Immediate n—year deferred annuity ,|Y,; = ZkK;”;}rl vk,

5.2.3 Continuous n—year deferred annuity.

Definition 5.14. An n—year deferred continuous annuity guarantees a continuous
flow of payments while the individual is alive starting in n years. Its present value and APV

with unit payment are denoted by ,|Y » and ,|a@,, respectively. ,|Y , = ff” v dsl(Ty > n).

> L, ST > n) if v # 1.
nYo= [ "0 ds[(Tx>n)—{(Tx_ WI(Te>n) ool (1)

If v # 1, 4 ways for computing ,|d; = E(,|Y2) :
_ n__,t ol T A,
e = [t 7 (0t = [0 fr (e = Do %ty
Most of the time, it is simpler to just make use of ,,|Y, = MI(T > n) for V(,|Y2).

Example 5.34. Assume v = 0.91 and de Moivre’s model with terminal age 100. 20|as0=7
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Solution : By Eq.(1) or [17] 20|Y 40 = ¥ I(T >n) (=9(Ty)). (v="w—2x="n=7)

ot on . w—=x t .n
ol = / (vt =™ I(t >n)I(t e (0,w x))dt _ / vt =" 1 @
0 n

Inv w— Inv w—=x
1 1 Ut w—2x

Example 5.35. Suppose that v = 0.92, and the force of mortality is piz4++ = 0.02, fort > 0.
Find ola, and Var(go|Y ).

. _ A LA,
Solution: Formula: (Th 5.43.) ,|a, = —‘lnv| = f vlyppdt
00 00 oo —(u+0)n
nlas :/ vlprdt = / vle Mt = / e~ Wt gy — 675 ~1.22
n n n P+ n=20,6=—1n0.92,1=0.02
— 9 2 m — ot
BT = [ (s P n @ (= BlalT) next step?
0

oo n it oo 2n n—+t 2t
- [T = [ R e

/00(6—2715 _ 9e—(ntt)s 4 ,—20t
n

5 Ype Mt

6at
=2.472240188 (as / edt = — + ).

Var(g|Y,) = 2.472240188 — (1.223476036)% = 0.9753465773.
Theorem 5.38.
Theorem 5.39.
Theorem 5.40.
Theorem 5.41.
Theorem 5.42.
Theorem 5.43.
Theorem 5.44.
Theorem 5.45.

Theorem 5.46.
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Theorem 5.47.
Theorem 5.48.
Theorem 5.49.
Theorem 5.50.
Definition 5.15.

Definition 5.16.

5.3 Temporary annuities.

5.3.1 Due n—year temporary annuity.

Definition 5.17. A due n—year temporary annuity guarantees payments made at the

Y KoAan—1 L
k=0 U
Its present value and APV for (z) with unit payment are denoted by Yym| and Gy.5), respectively.

beginning of the year while an individual is alive for at most n payments. Y,z =

Theorem 5.51. (Z) Yxm = i(:x(/)\n—l Uk = aml,
.. . > _pKaAn 1-Z,%
(“) ]fl 7é 0, Y:cﬁ| =1 f_v (: d ‘)

(iii) If i = 0, Y,z = min(Ky,n).

Theorem 5.52. d,.5 = Zzzl % “k—1]qz % - nPz (easy to get right)

n—1 1—p* ™ .
=) i1 % “k—1lqs % “n—1pz (faster sometimes).

. 2 L _)2
Theorem 5.53. If i # 0, .5 = 1_13”%‘ and Var(Y,z) = A”“”‘d—gA”“”‘).

The last formula is due to V(a + bX) = b*V(X) = V(g;“ﬁ‘) as Yx:m = l—im‘.
But |V, = Lm0 I (Keon) 0 7 YEX
12\ 4 L 2 N 2
Thus V(Z) = V(X)+V(Y():l—2&—200v(X,Y) ” Ay (07) = (Apm (v) ngnle(v )= (A ()"

=7

Example 5.36. Assumev = 0.91 and de Moivre’s model with w = 100. d40%|:? a}%
40:20|

Solution: 3 common ways for APV:

.. o n 1—ok 1—p™ _1-Ags n—1 k
Ay = Dohet T k—1lde T T nPe = g = D o V' kPa
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It is better to use 5}40:%| = 1_“§Mn = Z‘ od=1—w.
- - 1 1,40
— "
Agin| = D 0" ke +0" - npy = Y 0 /60+ 0" (1= n/60) = v+ 0" o 2 0.244,
k=1 k=1
L= Agpgy  1-0.244
(4055 = — & ~ 8.399
#4020 d 0.09
o _Amm(v?) — (Ago/(v))? B Ayo:35)(0.91%) — 0.244 B
Yiom| (1—v)2 B (1—0.91)2
Example 5.37.
Theorem 5.54.
Theorem 5.55. Yx:m = Z;é Zx:%| and Gz = Z év kD
Theorem 5.56. Ifi =0, d,7 =1+ €21l
Example 5.38.
Example 5.39. If p, = 0.98, py41 = 0.97 and v = 0.92, find E( l,3|) and Var( x3|)
Solution: Three ways to find d, = FE( f 6\3 ! oF) = E(l_ffjm).
CL:C;m = ZZZI % : I<:—1|Qm + lsziU *nPx = T‘ = ZZ 0 Ukkpm
. p— k p— n . 3
(1) ly3) = Z:i % “k—1lqx + % ‘n_1pe Is it right 7 n =7
0|Qx =7
1|Qm = PzQz+1 and op; = pmpm—H
1
Gy3) = 1_U 11— 1|Qm +1 ,U'pr
= (1)(0.02) + 11 0.92 (0 98)(0.03) + 120920(0.98)(0.97) ~ 2.71.
(2) a3 = S0 v e
= (1) + (0. 92)(0.98) (0.92)%(0.9 )(0.97) ~ 2.71.
3 . I—A ACL‘:H 3)— ACL‘:H 2
(3) Often use Y, 3= = (Gy3 = 1= 2 and Var( xn|) ‘((vl)_v§2 ) ).
n—1
k=
= (0.92)(0.02) + (0. 92) (0.98)(0.03) + (0.92)3(0.98)(0.97) ~ 0.78
. 1-0.78

2Am3| (0.92)%(0.02) + (0.92)%(0.98)(0.03) + (0.92)%(0.98)(0.97) ~ 0.61

0.61 — (0.78)2

Var(Ves) ~ =7 0,022

~ 0.0798398
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Theorem 5.57. Y, = Ym:m + n\Yx Formula #18.

Example 5.40. An insurer offers a 20—year temporary life annuity—due to lives age (60)
with an annual payment of $40000. Mortality follows the life table for the US population in
200/ (see pages 605) The annual effective rate of interest is 6%. Calculate the APV of this
life annuity.

Solution: The tables give d, and ,F,.
Formulas #18 leads dy = Gy + nlls = dpm| + nBrlzin
The APV of this life annuity is
(40000)&60:@ = (40000) (dgo — 20Fs0ds0)
= (40000) (12.154122 — (0.190986505)(7.026210)) = 432488.4283.

Definition 5.18. The actuarial accumulated value at time n of an n—year temporary

ax 7|

due annuity is Spm = —7-

3,7/ 1s the actuarial future value of an n—year due life insurance policy to ().

Theorem 5.58.

Theorem 5.59. Under constant force of mortality, iy = 11 U:If); Ignore rest.
. n—1 )"
Proof. G,z = k: O Ve = Zk 0 vhplk = 71 (vfpj . ]

Theorem 5.60. d,7 =1+ vpxdm+1:m|.

Definition 5.19.

5.3.2 Immediate n—year temporary annuity.

Definition 5.20. An immediate n—year temporary annuity guarantees payments made
at the end of the year, while an individual is alive for n years. Its present value cmd APV for

(x) with unit payment are denoted by Y,z and a,.q, respectively. Yoz = Zk>1 DAn k

Theorem 5.61. V5 = H:C:n—Jr” — 1, aym) = Gypyy — 1 and Var(Yy.q)) = Var(Yx:n—Hp.
Example 5.41. Let p, = 0.98, py4+1 = 0.97, and v = 0.92. Find (g3 and Var(Yx:m).

Solution: Y, 5 = Y:c:n—H| -1

3 = 2.70618784 and Var(Y,5) ~ 0.0798398, (by Ex5.38),
2|

xT:
0,5 = 170618784 and Var(Y,3) & 0.0798398.

x:

Definition 5.21.
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Theorem 5.62.
Theorem 5.63.
Theorem 5.64.
Example 5.42.
Theorem 5.65.
Theorem 5.66.
Theorem 5.67.
Theorem 5.68.

Theorem 5.69. a,5) = vprizy1m = vpa(1 + am+1:m|).

5.3.3 Continuous n—year temporary annuity.

Definition 5.22. An n—year temporary continuous annuity guarantees a continuous
flow of payments at a constant rate for n years while the indwidual is alive. Its present value
and APV for (x) with unit rate are denoted by Y .z and Qyz|, respectively.

Definition 5.23. Y,z = [i " v dt. If vy =o', then Vo = [ " ol dt = T
Theorem 5.70. If 6 # 0, then Y .z = 1 _”E:UM = 1_75”‘
Example 5.43. Suppose that § = 6% and deaths are U(0,105). 665:@:?
Solution' 3 common ways for @,
= [t dt + SEP{T, > n} = [i ot pydt = ”‘ if § # 0.
Either way works, but the last one 1=%m is better here.
20 4 _
— vtdt 1 — ¢—(20)(0.06) 20
A —F( ) — Jo 20 , - ~(R0)(006) == — (.4417661844
65:20| (v ) 10 + U7 - 20P65 (40)(0.06) +e 0 ,
1 - Agsz 1 — 04417661843
50| = 565'20' — 5.06) — 9.303806928,

Jump to Example 5.47 first.

Theorem 5.71. Under constant force of mortality, @,z = 1_6;7:?%

Theorem 5.72. @555 = Gum| + m B Typmem)-
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Theorem 5.73.
Theorem 5.74.
Theorem 5.75.
Theorem 5.76.
Theorem 5.77.
Theorem 5.78. Y, =Y .z + 0|2 and Gy = Ty + n[Ge = Ty + n Bl yn.

0.06 if0<t< 10,

) 0.01 if 0 <t <10,
Example 5.47. If (i) py(t) = { 004 if10 <t

0.03 if10<t.
Calculate @, (= E(vr,n15) why not E(uv"="1%) ?)

(i) 3(t) = {

yAn

Solution: a,,. 7| = fo vdt fr, (y)dy = fon Vg ok pedt = Ex:1—0| + 10Ex6x+10:3| Th. 5.72.

¢—0.06(10) ,—0.01(10) 7
(3) Uy:15) = Ug:1o| T 10E2Ty 4 10:5)- 10Ey = v10 X 10Ps = {6—0.04(10)6—0.03(10) 2
Formula [5]: Sx(x) = exp(— fo . [17] @15, = 010 vlypydt

t .
exp(— [, 0.01d if t€ (0,10
(2) tpz = exp(— fo,ux Jdu). => 1p; = bl fom v) ¢ .f (0. 10]
exp(—([f, 0.01dy + [,,0.03dy)) if t> 10,

10

oy = o= [y 0.06dy) if t € (0,10]
exp(—([," 0.06dy + [}, 0.04dy)) if t > 10

and f.( 0.01 exp(— fOtOOldy if t €(0,10]
o 0.03 exp(—(f1°0.01dy + [ 0.03dy)) if t > 10,

15 10 15
/ Vg * ¢prdlt = / Vg * ¢prdt + / Ut * ¢podt
0 0 10

10 15
/ ¢~ 0:06t,—0.01¢ 7y / —0.06(10)—=0.04(t—10) ,~0.01(10)—~0.03(t—10) 7;
0 10

10 15
/ —0.07tdt + / 6—0.2—0.04t60.2—0.03tdt
10

15

10 15 e—0.07t
/ ¢ 007t gy ¢ / o007t gy

o

= 9.286603584
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10 5
- - - —0.06t —0.04t
(3) Oy 75| =0q:10) T 10L20y 105 = / e tPzdt + v10 - 10Dz / e tPr+10dt
0 0

10 5
:/ 6—0.06t6—0.01tdt+6—0.06(10)6—0.01(10)/ o—0-04t ,—0.03¢ 7,
0 0

1- ¢—10(0.01+0.06) 4 4-10001+006) 1 — o—5(0.03+0.04)
0.01 + 0.06 0.03 + 0.04
1— 6_0'7 0 71 o 6_0‘35
o 0TI 9986603584
007 € 0.07

The actuarial accumulated value at time n of an n—year temporary continuous annuity is

- . a:c:ﬁ| o ax:ﬁ| o fon ot Pz dt B /n 1 g
— - T

Sgm| = = = —
| nEz (DAL (T *n—tPr+t

1
nftE;c+t

is the actuarial factor from time ¢ to time n for a live age x.
Theorem 5.79. @, = El,:ﬂ + UPrpt1-

Example 5.44. Suppose that a, = 10, q, = 0.02 and 6 = 0.07. Deaths are uniformly
distributed within each year of age. Find Gy 1.

. . _ _ 10-a,7 _ _ -4, 7
Solution: Given 10 =@, = Ay 1) + VPzgt1, => Uz‘)’:-l\ = g1, where Gy = 5“‘7
1 1 1 1 ! ot 1 v—1
- =1 =1 =1 t _ t _ _
Am:ﬂ _A:c:1| + A:c:1| Ax:1| - /0 v fT(m)(t)dt - /0 V' ggdt = Q:CE o~ 4= Inw
v—1 — 1
=gr—— + Upa and A7 =v"npe = 0" x1p,
nv
Uyl = = ~ 9.897
UPg UPx 0=, =7,6=7,qs="

Definition 5.24. Skip next Example.

Example 5.45. Suppose that 6 = 0.08, and the force of mortality is piz4¢ = 0.01, fort > 0.
Find @15, and Var(Y , 15)).

1_yTzAn 1_7wrm
0

: Eva _p—n(put+d)
Solution: Formula: Yx:m = s = l1—e ™%

u+o

(by Theorem 5.78).

, OT axﬁ| =
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It is more convenience to use the first one here. From Chapter 4,

_ 1 — e~m)yn

Ayml :u% + e My 0 = —Inv.
i — Inw

_ 01)(1 — e—(10)(0.01+0.08)

A, _(0.01)( - Oi i ) + e~ (10)00140.08) _ 4795063642,

2Z96:1_0| :Zx:1_0|(v2)
(0.01)(1 — e~ (10)(0.01+(2)0.08)
(0.01 4 (2)0.08)

1—A, 51— 04725063642
G, 15 =—— o = — 6.593670447.

0
— Var(? :ﬁ) 2A 10| — (A 10 )2
VCLT’(Yx:m) = 5; P = 52 o0
_0.6634579217 — (0.4725063642)2

(0.08)2

+ ¢~ U0)(001+(2)0.08) — ( 6634579217,

= 68.78057148.
Ignore this page !
Remark. fr,(t) = pe Ht ? (IA) 15 = 7 (additional homework).
e 001t iftel0,10 0.01e~ 001 if tel0,10
we={ FIEDI0) g fyy 1) - frelno)

02=0.03t 4> 0.03¢7003te02 i f ¢ > 10

(IA)x:T5| = E((Ty N 15)vpa15) = / (t A 15)vepas fr, (t)dt
0
why ? why ?

10 15 00
—( / i / n / )(t A1B)venrs fr, (t)dt
0 10 15
0 oo

1 15 A= P
:/ te—O'OGtO.Ole—O'Oltdt + / t€_0'04t0.036—0'03t 60'2 dt _'_/ 156_0'04(15)0.036_0'03t 60'2 dt
0 10 15

- -’

most of you missed it

5.4 n—year certain life annuity.

Remark: Exam 3 covers upto §5.3.

Quiz on Friday: Formulae of 450 (all except [13] and [19]).

5.4.1 n—year certain life annuity—due

Definition 5.25. An n—year certain due life annuity pays at the beginning of the year
while either the individual is alive or the number of payments does not exceed n. Its present
value and APV for (x) with unit payment are denoted by YT%I and dTm , respectively.

