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6. Y = g(X). E(g(X)) =

{∑
y yfY (y) dis∫
yfY (y)dy cts

=


dis

cts

, µY = ,

σ2Y =

7. The mgf of X is M(t) = , dkM(t)
dtk

∣∣
t=0

=

8. A cdf F (t) (= ) satisfying (1) F (−∞) = , and F (∞) = , (2) F (x+) =
,

(3) F (x) . Moreover, F (b)− F (a) = P ( )

9. F (t) =


∑

x≤t dis

∫ t

−∞ cts

, f(t) =


dis

cts

10. E(aX + b) = . V ar(aX + b) =

11. X ∼ N(µ, σ2). f(x) = , X−µ
σ ∼

12. X ∼ G(α, β). f(x) = if x > , µ = , σ2 = , Γ(α+1) =

13. Exp(λ) = , χ2(ν) = ,

14. fX(x) =


∫
f(x, y) cts

f(x, y) dis

15. E(g(X,Y )) =


cts

dis

16. fX|Y (x|y) = , FX|Y (x|y) = P ( )

17. E(c) = , E(ag(X,Y ) + bh(X,Y )) = ,

18. Cov(X,Y ) = , V (aX + bY ) = , ρ(X,Y ) =

19. E(X|Y = y) =


cts

dis

. E(E(X|Y )) = , E(V (X|Y )) +

V (E(X|Y )) = .
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20. U = h(Y ), where h is and Y is cts. fU (u) = fY ( ) ·
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Notations in 450: k, i, n ≥ 0 and 0 ≤ m ≤ n. P (X ≥ 0) = 1 and x, t > 0. SX(x) =
s(x) = P{X > x},
1. If H(0) = 0 and H ′ ≥ 0, then E(H(X)) =

∫∞
0

s(t)H ′(t) dt, e.g.,
E(X) =

∫∞
0

s(t) dt, E(Xp) =
∫∞
0

s(t)ptp−1 dt, E[X ∧ a] =
∫ a

0
s(t) dt.

2. If P (X ∈ {0, 1, 2, ...}) = 1 and H ↑, then
E[H(X)] =

∑∞
k=1 P{X ≥ k}(H(k)−H(k − 1)), E[X] =

∑∞
k=1 P{X ≥ k},

E[X2] =
∑∞

k=1 P{X ≥ k}(2k − 1), E[min(X, a)] =
∑a

k=1 P{X ≥ k}.
3. T (x) = Tx = (X − x)|(X > x),

tpx = ST (x)(t) =
s(x+t)
s(x)

, tqx = FT (x)(t) =
s(x)−s(x+t)

s(x)
,

s|tqx = P{s < T (x) ≤ s+ t} = spx · tqx+s, s|qx = s|1qx, px = 1px, qx = 1qx,

4. m+npx = mpx · npx+m, npx = pxpx+1 . . . px+n−1,∑k
j=1 nj

px = n1px · n2px+n1 · n3px+n1+n2 · · · nkpx+
∑k−1

j=1 nj
.

5. The force of mortality is µX(x) = µ(x) = µx =
fX(x)
SX(x−)

. µT (x)(t) = µx(t). If X is cts,
µ(x) = − d

dx lnSX(x), SX(x) = exp
(
−
∫ x

0
µ(t) dt

)
, fT (x)(t) = tpxµ(x+t). µx(t) = µ(x+ t).

6. ◦
ex = E[T (x)] =

◦
ex:n| + npx

◦
ex+n,

◦
ex:n| = E[T (x) ∧ n] =

◦
ex:m| + mpx

◦
ex+m:n−m|.

7. The central rate of failure on (x, x+ n] is nmx =
∫ n

0 tpxµx(t) dt∫ n

0 tpx dt
= nqx

◦
ex:n|

,

mx = 1mx, na(x) = E(T (x)|T (x) ≤ n) =
◦
ex:n|−n·npx

nqx
, a(x) = 1a(x).

8. Kx = ⌈T (x)⌉, ⌈t⌉ = k if t ∈ (k − 1, k], K(x) = Kx−1,

fKx
(k) = k−1|qx = k−1px · qx+k−1 = (

∏k−2
j≥0 px+j)qx+k−1

9. ex = E[K(x)] = px(1 + ex+1) =
∑∞

k=1 kpx = ex:n| + npxex+n,
ex:n| = E(K(x) ∧ n) =

∑n
k=1 kpx, E[(K(x))2] =

∑∞
k=1(2k − 1) · kpx.

10. The KME Ŝpl(t) =
∏

tk≤t(1−
dk
rk
), and σ̂2

Ŝpl(t)
= 1

n(Ŝpl(t))
2
∑

k: tk≤t
f̂pl(tk)

ŜZ(tk−)Ŝpl(tk)
.

The Nelson-Aalen estimator: S̃NA(t) = e−H(t), where H(t) =
∑

tk≤t
dk
rk
.

σ̂2
S̃NA(t)

= (S̃NA(t))
2σ̂2H(t), where σ̂2H(t) =

∑
tj≤t

(rj−dj)dj
(rj−1)r2j

.

11. ℓx = # of individuals alive at age x, 1Lx = Lx. tdx = ℓx − ℓx+t, dx = 1dx,

tpx =
∏

x≤k<x+t(1− dk/lk). Tx = ℓx
◦
ex =

∫∞
0

ℓx+t dt =
∑∞

k=x Lk

= E(# of years lived beyong age x by the cohort group with l0 members),

nLx = ℓx
◦
ex:n| = Tx − Tx+n. s(x) = ℓx

ℓ0
, tpx = ℓx+t

ℓx
, (Tx in #3 differs from Tx in #11).

12.
Interpolation ℓx+t tpx
UDD
exponential
Balducci

where .
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key:
UDD (1− t)ℓx + tℓx+1 or ℓx − tdx 1− tqx
exponential (ℓx)

1−t(ℓx+1)
t or ℓxp

t
x ptx

Balducci 1
(1−t) 1

ℓx
+t 1

ℓx+1

px
t+(1−t)px

, t ∈ [0, 1].

14. Life Insurance: Z = bTx
vTx

,
Whole life ins: Zx = vKx , Zx = vTx , Ax = Ax(v) = E[vKx ] = vqx + vpxAx+1, 2Ax =

E[Z2
x] = Ax(v

2).

n–year term : Z1
x:n| = vKxI(Kx ≤ n), Z

1
x:n| = vTxI(Tx ≤ n), A1

x:n| = E[Z1
x:n|] =

∑n
k=1 v

kfKx
(k) =

vqx + vpxA
1
x+1:n−1|,

2A1
x:n| = E((Z1

x:n|)
2) = A1

x:n|(v
2).

n–year deferred : n|Zx = vKxI(n < Kx), n|Zx = vTxI(n < Tx), 2
n|Ax = n|Ax (v2),

n|Ax = E[n|Zx] =
∑∞

k=n+1 vkfKx
(k) = vn+1fKx

(n+ 1) + n+1|Ax = vpx · n−1|Ax+1.

n–year pure endowment : Z 1
x:n| = vnI(n < Kx) , Z

1
x:n| = vnI(n < Tx) , A 1

x:n| = nEx =

vnnpx, 2A 1
x:n| = E((Z 1

x:n|)
2) = A 1

x:n|(v
2),

n–year endowment : Zx:n| = vKx∧n, Zx:n| = vTx∧n, Ax:n| =
∑n

k=1 v
kfKx

(k) + vnnpx,
2Ax:n| = E((Zx:n|)

2) = Ax:n|(v
2),

m–year defer n-year term : m|nZx = vKxI(m < Kx ≤ n+m), m|nZx = vTxI(m < Tx ≤ n+m),
m|nAx = mExA

1
x+m:n|, 2

m|nAx:n| = E[(m|nZx)
2] =

∑m+n
k=m+1 v2kfKx

(k).

Zx = Z1
x:n| + n|Zx, Z1

x:n| · n|Zx = 0,

Zx:n| = Z1
x:n| + Z 1

x:n|, Z1
x:n| · Z

1
x:n| = 0,

n|Ax = nExAx+n, Ax = A1
x:n| + nExAx+n.

15. (IZ)x = Kxv
Kx. (IZ)x = Txv

Tx. (IZ)x = ⌈Tx⌉vTx. (DZ)1x:n| = (n+ 1−Kx)v
KxI(Kx ≤ n).

(DZ)1x:n| = (n− Tx)v
TxI(Tx ≤ n). (DZ)1x:n| = ⌈n− Tx⌉vTxI(Tx ≤ n).

16. v = 1
i+1 , δ = −lnv, d = 1− v.

∑n
k=1 kx

k−1 = (1−xn+1

1−x )′x.

an| =
∑n

k=1 v
k = v(1−vn

1−v ).
∑n

k=0 v
k = 1−vn+1

1−v .

17.

due PV än| =
∑n−1

k=0 v
k = 1−vn

1−v APV

whole life Ÿx =
∑Kx−1

k=0 vk = 1−Zx

1−v äx =
∑∞

k=0 v
k
kpx

n–y. def. n|Ÿx =
∑Kx−1

k≥n vk = vn−vKx

1−v I(Kx > n) n|äx =
∑∞

k=n v
k
kpx

n–y. tem. Ÿx:n| =
∑(Kx∧n)−1

k=0 vk =
1−Zx:n|

d äx:n| =
∑n−1

k=0 v
k
kpx

n–y. cer. Ÿ
x:n| =

∑(n∨Kx)−1
k=0 vk = än| + n|Ÿx ä

x:n| = än| + n|äx

i ̸= 0.

immediate: Yx =
∑Kx−1

k≥1 vk = Ÿx − 1, n|Yx =
∑Kx−1

k>n vk = n+1|Ÿx,
Yx:n| =

∑(Kx−1)∧n
k=1 vk = Ÿx:n+1| − 1, Y

x:n| =
∑(Kx−1)∨n

k=1 vk = Ÿ
x:n+1| − 1
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cts present value=an| =
∫ n

0
vtdt APV

whole life Y x =
∫ Tx

0
vtdt = 1−Zx

δ ax =
∫∞
0

vttpxdt

n–y. def. n|Y x =
∫ Tx

n
vtdtI(Tx > n) n|ax =

∫∞
n

vttpxdt

n–y. tem. Y x:n| =
∫ Tx∧n
0

vtdt = 1−vTx∧n

δ ax:n| =
∫ n

0
vttpxdt

n–y. cer. Y
x:n| =

∫ Tx∨n
0

vtdt = an| + n|Y x a
x:n| = an| + n|ax

18. Ÿx = Ÿx:n| + n|Ÿx, E((Ÿx)
2) ̸=äx(v

2), äx = 1 + vpxäx+1. ax = ax:n| + vnnpxax+n.

n|äx = nExäx+n = vpx · n−1|äx+1. n|ax = nEx · ax+n = vpx · n−1|ax+1.

äx:n+m| = äx:n|+nEx · äx+n:m|.
19.

Plan Loss

Whole life insurance Zx − PŸx

t–year funded whole life insurance Zx − PŸx:t|

n–year term insurance Z1
x:n| − PŸx:n|

t–year funded n–year term insurance Z1
x:n| − PŸx:t|

n–year pure endowment insurance Z 1
x:n| − PŸx:n|

t–year funded n–year pure endowment insurance Z 1
x:n| − PŸx:t|

n–year endowment Zx:n| − PŸx:n|

t–year funded n–year endowment insurance Zx:n| − PŸx:t|

n–year deferred insurance n|Zx − PŸx

t–year funded n–year deferred insurance n|Zx − PŸx:t|

Loss in the fully discrete case

13. Application of Woolhouse’s formula:

ax ≈ äx −
1

2
− 1

12
(δ + µx) ≈ ä

(m)
x − 1

2m
− 1

12m2
(δ + µx)
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Notations in 450: k, i, n ≥ 0 and 0 ≤ m ≤ n. P (X ≥ 0) = 1 and x, t > 0. SX(x) =
s(x) = P{X > x},

1. If H(0) = 0 and ≥ 0, then =
∫∞
0

s(t)H ′(t) dt, e.g.,

=
∫∞
0

s(t) dt, =
∫∞
0

s(t)ptp−1 dt, E[X ∧ a] =
∫
0

s(t) dt.