Under this annuity, the first n payments are certain to be paid.
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o). it . nVK;—1 k: . - . nAKz—1 k
Deﬁnltlon 5.26. Ym—ﬁ' = k=0 (— am|) Y:Cﬁ| = k=0
Definition 5.27. d5 = Zk_é ok = 1= 117]

n—1 [ 1—o™ Y e 00
Theorem 5.80. Yxﬁ| =D po? +Zk>n R ) = lm| + D pen %I’

ax 7 an| ndx + Zk:n+1 aE| ’ k—l‘qfﬂ = aﬁ| + n|ax = CLn| + Zk —n U " kDPx,
Var(Y- ) = Var(n[Yz).

ZZévk if K, <n Zék it K, <n
Proof. Yx = 1k = n—1 g Ko—1 1 .
Zk, 0 if K, >n Yoho VY s vt i Ky >n
n—1 K,—1 1 K,—1
—ka—l—I(Kx>n) P = 1o + (K, >n) vk:otn|+n|Ym (2)
k=0 k=n k=n
o0 n o0
E(Vem ) =E(9(K2) = Y 9 fr. () = Y 9 fr. () + Y 9(i) [ ()
J=1 j=1 >n
n n—1 oo j—1
DD AOEES P ) (by Eq.(1))
j=1 k=0 j>n k=0
1= >
= PG <)+ Y > 0 fie, () = fim + e (by Eq.(2).
7>n k=0

Example 5.46. A special pension plan pays $30000 at the beginning of the year guaranteed
for 10 years and continuing thereafter per life. Suppose that i = 0.06 and mortality follows the
life table for the USA population in 2004. Calculate the APV of this annuity for (65).

Solution: The APV of this insurance is A = 300004—= =7 (n,z) =7

x|

1 n‘a:c = nExa:c—HL [18]

a— = _an|+n|al’7 am| =

10lies = 10Fesizs = (0.447480378)(8.412220) = 3.764303385.
— 10 ..
A = (30000) (42|, _, 1106+ 0liias) = 3469798698,

1-v

Example 5.47. Calculate ax—§| if
(i) v =10.94; (i1) py = 0.99; (i) pr+1 = 0.95; (iv) 4, = 5.6.
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known .
. . . . 10"
Solution: Formula [17]: Gz = fim| + nlde = + pldy =7 (1)
: 1—-v
Given 5.6 = dy =lyp| + nlds  (as Y, = Yx:m + |Yz (by Formula #18))

—> iy = 5.6 — dg (2)
n—1

formula[17] a:cﬁ| = Ukk’pm =1+uvp, + v? 2Pz
k=0 -7

dm:ﬁ| =1+wvps + Uszpx—H thus y |, known by (2)

by (1) (0,pa,Pa+1)="
1 n 1—o" /—’by L) T— o N
. = .o 1= T B 2 _
G5=7T—5 " 3ldg = o T 5.6 — i,z = T+ 5.6 — (1 + vpy + v pyprt1) = 5.66.

5.4.2 n—year certain life annuity—immediate

Definition 5.28. An n—year certain life annuity—immediate pays at the end of the
year while either the individual is alive or the number of payments does not exceed n. Its
present value and APV for (z) with unit payment are denoted by YT%I and Ui respectively.

Definition 5.29. Y= = S/ k.

x|

Under the n—year certain (due or immediate) life annuity, the first n payments are guaranteed.

Theorem 5.81. Y- Y——-—-1.

am| vl

Definition 5.30.

5.4.3 n—year certain life continuous annuity
Definition 5.31. An n—year certain continuous life annuity makes continuous pay-

ments while either an individual is alive or the # of years of payments does not exceed n. Its
present value and APV for (x) with unit rate are denoted by Ym:—ﬁ' and Eﬁ , respectively.

Definition 5.32. V— = ["7

e 0 vidt and Gy = fon vtdt.
Definition 5.33. (i7 = Z?:_ol o' and ay =Y . v')

Definition 5.34.
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Theorem 5.82. Yfm = Uyt = Oanx vldt = ) + |V,

o0 o0
a?ﬂ = aq| * nlx +/ aﬂ - fr, (1) dt = | + nl@z = ag| ‘l'/ vt tp dt,
n

Remark. E(Y—| ) = E(anTz vtdt) = E(g(Ty) ( ) fr.(y)dy

/ dy+/n q(y) dy—// vtdtfr (y dy+/ / vtdt fr, (y
=/ fo(y)dy

= _hw nQ:c + / fr,(W)dy =g - ngz + / ay fr,(y)dy
n n

o0

= (an| +n|Y ) = A + nldy = ag| ‘l'/ vt tp dt,
n

Var(Y—|) Var(,|Y,).

5.5 Contingencies paid m times a year.

In this section, we will consider the case of life insurance paid m times a year. In the unit
case, a payment of $1 is made each year. Hence, each m—thly payment is %

For a period of length %
(i) the discount factor is v(™ = /™ = (1 +4)~Vm vs. L

1+2-
(i) the interest factor is (1 44)Y/™ =1+ £ Z( L vs. 14,
(iii) the effective rate of interest is (1 + Z)l/m —1= 2 V.S, .
g

(iv) the effective rate of discount is 1 — v'/™ = vs. d=1-—w.

Remark. It suffices to remember v("™) = 1/ and ignore the rest notations. Then each of
insurance and annuity can be viewed as
(1) the time unit is a % year rather than a year,
(2) the unit paid is not one but 1/m,
(3) the discount factor is not v but v'/™
(4) fic.(6) = p1]as is replaced by f () = iot] 1 s, where
I = kT, € (L A,

5.5.1 Whole life due annuity paid m times a year.

Definition 5.35. A whole life due annuity with payments paid m times a year is a series
payments made at the beginning of each m—thly time interval while an individual is alive.

Its present value and APV for (x) with unit annual payment are denoted by Yx(m) and dgcm).
respectively.
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(m) .
Definition 5.36. V™ = Z‘] ~Lyk/m (compare to Y, = ZkK:””O_l o).
. 1—(pl/m s{m) _(m)
Theorem 5.83. Ifv # 1, then Y:c(m) = % (1v_v1/)m = m%l—Z;l/m)’ Zém): 7
oo k-1 (m) 00
1 1—A 1 k
j/m . - T _ .
L 3y D CRNRIVRE S
k 1 5=0 k=0

Example 5.48. Let p,(t) =0.03, t >0, and 6 = 0.06. Calculate " and Var(Y(lz)).

) (m) . _pm)
Solution: Var(Y(12)) = % 77 Yggm) = %7
..gcm) 1, 1=A0

- Need to compute A&m) = E((Ul/m)Jém))'

Agjm) :Z(“l/m c1pig Z —(k=Dp/m _ e—ku/m) P(T, € (a,b)) = opz —
k=1

— Z U(k—l)/mvl/me—(k—l)u/m(l _ e—u/m)

—pl/m (1 — e=H/m) Z o5 e~ (k=Dp/m

zvl/m(l _ e—u/m) Z(Ul/me—u/m)j = 1=

bPz

n+1

1—=zx

j=0 k=0

1 (1— e‘“/m) 1qg

—pl/m( — gm/m _ _ i
v ( (& )1 — 'Ul/me_ﬂ/m or % — e—p,/m T
v v
(1 o e—,u/m) 1 — 6_0'03/12
T T “p/m g0.06/12 _ ,—0.03/12

= 0.3325003481,

= ~ 11.15282986,
m=12,v=e-006 A{™ =0.33
1 _ o—0.03/12

2 4(12) _ ,(12) 2y _ _
A" =0 = s = 01990012521,

2407 — (A0P)2 01990012521 — (0.3325003481)>2
(m(1 —ol/12))2 (0.05985024969)2

Var(V'?) =

— 1Dz
m

~ 24.691. (skip to §5.7.4.)
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k 1124
P{K,=k} | 03]01]06

Additional hw: Suppose that i = 6% and Find d, and Var(Y,).

Mimic my notes on Example 5.1, using all 4 ways.
Vo= Yopy ot
1) dy =3, yfy. (y) = 1% 0.3+ (1 +0)0.1+ (1 + v+ v +0%)0.6 = 2.698.

(4) dp = > pe gV kpz = 1+ 0.70 + 0.60% + 0.60% ~ 2.698

5.5.2 Whole life immediate annuity paid m times a year.

Definition 5.37. A whole life immediate annuity with payments paid m times year is a
series payments made at the end m—thly time interval while an individual is alive. Its present

(m) (m)

value and APV for (x) with unit annual payment are denoted by Yy and ay ', respectively.

1 Jim

A whole life immediate annuity paid m times a year makes payments at times =, %, o

(m) .
Definition 5.38. V™ = LS~ ykfm gy o ym) = L™=t k/m )

Theorem 5.84. Yx(m) = Yx(m) — % (compare to Yy = Y, — 1).
Definition 5.39.

Definition 5.40.

5.5.3 Due n—year temporary annuity paid m times a year.

Definition 5.41. The present value and APV of an n—year temporary life due annuity for
(x) with unit annual payment paid m times a year is denoted by Y(TR and dg:%, respectively.

KiAn—1 k:

.. (m) ..
(m) _ 1 < min( J nam)—1  (m)k .
) p(mk, V.8, Yom = 2 ko

xn| -

Z(m)

Theorem 5.85. Ifv # 1 then Y( |) (17;”(,;‘))

Example 5.49. Let 11,(t) = 0.03, ¢t > 0, and § = 0.06. Calculate il %l and Var(Yalel_zo)l).
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. 1—z(m) 1A
Solution: Formula: ¥V 27| ;™) eml m) _

= Teml = =@ __ 9 (m) — yl/m
7| m(1—v(m))* am:m m(1—v(m) v v

need A =E((o(m)%" Ay —27
(U >J(m)Amn _ (U(m))JCSm)/\mnI(Jém) < mn) + (U(m)>Jém)/\mnI(J:l(jm) > mn)
:(v ))Je m)I( m < mn) + (v(m))m”I(Jl(nm) >mn) (™) = ymmn g 9
)J(m) (v ))J”(“‘”L)I(Jg(;m) > mn) + v”I(Jg(;m) > mn)
1 — 1y = 11 € (“=2 59 by definition
m 'm

1—-1 1 1
I —mn+ 1) = (T e (B2 ™y (T, € [y + —)
m m m

:(v(m))‘jgn) - (v(m))‘]gn)f (™ > mn) + 0" (T, > n)
=> AT =AT = AT 4 s

x|
:Agxm) - nExAggnl)n + Unnpx [14] : n‘Ax = nExAx+n
=(1-— nEx)AiTr?n + 0" pe why 77 nEr =0"npe Ar=Apin ?
_ e~ k/m
=(1- e_n(“M))Aém) + e~ +9) Aﬁcm) = M by Example 5.48,
’Ul% — e—ﬂ/m

(1 — e Wy Al 4 ey why do this ?

1 — e~ H/m
A;f—)| =(1- v”e‘”“)(le—_/zn + e — 0.3507389233.
‘ sim — et n=10,m=12,u=e—0-06 ;,=0.03

(m)
o LA 1203507389233

i1 — = = 10.84809303
%100 T (1 — o))~ 0.05985024969 ’
1 — e—H/m
AUD 2y = (1 - Une—w)ﬁ 4yl = 0.2110126904.
2:10] L e—u/m
ol/m n=10,m=12,v=e-0-06x2 ;,—=0.03

AT (%) —(A0R) )?

1o a2 .
V(Y:le—(j) = (°‘(1 S = 24.56549725. (jump 10 pages to §5.7)

5.5.4 Immediate n—year temporary annuity paid m times a year.

Definition 5.42. The present value and APV of an n—year temporary life immediate an-

nuity for (x) with unit annual payment paid m times a year are denoted by Yx(:'%) and ai, ﬁ)|

respectively.

(m)
Definition 5.43. Y7 = 1 me (" =Lnm)  kfm

xn|

Theorem 5.86. Ifv # 1 then Y( m _ Y(nf) —
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5.5.5 Due n—year deferred annuity paid m times a year.

Definition 5.44. The present value and APV of a due n—year deferred annuity for (x)
(m)

with unit annual payment paid m times a year are denoted by n|Yx and n|d§cm), respectively.

. m)
Definition 5.45. ,|[V,™ = L Zk,> L pk/m

nm

Theorem 5.87. Ifv # 1 then

1 (m)
e (1 — ylm )) dm) T m £
k=nm
%0 ALl A
(m) _ 1 n am| "
a = — vV a (m —1(1 =
nldz k:;ﬂ F—nm| %|qu m(1 —v(m)
1 > k ..(m)
= E vm 7ip:c = by (NI
k=nm
alm — agj% + n|d§;m) il _)| +,E a§c+?n

Example 5.50. Suppose that p(t) = 0.03, t > 0, and § = 0.06. 10|% =7

Solution: Formula [18] ﬁ = Yx:m + n\Yx Similarly, dg12) — ;12 4 10|d§,12),

x:10|
By Example 5.48 (see page 164)
a1 — 11.15282986.

By Example 5.49(see page 165) i fc_é| — 10.84809303. Hence,

10a"? = 11.15282086 — 10.84809303 = 0.30473683.

5.5.6 Immediate n—year deferred annuity paid m times a year.

Definition 5.46. The present value and APV of a immediate n—year deferred annuity

for (x) with unit cmnual payment paid m times a year are denoted by n|Ym(m) and n|a£~m),
. (m)
respectively. n|Y1§ g>nm1 kjm

Definition 5.47.
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Theorem 5.88. Ifv # 1 then n\Yx(m) = n|Yl§m) — %Z 1

(m) _ 1 (m) L e 1o
n‘Y:c _Evna(]ém)—nm—l $[(J > nm—l—l Z 7 I —n‘Y:c _ E i)
k nm41l ™
1 00
n|ax ):E Z Unak_ 1|% %‘%qx
k=nm-+2
00
1 5 . 1
= — Z vm '%px:nEx.a:(;—T—)n:n|a§;m)_EnEx7
k= nm+1
ag(cm) —a{™ 7 —I—n|am = a! _)| + . E aéﬁl

5.6 Non-level payments annuities

In general, we can consider the case of life annuities with varying payments and general

discount rates.

Recall that v; is the t—year discount factor.

The force of interest is §; = —%lnvt =

V=€ fOt Os ds'

d
— L,
(%7

Under compound interest: v; = vl = (1 4+14)~*

Due life annuity present value:

Level payment with compound interest rate non — level
whole Y = ZJK:Z()_l cvd Y = Z;i””o—l Ccjvj
K.—1 ; K;—1
defer. Y = Zj:n cv’ Y = ijn Cjj
tem. Y = ZK AL Y = Zﬁ”é\n_l cjvj
cer. Y = ZK”WL ey Y Zf_”a/n_l cjvj
This gives one way to compute APV by E(g Zkg )i, (k
Another way is as follows.
Level payment with compound interest rate non — level
whole APV = Z;‘;O cv! - ipy APV = Z;io CjVj * D
defer. APV = an " jPx APV = an Gjvj * jPx
-1
tem. APV = ZJ 0 cvd - < P APV = Z?:O CjUj * jDa
K.—1 oo k—1 00
eg. BECY  cjoy) =Y > v fre (k) =Y v jpe (= 3000 Y 60y - fre. (k)
j=0 k=1 j=0 j=0

D1 [ (k) = jpa
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Summary for Non-level Annuity:

due continuous
present value APV present value APV

K;.—1 00 Ty 00

whole Zj:() cjuj ijo CjUj - jPa fo cpupdt f() Cvp - 1Pt
K.—1 00 Ty 00

defer. ijn Cjv; an CjV; * D fn cpupdt fn Cvg - ¢ppdt

KiAn—1 n—1 z/A\1 n
tem. 30" e g v gpe fo o audt [T cr - ipadt

K.Vn—1 T.NVn
cer. ijo cjvj fo cpupdt

Example 5.51. Suppose that a special 3—year temporary life annuity due makes a payment
of 104 +103(k — 1) at the beginning of year k, k = 1,2,3. The effective annual rate of interest
earned in the first and second year are 6.5% and 6%, respectively. We have that p, = 0.98 and
pr+1 = 0.95. Let Y be the present value for this life annuity. Calculate E[Y] and Var(Y).