2. If P (X ∈ {0, 1, 2, ...}) = and , then

E[ ] =
∑∞

k=1 P{X ≥ k}(H(k)−H(k − 1)), E[ ] =
∑∞

k=1 P{X ≥ k},

E[ ] =
∑∞

k=1 P{X ≥ k}(2k − 1), E[min(X, a)] =
∑

P{X ≥ k}.

3. T (x) = Tx = , = ST (x)(t) =
s(x+t)
s(x)

, = FT (x)(t) =
s(x)−s(x+t)

s(x)
,

= P{s < T (x) ≤ s + t} = spx · tqx+s, = s|1qx , = 1px,
= 1qx,

4. = mpx · npx+m, = pxpx+1 . . . px+n−1,

= n1px · n2px+n1 · n3px+n1+n2 · · · nkpx+
∑k−1

j=1 nj
.

5. The force of mortality is µX(x) = µ(x) = µx = . µT (x)(t) =

If X is cts, = − d
dx lnSX(x), = exp

(
−
∫ x

0
µ(t) dt

)
, = tpxµ(x + t).

µx(t) =

6. = E[T (x)] =
◦
ex:n| + npx

◦
ex+n, = E[T (x) ∧ n] =

◦
ex:m| +

mpx
◦
ex+m:n−m|.

7. The central rate of failure on (x, x+ n] is =
∫ n

0 tpxµx(t) dt∫ n

0 tpx dt
= nqx

◦
ex:n|

,

= 1mx, = E(T (x)|T (x) ≤ n) =
◦
ex:n|−n·npx

nqx
, = 1a(x).

8. = ⌈T (x)⌉, ⌈t⌉ = if t ∈ (k − 1, k], K(x) = Kx ,

= k−1|qx = k−1px · qx+k−1 = (
∏k−2

j≥0 px+j)qx+k−1

9. = E[K(x)] = px(1 + ex+1) =
∑∞

k=1 kpx = ex:n| + npxex+n,
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= E(K(x) ∧ n) =
∑n

k=1 kpx, =
∑∞

k=1(2k − 1) · kpx.
10. The KME Ŝpl(t) =

∏
tk≤t( ), and σ̂2

Ŝpl(t)
=

∑
k: tk≤t

f̂pl(tk)

ŜZ(tk−)Ŝpl(tk)
.

The Nelson-Aalen estimator: S̃NA(t) = , where H(t) =
∑

tk≤t
dk
rk
.

σ̂2
S̃NA(t)

= (S̃NA(t))
2σ̂2H(t), where σ̂2H(t) = .

11. = # of individuals alive at age x, = Lx,

tdx = , dx = , s(x) = , tpx = ,

=
∏

x≤k<x+t(1− dk/lk). = ℓx
◦
ex =

∫∞
0

ℓx+t dt =
∑

k≥x Lk

= E(# of years lived beyong age x by the cohort group with l0 members),

= ℓx
◦
ex:n| = Tx − Tx+n, (Tx in #3 differs from Tx in #11)
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12.

Interpolation ℓx+t tpx
UDD

exponential

Balducci

, where .

13. Application of Woolhouse’s formula:

ax ≈ − 1

12
(δ + µ(x)) ≈ − 1

12m2
(δ + µ(x))

14. Life Insurance Z =

Whole life ins: Zx = , Zx = , Ax = Ax(v) = = ,

2Ax = E[Z2
x] = ,

n–year term : Z1
x:n| = , Z

1
x:n| = , A1

x:n| = E[Z1
x:n|] = =

,

2A1
x:n| = E((Z1

x:n|)
2) = ,

n–year deferred : n|Zx = , n|Zx = ,

2
n|Ax = n|Ax , n|Ax = E[n|Zx] = vkfKx

(k) = =
vpx · n−1|Ax+1.

n–year pure endowment : Z 1
x:n| = , Z

1
x:n| = ,

A 1
x:n| = nEx = , 2A 1

x:n| = E((Z 1
x:n|)

2) = A 1
x:n| ,

n–year endowment : Zx:n| = , Zx:n| = , Ax:n| =
,

2Ax:n| = E((Zx:n|)
2) = Ax:n| ,

m–year defer n-year term : m|nZx = , m|nZx = ,

m|nAx = mEx , 2
m|nAx:n| = E[(m|nZx)

2] = v2kfKx
(k),

= Z1
x:n| + n|Zx, Z1

x:n| · n|Zx = , = Z1
x:n| +Z 1

x:n|, Z1
x:n| ·Z

1
x:n| =

,

= nExAx+n, = A1
x:n| + nExAx+n.
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15. (IZ)x = . (IZ)x = . (IZ)x = . (DZ)1x:n| = .

(DZ)1x:n| = . (DZ)1x:n| = .

16. = 1
i+1 , = −lnv, = 1 − v.

∑n
k=1 kx

k−1 = an| =
∑n

k=1 v
k

=

∑n
k=0 v

k = .
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17.

due PV än| = = APV

whole life Ÿx =
∑Kx−1

k=0 vk = äx =

n–y. def. n|Ÿx = = vn−vKx

1−v n|äx =

n–y. temp. Ÿx:n| = =
1−Zx:n|

d äx:n| =

n–y. cer. Ÿ
x:n| = = än| + n|Ÿx ä

x:n| =

i ̸= 0.

immediate: Yx =
∑Kx−1

k≥1 vk = , n|Yx =
∑Kx−1

k>n vk = ,

Yx:n| =
∑(Kx−1)∧n

k=1 vk = , Y
x:n| =

∑(Kx−1)∨n
k=1 vk =

cts present value=an| = APV

whole life Y x =
∫ Tx

0
vtdt = ax = dt

n–y. def. n|Y x =
∫ Tx

n
vtdt n|ax = dt

n–y. temp. Y x:n| =
∫ Tx∧n
0

vtdt = ax:n| = dt

n–y. cer. Y
x:n| =

∫ n∨Tx

0
vtdt = a

x:n| =

18. = Ÿx:n| + n|Ÿx. E((Ÿx)
2) äx(v

2). äx = .

ax = . n|äx = nExäx+n = .

n|ax = nEx · ax+n = . äx:n+m| = äx:n| .
19. Loss in the fully discrete case
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Plan Loss Loss

Whole life insurance
t–year funded whole life insurance
n–year term insurance
t–year funded n–year term insurance
n–year pure endowment insurance
t–year funded n–year pure endowment insurance
n–year endowment
t–year funded n–year endowment insurance
n–year deferred insurance
t–year funded n–year deferred insurance

line-up
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14 CHAPTER 1. MATH 450, SYLLABUS

MATH 450, Life Contingency Models I
The course is a preparation for Advanced Long-Term Actuarial Mathematics Exam.

Tu&Th 8:00am-9:30am CW 115
Professor: Qiqing Yu qiyu@binghamton.edu
Office hours: M and Tu 3:00pm-4:00pm in my office WH132;
Textbook: Arcones’ Manual For SOA Exam MLC (First Volumn).

(Chapters to be covered: 2-6)
It is in my website
https://wiki.mathmig.binghamton.edu/doku.php?id=people:qyu:qyu_personal
Course materials for 450, lecture note 2. It will dispear on 9/1!

A pdf file with some tables needed in the homework can be downloaded from my web-
site. https://wiki.mathmig.binghamton.edu/doku.php?id=people:qyu:qyu_personal
e.g, the Illustrative Life Table needed in some of the homework problems.

The lecture notes will be posted on my website.
Exams: 3 tests + final, Sep 22 (Tu), Oct 20 (Tu), Nov. 19 (Th). Mon. Dec 14 08:00
AM 10:00 AM LN 2405

Bring a calculator without the function of installing formulas. I will check !!
Quizzes: once a week, on Thursday;

this week on Thursday, Formulas #1-10 for 447 in page 1 (keys are in my
website).
Homework: Due Tuesday in class, late homework will be taken 3 points off (out of 10).
Homework due this Thursday: Do the final exam of 447 in my website including
Part A !
Grading Policy:

1. 10% hw +10% quiz +45% tests +35% final
2. Correction: If you make correction and hand in with the old exam, the next class

after I return the test in class, you can get 40% of the missing grades back. No partial
credit for correction. Cannot ask me to help you in correction.

3. A− = 85 + and C = 60 +.
10+10+45*(0.3+0.4*0.7)+35*0.3=56

No class: Sept 8(Tu), Oct.10-18, Nov. 24 -29 , Dec. 9–
Student Attendance in Class:

The Bulletin states, “Students are expected to attend all scheduled classes, labo-
ratories and discussions. Instructors may establish their own attendance criteria for a
course. They may establish both the number of absences permitted to receive credit ....

If you miss a test or quiz, and have a decent reason with a proof, then I
will give the lowest grade of the class. If there is a problem with the internet, I
will email you the lecture notes and homework.



CHAPTER 2
Survival models

2.1 Survival models.
2.1.1 A short probability review.

Definition 2.1. Given a set Ω, a probability P on Ω is a function defined on the
collection of all events (subsets) of Ω such that

(i) P(∅) = 0;
(ii) P(Ω) = 1;
(iii) If {An}∞n=1 are disjoint events, then P(∪∞n=1An) =

∑∞
n=1 P(An).

Ω is called the sample space.

Definition 2.2. A random variable (r.v.) X is a function from Ω into R.

Definition 2.3. The cumulative distribution function (cdf) of the r.v. X is
FX(x) = P{X ≤ x}, x ∈ R.

If X is the age at the death (or failure) of a life, then X > 0.

Theorem 2.1. FX is a cdf iff
(i) FX ↑, i.e., for each x1 ≤ x2, FX(x1) ≤ FX(x2).
(ii) FX is right continuous (cts) (lim

h↓0
FX(x+ h) = FX(x) ∀ x)

(or F (x+) = F (x) ∀ x).
(iii) lim

x→−∞
FX(x) = 0 and lim

x→∞
FX(x) = 1.

For the c.d.f. of an age–at–failure, we only need to define it for x > 0 Why ??

Theorem 2.2.

Definition 2.4. A r.v. X is called discrete
if there is a countable set C ⊂ R such that P{X ∈ C} = 1.

Meaning of countable set C ?
Ans. C is either a finite set or C = {ci : i = 1, ...,∞}.

Definition 2.5. The probability mass function (or frequency function) (pmf) of the
discrete r.v. X is the function p : R→ R defined by

p(x) = P{X = x}, x ∈ R.

If X is a discrete r.v. with pmf p and A ⊂ R, then
P{X ∈ A} =

∑
x∈A P{X = x} =

∑
x∈A p(x).

Theorem 2.3. p(x) ≥ 0 ∀ x and
∑

x p(x) = 1.
15
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Definition 2.6. A r.v. X is called cts if there exists a nonnegative function f called
the probability density function (pdf) of X such that ∀ A ⊂ R,
P{X ∈ A} =

∫
A
f(x) dx (=

∫
x∈A f(x) dx =

∫
I(x ∈ A)f(x) dx), where I(x ∈ A) = 1 if

x ∈ A.

Theorem 2.4. f(x) ≥ 0 ∀ x and
∫
f(x) dx = 1 (

∫
f(x) dx =

∫∞
−∞ f(x)dx).

Q: If a r.v. X is positive and cts, and x < 0, then fX(x) = ??

Theorem 2.5.

Definition 2.7. A r.v. X has a mixed distribution if there are functions f(·) and
p(·), and a countable set D such that

for each A ⊂ R, P{X ∈ A} =
∫
A
f(x) dx+

∑
x∈A∩D p(x).

Remark. For convenience, we call both the pmf and pdf the density function (df)
hereafter.

A mixed distribution X has two parts: a cts part and a discrete part (together with
D). The function f in the previous definition is the cts part of df and the function p is
the discrete part of df. Note that∫

f(x) dx+
∑

x∈D p(x) = 1, f(x) ≥ 0 and p(x) ≥ 0 ∀ x.
Abusing notations, we may use f(x) rather than f(x) and p(x).
For the mixed distribution, one can let f(x) = p(x) if x ∈ D, then

P{X ∈ A} =
∫
A
f(x) dx+

∑
x∈A∩D f(x).∫

f(x) dx+
∑

x∈D f(x) = 1.

Why ?

if A = {0, 1, 2} then
∫
A
xdx = ?∫
(0,1)

xdx ̸=
∫
[0,1]

xdx Yes, No, DNK.

Theorem 2.6. Let X be a r.v. with a mixed distribution. Then
p(x) = FX(x)− FX(x−) and
f(x) = F ′

X(x) if F ′
X(x) exists. What to do OW ?