Solution. YV = ZK’”An lcjv] n="7
(1) Standard way: E(Y) =), g(k)fk,(k
-1

g(/{i) = CpVp Or Zfﬁg CjUj 77

(2) B(Y) =" cjuj(jpx) try the 1st.
EY)=>9(k) = 9(1) fre, (1) + 9(2) f. (2) + 3125 9(k) fre, (k) why k=37
co = 10000 ¢ = 11000 ¢o = 12000,
vo =7 v1 = 1.0657! and vg = (1.065 % 1.06) ™" ? or vy = (1.06)~! ?
K:N3—1
I K, =1,V =g(K,) = Y [10*+10%(j)]v; = 10000,
j=0

If K, =2, Y = g(K,) = (10000) + (11000)(1.065) ™" = 20328.6385,
If K, >2, Y = g(K,) = (10000) + (11000)(1.065) " + (12000)(1.065) ~1(1.06) " = 30958.45513,
fr, (1) =P{K, =1} = ¢, = (0.02),
[k, (2) = P{K; = 2} = pyqp+1 = (0.98)(0.05) = 0.049,

S s fr (L ) P{K > 2} = puper1 = (0.98)(0.95) = 0.931.
E[Y]|=E(g = > 1o, 9(k) fr, (k) is simpler here due to V(Y).

E[Y] = (10000)(0.02) + (20328.6385)(0.049) + (30958.45513)(0.931) = 30018.42501,
E[Y?] = (10000)2(0.02) + (20328.6385)%(0.049) + (30958.45513)2(0.931) = 914543977.5,
Var(Y) = 914543977.5 — (30018.42501)% = 13438137.42.

Theorem 5.89. Assume that the t—year discount factor is v¢. The actuarial present value
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of a whole life annuity due with payments cg,c1, ..., s
K;—1 oo k—1 o0
E( Z ¢jv5) ZZCJUJ Jre. (K chvk " kDz-
7=0 k=1 35=0 k=0

Proof. Y~ 123 OchJfK( )= Z; 02k>gCJUJfK< ) (as 0 < j <k < )
_Zj 065 Zk’>] fo: Z; 06V5 " jPx [ |

Corollary 5.3. A unit annually increasing due whole life annuity has payments 1,2, ...,
at the beginning of the year and actuarial present value

K,—1 00
(Ia), = E((IV) ) = B (k+1Do") =) (k+ 1ok p,.
k=0 =CkUk k=0 —cpup

Example 5.52. An insurer offers a whole life annuity—due to (x) with annual payments.
The first payment is $1000. To take in account inflation, each payment is 4% higher than the
previous one. The force of mortality is p = 0.01. Calculate the APV of this annuity using the
annual effective rate of interest of 7%.

Solution: Y = ZJK:”“’()_l cjvj, v; = v’ and ¢; = (1000)(1.04)7.
Two ways: (1) Standard: E(Y) = E(g9(X)) = >, g(k) fx(k), where X = K_;
(@) B(Y) = X2 c5v; - ipe

K.—1 K;—1 K.—1 1
3 —j 103 31—
Y = Zc]vj_Zm 1.04)Y(1.07)~7 = 10 Z;ﬂ 10 p—}S;‘
E(Y) = 103# =77
E(p"+) = Zg ) fx. (K

o0 o0 o0

— Zpk<e—(k—1)u —ehmy = Zpke—(k—l)u(l —e My =p(l—e M Z pe M)k
k=1 k=1 k—1=0

> 1
== Y ey =p(l =)
=0
1 — E(pKe= 1—p(l — e M) ——
B(y) = 10812 B0 ( [T ~ 26519.17.
1-p I=p §=0.01,p=104
oo oo
(2) B(Y) = cxvp-ipa = Y _(1000)(1.04)F(1.07) K HO0D 10002 Bz =)
k=0 k=0
1 1000

= 1000 - = = 26519.17.

00 = T (o) (1.o7y Teoor — 2001917
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Q: (I) Which is simpler ?
(IT) Why the standard way ?

Example 5.53. Suppose that p1,,(t) = 0.05, t > 0, 6 = 0.07. Find (Id),.

Solution: l{:—i—lvk,c =k+1, v, ="
(1), =i E+ DY), e .

=CrVUk
1

Using that 337 ka* ! = (15552 )1 = s, #16, and by the second way,

1-zx (1
o0 o0
(Ia), = Z(k +1)0F - ppe = Z(k + 1) 00Tk —0.05k
k=0 k=0
co+1 00
Z /{:—l—l —0.12(k+1-1) Z —0.12(j-1) (j:k-i-l)
1

The standard way works too, but little bit more complicated.

K,—1 K,

E((IV),) =E(Y | (k+1o*) = BQ )/ ™) j=k+1touse [16]

k=0 —cry, j=1

1— UKw—i—l
:E((ﬁ)/)
(1 —0)(=K; — Dol — (1 — ety (=1)
(1 —wv)?

1—(1—v+v)f — (1 —v) Kok
(1—v)? )
1

:(1 — v)2E(1 — o — (1 —0) K o)

:(1 )2 (1 — E@) — (1 —v)B(K0%)) - - |

=E( )

:E(

Corollary 5.4. A unit annually increasing n—year temporary due life unit annuity has pay-
ments 1,2, ..., n at the beginning of the year and actuarial present value (1), — = E( kK:””(/)\n_l(k—l—

Dok = ST ok + D)ok - .

7|

Example 5.54. Suppose that iz (t) = 0.05, t = 0, § = 0.07. Find (Id),.15-

Sol: (1Y) .1y = SR G Dol ¢ =g 1 0 =0,
Two ways too: (1) standard way, (2) By formula [2],
Formula [2]: E(H(X)) =Y, (H(k) — H(k — 1))P(X > k), where H(K,) = Zf;@” Y+
1),
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kok—1 1if1<k<n

H(k) = H(k = 1) = 5706716+ 1)e? = 3050 G+ 1)l = {0 e

10

(I0),q5) = Y P(Ka > k)(H(k) — H(k—1)) = > 1paho™™!

k=1 k=1

10
_ Z Le—0-05(k—1) ,—0.07(k—1)

10
= E ah1 x =7

1_xn+1
=(—)
( Da™ + na" 1
= - o 02 _gg = 28.01415775.
oo JA10-1
Standardway : () ,.5 = E(g(K.)) = » ( (k + 1)o") fi. (5)
7j=1 k=0
9 jAl0—1 0o jA10—1
=D 0 R+ () + Y0 (k+1)oR) fi, ()
j=1 k=0 Jj=10 k=0
9 j-1 oo 10—1
= O e+ 1)) (e U — ey 1N (Y (k+ 1)o¥) fi, (5)
j=1 k=0 J=10 k=0
9 j-1 10—1
=) O k1)) — ey 1 (3 (k4 1)0F) P(K, > 9)
7j=1 k=0 k=0
9
1— a2 i s 1— 210
=D (T el (Y = e (e o

<
I
—

Corollary 5.5. A unit annually decreasing n—year temporary due life annuity has pay-
ments n,n — 1,...,1 at the beginning of the year and actuarial present value (Da)

KiAn— —
B = kyok) = SnZ(n = k)b - s

zm|

Example 5.55. Suppose that p,(t) = 0.05, t >0, § = 0.07. Find (Dd)x:m.

Solution: ¢, =n—k, k=0,1, 2, ... v = v*.
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Two ways too: (1) By Corollary 5.5, (2) standard way. (Da),.15 = Zk 0(10 — k)of

9 9 9

9
=) (10— k)e 0%k =N P11 — (k4 1)e 12 = " 112k =Y (k4 Dt
k=0 k=0 k=0 k=0
-2 1 —(n+1)a" +na™t!

- T=op ootz 1o = 39:96332152.

Theorem 5.90. Assume that the t—year discount factor is vy. The actuarial present value
of a whole life annuity immediate with annual payments of c1,co, . . .,

oo k 00
ZZCJUJ kg = ZCkvk " kPz-
k=1 j=1 k=1

Corollary 5.6. A unit annually increasing immediate whole life annuity has payments
1,2,..., at the end of the year and actuarial present value

(Ia), = E( Zk 1 L ko) =Y 0 kvF - pg.
Example 5.56. Suppose that j1,,(t) = 0.05, ¢t > 0, 6 = 0.07. Find (Ia),.
Solution: Using that Y -, ka*~! = (1 7 T F L

a)m = 22021 kvk " kPx
—0.12

o
=) ke 00kem00Th ‘012Zk ~012(k~1) = oy ‘ iy = 09.36117108
— €

Corollary 5.7. A unit annually increasing n—year temporary life immediate annuity has
payments 1,2,...,n at the end of the year and actuarial present value

Ko—1)A
([a)x:m = E( z(f 1 "k Zk LG 2

Corollary 5.8. A unit annually decreasing n—year temporary life immediate annuity has
payments n,n — 1,...,1 at the end of the year and actuarial present value

(D) = Zk Ko DN (e 1)ok) = SO0 (n 41— k)b -
Example 5.57.
Example 5.58.
Example 5.59.

Theorem 5.91. Assume that the t—year discount factor is vi. A continuous whole life
annuity with rate of payments c(t) has an actuarial present value of fooo fot c(s)vsds fr,(t)dt =

fooo c(t) - vy - ¢pg dt.
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Theorem 5.92.

Corollary 5.9. A continuously increasing whole life unit annuity paid at the time of death
has an actuarial present value of (Ta)x = E(fOTz toldt) = fooot vl ypg dt.

Corollary 5.10. A continuously increasing n—year temporary life unit annuity paid at the

time of death with rate of payments t has an actuarial present value of (Ta)x‘_l E( e/ toldt) =
font ot ypy dt.
Example 5.60. Suppose that j(t) = 0.05, ¢ >0, § = 0.07. Find (Ta)m_a.

Solution : ¢ =t and v; = vt.
Two ways:

(1) ( ) | fo t/\nxvmdx,ue_“tdt.

(2) (Ta) g5 = Jo te 09O gt — 37.30209396.

Example 5.61.

Corollary 5.11. A continuously decreasing n—year temporary life unit annuity paid at the
time of death has an actuarial present value of (Ea)ﬂ E( n/\T”(n — twldt) = fo n—t)

vty dt.

Corollary 5.12. An annually increasing whole life unit annuity paid at the time of death
has an actuarial present value of (Ia), = E( fo Jotdt) = fooo [t] - vt - ype dt.

Example 5.62. Suppose that j1,,(t) = 0.05, t > 0, 6 = 0.07. Find (Ia),.

Solution: ¢; = [t] and v; = v'.

(Ia)x:/ (ﬂ e t(0.07) et (0.05) / 012)dt

)(0.12) k(0.12)

_Zk — Z J(012) (1 _ (=012

k=1

_1—e 012 |
012 (1 —az)?le=e

o102 = 13.69442445.

Example 5.63.
Example 5.64.

Corollary 5.13. An annually increasing n—year temporary life unit annuity paid at the
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time of death has an actuarial present value of (Ia)m' = E(fon/\T” vidt) = fo t] - vt ipg dt.

Corollary 5.14. An annually decreasing n—year temporary life unit annuity paid at the

time of death has an actuarial present value of (Da) E( AT [n —t|vldt) = fo n —t]

zm| T 0

vl iy dt.

Example 5.65. A pension plan pays continuous payments for the remaining lifetime of a
life aged (65). The rate of payments is 50000 a year. Suppose that the force of mortality is
0.01. The force of interest is 0.08 for deposits made in the next 10 years and 0.06 for deposits
made after 10 years. Find the actuarial present value of this pension plan.

Solution : Y = fOT”” cuedt, where ¢ = 50000 = ¢, and

B _ftf;s ds 6_0'08t fo<t< 10’
v=e T ) ¢ (0.08)(10)=(0.06)(t~10)  if 1) < ¢,

T: e’ t
(1) E(/O ctvtdt):/o H'(t) - ipe dt  (#1 H(t):/o CsVsds)

[ee]
=/ CtUt - Py dit
0

10 00
— / (50000>€—0.08t€—0.01t dt + / (5000())6—(0.08)(10)—(0.06)(t—10)€—0.01t dt
0 10

10 00
_ 50000 0.09¢~0-09 dt+/ 50000¢—0-9-(0.07)(t-10) g
0.09 J, 0
1 — o—(0.09)(10) —0.9 [oo
_(50000)(1 — e ), 50000 0.07¢-007t 3¢
0.09 007 J,
~ (50000)(1 — e™%9) N (50000)e =09
B 0.09 0.07
=620090.4.
Direct way: E(f cupdt) = fo y)dy = f() fg cudt0.01e= " dy.
) = fO ce—0-08t g if y € [0,10]
9\y) = 0 ce 008t qt 4 [U ce=0-08(10)-0.06(t=10) g if 3 > 10
Y 0. :
o) = g el
0 ce 008t gt 1 fl% ce 027006t gt if 4y > 10

[ g1 — e 008y if y € [0, 10]
- ﬁ[l _ 6—0.8] + %[6_0'6 — e_O'OGy] if Y > 10



176 CHAPTER 5. LIFE ANNUITIES

T,
E(/ cugdt)
0
00 0.2

10
c c ce”
— 1 _ —0.08y 001 —0.0lyd 1 _ —0.8 —0.6 _ —0.06y 001 —0.0lyd

/0 oot m e 00y | AGGgll e ggle T - e 000y

10 o)
_ / a16_0'01y + a26_0'09ydy + / a360.01y o a4e_0'07ydy
0 10

5.7 Computing present values from a life table.

Example 5.66.

Example 5.67.

5.7.1 Whole life annuities.
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. . x || 80 | 81 | 82 | 83 | 84| 85| 86
Example 5.68. Consider the life table 0.1 250 217 161 | 107 62 28| 0 Suppose
that i = 6.5%. Calculate aéo ), aéo ) and @ agy under UDD.
Remark. Each of insurance and annuity can be viewed as
(1) the time unit is a 2 year rather than a year,
(2) the unit paid is not one but 1/m
(3) the discount factor is not v but v(™ (= v/™).
(4) fr, (k) = g_1|qs is replaced by fjém)( )= %\% +, Where J( ™) _ it T, € (%, %]
We often linearly interpolate ¢, (UDD): logt = (1 — t)ly + tlyyq for t € ]0,1].
-1 (m)
, Com) 1 Umyke _ 1L 1= (/™) o 1—(v7)
Sol : Def : Yy —mZ(v e Biiny Vo= ——~

kO

(m)
need to know E(v’® /™) Z By aqe  mo=?

m m

m
m(j—1)+h
= E E v m m(j71)+h71|Lqm
h=1
6 m
_Z Zvj—u-%lex—t-j—l - £x+j
: m ly
m
1 I e
=y 1 — E (E vm o) 2T
m 4 ly

11— 2ol/m1=t-0.82
m 1 —pl/m
1-Z, 1-A, 1-084

5)5’“5

_m_/va t)dt = Z/klva t)dt = Z/k

Skip to 5.7.4.

‘m:127v:1/1.06

aso :E(

~ 2.54.

~ 2.502 as

6
v
x+k 1dt Z
k=1

(m(j 1)+h— 1‘ 1q:c =

m

6

(12)

ago

k—

1

(f yom (k) = i1 ]2 qz)

m

UDD within each year

Jj— 1‘% _idxﬂ' )
m m lp

Lorjo1 — Lo
(Z pI Tl T gy Ke)

j=1

Uy

o) 2 0.82 (Er.4.9))

=) —1/m ~ 248,

k
-0 dx+k—1

~ 0.84.

—Ilnv

Uy
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Theorem 5.93.