Example 2.1. Examples of F ′(x) does not exit ?

Example 2.2.

Example 2.3. G(x) = |x| G′(x) = |x′| = |1| ?

Example 2.4.
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Example 2.5. Find D, f and p if F (x) =


0 if x < 0,
x+2
8 if 0 ≤ x < 1,

3x2+4
16 if 1 ≤ x < 2,

1 if 2 ≤ x.

Solution: How to find D ?
F (x)− F (x−) = 0 except, perhaps at {0, 1, 2} Why ?

p(0) = F (0)− F (0−) = 2
8 − 0 = 1

4 ,

p(1) = F (1)− F (1−) = 7
16 −

3
8 = 1

16 ,

p(2) = F (2)− F (2−) = 1− 16
16 = 0.

One solution: p(x) =

{
1
4 if x = 0,
1
16 if x = 1.

D = {0, 1, 2} or {0, 1} ?

f(x) = F ′(x) =

{
1
8 if 0 < x < 1,
3x
8 if 1 < x < 2.

What happens OW ?

Why not 1 < x ≤ 2 ?
Is p a pmf ?
Is f a df ?

Can we write f(x) = F ′(x) =


1
8 if 0 < x < 1,
3x
8 if 1 < x < 2,

0 otherwise

?

How about f(x) = F ′(x) =


1
8 if 0 < x < 1,
3x
8 if 1 < x < 2,

0 if x < 0 or x > 2

?

How about f(x) =


1
8 if 0 < x < 1,
3x
8 if 1 < x < 2,

0 otherwise

???

Another solution: f(x) =


1
4 if x = 0
1
8 if 0 < x < 1
1
16 if x = 1
3x
8 if 1 < x < 2

and D = {0, 1}.

f(x) = ? otherwise.
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Example 2.5 (continued). P (0 ≤ X ≤ 1) =?

Sol. Two ways:
(1) P (a ≤ X ≤ b) = F (b)− F (a−), [17] P (a < X ≤ b) = F (b)− F (a).
(2) P (a ≤ X ≤ b) =

∫ b

a
f(x)dx+

∑
x∈[a,b]∩D f(x).

Answer: (1) P (0 ≤ X ≤ 1) = F (b)− F (a−) = 1+2
8 − 0 ? or 3+4

16 − 0 ? or 3+4
16 −

2
8 ?

(2) P (0 ≤ X ≤ 1) =
∫ 1

0
1
8dx+ ??

2.1.2 Survival function.

Definition 2.8. The survival function of a r.v. X is SX = 1− FX .
SX(x) = P{X > x}, x ∈ R. Sometimes denote SX(x) by s(x).

Most of time, we only consider SX of an age-at-death X. Then P (X > 0) = 1,
SX(−1) = ??

Hereafter we suppress the phrase “SX(t) = 1 for t < 0” and only define SX on [0,∞).

Theorem 2.7. A function SX : (−∞,∞) → R is the survival function of a positive

r.v. X iff


(1) SX(x) ?
(2) SX is ??
(3) SX(0) = ??
(4) lim

x→∞
SX(x) = ??

[17] FX is a cdf iff


FX(x) ↑,
FX is right cts,
limx→−∞ FX(x) = 0,
lim
x→∞

FX(x) = 1.

Example 2.6. Determine which of the following functions is a survival function of
a nonnegative r.v.:

(i) s(x) = 2
x+2 , for x ≥ 0.

(ii) s(x) = (1− x)e−x, for x ≥ 0.
(iii) s(x) =

1+ 2
x+2

2 , for x ≥ 0.
(iv) s(x) = (1 + x)e−x, for x ≥ 0.

(v) s(x) =

{
1− x2

10,000 for 0 ≤ x < 90,

0 for x ≥ 90.

Solution: Need to verify (1), (2), (3) amd (4) in Th 2.7.
(i) s is a survival function. because:

(1) ( 2
x+2)

′ = 2((x+ 2)−1)′ = −2(x+ 2)−2 < 0 on [0,∞) => ?
(2) 2

x+2 is continuous except at x = −2 => ? 2
x+2 is continuous on [0,∞) => ?

(3) s(0) = ?
(4) s(∞) = ?

(ii) s(x) = (1− x)e−x is not a survival function because
(1) s(2) = −e−2 < 0 = s(∞) => s(t) is not ↓. Can we say s(t) instead of s(x) ?

or (1) s′(x) = −e−x − (1− x)e−x = e−x(−2 + x) > 0 if x ≥ 3; => s(x) is not ↓.
Do we need to point out both ? Do we need to check (2)-(4) ?
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(iii) s(x) =
1+ 2

x+2

2 is not a survival function because
(4) limx→∞

1+ 2
x+2

2 = 1
2 ̸= 0.

(iv) s is a survival function (why ?)
(v) s is a survival function (why ?)

Example 2.7. Find the density function for the following survival functions:
(i) s(x) = (1 + x)e−x, for x ≥ 0.

(ii) s(x) =

{
1− x2

10,000 for 0 ≤ x < 90,

0 for 90 ≤ x.

(iii) s(x) = I(x < 1) +
2I(x≥1)
x+2 , x < 8.

Solution: The df is
{
f(x) = −S′(x) if S′(x) exists
p(x) = S(x−)− S(x) if x ∈ D. Why ?

(i) fX(x) = xe−x for x > 0.

(ii) The df is f(x) =

{
2x

10,000 for 0 < x < 90

1− 8100
104 if x = 90

with D = {90}.

(iii) s(x) = I(x < 1) +
2I(x≥1)
x+2 , x < 8, then fX(x) =


2

(x+2)2
if x ∈ (1, 8)

1− 2
1+2 if x = 1

0.2 if x = 8

, Done ?

with D = {1, 8}.
Does it matter to write f(x) v.s. fX(x) ?
Does it matter to write f(x) v.s. f(t) ?

Example 2.8. Let the survival function of a person be SX(x) = 90−x
90 , for 0 ≤ x ≤ 90.

(i) Find the probability that a person dies before reaching 20 years old.
(ii) Find the probability that a person lives more than 60 years.
(iii) Find the probability that a 20-year-old lives more than 60 years.