5.7.2 Deferred annuities

Theorem 5.94. Under a uniform distribution of deaths within each year,

E, — - ,|A d i(m) _
(m) _ n-T gm) N T 1 ) .
nlds™ = 2 = Sgem et oy n e
= a(m) - pliy — f(m) - nEy.
1/m 7
R R R o M
id dm) _
= g % T G e
nEm — 1. n|Ax id . ) 2
n|a:c = (? = 5_2 n|am + 52 ny

(m)

x+n

Proof. For a deferred life annuity due, using that n|d§;m) = ,E.a (see page 167),
(m)

.. 1-A ;
aﬁjﬁ% = —m5™ (see page 164), A;m) = Az (see page 77), n By Agin = n| Az (see page 109),

nEac_n Ax
% (

and p|d, = see page 150), we get that

(m) _ nExl —d(f:ln%yz)n — . E, 1- 'Lm)A:C'Fn

o™

= nEfl?ax+n

_nE:c - Z(Lm) : n|A:c
d(m)
nE:c - Z(Lm) ’ (nEm —d- n|am)
d(m)
id im) —

=g % T g

° nEx.

For a deferred life annuity immediate, using that n|a£nm) = n|d£nm) — %nEx (see page 167),

i = B[}, (see page 167), ;") = 171(?7?) (see page 164), A" = -L5 A, (see page 7?)

nEx(l - dT) - nExZ@Ln)Ax—b-n
d(m)
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and

] (m) _
n|a:(cm) = nExa:(cT-)n = by ( .(mld ag + d d>
7

_ id . | + & .
= i T m) g(m)

For a deferred continuous life annuity, using that ,|@; = nEGz4n (see page 153), a, =

% (see page 146), Am 7| = ZA‘i':ﬁ| (see page 136), nErAz+n = n|Az (see page 109), and

nliy = % (see page 150), we get that

1-A
‘ax = nExa:c—HL = nEx%
— B gAx—b-n nE:c _% n‘A:c
Ey— % (nEBy —d-plag)  id . 0—1
:n T F) n(sx n|Wx _52 n|ax+7'nEm~
[ |
5.7.3 Temporary annuities
Theorem 5.95. Under a uniform distribution of deaths within each year,
= (m) _ L= nbe— (Z”)A:lc o ad n im (1= Ey)
] d0m) = G0m) glm) T T ) glmy T )
(m) id dm —d
Yam| = Z(m)au oy 2+ S gy (L~ )
1- v id, 6—i
—Am
Proof. For a n—year temporary life annuity due, using that dg:% _— Ty (see page 165),

Apm) = Ai’:ﬁl + o Ey (see page 109), A;m) = i(Lm)Ax (see page ?7?), dpm = l_flm‘ (see page
154), we get that

1—AM gl (m) g

:c:ﬁ| 7|

T d(m) d(m)
LB - AL -
B dm)
1 =By — 5 (1= digg) — nEx)
- d(m)
id im —
= omam = T g (L )
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_Am)
For a n—year temporary life annuity immediate, using that a;n% _ L d;if)ﬁﬁ‘ (see page 165),
Apm) = Ai,:ﬁ' + nEy (see page 109), Al = Z.%m)Ax (see page ?7?), Gym = % (see page
154), we get that
om g L 1 g
id im) — g 1 1
=gt el + gy (L~ na) = 5+ nba
id im — g
= tmgum (L e —nBe) + oy (U= nBa) = (1= )
id id im i1
=g gy o (1= n ) (Z<m>d<m> T iomam E)
We have that
id im — g l_id—i-i(m)—i—i-%
i(m)dm)  jm)gm) i(m)q(m)
;(m) (1 — 4 i1 —a)
- §(m) g (m)
_z(m)vl/m —w dm — g
i(m)q(m) i(m)(m)
Hence,
m) id o dm—a
Tl = Gmom e T g (k)
1-A,q

For a n—year temporary life continuous annuity, using that [ (see page 157),

— —1 z:7

— 1 ' . 1-A
Ay = Ay + nEs (see page 109), Ay = SAL (see page 136), ) = 2220 (see page
154), we get that

1_Z:c:ﬁ| o 1 _Z:c:m —nky o L=pnly — %Al

7|

Connect to §5.7.1.
(m)

It is quite tedious to compute d, ’ etc, as it depends on the assumptions on fr7,. There are
two approaches to approximate it, which leads to simpler formulas.

(1) Linear interpolation of the actuarial discount factor.

(2) Woolhouse’s formula.
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5.7.4 Linear interpolation of the actuarial discount factor.
vt is t-year discount factor,

1By = vl pe(= Am~¥1|) is also called the actuarial (t-year) discount factor.

lpgt = (1 —t)ly +tlytq, t € [0,1] — — —— linear interpolation of ¢, or ST(:[;) (t);
pitBr = (1 —OpEy +t- 1 Ey, t € [0,1] —— linear interpolation of ;E,

By = (1= LBt Lo E (= 1 Eet 2 (or By —pEa)), j = 0,1, m—1. (1)
k+L = mkx mk—Hx = kL mk—Hx kLx)), J =Y, L,y .

The actuarial discount factor £, appears in annuities computations:

00 oo m—1
1 i 1 ot d
_ E = _ E + 2= .
_E m'# _E vm k+Lp:C' (2)
1=0 _\/_' k=0 j=0 ——~" "
= Be k+3,LE””

Theorem 5.96. Assummg that hot 4 E, s linear in j, then
() a" =y ==L (1) Q) =y — B2 = By, (1) paf™ = iy — B2t By

2m

Letting m — oo in Theorem 5.96 (see page 181), we get that:

Theorem 5.97. Assuming that yEy is linear int, 0 <t <1,

2’ 2m
= .. 1 . .. m—1
Ap:q| = Qgq| — 5(1 - nE:c)7 a;:nﬁ)| = Qg — om (1 - nEf)
.- 1 .. .. m—1

Remark. In reality, the linear assumption in the previous theorem may not be true, then
both the RHS and LHS formulas are approximations.

5.7.5 Woolhouse’s formula The Euler-Maclaurin Formula:

b N
| atorta (3 gta i) - M)

1=0
+ Z BQJ 9@ D(a) — g@D (b)) — (b — a) o2 5292 (£) where k> 1
- (2]{:) Y Y
Jj=
Nh = b — a, By is the i-th Bernoulli number, i.e., B; =1/6, Ba = 1/30, ...
b N
_ - S +90)
/a g(x)dz _h(; gla+ih) )
h? ht
+ 356 (@) = g'(0) — =5 (9"(a) = g"(0)) + -+

12 720



182 CHAPTER 5. LIFE ANNUITIES

5.7.5.1. Woolhouse’s formula:

Oog(x)dz :h(z g(ih) — @) + h—29/(0) - h—49/"(0) +ooo, if g™ (o) =0for k=0, 1
; 2 /12 720 ’ o

1=0

o0

h=1/m,and m € {1, 2, 3, ...}. Its application to whole life annuity:

_ . 1 . 1 1
(1) @ ris—5 - 50+ ) ~ i - oo o

(0 + pa), [13] it yields

2
n(m) _ . m—1 m”—1
A e T T

Reason: @, = fooo vhypedt = fooo g(t)dt, where

g(t) = Uttpx = 6_5ttpx-

g'(t) = —pede™ — 0! (1py) = —ipade " — VPt it
g'(0) = —(0 + pz) and

9(0) = vYop, = 1

0+ fig)-

o0
Letting h = 1, then @, = / g(t)dt
0

I
S
|
|
|
|
=
+
=
=
+
2
Q

8

|

|

|

|
=
+
=
I

Letting h = %, then

_gm L1
T 2m 12m?2
Its application to term annuity can be simplified by

il =™ — o peally),

(0 + pz)-

x| 80 | 81 | 82 | 83 | 84|85 86
o || 250 | 217 | 161 | 107 | 62| 28| 0
6.5%. We already got igy = 3.011654244 (from Ex. 5.6).

(1) Calculate dg)z) assuming that the actuarial discount factor is linear.

Example 5.69. Consider the life table with i =

(2) Calculate d&)z) using Woolhouse’s formula assuming i, (t) = 0.05, t > 0.

Solution: Using UDD (in Ex. 5.6 and Ex. 5.67), iigo ~ 3.012, and il ~ 2,544,

1 12 -1
D (D) inTh596 => a2 ~a. — "7~ _ 3011654244 —
(1) () in g0 =~ e = 50 2)(12)
2 2
.(12) . m—1 m"—1 . m—=1 m~—1
(2) agg” ~ e — = = o5 (O ) = e — == = o

= 2.553.

(log(1 +14) + pz) =2.544
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(Quiz this week: 450 [1]-[12], [14]-[16], [17] ;)

Bl. P(g(Ky) = g(k)) = P(Ky = k)= fyk,)(9(k)) = fx,(F)

B3. (25 pts) You are given:

0.01 if0<t<10;
6 = 0.06 and p.(t) = {0 04 if10<¢

Ans. Zx:1—5| = E(vT=/3)
TA, = E(Tyv')
TA = E((T A 15) Tz/\15) — ( ‘|‘ ‘|‘f15 t/\ 15) t/\15fo( )

" Calculate TA T8

x:15
St,(t) = fo o (y)dy) # exp(— t,ux( ) if py(t) is not constant.
fr,(t ) —5'( )-

Jix EALB)O fr (1)t = [1X(15)0' fr, (t)dt
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CHAPTER 6

Benefit Premiums

6.1 Funding a liability.

When an insurance takes an insuree it assumes a liability. Suppose that an insurer has to
pay a liability consisting of a unique payment of L at time n and an effective annual rate of
interest of 4.

The net single premium of an insurance product is the APV of the benefit payments for
this insurance product. Usually, insurance products are funded periodically while the contract
is in hold. These payments are made while the individual is alive and the obligations of the
contract are not expired. Payments made to fund an insurance contract are called benefit
premiums, which usually are made annually. The annual premium (also called the net
annual premium and the benefit annual premium) is the amount which an insurance
company allocates to fund an insurance product. We usually consider funding as follows.

Definition 6.1. An insurance product is funded according with the equivalence principle
if the APV’s of the funding scheme and of the contingent benefits agree.

The annual premium found under the equivalence principle is the basis to asses an insurance
product. Costs and commissions have to be taken into account to determine the contract to
be offered to a customer. The value of each payment in an insurance contract is called a
contract premium (v.s. the annual benifit premium, against the net single premium).

Definition 6.2. The loss of an insurance product is the excess of the present value at issue
of benefit payments over the present value of funding.

The loss of an insurance contract is the present value at issue of the net outflow for this
contract. The loss is a random variable. It refers to either with or without face value.

6.2 Fully discrete benefit premiums.

In this section, we will consider the funding of insurance products paid at the end of the
year of death with annual benefits premiums made at the beginning of the year. The funding
is made as far as the individual is alive and the term of the insurance has not expired.

6.2.1 Whole life insurance (for the annual benifit premium)

Definition 6.3. Let L, = v'* sz 0 Lok be the loss random variable (rv) for a unit
whole life insurance paid at the end of the year of death (present value= 1-v%+) funded with

an annual benefit premium (P 25:10—1 v¥) at the beginning of the year while the individual is
alive. This insurance contract is called a fully discrete whole life insurance.

Remark. L, =ovf—pP Z e 1o is used in definitions or theorems. In general, the payment
is not a unit but B unit, then the loss is
L, = B(v sz,o v¥) or L, = Bv& PZkO v* (} in K,), where P. = BP.

185
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Under compound interest: v = (1+i)"" = 1—d = e79, i is the annual effective rate of interest,
0 is force of interest, v is the annual discount factor, d is the annual discount rate.

L,=7,— PYm = pfe — PZK”” Lok (Lz=whole life insurance - Px whole life annuity) ?
To make a profit, an insurer would like that insurees will die as late as possible.

Theorem 6.1. For a fully discrete whole life insurance,
(i) Ly = v’ PZlek Z—PY;C—Z(1+§)_§. (¥, = =)
(i1) E(L x):Ax—Paw:Ax(1+§) _%

(ii) V(Ly) = (1+ £)? (24, — 4,2) .

Example 6.1. Consider a fully discrete whole life insurance with face value $10,000. The
annual benefit premium paid at the beginning of each year which the insuree is alive is $46.
Suppose that the force of mortality is 0.005. The force of interest is 6 = 0.075

(i) John entered this contract and died 10 years, 5 months and 5 days after the issue of this
contract. Find the insurer’s loss at the time of the issue of the policy.

(i1) Peter entered this contract and died 42 years, 2 months and 20 days after the issue of
this contract. Find the insurer’s loss at the time of the issue of the policy.

(111) Calculate the probability that the loss at issue is positive.

Solution: v =¢™% = ¢ 09 and Sy (t) = e 00 ¢ > 0. L, = Z, — PY,.

(i) T, =7 K, =[10+] =7
11
L,=_B v% — Zk etk = (1001 — (46) 122 )|, oo0rs = 4024.7.
=104 —46
(il) K, = [42+] =
Ly = (10%% — (46) 5227 s = —213.75.

(iii) 0 < v®=(1 + P/d) — P/d (=L,),
P/d < vKr(l + P/d),

151/3% < vl , => lnlfl/;jd < Kylnw,
Kx>w~3750rlf < (P+d)~37.5 0?7 (1)

P(K, < 37.5) = 1 — ¢~ 0:005x37.599
P(Ly > 0) = ¢ P(K; <37.5) =1— ¢ 000523827 Class Exercise.
P(Km < 375) =1 6—0-005X37??

Example 6.2. Questions: fr, = ? fx, =7 fr,=

Solution: fr, (t) = —S’Tz(t) = pe M, fr (k) = P(T, € (k—1,k]) = e~ Hlk=1) _ g—u(k),

fruly) = P(Le =y) = PS4 ) = § =) = PUe = 9(0) = fic lo@)), oty) = 27

P+yd
Ptd
Inv
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)],

Inv

Theorem 6.2. The probability that the loss L, is positive is k,qy, where kg = [

i.e., ko < n(252) < ko+1, (see Eq.(1)). due to P(L, > 0) = P(vE(1+5)-L > 0) =

T Inv

Definition 6.4. The benefit premium of a fully discrete whole life insurance funded under
the equivalence principle E(Ly) =0 is Py = Ay /iy from E(Ly) = Ay — Ppiy = 0.

x || 80| 81 | 82| 83 | 84| 85| 86
Example 6.3. Consider the life table | {, || 250 | 217 | 161 | 107 | 62| 28| 0 | An 80~
dy || 33| 56 | 54 | 45 | 34| 28] 0
year old individual signs a whole life policy insurance which will pay $50000 at the end of the
year of his death. The insuree will make level benefit premiums at the beginning of the year
while he is alive. Suppose that i = 6.5%.

(i) The net single premium for this policy ?

(ii) Benefit annual premium for this policy using the equivalence principle ?

(iii) Skip

(iv) Find the df fr of the loss L when the benefit premium follows the equivalence principle.
(v) Find the probability that the loss is positive.

(vi) Find the variance of the loss.

Solution: (i) The net single premium for this policy is
(50000) Aso =~ 50000(0.81619) = 40809.5, as
Ago = E(vE=) =572 0Fp qlge = > pe vFdyyk—1/Cy ~ 0.81619 (derived before).

(ii) The benefit annual premium for this policy using the equivalence principle (P = 21—;‘) is
P = (50000) Pgo = 5000042 ~ (50000) 3518 ~ 13550.52822 as iigg ~ 3.012 derived before.
Or sy = E( kK”O Lok = L = ISQ8IR0 = 3011654244,
(iv) The loss is L = 50000L,, where L, = v lelvv .
L = (50000)v%= — (13550.53) 1252 — (272020.19)0"% — 222020.19 = g(K,). .
fr. : P{L = (272020.19)v" — 222020.19} = P(K, = k) = Eg”*’f‘é — Lok
80
250 — 217 33
{L = 33397.83} o 550" (Ky =1)
217 — 161 56
P{L =17808.94} = ——— = —_ = P(K, =2
161 — 107 54
P{L=317148} = ——— = — — P(K.. =
{L = 3171.48} 550 550" (Ky =3)
107 —62 45
P{L = —10572.62} = ————— = — = P(K, =4
62—28 34
P{L = —23477.87} = = — — P(K. —
{ BATTST) = ——— = o, (K2 =5)
28—0 28
P{L = — Ay =2""_= — P(K. —
{ 3559547} = ——— = (Kz = 6)

fr(3171.48) = fk,(7)
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(v) By (iv), P(L > 0) = 23 + 28 + 2 = 0.572.
Ignor this approach Alternatively, formula: P(L > 0) = g, where

13550.52822/50000

kO — ’7%—‘ _ 1 — ’7111((13550.52822/50000)+(0.065/1A065))—‘ o 1 ~ |'32‘| _ 1 — 3

Inv —In(1.065)

P(L > 0) = 3q, = 29207 = 0.572.
(vi) 3 ways for V(L) here:
(1) L = v — Plﬂim =Z,(1+ L) - L and V(L) = (4,(v?) — (4:(v))?)(1 + P/d)%.
(2) V(L) = E(I?) by fr, why not V(L) = E(L?) — (E(L))? ?
, 54
250
28

+ (—35595.4738)2ﬁ = 457444048.