Solution: P (a < X ≤ b) = F (b)− F (a) = S(a)− S(b) =
∫ b

a
f(x)dx+

∑
x∈D∩(a,b] f(x).

(i) P{X < 20} = 1− SX(20−) = 1− 90−20
90 = 2

9 .

(ii) P{X > 60} = SX(60) = 90−60
90 = 1

3 .

(iii) P{X > 60|X = 20} or P{X > 60|X ≥ 20} ?
= P (A|B) = P (A ∩ B)/P (B) =

P (X>60)
P (X≥20)

=
1/3

1−2/9
= 3

7 .
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2.1.3 Expectation.

Definition 2.9. If X is discrete r.v. then E[X] =
∑

x xpX(x) (if the series converges).

Definition 2.10. If X is cts r.v. then E[X] =
∫
xfX(x) dx (if the integral exists).

Definition 2.11. If X is a mixed r.v. then
E[X] =

∑
x xpX(x) +

∫
xfX(x) dx (if the series and the integral are finite).

E[X] is called the expectation of the r.v. X, or the expected value, or the mean.

Definition 2.12.

Given a r.v. X and a function g : R→ R, Y = g(X) is another r.v., i.e. by composing
the functions X : Ω→ R and g : R→ R, we get the r.v. g(X) : Ω→ R.

Formula: E(Y ) = E(g(X)) =



∑
x g(x)pX(x) if X is discrete∫
g(x)fX(x)dx if X is cts∑
x g(x)pX(x) +

∫
g(x)fX(x)dx if X is mixed

(
∑

x∈D g(x)fX(x) +
∫
g(x)fX(x)dx if X is mixed)

(1)

=


∑

x xpY (x) if Y is discrete∫
xfY (x)dx if Y is cts∑
x xpY (x) +

∫
xfY (x)dx if Y is mixed

(
∑

x∈D xfY (x) +
∫
xfY (x)dx if Y is mixed)

(2)

Q: What is the difference between (1) and (2) ? between black and red ?
Ans. (1) g(x) vs x; (2) fX vs fY . Can we say f(x) vs f(y) instead ?
Are the D the same in (1) and (2) ?

Let X ∼ U(0, 2) and Y = X ∧ 1 (= min{X, 1}). Then D =

{
∅ for pX or fX
{1} for pY or fY .

Often, to find expectations, instead of the density we will use the survival function.
We will often use the following theorem:

Theorem 2.8. Let (1) X be a nonnegative r.v. with survival function s;
(2) h : [0,∞)→ [0,∞) be a function which is integrable in bounded intervals;
(3)H(x) =

∫ x

0
h(t) dt, x ≥ 0.

Then, E[H(X)] =
∫∞
0

s(t)h(t) dt.

d
dx

∫ x

0
h(t)dt = h(x) if ... ??? In some sense Theorem 2.8 says

E[H(X)] =
∫∞
0

s(t)H ′(t) dt, where H ′ ≥ 0 and H(0) = 0.
Actually, Th 2.8 applies to functions H where H ′ exists on [0,∞)\D and D is countable.
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4 corollaries to be proved later, assuming P (X ≥ 0) = 1, letting X ∧ a = min{X, a}:

where H ′ ≥ 0 and H(0) = 0

1. E(Xp) =
∫∞
0

ptp−1SX(t)dt, where p > 0. H(x) = xp, (xp)′ = pxp−1 and xp
∣∣
x=0

= 0

2. E(X) =
∫∞
0

SX(t)dt. p = 1. H(x) = x, (x)′ = 1 and x1
∣∣
x=0

= 0

3. E(X2) =
∫∞
0

2tSX(t)dt. p = 2. H(x) = x2, (x2)′ = 2x1 and x2
∣∣
x=0

= 0

4. E(X ∧ a) =
∫ a

0
SX(t)dt, where a > 0. H(x) = x ∧ a, (x ∧ a)′ =? and (x′ ∧ a′) = ???

(x ∧ a)′ = x′ ∧ a′??

(x ∧ a)′ =

{
x′ if x ∈ (0, a)

a′ if x ∈ (a,∞)
=

{
1 if x ∈ (0, a)

0 if x ∈ (a,∞), and (x′ ∧ a′) = 0.

Proof of Th 2.8. ⊢: E[H(X)] =
∫∞
0

s(t)H ′(t) dt.
Recall Y ∼ bin(n, p) => E(Y)= ?? Y ∼ bin(1, p) => E(Y)= ??
E[H(X)] = E

[∫ X

0
h(t) dt

]
= E

[∫∞
0

I(X > t)h(t) dt
]

I(X > t) ∼???
=
∫∞
0

E[I(X > t)]h(t) dt

=
∫∞
0

P (X > t)h(t) dt Why?

=
∫∞
0

s(t)h(t) dt.

Example 2.9. Let SX(x) = s(x) = e−x(x+ 1), x ≥ 0. (a) E(X) =? (b) E(X ∧ 10) =?
Solution: (a) Compute E(X) (= E(H(X))). 3 approaches for E(H(X)) for a cts r.v.
H(X): H(x) =

∫ x

0
h(t)dt

E(X) = E(H(X)) =



∫
H(x)fX(x)dx method (i)∫∞

0
s(x)h(x)dx method (ii)∫
yfH(X)(y)dy︸ ︷︷ ︸

=E(Y ), Y=??

method (iii)
H(x) = ? h = ? (1)

The 2nd needs s(x) and h(x), the others need fX(x) or fH(X). Which is convenient ?
How many approaches for E(X) based on Eq. (1) ? 2 or 3 ?

(i) f(x) = fX(x) = −s′(x) = −e−x(−1)(x+ 1)− e−x(1) = e−xx, is it done ?

E[X] =
∫
xfX(x) dx =

∫∞
0

x2e−x dx = 2
∫∞
0

x3−1e−x

Γ(3)13︸ ︷︷ ︸
why do it ?

dx = 2.

(ii) E[X] =
∫∞
0

s(t) dt =
∫∞
0

e−t(t+1) dt =
∫∞
0

te−t dt+
∫∞
0

e−t dt =
∫∞
0

why do it ?︷ ︸︸ ︷
t2−1e−t

Γ(2)12
dt+1 = 2.