33 56
E[L?] = 8286)2— 171.4767)* — + (1 9352
[L?] =(33397.8286) 550 + (3171.4767) 550 + (17808.9352)

15 2 31

—10572.6158)%2 —— + (—23477.
+ (—=10572.6158) 250+( 3477.8670) 55

(3) The third way is the next theorem, which is not important. Ignore it !

Theorem 6.3. If a fully discrete whole life insurance is funded using the equivalence prin-

. A, _ dA, 1 A A2 2A—AC
czple, then P, = T 1-A, T . d and V(Lx> = (I—Az)z == (ddz)z .

Example 6.4.

Example 6.5. Michael is 50 years old and purchases a whole life insurance policy with
face value of $100,000 payable at the end of the year of death. This policy will be paid by level
benefit annual premiums at the beginning of each year while Michael is alive. Assume that
i = 6% and death is modeled using de Moivre’s model with terminal age 100.

(i) The net single premium for this policy ¢
(i) The benefit annual premium for this policy ?
(iii) The variance of the present value of the loss for this insurance contract ?

Solution: (i) The net single premium E(Z) = ? where Z = 10°Z, = 10°v%=.
E(Z) =105, ok fre (k) = 1054, = 105 07" ok L — 105 210 0.31524 x 105
(ii) The benefit annual premium for this policy is 10° P,

Ay

1-A,
1—v 1 Ax~0.32,0=1/1.06

Ay — Ppiy =0=> P, = A, /iy = ~ 0.0260581 => 10°P, ~ 2605.81.

(iii) Ly = B(Zy — Pyi=2z) = B(Z,(1 + P,/d) — P,/d) and thus

T 1—w

V(Lso) = (100000)2(Az(v?) — A,2)(1 + P, /d)? = 880929379.5, as A, (v) is ;—O—l—v

Theorem 6.4. Under constant force of mortality v for life insurance funded through the
equivalence principle, P, = vq,. (No need to remember, just derive it).

Besides the equivalence principle, there are other ways to determine annual benefit premi-
ums. Unless said otherwise, we will assume that the equivalence principle is used. Often, the
annual benefit premium in an insurance contract is bigger than the annual benefit premium
obtained using the equivalence principle. The risk charge (or security loading) is the excess
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of the benefit annual premium over the benefit annual premium found using the equivalence
principle.
Exam formulae: 448 [1]-[18]. Homework due Monday Exam.

3 types of problems:
(1) Pbor BP, =7 the annual benefit premium, v.s. the net single premium,
(2) Variance of L, 7
(3) Percentile or probabililty related to L, or P, etc.

Definition 6.5. The 100a—th percentile annual premium for an insurance product is
the largest premium making the probability that a loss results is less than or equal to a.

The percentile annual premium can be found using either
(1) only one policy (see Example 6.6) or
(2) an aggregate of policies (see Example 6.7).

Example 6.6. Michael is 50 year old and purchases a whole life insurance policy with face
value of $100,000 payable at the end of the year of death. This policy will be paid by a level
benefit annual premium at the beginning of each year while Michael is alive. Assume that
i = 6% and death is modeled using de Moivre’s model with terminal age 100. Find
(i) the benefit annual premium if the probability of a loss is at most 0.25;

(ii) the benefit annual premium using the equivalence principle;
(iii) P(a positive loss for the benefit annual premium using the equivalence principle).

Solution: (i) Solve BP,: «a=0.25B=" P, ="
Solve for P = P, from L, = v* P1 vt = 0, where k, satisfies

1 — vl
P(Ls > 0) = P(Ky < ka) < @ < P(K; < ko), and Ly = v — P— v (1)
—v
Key steps: (a) Solve for kq from v — P1 v (Eq. (1)),
(b) Setting L, = v — Pall_v = 0 yields P, = vhe 1:&.
Eq. (1) yields integer kq
P(Ty <kq—1)=P(K; < ko) <a<P(K; <ky) =P(Ty <kq). (2)

Now two possibilities: (1) @ = 0.25 = P{T5) <t} = & Why ?? => ¢t =50 0.25 = 12.5 77
Or (2) a=0.25=P{Ts < ko} = & => k, = 12.5 77

Class exercise: The correct answer: (1), (2), DNK.

Hence, by Eq. (2), P{K50 < 13} < P(T5p < 12.5) = 0.25 < P{K5 < 13}.

By 2 key steps above  (a) ko5 = 13.and (b) Poos = Sr02t| = 0.04996236.
The benefit annual premium is B Py o5 = 10°(0.04996236) = 4996.236.
(ii) equivalent principle BP =7 Ay = Piy. => P = Ay /iy.

e = Y oo VFpps = 1 Pk =l L — (.315237.

P = s = m = 0.0260581

The benefit annual premium is BP = 2605.81
<< BPFyo5 =~ 4996.
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(iii) Find P( the loss random variable is positive) with P in (ii):

P {L — o0 _ plot® o} — 7 (P= 4996 from (i) or 0.026 or 2605.81 ??)

s o PlL1=0)
P{Lx:va’O—Pl— >o} P{K50< w } by Ex.6.1
— v nv
v=1L, P=0.026
:P{K50 < 19.81210743} (: P{K50 < 19} or P{K50 < 20} 77 )
19
=P{K50 <19} = P{T50 < 19} = 50 =0.38 > (.25.

Example 6.7. An insurance company offers a whole life insurance to lives aged 20 paying
75000 at the end of the year of death. FEach insuree will make an annual premium of P at
the beginning of year while he is alive to fund this insurance. Suppose that 1000 policyholders
enter this insurance product. Use i = 6% and the life table D.2 (p.605) to calculate P so that
the probability that the aggregate loss is positive is less than or equal to 0.01.

Solution: Solve P based on P(Z?:l L; >0)=0.01.

BL, = BZ, PZ e Lok , where B= 7

CLT: P(E-L < ) = P(& ‘fi(‘En(Z%l) £) < 1) ~ ®(t) = 0.99, where ¢ = 2.32, n = 103,
i=1 ~i

L1, ..., Ly are i.id. from £ (= BLy). i.e., P(3 1 £i <nE(L) +2.32y/nV (L)) ~ 0.99.
=0

Key : Solve for P, the 99th percentile of Z?:l L;, from
nE(L) 4+ 2.324/nV (L) =0

K.—1
1-Z
L = T75000L, = 750007, — P g ok = 750007, — P z
1—w

k=0

P P
75000+— Ly — =al;+b
1-— 1—w

1

— Ay
(2) => nE[L] = n[750004, — P———% ] (Table 7.2: Ay = 0.05246 and %Az = 0.01078).

1—1/1.06
= 3934500 — 16739.87333 P,
(3) => nV(L) = na®V(Zy)

= _n (Ay(v?) — (Ago(v))22a2 ~ (8.03) (75000 + ﬂ) (seeFq.(3))

N 9 0.06
=7 7
Eq. (1) yields 0 = 3934500 — 16739.87P + (2.32)v/8.03 (75000 + LXE)  => P ~ 266.42.

Example 6.8. An insurer offers a fully discrete whole life insurances of $10,000 on inde-

pendent lives age 30, you are given:
(i) i = 0.06
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(ii) Mortality follows the life table 7.2.

(i11) Annual contract premium for a policy is 1.25P;.

Calculate the minimum number of policies the insurer must issue so that the probability that
the aggregate loss for the issued policies is approximately less than 0.09.

Solution: To find n = ? so that P(>_}" | £; < 0) =~ 0.95.
CLT: P(E-x < 1) = P(&im 2B B < 4) () = 0.95, where

J(Z?:l )

L1, ..., Ly are i.i.d. from the loss rv £, t = 1.645, n = 777 That is,

P(Zn: Li < nB(L) +ty/nV (L)) ~ 0.95.
=1

'

=0

Key : Solve for n through the 95th percentile of Z?:l L;, from Eq. (1).

nE(L) + 1.6451/nV (L) = 0 (1)

Now £ = BL, = 105 — WdEP where m = 1.25P, is the annual contract premium,

1-A
B(L) =10"4, — n—— = (10" + g)Ax - g
T =125P, = 1.253@ P, = B4« B =10%
Ay = 0.082295 and %A, = 0.0180 by Table7.2
L 1-A,
ly = — 16.213
1—wv
A
= (1.25)(10000)a,—$ = 63.44831308
x

nE[L] =nE[(10000) Ly] = n(10000) A, — wiiy ~ —205.7375n,
2
V(L) =nV((10000)L,) = n (10000 + g) (2A, — A2) ~ n1384729.716,

Eq.(1) => —205.7375n + (1.645)/n(1384729.716) = 0,  an+by/n =0 => \/n = (—b/a)

(1.645)2(1384729.716)
= = 88.515045497 n = 887 n = 89?
" (205.7375)2 " "

Definition 6.6. The benefit premium for a fully discrete whole life insurance funded for
the first t years that satisfies the equivalence principle is denoted by Py (= 42‘ ).

F




192 CHAPTER 6. BENEFIT PREMIUMS

Monday lecture starts from this page. Announcement:
A. Quiz on Friday: All 450 formulae
B. In final, Part A is all formulae for 450.

Suppose that the funding scheme is limited to the first ¢ years. The present value of the
loss with unit payment (w.u.p.) is

L =5 — pi—8 8 |—Z PY|

min(Kg,t)

and its APV is Ay — Py

Example 6.9. Ethan is 30 years old and purchases a whole life insurance policy with face
value of $50000 payable at the end of the year of death. This policy will be paid by a level
benefit annual premium at the beginning of the next 30 years while Ethan is alive. Assume that
0 = 0.05 and death is modeled using the constant force of mortality p = 0.03. Find the benefit
annual premium for this policy.

Solution' Find 50000P such that Ay = de 30| => 50000P = 50000430 /d

30:30*
Ay = B(Re) =322 P fie, (k) = 300y v* (St (k — 1) — St (k))
= he1 “k( (k D — e=hn)

S ok e
=, vke_k“(e’“‘ — 1)

= (P — 1) > 07 (1)F = (et — 1)1t t=177
= (et — 1) ~ 0.366.

v=e70-05 1,=0.03
. 1— Az 7 1 . . .
(| = o= N v"kp.. Which is better here ? Class exercise !

lypm| = Zk o Vpe = ZZ;& vhe k= Z;é th = % ~ 11.827.
v=e~005 1,=0.03,n=30
Thus 50000P = 50000A30/dg 55 ~ C PG ~ 1545.89.
Plan Loss
Whole life insurance Zy — PY,
t—year funded whole life insurance Ly PY 1
n—year term insurance z! - PY,JE 7l
t—year funded n—year term insurance Z:E1 nl PY |
n—year pure endowment insurance ZI WI PY,JE 7l
t—year funded n—year pure endowment insurance ZI 7 PY |
n—year endowment Zym| — PYI 7
t—year funded n—year endowment insurance Zym| — PY |
n—year deferred insurance wlZy — PY,
t—year funded n—year deferred insurance n|Ze — PY |

Table 6.1: Loss in the fully discrete case
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6.2.2 n—year term insurance. An n—year term insurance paid at the end of the year of
death funded at the beginning of the year while the insuree is alive is a called a fully discrete
n—year term insurance.

Definition 6.7. The loss r.v. for a fully discrete n— year term insurance w.u.p. is denoted
by Lx 7| (: Z;ﬁ - PY:cm = UKJ?I<K:C < n PZKQE/\”

Definition 6.8. The benefit premium for a fully discrete n year term insurance obtained

using the equivalence principle is denoted by P1_| or P(A _|) (= Asan|

aac |

Example 6.10. Skip the example.

Example 6.11. An insurer offers a four—year life insurance of 25 years old. Mortality
x| 25 | 26 | 27 | 28

g || 0.01 | 0.02 | 0.03 | 0.04
payments at the beginning of the year. The benefit payment is 10000. i = 5%. Calculate the
annual benefit premium using the equivalence principle.

Solution: Solve BP! B=7

is given by the table: This life insurance is funded by benefit

254"
Al
: : : _ 1 _ ‘7254
Equivalent principle => P25 3= T
4 4
1 K, _ k
A25 A~ E(™1(Ky <n)) = Z fr. (K Z H]%H—j%ﬂ—k 1 by [8]
k=1 k=1 j=>0
1-2 2-2 3-2 4-2
=0'get1-1 Hp:c+j + 0721 Hp:c+j + 0731 prﬂ' + 0l gpa prﬂ'
Jj=0 Jj=0 Jj=0 J=0

=(1.05)71(0.01)(1) 4 (1.05)72(0.02)(0.99) + (1.05)~3(0.03)(0.99)(0.98)
+ (1.05)7%(0.04)(0.99)(0.98)(0.97) = 0.08359546485.
Now two ways for 'd25:1|:
(1) by [17] d25:1| = ZZ;(% Ukkpl’7 where 1Px = 11— dx, 2Pz = PxPzx+1, ---
— Ayt 3
(2) figsig) = —22 due t0 Yy = —=2 [17). Which is better ??

Agsal :Aé5 a Tt v'4pas by [14]
_A%5 a T v* paspacp2rps by [4]
= AL 7+ (1.05)74(0.99)(0.98)(0.97)(0.96) = 0.8268662132,
1— A, —
lins 1 :TM' — 3.635809523,
Al
25:1) 0.08359546485

BP} 10000 10000 = 229.9225641.
251 = >a25:4| ( >3.635809523




194 CHAPTER 6. BENEFIT PREMIUMS

Theorem 6.5. Li::m = UK””I(Kx <n)-— PdKz/\n|

L1 Al = Z1 - P)"/x:m = (1 + d) Z1 A+ PZ 1 % (for computing variance)

7|

Example 6.12.
Example 6.13.
Example 6.14.

Example 6.15.

Example 6.12. William is 40 years old and purchases a 25—year term life insurance policy
with face value of $150000 payable at the end of the year of death. This policy will be paid by
a level benefit annual premium at the beginning of the next 25 years while William is alive.
Assume that i = 6.5% and death is modeled using de Moivre’s model with terminal age 90.
(i) Calculate the benefit annual premium for this policy using the equivalence principle.

(i) Calculate the standard deviation of the loss for this policy.

. AL o ..
Solution: (i ) Solve BP410 55 = Baj;);‘\ due to L = Zio 55| — PY,35. B="7
. 5 1
[17] A4025| = 402 — ZZ 0 Ve 777 [14] A4o:%| = E(v"m). Zem| = Z; @ T Zy, 7}L|
AL = B I(K, < k v L0 9430575345 2
4025 — (v n) Z w2 50 1-2 U : (2)
Ayyor = E(Z) Z 1y=Al n AT g 75965400, (1
w03 = E(Zy, 75 T 25|) 2035 TV nPr = Aggag TV g =0 (1)
) 1= Az 1—0.3475265409
The benefit annual premium for this policy is BP410 5 = = 150000- j;) 2“’“ = 3422.996011.
.. (Ko
(ii) o = ? where L= BL} . [19]: L} . = Z] _ — PY, 5 = v**I(K,; <n) — p 3 Kenm)
o = Bopa " opr = 7 or O’%l =7
D x:m z:7|
1 _ K, 1—ypfenn _ 3423
inﬁl =vt(Ky <n)— P~~—— P = 3423 or 155550
= R (K, <n) - PEC K”(K 2 S+ (e >1))
P
= v (K, <n)(1+1 )+1 - I(Kx>n)—1_v Class exercise ||
=r.u.? =r.u.?

V(L )=V (aX +bY +¢) =a?V(X)+ bV (Y) +2abCov(X,Y), [34] (X,Y,a,b,c) =7

x|
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Cou(X,Y) = BE(XY) — E(X)E(Y) = —E(X)E(Y), as E(Z'_Z 1) =0 (see [14]),

x| x|

2
P Pym P P
V(L}m%') (1+E> [Amn|( %) - (Axn|)]+( 7 )2 nps(l = nps) +0 — 2(1 + d>dA1 |Amn|
Al = Al (07) = 22 — 0.14261 by (2
40:25 4025|( )_% 1—v = 0.1426103697, (by (2))
v=1/1.062
3423

and d =1 —1/1.065.

1
A:c:ﬁ| = 0" P, = 150000

The standard deviation of the loss for this policy is o, = B, /V((L}10 25|) = 54578.29029.

Theorem 6.6. (sk:z'p).V(L:lC%') =1+ %)2 . QAi,:ﬁ' + ];—22 2A L —(BIL, o]+ %)2'

7| x|
The present value of the loss for a t—year (1 <t < n) funded n—year term insurance w.u.p. is

Vi I(Ky < n) = Pl = 215 — PY,g, with its APV Al — Piigg)-

min(Kg,t)| — Tz

] o=
El

The benefit premium which satisfies the equivalence principle is tP 7 = = P(; Ax n|) =z

&

Example 6.16.

Example 6.17. A 20-year term life insurance policy to (x) with face value of $10000
payable at the end of the year of death is funded by a level benefit annual premium at the
beginning of the next 10 years while () is alive. Assume that § = 0.05 and death is modeled
using the constant force of mortality p = 0.02. Find the benefit annual premium for this policy.

Solution: Solve P, where L = 104Z1 7 PY -

1

P = (10000) =2 by E(L) = 0
@470
n n n
Ai; 200 — kame(k) = V() ge (or (= oF (emrE=1) _ gmhky)
’f 1 k=1 k=1
1 —
= Z kqx — op, i) e 5000039199,
I —wvps po
. 10 _
410 = 77 _mv l Z“ e ke = =p)
— (vps)" 11— o (10)(0.05-+0.02) B
Zv Pr=—" op. = T —mmramm 1446282211,
1 —_—
P =(10000)——=2% — 281.8908903.

Gy 70|
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Example 6.18.

6.3 Benefits paid annually funded continuously.

Plan Loss

Whole life insurance Z.,— PY,
t-year funded whole life insurance Zy P?I:ﬂ
n-year term insurance Z ) PY )
t—year funded n—year term insurance ZI 7l —PY g
n—year pure endowment insurance Z 1 P?m:m

M|

t—year funded n—year pure endowment insurance | Z_. 71L| P?m:ﬂ

n—year endowment Zym| — PY oz
t—year funded n—year endowment insurance Zy3 — PY .4
n—year deferred insurance nlZs — PY,

t—year funded n—year deferred insurance n|Ze — PYI:E\

Table 6.2: Loss in the case of annually funded continuously

6.3.1 Whole life insurance.

Example 6.19. Rita is 52 years old and purchases a whole life insurance policy with face
value of $70000 paid at the end of the year of death. This policy will be paid with a continuous
lifetime payment. Assume that i = 0.065 and death is modeled using the de Moivre model with
terminal age 95. Find the net single premium and the benefit annual premium for this policy.

Solution: (1) Solve BA;, B =7

w—x w—x

1 - 1
Asg = Ke)y = & & ~ 0. :
52 = E(v™) Z T (k Cw— ZEZU l—v w—a| _ 03339
k=1 k=1 V=165 W—T=43
The net single premuim is BA, ~ (70000)(0.3339) ~ 23374.85. B
(2) Solve BP, through E(L,) =0, L,=7,—PY, "7 L,=7,—PY, 777
Ay — PGy =0=> P =A,[a,. [17): @, = B(AE) = [ ohpedt = [ 0! (1 — L)t
. [e'e] w—x 1 1 Ut w—x
Asy = E(v!7) = / o' fr (t)dt = ( / vldt) = — — (0.344665,
0 0 w—2z  w—zlhw|,
_ 1—-A5 1-0.344665
2= m(Lo6s) 0400 (9= —tnw)

The benefit annual premiums is BP = BA,/a, = (70000) 01'3.3:1%% = 2246.220478.

6.3.2 n—year term insurance.

Example 6.20. Angela is 47 years old and purchases a 20—year term insurance policy with
face value of $§120,000 paid at the end of the year of death. This policy will be paid continuously
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for the next 20 years while Angela is alive. Assume that i = 7.5% and death is modeled using
the de Moivre model with terminal age 95. Find the benefit annual premium for this policy.

Solution: Solve for BP or P 7  Need L so that E(L) = 0 to solve P.

. _ Al
_ . _ 7l _ _ 7l o _ _ __ 20|
20 20 1 1— U20 1
Alpog =B I(K, <)) = > vk (k) = vk)% = U g~ 0212385,
k=1 k=1
n 1— 7, 1—A, -
2 ways Gy :/ vhpedt = E( 5 xﬂ') = 5 YT which is better?
0
. 00 20 1 48 1
Ayz0) =B (v = / "N fp () dt = / vt —dt +/ 0?0 —dt easier
S ;|48
= 1.075)"2—| =~ 0.357578
48Inv 0 + ) 48 20 ’
1= Az 1-0.357578
U5 = == ~ 8.882965907
A 47:20] 5 —Inw
BP —BA”}C%' 1200002212385 956911
G 8.882965907 ~ T

Skip this page.
Example 6.21.
Example 6.22.
Example 6.23.
Theorem 6.7.
Theorem 6.8.
Corollary 6.1.
Corollary 6.2.
Theorem 6.9.
Theorem 6.10.

6.4 Benefit premiums for fully continuous insurance.

In this section, we will consider the funding of insurance products paid at the time of death
and funded continuously. This type of insurance is called fully continuous.
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Plan Loss
Whole life insurance Z.,—PY,
t-year funded whole life insurance Zy — PY 4

. -1 —
n—year term insurance Z . PY ;.
t-year funded n—year term insurance 71:5‘ — P?m:ﬂ
n—year pure endowment insurance 71:5‘ — P?m:m

t-year funded n—year pure endowment insurance 7r:ﬁ\ — P?I:ﬂ

n—year endowment Zgm) — P?m:m
t—year funded n—year endowment insurance Zym — PY ]
n—year deferred insurance w4y — PY,

t-year funded n—year deferred insurance nl|Zs — P?w:gl

Table 6.3: Loss in the fully continuous case

6.4.1 'Whole life insurance. Suppose that an insurance company funds a continuous whole
life insurance w.u.p. with payments at a continuous rate of P while the individual is alive. The

loss random variable is L = T+ — Pﬁﬁ| = Z, — PY,, where | = fon vldt and Y, = 1_6736‘



SECTION 6.4. BENEFIT PREMIUMS FOR FULLY CONTINUOUS INSURANCE. 199

Example 6.24. An insurer offers a whole life insurance of 1000 paid at the time of death.
To fund this insurance the policyholder must make continuous payments at the rate 125. The
force of interest is 0.06. The force of mortality is 0.01.
(i) Calculate the expected loss at issue.
(ii) Calculate the variance of the loss at issue random variable.
(iii) What is the loss if (z) die at age z+50 ?
(iv) Calculate the probability that the loss at issue is positive.

Solution: (i) Solve E(BL) with B = ?? L = Z, — PY,?o0or Z,—PY,?or Z,— PY,?
L= Z ~ PY, Q: P=1257 or BP =125 7
— P22 (see [17))

(1 + %)va — £ Why do this ?

E(L)=aE(Z;)+b=aA, +b (a,b)="7

- oo oo o0
Ay = / o' fr (t)dt = / vipe Mdt = ,u/ e~ ()t gt
0 0 0

o0

_ M —(pu+oNt gy K .
= 0)e WOt = = h 7 (1
p+9o J, (i+0)e L+  p—Inv why inv 7 (1)
_ P P
E(BL) = B[(1 + E)L(s -] — —35.71428571.
p+ P=0.125,6=0.06,u="
(ii) Solve V(BL) = B*V (L) L=(1+%)pt - L.
P\ 2
V((1000)L;) = (1000)? (1 + 3) (Az(v?) = (Az(v))?) = 82515.79 (by Eq. (1))
(iii) The loss is 1000L = [(1000)0™ — (125)1=¢"] = —1149.826
T,=??
(iv) The probability that the loss is positive is
— T 1 — ol
P{1000 =(1000)v" — (125)——=— > 0}
P P 125
= S = ? ?
P((1+ %)™ == >0) P =125 or S0
=P(av™™ — b > 0) (a,b) =7
=P(vl* > b/a)
1
_pr, < nlb/o),
Inv

1 0:125/8 In(1.48)

140.125/6 —In(1.
—pdT, < 0B ply o ZUAY)
{‘"”< =5 } {‘"”< 0,06 }

—1 — OO — 1 o F(A8) g _(148)71/6 x 0.06.

Example 6.25.
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Example 6.26.
Example 6.27.
Example 6.28.

Example 6.29.
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Example 6.30. Kayla is 35 years old and purchases a 10—year deferred life insurance policy
with face value of $250,000 paid at the time of her death. This policy will be paid continuously
for the next 10 years while Kayla is alive. Assume that d = 6% and death is modeled using De
Moivre’s model with terminal age 95. Find (i) the benefit annual premium for this policy and
(i) the standard deviation of the loss T.v..

Solution: (i) Solve BP where B = 250,000, £(L) = 0, and
L=u|Zy — PY ) = 0" I(Ty, > n) — P [ oldt.

E(L) = 0 yields P = n|zx/dx:ﬁ|, where @5 = fon vhypedt = % (latter is easier).
60 ¢t |60 10 _ ,,60
— 1 v v —v
Ags = B I(T, > n)) = L—dt = = d=1-v=0.06 1
10l dss = B (T > n)) /10 "60" T 60 |,,  —60mv ’ ( ! ) Q)

Ay 1o = E(vl=\") = h MO fr (1)dt = ! vtidt + 6ovloidt = v o? + 5—0010
35:10] 0 : o 60 o 607 60(—lmv) ' 60

21060

— A /7 _ —60Inv ~
P = p|As/Grm) = = = 0.009786197.
0

The benefit annual premium for this policy is BP = 250000P = 2446.549.

Ty An

(ii) Solve V(BL) first, where L = ,|Z, — P?x:m =vle (T, > n) — Pl_”(S .
Write T = o1 [(T, > n) — PAIE=n) v ITeon) o 114) Note I(T), < n)I(Ty > n) = ?

- n )T, < P
L:(UT””+P%)I(T:C>n)+P%—g:W+U+c W=7

V(L) =V(W)+V(U)+2Cov(W,U) = V(W) +V(U)+0—-2EW)EU)

E(W) = ,|A; + P%P(Tz >n) (see Bq.(1)) E(W(v)) 2 = E(W(v?))??

P P
BO) = 5hum U=t ITsn),  BOU%) =

Pu™ P2U2n
—n|Ax + —=

T 2
= p|Az(v7) + 2 5

—5 nPx — (n|zx + z )2
v (T, <n),  P? 1 P 1, 1
f) = 5_2V(Zxﬁ|) = ?(Am:m(v ) — (Axm) )= (see Eq. (2))
V(L) = V(W) + V(U) — 2E(W)E(U) ~ 0.01851821.

The SD of the loss of the policy &~ B % v/0.01851821 ~ 34020.41.
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6.5 Benefit premiums for semicontinuous insurance.

This section discusses the funding of insurance products paid at the time of death and
funded at the beginning of the year. This type of insurance is called semicontinuous insur-
ance. We skip this secction.

Plan Loss

Whole life insurance Z, — PY,
t—year funded whole life insurance Zy PY |
n—year term insurance 7915 | PY,, 7
t-year funded n—year term insurance Z,. 7~ PY,, |
n—year pure endowment insurance 71: | — PY,. 7
t—year funded n—year pure endowment insurance sz‘ PY |
n—year endowment Zym| — PYw 7
t—year funded n—year endowment insurance Z . ok PY 3l
n—year deferred insurance n|Z Ym
t—year funded n—year deferred insurance | Z s PY |

Table 6.4: Loss in the semicontinuous case

6.6 Benefit premium for an n—year deferred annuity due.
6.6.1 n—year deferred annuity due funded discretely.

. (nAKe)— _ ke 1 _ K
L=,V — }W@W_E: —P E: = I(Ky>n) — P———_ (1)

1—v 1—vw
k>n

Example 6.31. Jasmine is 45 years old and purchases a 20—year deferred contingent an-
nuity with a face value of $40000 paid at the beginning of year while she is alive. This policy
will be paid by level payments made at the beginning of the next 20 years while Jasmine is alive.
Assume that 6 = 0.05 and constant force of mortality is 0.02. Find the annual benefit premium
for this policy using the equivalent principle. Derive the variance of the loss (in unit payment
of insurance).

Solution: (a) Solve BP, B = 40,000 and by E(L) = 0, where

L=y|Zy— PY, 7 ? L=p|Zy— PY,5 ? L=V, — PY,5?
=> P = g'ax‘ Many formulas below, which is easier ?
n—1
1—Z,5
(5.0 = 0¥ pe = E(id x'n|) need Az
k=0

00
. L — B . .
20|a45 = UV kPx = nligQgr4n = UPg - n—l‘a:c—kla
k=n
n K.

. v —wv
n|Y =
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Due to S, ~ Exp(u), it is simpler to use
n—1 n—1 n—1
1— (ve #)"
(y5:30) = VFppy =Y vFe T = Z(ve_“)k _ 1o (et — ) ~ 11.14,
1—wve ™ | o5 _
k=0 k=0 k=0 v=e 5 u=0.02
. . . . 1— (ve™® 1 — (ve )"
20‘@45 = Qg — Qgq| = Qgso| — Qpm| = [ 1 E _Z 1 _( H> ~ 3.69,
ve ve v=e-0-05 1,=0.02
oo oo o o0
or Izvkkpx = Z Z ve ME = (ve ")™Y (ve M) = 3.65, (j=k—n)
k=n k=n k= 7=0
40000)(3.65
BP —(10000)P ~ 2000B65) 5500 43,

11.14
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(2) Solve V(L)

K,—1 (KeAn)—1 K,—1-n (KzAn)—1
L—Z F_p oF =" Z v — P Z oF j=k—-n
k=n k=0 =0 k=0
o — e 1 — piaAn
T I(Ky>n)—P T
n __ K K < N
Ut = I(Kx>n)—P1 v [(Ky <) —o"I(Ky > n)
1—v 1—wv
n Ky K
_Y “tP) Y I(Ky > n) +P1“ I(Ky <n)— PJd (see [14])
—v —v
V(L) =V(X)+V(Y)+2Cow(X,Y) (X,Y)="
=V(X)+V(Y)—-2E(X)E(Y) Cov(X,Y)=FE(XY)—-EX)E(Y)
1
B 1+P 1 A
=V(X)+VY) = 27— 0" = 7l da) (P )
v I(K, < n) P? 1,2 12
V(Y) - V(P 1—v ) - (1 — U)2 [A:cm(v ) - (Axﬁ|) ]

v"(1 + P) — vfe V(U)  EU?* - (EU))?

p— p— p— :?
V(X)=V( - (K, >n)) Ao e U =1
E(U?) =E(("(1 + P) — v5)2I(K, > n))
=1+ P)%.pr — 2(1 4+ P)o" E(R*I(K, > n)) + E(v**I(K, > n))
nrlgat 7l|A;,(v2)
E(U) =E(("(1+ P) — %) I(K, > n)) = v"(1 4+ P)pps — E@S=I1(K, > n))
nrAz
By =Y o (e B0 — ey = N b (o pe — joapepe) = Y 0M e apete = > 0" ian/pe
k=1 k=1 k=1 k=1
1= (vpe)™
B Qe/Px
Aflﬂiﬁl —E@fI(K, <n)) = vk (e (k=P — g=ke)

k=1
nlAz =B 1(K, > n)) = E("*) = EQ"* I(K, <n))
V(L) =V(X)+V(Y)+2Cou(X,Y) =+ ~ 16.92 + 4.51 — 14.96 ~= 6.47

6.7 Premiums paid m times a year.

Example 6.32.
Example 6.33.