(b) Compute E(X ∧ 10) (= E(H(X))), H(x) = ? h = ? x ∧ 10 =
∫ x

0
I(t ∈ (0, 10))dt
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Three approaches for E(H(X)) for a discontinuous H(X):

E(H(X)) =



∫
H(x)fX(x)dx method (i)∫∞

0
s(x)h(x)dx method (ii)∫
yfH(X)(y)dy +

∑
y∈D

yfH(X)(y)︸ ︷︷ ︸
=E(Y ), Y=??

method (iii) (2)

How many approaches for E(X ∧ 10) based on Eq. (2) ? h(x) = ? fH(X) = ? fX(x) = ?

h(x) = I(x ∈ (0, 10)), fH(X)(x) =

{
fX(x) if x ∈ (0, 10)

s(10) if x = 10
with D = {10}.

(ii) E[min(X, 10)] =

∫ ∞

0

s(t)h(t) dt H(x) = x, h(x) = H ′(x) = 1

=

∫ 10

0

e−t(t+ 1) dt

∫ 10

0

t2−1e−t/1

Γ(α)βα
dt <

∫ ∞

0

t2−1e−t/1

Γ(α)βα
dt = 1

=−
∫ 10

0

(t+ 1) de−t integration by parts
∫ b

a
udv = ..

=− [(t+ 1)e−t
∣∣10
0
−
∫ 10

0

e−td(t+ 1)]

=− [11e−10 − 1 + e−t
∣∣10
0
] = 2− 12e−10.

(i) E[min(X, 10)] =

∫ ∞

0

(t ∧ 10)f(t) dt

=

∫ 10

0

tf(t)dt+

∫ ∞

10

10f(t)dt

=

∫ 10

0

te−ttdt+

∫ ∞

10

10e−ttdt = · · ·

(iii) E[min(X, 10)] =

∫ 10

0

tfH(X)(t) dt+
∑
t∈D

tfH(X)(t) D =?

=

∫ 10

0

te−ttdt+ 10e−10 = · · ·

Announcement:
1. Quiz on Thursday : 447: 9-22, 44. and 1–2 in 450. (See Formulae (item 3) in my
website.)

Corollary 2.1. Let X be a nonnegative r.v. with survival function s. Let δ > 0.
Then, E[e−δX ] = 1−

∫∞
0

δe−δts(t) dt.

Which of the following 2 approaches is correct for E(H(X)) =
∫∞
0

s(t)H ′(t)dt:
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(a) E[e−δX ] =
∫∞
0

(e−δt)′s(t) dt; or (b) E[1− e−δX ] =
∫∞
0

((1− e−δt))′s(t) dt ?

Proof. (a) is wrong, as H ′(x) = (e−δx)′ = −δe−δx < 0 !!
We shall show E[1− e−δX ] =

∫∞
0

δe−δts(t) dt Why ??
Let H(t) = 1− e−δt, then (1) H(0) = 0 and (2) h(t) = H ′(t) = δe−δt > 0. By Th 2.8,
E[1− e−δX ] = E[H(X)] =

∫∞
0

h(t)s(t) dt =
∫∞
0

δe−δts(t) dt.
=> E[e−δX ] = 1−

∫∞
0

δe−δts(t) dt.

The special case of Th. 2.8 for discrete X (E(H(X)) =
∫∞
0

s(t)H ′(t)dt):

Theorem 2.9. Let X be a discrete r.v. whose possible values are non− negative

integers. Let h : [0,∞)→ [0,∞) be a function. Let H(x) =
∫ x

0
h(t) dt, x ≥ 0. Then,

E[H(X)] =
∑∞

k=1 P{X ≥ k}(H(k)−H(k − 1)).

Corollaries: Under the assumption in the theorem,

(2.1) E[X] =

∞∑
k=1

P{X ≥ k}[k − (k − 1)] =

∞∑
k=1

P{X ≥ k}, H(x) = x

E[X2] =

∞∑
k=1

P{X ≥ k}(k2 − (k − 1)2) =

∞∑
k=1

P{X ≥ k}(2k − 1), H(x) = x2(2.2)

E[min(X,n)] =

n∑
k=1

P{X ≥ k}[k ∧ n− (k − 1) ∧ n] =

n∑
k=1

P{X ≥ k}, n ≥ 1.(2.3)

Notation in 450: s(t) = P (X > t)

E[X] =
∑∞

k=1 P{X ≥ k} =
∑∞

k=1 s(k)?? or =
∑∞

k=1 s(k−)?? or =
∑∞

k=0 s(k) = ??

If X ∼ bin(1, p), then E(X)= ???? class exercise: try the 3 expressions.
E(X) =

∫∞
0

s(t)dt= ? (s(t) = P (X > t) = pI(t ∈ [0, 1)), t ≥ 0).
E(X) =

∑∞
k=1 P{X ≥ k} = ?

If X ∼ U(0, 1), then E(X) = ?

E(X) =
∫∞
0

s(t)dt ? s(t) = (1− t)I(t ∈ (0, 1]).
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E(X) =
∑∞

k=1 P{X ≥ k} = P (X ≥ 1) ??? Y, N, DNK . Why ?

Proof of Th 2.9. E[H(X)] =

∫ ∞

0

s(t)h(t) dt (by Theorem 2.8)

=

∞∑
k=1

∫ k

k−1

s(t)h(t) dt

=

∞∑
k=1

∫ k

k−1

P{X ≥ k}h(t) dt (s(t) = P{X > t} = P{X ≥ k}, for k − 1 ≤ t < k)

(s(k) = P (X ≥ k) ?? s(k−) = P (X ≥ k) ??)

=

∞∑
k=1

P{X ≥ k}
∫ k

k−1

h(t) dt H(x) =

∫ x

0

h(t)dt

=

∞∑
k=1

P{X ≥ k}(H(k)−H(k − 1)).

Example 2.10. Find E[X] and E[X2] if
k 0 1 2

P{X = k} 0.2 0.3 0.5

Solution: (a) E(X): H(x) = x; (b) E(X2): H(x) = x2.
Which two are convenient approaches among 4 below ?
(i) using that E[H(X)] =

∑2
k=0H(k)P{X = k}.