Example 6.34.
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Example 6.35.

Example 6.36.

6.8 Non—level premiums and/or benefits.

Insured products can be funded with non-level premiums. Premiums may increase accord-
ing to the inflation rate.

Let by, be the benefit (insurance, not annuity) paid by an insurance company at the end of
benefits ‘ 0 by by b3

year k, k = 1,2,.... The contingent cashflow of benefits is Timo aftor issue ‘ 01 2 3

Hence, the APV of the contingent benefit is > | bpo"P{K, = k}
Let m;_1 be the benefit premium received by an insurance company at the beginning of year
k, k=1,2,.... The contingent cashflow of benefit premiums is

benefit premiums | mp 11 w73
Time after issue ‘ o 1 2 3
Hence, the APV of the contingent benefit premiums is

—1

<.

5

o0 o
mk i, (5) = > mF PG > kY =) m® - i
j=1 k=0 k=0

o~
Il

0

. K;—1
The loss is L = by, v — 3707 7m0k,

L = benefit of insurance — cumulative payment for buying the insurance
Under the equivalence principle E(L) =0, i.e.,

0 00 o j—1
Zbkvk k=10 Izﬂkvk “kPr = Zzﬂkka&(j) k-1l = [, (4)?
k=1 k=0 =1 k=0

Example 6.37. For a special fully discrete 15—payment whole life insurance on (20):
(i) The death benefit is 1000 for the first 10 years and is 6000 thereafter.
(ii) The benefit premium paid during each of the first 5 years is half of the benefit premium
paid during the subsequent years.
(iii) Mortality is given by the life table for the USA population in 2004 (see pages 603)
(iv) i = 0.06.
Calculate the initial annual benefit premium.
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Solution: Find 7, which is the initial annual benefit premium and sastisfies F(L) = 0 where

(K2NB)— (KoA15)—
L = [(1000)0"= I (K, < 10)+(6000)v%=I(K, > 10)] — | Z ok + Z 2mu"]
k=0 k>5
K. N5 (KzA15)
| /\Z) Tk + /\Z ok = (IEJCAS) mot it Ky <5
(KzA15)— .
P =5 z ok + Zk>5 Lorok if K, >5
,(CKBM)_ m;k if K, < 5( asier)
_ easier
,(fKOM ok + Zkfio/\w omvF if Ky > 5
(KeNb)— (KeN15)—
E(L) = 0 yields (1000) Al 15, + (6000) - 10| Az0 =EX( Z w4 Z 2mv)
k=0 k>5
(KeND)— (KeN15)—
= (1000) Ao + (5000) - 10| Ao =E(— Z ok + Z 2mu")
k=0
(by[14]) (1000)A20 + (5000) . 10E20A20+10 = — 7Td20:g| + 2%&20:1—5| by [17],

(1000) A2g + (5000) - 10E20A20+10 :W(deo;m - d20:5|)

_ (1000) A2g + (5000) - 10 E20A20+10 _ easy
2d20:ﬁ| — d20:5| tricky

(1)

205075/ —(gg:5) =* tables only give 5Ey, 10Ez, 20Ee, o, o,

. . . . . 15
Qgp| = Qo — nldz = Az — nbog " a+n, and 15E; = v °15ps = m4nEr = mEr - nErim

by [17] by [17]

. 1535
Gg0.15) =020 — 15|d20 = 20 — 158020 - G35 = oo — v °—— - 35
| 20

1597250

=16.739946 — (1.06)~ 98709(15 .817689) = 10.23733295,

G5 =G20 — 5 B0 - lin5 = 16.739946 — (0.743753117)(16.514250) = 4.457421088,
i 75 — figgs) = ((2)(10.23733295) — 4.457421088) = 16.01724481.

(1000) Agg + (5000) - 10Eag - Asg = 52.45587 + (5)(0.553116815)(82.29543) = 280.0508007.

280.0508007
Hence ™= 16.01724481 — = 17.48433042.

Announcement: The homework assigned this weekend due next Wednesday.

Example 6.38. Consider a whole life insurance policy to (40) with face value of $250000
payable at the end of the year of death. This policy will be paid by benefit annual premiums paid
at the beginning of each year while (40) is alive. Suppose that the premiums increase by 6%
each year. Assume that i = 6% and death is modeled using the de Moivre model with terminal
age 100. Find the amount of the first benefit annual premium for this policy.
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Solution: Let m be the amount of the first benefit premium (in unit value).
Solve B from E(L) =0, Where B = 250000,

L =K Zk, 0 Lk, andwk—ﬂ(l%) k=0,1,2,...
L—UK fx ! (1 06)Fvk = K- fxolw 1.060)*.
0= A, — 7E Y 1 (1.060)F). =>

K.—1

m=A,/E( ) (1.06v)F)

k=0

k k 1 1-— 'Uw_x 1
Ap =) fr () =) v = = 0.2693571284.

w—2x l—v w—=z

B> (1060)F) = B(S" 1) = Z’ffK Z’f zn:k:n(n; 1)
k=1

K,—1

™ =A,/E ) (1.06v)")
—

0.2693571284
B =(250000) —— 5= = 2207.845

250000%0.2693571284/30.5

02693571284
N 30.5

Example 6.39.
Example 6.40.
Example 6.41.
Example 6.42.
Theorem 6.11.
Theorem 6.12.
Theorem 6.13.
Theorem 6.14.
Theorem 6.15.
Theorem 6.16.

Theorem 6.17.
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Theorem 6.18.
Theorem 6.19.
Theorem 6.20.
Theorem 6.21.
Theorem 6.22.
Theorem 6.23.
Theorem 6.24.

Example 6.43.

6.9 Computing benefit premiums from a life table

In this section, we disucuss how to obtain the benefit rates for different insurance products.

6.9.1 Fully discrete insurance. We assume that the death benefits are paid at the end
of the year of death. But, the benefit premiums are at the beginning of each m—thly period.
The annual benefit premium in this situation is higher than the regular situation. Benefit
premiums, instead of being received at the beginning of the year, they are received later on.
During a year when an insuree dies, benefit premiums may not be received during the whole

year. From a life table, we can find a,, then we can estimate d:(,;m).

x || 80 | 81 | 82 | 83 | 84| 85| 86
Example 6.44. Consider the life table| €, || 250 | 217 | 161 | 107 | 62| 28 | 0
dip || 33 | 46 | 54 | 45 |1 62| 28| 0
Assume that i = 6.5% and uniform distribution of deaths over each year of death.

Find P8%2), using that Agg = 0.8161901166 (see Example 4.9 in page 89).

Solution: There are two appoaches for PS(gl ) = f?fjf):
a

80
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(1) Based on basic formulas: v — v'/™ and ;_1|q; — j;1|%qx =f7.(9) (0l¢z = Gz — %qx).

m 12
ALY a2
7=1
:(U1/12) Fr (D) +---
+ (u1/12)12+1 fr(12+41) +

_I_ .

o m

ZZ 1/12ykmej L 1 dyyi

m

k=0 j=1

1 oo
_ k 1/12
_ - Z( 1/12)km JH— Z

m k=0

3

lz 1/12y5 Z kdx+k

7=1
1 01/12( _

T 1 — /12

3

,Um/12)

.(12) 1 yle/12

Z 1/12 Y I G

+ (01/12)12fJx(12)
. + (U1/12)12+12sz(12 _'_ 12)

A, = 0.8402293189,

Jx_ . . _ (12)
a2 — E(ijol(ul/w)ﬂ) = B2 ) = e = 2.543720348,

(12) _ Ag _ 0.8161901166 __
Py = dgg = Sx1370315. = 0-3208647198,

(2) Using formulas: dégl) = 1;(7;1%31),
Aé?) = Z.(L.m)Aso,
Thus
i = m((1+ )% — 1)~ 6.314% ALY = Z(%) w0 =
Ao = m(1 — (1+i)"=) ~ 6.281% Y =

For a period of length %

i) the interest factor is (1 + 1)/ =1+ - i

(

(ii) the effective rate of interest is (1 + z)l/m —1=
(iii) the discount factor is (1 +i)~Y/™ = 1/m = (1
(

iv) the effective rate of discount is 1 — v!/™ = %.

d™ = m(1 — (1 41i)7m)
i = m((1+1i)m — 1)
0.065
0.8161901166) ~ 0.840
006314033132 ) ’
(12)

1— Agy _ 1 —0.8402293189 ~ 9544
d(12) 0.06281 ’
(12) Agp ~0.8161901166 N

Py = -(12) = 5514 ~ 0.321.

80

,L-(m)
m

—d)lm =142
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Theorem 6.25. Skip the theorem.

6.9.2 Semicontinuous insurance. For a semicontinuous insurance, the death benefit is
paid at the time of the death and benefit premiums are paid at the beginning of the year.

x| 80| 81 | 82| 83 | 84| 85| 86
Example 6.45. Consider the life table| €, || 250 | 217 | 161 | 107 | 62| 28| 0 | Assume
do Il 33 [ 46 | 54 | 45 (621 28| 0

that i = 6.5% and uniform distribution of deaths over each year of death. The death benefit
is paid at the time of the death and benefit premiums P are paid at the beginning of the year.

Find P using equivalent principle.

Solution: L = o= — P ZK”” Lok — T

x = 2154 1 kaK
_1-— 0 8161901166
igo = 1t = L0000 — 3011654243,

= 1A, (true only for A,, Ax 7| and | Az
6 i
T = Zz 1Ji—1Y
= %tpx (by (10) of 447).
+, (by (11))

fx+14—t(x+2-— a+1
lpgo+1 m+3_' +2

)

(¢ )

x+3 + t( r+4 — 3)
( )

(¢ )

ifte
ifte
ifte
ifte
ifte
ifte

z,x+1]
r+ 1,2+ 2]
r+2,x+ 3]
r+3,x+4]
]
]

N

r+4,2+5
r+5x+6

logg +t(lpgs — lpta

m+54—t 246 — Loys

o~~~ o~~~

fr,(t) =
fr,(t) =

:%WZ/ o fr, (t)dt = z:/
0

Ago  0.8424379003
dso  3.011654243

fr, ()77

P=

Theorem 6.26.

Theorem 6.27.

Plv

H,o

fr,(t) =

fr,(t) =

= 0.2797259686.

. P=A,/i, and i, = _{}f
Zk; 1de:c+k 1/5:[; =0. 8161901166

_tpg: = q

6 ’Ut
m—H 1dt Z(
=1

lnv|.

1—1

d

)21 0.8424379003.

v fr, (t)dt (always true). Use this approach here.

SO
+
p

Sy
+ 8
[ V)

IS
8 &
+ 8
w

=9
8
+ 8
S

)
8

fre, (TE1)7?

fr,([t]) if t is not an integer 77

la

by [17].

if te (z,z+1]

ifte(z+1,242]
ifte(x+2z+3
ifte (z+3,2+4]
ifte(z+4,245]
ifte(z+5,246]

6.9.3 Fully continuous insurance. For a fully continuous insurance, we need to know A,
and a,. From a life table, we can find A, and a,. Then, we need to estimate A, and a,.
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Example 6.46. Consider the life table

x| 80 | 81 | 82 | 83 | 84| 8
Cy || 250 | 217 | 161 | 107 | 62

86
281 0

Assume that i = 6.5% and uniform distribution of deaths over each year of death.
Find P(Ag), using that Ago = 0.8161901166 (see Example 4.9 in page 89).

Solution: We have that

A A - 0.065
P=2%= 1% Ay =-Ag = ———(0.8161901166) = 0.8424379003
a, 1A 07 5780 111(1.065)( ) ’
5 Aso

P(Aso)

In(1.065)(0.8424379003)
=2 = 0.3367076072.
1 — Ago (1 — 0.8424379003)
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6.10 Premiums found including expenses.

When finding the annual premium expenses and commissions have to be taken into in
account. Possible costs are underwriting (making the policy) and maintaining the policy. The
annual premium which an insurance company charges is called the gross annual premium,
the contract premium, the loaded premium and the expense-augmented premium. It
often includes:

Issue cost.
Percentage of annual benefit premium.
Fixed amount per policy.

Percentage of (face value) contract amount.

A

Settlement cost.

Often the expenses related to the contract amount, are given as per thousand expenses,
i.e. the per thousand expenses are the expenses made for each $1,000 of the face value of the
insurance. The loss is

Le = expenses—deposit (or L, =expenses-total annual premium)

Example 6.47. A fully discrete whole life insurance policy with face value of $50,000 is
made to (x). The following costs are incurred:
(i) $800 for making the contract.
(ii) Percent of expense—loaded premium expenses are 6% in the first year and 2% thereafter.
(iii) Per thousand expenses are $2 per year.
Assume Py = Ag/d, = 0.11 All expenses are paid at the beginning of the year. d = 5%.
Calculate the expense—augmented annual premium G using the equivalence principle.

Solution: Solve G from E(L.) = 0, where

(4) ) (idi) 77

Le = (50000)Z, + 800" +(0.06)G + (0.02) GY; + (2) (50) Yy — GV ??
emp;:wes deposit
(4) or 0.06? () (idd) 77
Le = (50000)Z, + 800"+ (0.04) G +(0.02) GY, + (2) (50) Y, — GV, 77
emp;;wes deposit
E(L¢) =(50000) A + 800 + (0.04)G + (0.02)Giig + (2)(50)iy — Giiy = 0. Ay iy = 11
(50000) Ay + 800 + (2)(50)da . ) . 1—A,
= = =1 =7 A, =7 A =11 1 =
> G (1—0.02)iy — 0.04 o v o/ e
Ans: 01l=P, =4e =Ldés _ A g— 1y =0.05.

i} Gz dz (1-A4z)/d"
0.11 = =28 —> 0116, = 1 — diiy =>
Gy = 3/(1+ %) = 1/(0.05+0.11) = 10/16.
Ay = Pyiiy = 11/16.

.~ (50000)A,+800+(2)(50)d.
Solution: G = (1=0.02), —0.04 % — 5883.319638.
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Example 6.48. A whole life insurance policy with face value of $40,000 payable at the end
of the year of death is made to (45). Assume that i = 4.5% and death is modeled using the de
Moivre model with terminal age 95. The annual benifit premium is paid at the beginning of the
year, and the following costs are incurred and paid at the beginning of the year:

(i) $500 for making the contract.

(i1) Percent of expense—loaded premium expenses is 5% in the first year and 1% thereafter.

(i1i) Per policy expenses are $20 per year.

(iv) Per thousand expenses are $1.2 per year.

(v) $600 for settlement.

(a) Calculate the gross annual premium G using the equivalence principle.

(b) Calculate the expense—augmented loss for an insuree that dies 7 years, 5 months and 10
days after the issue of this policy.

(c) Calculate the variance of the expense—augmented loss.

Solution: (a) Solve G from E(L.) = 0, where the loss L, = ? Class exercise.

(4) (i1) (i) (iv) (v)
Le =40000Z45 + 500 +0.04G + 0.01 GYi5 + 20 Yis + (1.2)(40)Yg5 + 600 Zy5 — GYys,

(4) (i7) (m‘) (iv) (v)
~ = ~ = /= ~
=> (0 =40000A45 + 500 4+0.04G + 0.01 Gays + 20 g5 + (1.2)(40)dgs + 600 Ags — Gays,

500 + 40600 A45 + 68d45

- G= a5, Ags =7 Ans: Tiz ~ U(0,50).
0.99G.45 — 0.04 (145, 45 ns: Tis ~ U(0,50)
11— 1
[14] —» Ay = Z ORI e = 0.3952401556,  (2)
L=v 500,11 045
o 1— Ags 1 - 0.3952401556
17 - - — 14.0438675
W= s ==— 1—1/1.045 ’
500 + 40600 A5 + 6845
G = — 1262.439006.
0.99%45 — 0.04

(b) Solve L¢(K,;). Where is K, in L, 7 Insuree die between 7 and 8 years, K, =77

(1)

Le =[40000Z45 + 500 + 0.04G 4 0.01GY,5 + 20Yy5 + 40 x 1.2Y}5 + 600245 — GYas] by (1)

—(40600)Z45 + 550.4975602 — 1181.814616Y5

1 — pfKas
—(40600)05% + 550.4975602 — 1181.81461617@ (see [14] and [17])

:§8044.36UK45 — 26893.86 = 18244.28524  if Ky5 = 8.
why do I;i;is step??

(¢) V(Le) =a?V(Zus) = (68044.36)%(Aus(v?) — (Ass)?) (see (2))
B 5 . 1— ’050 B 5
—=(68044.36)%( 050 - (A45)%)

—(68044.36)%(0.2146684865 — (0.3952401556)%) = 270642713.1.
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Skip to Page 205 Example 6.49.

Theorem 6.28. Suppose that we have a whole life insurance on (x), with a death benefit
of b paid at the end of the year of death. The fixed annual cost has an amount of e. In the first
year, there exists an additional cost of ey. The percentage of the expense—augmented premium
paid in expenses each year is r. During the first year, it is paid an additional percentage of
the expense—augmented premium of r§. The settlement cost is s. All cost except the settlement
cost are paid at the beginning of the year. The insurance is funded by an expense—augmented
premium of G paid at the beginning of the year while (x) is alive. If the equivalence principle
18 used, then
eg + (b+ s5)Ay + edy

(1—=r)iy — 1§

G —

(1)

Using that P, = ’.3—; and P, +d = a% (easy to verify), we get that the expense—augmented
annual benefit premium using the equivalence principle is
O eg(Py+d)+ (b+5s)P, +e

l—r—r§(Pr+d) (2)

Q: Why Eq. (2) ?
Eq. (1) needs to specify fr._, but Eq. (2) does not.

The expense—augmented loss at issue random variable is the present value of expenses plus
the present value of benefit minus the present value of premiums, i.e. it is

oLe =€ + 715G + (b4 8)Zy + (rG + €)Y, — GYy,
1—-Z;
d

=eq+r0G+ (b+5)Zy — (1L =1)G —e) = aZ; +b.

Theorem 6.29. Under the conditions in the previous theorem,

(i) The expense—augmented loss at issue random variable is

oLe =(ef +15G + b+ 5)(Zy — P,Yy)
=(ep + oG+ b+ s)oLy.

(i1) The variance of the expense—augmented loss is
V(oLe) = (e + 115G + b+ 5)*V(Ly)
P2
—(ef + 715G + b+ 5)? (1 + 7’”) V(Z,)
22Ax - Ax2
(1—A,)°

2 2
2 A:c _A:c
2

=(eg +roG+b+s)

=(eg+roG+b+s) -
diiy)

_When we compute the expense-augmented loss we get an expression of the type ¢ +c2Z; —
c2Y,. The proof of the previous theorem gives that

oLe = 1 + 92y — c5Yy = (c1 + ¢2) Ly and
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V(oLe) = (c1 + 2)?V(L,).

The loss without including expenses for a whole life insurance with death benefit b is
oL =0L, = b(Z, — P;Y;). The variance of this loss is

2
V(bL,) = V(L) = b? (1 + %) V(Zy,).

Hence, if e+ ;G + s > 0 and V(Z,) > 0,
V(oLe) > V(b-oLy).
The increase in the loss by including expenses is
0Le —oL = (ef +r5G +s) - 0L

Many variations of this model are possible.

In the fully continuous case, the expense—augmented loss and the expense-augmented pre-
mium have expressions similar to the fully discrete case. Let b be the death benefit death paid
at the time of the death. The fixed issue cost is ej. The percentage of the expense-augmented
premium paid in expenses at issue is ;. There is an annual rate of contract expenses of e
paid continuously while () is alive. The percentage of the expense—augmented premium paid
continuously in expenses while () is alive is 7. The settlement cost is s.

Let G be the expense—augmented premium rate using the equivalence principle. We have
that

Gay = bA, + €} + 135G + ety + rGa, + sA,
=eg + 710G + (b4 8) Ay + (rG + e)ay.
So,

ef+ (b+ s)Ay + ety

G = (1—=r)a, — 1§

In this situation the expense—augmented loss at issue random variable is

oLe =€ + 715G+ (b+35)Zy — (1 —7)G —e)Y,.
Computations identical to the ones done in the fully discrete case give that

0Le = (e + 140G + b+ 8)Ly = (e + 175G + b+ 5)(Ay — Pyay)

=l
8

2
and V(oLe) =(ef + r{G + b+ 5)? (1 + 7) V(Z)
S, — A2

=(ej + 150G + b+ s)

24 4,2

R ] * 2
_(60 + ToG + b + 8) 7(56x)2
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The loss for whole life insurance paying a death benefit of b at the time of the death without
including expenses is oL = bL, = b(Z;—P,Y ;). The increase in the loss by including expenses:

Ofe —b- sz = (6() + roG + 8) . ofx = (6() +roG + S)(?x — ?x?x)
Connecting Ex. 6.48.

Example 6.49. For a fully continuous whole life insurance of $50,000 on (x), suppose:
(i) The issuing expenses are $1000 and 5% of the expense—augmented annual premium rate.
(ii) The annual rate of continuous maintenance expense is $250.

(iii) There exists a continuous rate of expenses which is 10% of the benefit premium rate.
(iv) § = 0.06.

(v) Gy = 12.

(vi) V(Z) = 0.15.

(a) Calculate the expense—augmented annual premium rate G using the equivalence principle.
(b) Calculate the variance of the expense-augmented loss random variable.

Solution: (a) Find G, the expense-augmented annual premium rate, such that E(L.) = 0.
What is the benefit premium rate in (iii) ? Face value of death benefit B= 7
L, =7 Class exercise

(i) (i) (iii)
— Ve - ~N ’—/\_\ —~ = —
Le = (50000)Z, + 1000 + (0.05)G + 250Y 5 + (0.10) GY 5 — GV, .
e:cpg;wes deposit

E(Le) = 0 =(50000)A, + 1000 + (0.05)G + 250a, + (0.10)Ga, — Gap, @ =12 (1)

G = 7 Need to know A, = ?
Ans: By [17], 12 =G, = %,
A, =1-(0.06)a, =1— (0.06)(12) = 0.28 and

Eq.(1) => 0=(50000)(0.28) + 1000 + (0.05)G + (250)(12) + (0.10)(12)G — (12)G
=18000 + 1.25G — (12)G
18000

=——— = 167441 .
15— 195 674.418605

(b) Solve V(L¢) with given V(Z;) =0.15.
Le =(50000) 7, + 1000 + (0.05)G + 250Y , + (0.10)GY , — GY,, =aZ; +bY ,+c

_ 1-7Z
=(50000)Z, + 1000 + (0.05)G + (250 — 0.90G) i

5
250 — 0.9G . — _
50 509G)Zm+b 7+ b

— 250 — 0.9G

250 — 0.9G
T)Q x 0.15 = T55077125.

(see [17])

=(50000 —

V(L.) =a*V(Z,) = (50000 —
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Different types of expenses can be paid during different length of times. This happens if
benefits premiums and the policy are in hold for different periods.

Example 6.50. A 10-payment, fully discrete, 20—year term insurance policy with face
value of $90000 payable at the end of the year of death is made to (45). The costs are:
(i) $275 at the beginning of each year which the policy is active.
(ii) Per thousand expenses are $2.5 at the beginning of each year which the policy is active.
(i11) 1% for each annual premium received.
Assume that i = 6% and death follows the life table for the USA population in 2004 (see page
602). Find the gross annual premium using the equivalence principle.

Solution: Find G, where L = 7 Class exercise.

L = (90000)Z 5 o + 275 g5.35 + (2.5)(90)Y 35 + (0.01)GY 515 — G¥ s

-

VvV
expenses deposit

Why sometime 20 and sometime 10 in Y45%| and }.};15:@ ?
Tables give Ay, 20Az, dy ete.

900004} -+ 500d.45. 35

45:20| 1 . .
G = Afrsm =7 dyran =7 dus1m =17
T - Aysop) = Q45:20) = Q45:70] T
0.99d 45,19, | | |

Azlmzm = Ays — 20| A4s = Ass — 20E45 465 (see [14])

= 0.16656845 — (0.271632162)(0.37609614) = 0.06440864237,
(ig5.70) = (45 — 10|45 = dus — 10Eu5d55 (see [18])

= 14.723957 — (0.534696682)(13.160819) = 7.686910748,
535 = a5 — 20da5 = a5 — 20Eusdes (see [18])

= 14.723957 — (0.271632162)(11.022302) = 11.72994528.

(90000)(0.06440864237) + (500)(11.72994528)

G p—
(0.99)(7.686910748)

= 1532.416116.
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Often the first year expenses are different from the rest of the years. Usually, it is easier to
express expenses as a level expense for all years plus an extra first year expense.

Example 6.51. For a 5-payment 20-year endowment insurance of $100,000 on (25),
you are given the following:

(i) Percent of expense—loaded premium expenses are 10% in the first year and 2% thereafter.
(ii) Per active policy expenses are $§200 in the first year and $80 in each year thereafter.
(iii) Expenses are paid at the beginning of each policy year.

(iv) Death benefits are payable at the end of the year of death.

(v)i=6%.

(vi) Mortality follows the life table for the USA population in 2004 (see page 603).
Calculate the expense-loaded premium using the equivalence principle.

Solution: Solve G, where the loss is L = 7 (Class exercise)

L =(100000) Zys 35/ + (0.08)G + (0.02)GYq55 + 120 + 80Yy5.55 — GYo55:
E(L) = 0 =(100000) Ags.5, + (0.08)G + (0.02)Giigs 5 + 120 + 80iigs3p) — Giigs5
(100000) Ags 55 + 120 + 80iiys a7 ) )
(1 _ 002)a253| _ 008 : need A252%|7 a252%|7 a25:5|

Tables give Ap, Ggy nFy
We have that A25%| :Aé&%l +20E25 (see [14])
but Ay o5 = Azs — 20l Azs (see [14]) Aps = Aj o5 + 20| A2
= Ags — 20E25A45 (see [14])  Ags = Aéam + 20E25Aas
= 0.065231113 — (0.302791379)(0.16656845) = 0.01479562233,
A25:%| = Aoy — 995 Ass + 20 F95 = 0.01479562233 + 0.302791379 = 0.3175870013,

los,5) =lo5 — 5|95 = o5 — 505 - dgo  (see [18])
= 16.51425 — (0.743683357)(16.212781) = 4.4570746,

Gos:30) =025 — 20L725045
= 16.51425 — (0.302791379)(14.723957) = 12.05596276.

Hence,
(100000)(0.3175870013) + 120 + 80(12.05596276)

(4.4570746)(0.98) — 0.08
HW is on my website. It is due on Wednesday 3:15pm

G —

= 7659.442515.
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Example 6.52. An insurer offers a whole life insurance of 1000 paid at the time of death.
To fund this insurance the policyholder must make continuous payments at the rate 125. The
force of interest is 0.06. The force of mortality is 0.01.
(i) Calculate the expected loss at issue.
(ii) Calculate the variance of the loss at issue random variable.
(iii) What is the loss if (z) die at age z+50 ?
(iv) Calculate the probability that the loss at issue is positive.

Solution: (i) Solve E(BL) with B = ?? L = Z, — PY,?o0or Z,—PY,?or Z,— PY,?
L= Z ~ PY, Q: P=1257 or BP =125 7
— P22 (see [17))

(1 + %)va — £ Why do this ?

E(L)=aE(Z;)+b=aA, +b (a,b)="7

- oo oo o0
Ay = / o' fr (t)dt = / vipe Mdt = ,u/ e~ ()t gt
0 0 0

o0

__H ~(uSy gy — M H hyvinov ? (1
P i (u+d)e d P why inv ? (1)
_ P P
E(BL) = B[(1 + =)—— — 2] — —35.71428571.
0 p+o 0 P=0.125,6=0.06,u="
(ii) Solve V(BL) = B*V (L) L=(1+%)pt - L.
P\ 2
V((1000)L;) = (1000)? (1 + 3) (Az(v?) = (Az(v))?) = 82515.79 (by Eq. (1))
(iii) The loss is 1000L = [(1000)0™ — (125)1=¢"] — —1149.826
T,=??
(iv) The probability that the loss is positive is
— T 1 — ol
P{1000Z =(1000)0™ — (125)——=— > 0}
P P 125
= S = ? ?
P((1+ )™ = = >0) P =1257 or 1o
=P(av™™ — b > 0) (a,b) =7
=P(vl* > b/a)
1
_pr, < b/,
Inv

1 0:125/8 In(1.48)

140.125/6 —In(1.
—pdT, < 0B ply o ZUAY)
{‘"”< =5 } {‘"”< 0,06 }

—1 — OO — 1 o F(A8) g _(148)71/6 x 0.06.

Example 6.53.
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Example 6.54.
Example 6.55.
Example 6.56.

Example 6.57.
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Example 6.58. Kayla is 35 years old and purchases a 10—year deferred life insurance policy
with face value of $250,000 paid at the time of her death. This policy will be paid continuously
for the next 10 years while Kayla is alive. Assume that d = 6% and death is modeled using De
Moivre’s model with terminal age 95. Find (i) the benefit annual premium for this policy and
(i) the standard deviation of the loss T.v..

Solution: (i) Solve BP where B = 250,000, E(L) = 0, and
L =42y~ PY o = V= I(Ty > n) — P [,/ otdt.
E(L) = 0 yields P = ,|A; /.5, where Gy = fon vhypedt = % (latter is easier).

60 10 60
v — U
= —op  (@=1-v=000 (1)

60 t
_ 1 v
Ass = E(v™* I(T, = Lt =

w0l Azs = B I(T; > n)) /10 Y50~ Gomo

10

o 10 60 10
A 1 1 1-— 50
Ags. 10| = E(v""") = /0 MO fr (1)dt = /0 vl —dt + /1 0 - gp— —— Y 22U 10

60 o 60" 60(—Inv) 60
104,60
P = [Ay[Gym = ———s—— ~ 0.009786197.

1—(

50
60(—Inv) +%U1 )

0
The benefit annual premium for this policy is BP = 250000P = 2446.549.

TxAn

(ii) Solve V(BL) first, where L = p[Zy — PY y = v"" (T, > n) — P1=%"—.
J— Ty n
Write T = v [(T}, > n) — pAe Les) 0 ITezn) o 114] Note 1(T, < n)I(Ty > n) =7

— n (T, < P
L:(UTI+P%)I(T:E>n)+P%—g:W+U+c W =2

V(L) = V(W) + V(U) 4+ 2Co0(W,U) = V(W) + V(U) + 0 — 2E(W)E(U)

EW) = ,|A; + P%P(Tx >n) (see Bq.(1)) E(W(v)) ? = E(W(v?))??
P—1 P

BU) = 54  U==vtI(T<n),  B(U?) =77
—1 | 1—o"
A =FE0lI(T, <n)= t__dt = - 2

b = BRI <) = [ utgpt = s 2)

2 T, " 2 2T, Pyl V"
EW?) = E((vr + P=)[(Tr > n))") = B((v™ + 2———+ P*—5) (T > n))
. Pu" P2 2n

= n|Az(v?) + 2Tvn|Am + 5—1;”]% =--- (see Eq. (1))

VW) = u|Au(0?) +27Un|Ax+6—anx — ([ + “5 Diy2
vl (T, <n P? P —1

vy =vp 20 By ) = D@07 - B = - (see Ea ()

02
V(L) = V(W) + V(U) — 2E(W)E(U) ~ 0.01851821.

The SD of the loss of the policy ~ B * 1/0.01851821 ~ 34020.41.