(a) E(X) =
∑

x xfX(x)= ...
(b) E(X2) =

∑
x x

2fX(x) = · · ·
(ii) using (2.1) E[X] =

∑∞
k=1 P{X ≥ k},

(2.2) E[X2] =
∑∞

k=1 P{X ≥ k}(2k − 1).
(iii) E(H(X)) =

∫∞
0

H ′(x)s(x)dx.
(a) E(X) =

∫∞
0

s(x)dx= ...
(b) E(X2) =

∫∞
0

2xs(x)dx= ...
(iv) E(H(X)) =

∑
x xfH(X)(x).

(a) E(X) =
∑

x xfX(x)= ...
(b) E(X2) =

∑
x xfX2(x) = · · ·

Answer to the question above: The first 2.
(i) E[X] = (0)(0.2) + (1)(0.3) + (2)(0.5) = 1.3

E[X2] = (0)2(0.2) + (1)2(0.3) + (2)2(0.5) = 2.3.
(ii) We have that P{X ≥ 1} = 0.8, P{X ≥ 2} = 0.5, and P{X ≥ k} = 0, for each k ≥ 3.

=> E[X] = P{X ≥ 1}+ P{X ≥ 2} by (2.1)

= 0.8 + 0.5 = 1.3

E[X2] = P{X ≥ 1}((2)(1)− 1) + P{X ≥ 2}((2)(2)− 1) by (2.2)

= 0.8 + 0.5(3) = 2.3.
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Skip the next page.

Corollary 2.2. Let X be a nonnegative r.v. and a ≥ 0. Then, E[min(X, a)] =∫ a

0
SX(t) dt.

Proof. Let H(t) = min{t, a} for each t ≥ 0.
h(t) = H ′ = I(t ∈ (0, a)) if t ∈ (0,∞) \ {a}. H ′ does not exist at {0, a}. Notice that

H(x) = min(x, a) =

{
x if x < a

a if a ≤ x
is cts in [0,∞) and ctsly differentiable in (0, a)∪ (a,∞),

but not at a and 0.
Check the condition in Th 2.8 directly. For x ≥ 0,

(1) h(x) = I(x ∈ (0, a)) ≥ 0 and
(2) H(x) =

∫ x

0
h(t) dt =

∫ x

0
I(t ∈ [0, a]) dt =

∫ min(x,a)

0
1 dt = min(x, a).

By Theorem 2.8,
E[min(X, a)] = E(H(X)) =

∫∞
0

h(t)s(t)dt =
∫∞
0

I(t ∈ (0, a))s(t)dt =
∫ a

0
s(t) dt.

Corollary 2.3.

Corollary 2.4. Let X be a nonnegative r.v.. Then, E[Xp] =
∫∞
0

SX(t)ptp−1 dt if
p > 0.

Proof. Let H(t) = tp, for each t ≥ 0. Hence, h(t) = H ′ = ptp−1 ≥ 0, and H(0) = 0.

By Theorem 2.8, E[Xp] =
∫∞
0

s(t)ptp−1 dt, and
{
E(X2) =?

E(X) =?
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Theorem 2.10.

Theorem 2.11.

Theorem 2.12.

Theorem 2.13.

Theorem 2.14.

Theorem 2.15.

Theorem 2.16.

Theorem 2.17.

Theorem 2.18.

Theorem 2.19.

Theorem 2.20.

Theorem 2.21.

Theorem 2.22.

Example 2.11.

Example 2.12.

Example 2.13.
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2.1.4 Quantiles

Definition 2.13. Given 0 < p < 1, the 100p–th percentile (or p–th quantile) of
a r.v. X is a value ξp such that P{X < ξp} ≤ p ≤ P{X ≤ ξp}.

Definition 2.14. median = 0.50–th quantile.

Definition 2.15. The first quartile Q1 of a r.v. X is the 25–th percentile of X.
The third quartile Q3 of a r.v. X is the 75–th percentile of the r.v. X

The second quartile Q2 = median.

3 ways to find ξp.
1. If X has a cts strictly increasing (↑↑) cdf, then solve F (ξp) = p.
2. Theorem 2.17.
3. Definition. ξp = ξ∗∗p = inf{x : FX(x) ≥ p} = min{x : FX(x) ≥ p} ?

or ξp = ξ∗p = sup{x : FX(x−) ≤ p} = max{x : FX(x) ≤ p} ?
inf{x : x ∈ (0, 1)} = 0, but min{x : x ∈ (0, 1)} does not exist.
sup{x : x ∈ (0, 1)} = 1, but max{x : x ∈ (0, 1)} does not exist.
inf{x : x ∈ [0, 1]} = 0 = min{x : x ∈ [0, 1]}
sup{x : x ∈ [0, 1]} = 1 = max{x : x ∈ [0, 1]}
What is the difference between them ?

Theorem 2.17. Let X be a cts r.v. with range (a, b). Let 0 < p < 1.
Let h : (a, b)→ (c, d) be a one–to–one and onto function and Y = h(X).
Let ξp be a p–th quantile of X.

A p–th quantile of Y is ζp = h(ξp) if h ↑.
A p–th quantile of Y is ζp = h(ξ1−p) if h ↓. (ζ zeta)
Theorem 2.18. The p–th quantile ξp of a normal r.v. with mean µ and variance σ2

is µ+ Φ−1(p)σ. (µ+ zpσ, X ± 1.64σ̂, µ+ 1.64σ, ξ0.95).
Proof. (i) Let Z ∼ N(0, 1), then X = µ+ σZ ∼ N(µ, σ2).

The cdf Φ of N(0, 1) satisfies Φ(t) ↑↑ in t. So
Φ−1(p) is p-th quantile of N(0, 1) (method 1).
ξp = h(Φ−1(p)), where h(z) = µ+ σz (method 3) (where does h() come from ?)

Example 2.14. Let Z ∼ U(0, 1), X = 2Z + 1 and Y = X2 + X. Find the 70th
percentile of Z, X and Y .

Solution: Use Th2.17: h is 1-1 and onto function and
X = h(Z). Let ξp be a p–th quantile of Z.
A p–th quantile of X is ζp = h(ξp) if h ↑.
A p–th quantile of X is ζp = h(ξ1−p) if h ↓.
FZ(t) = t ∀ t ∈ (0, 1). The 70th percentile of Z is 0.7.

Since g(z) = 2z + 1 ↑↑ in z, the 70th percentile of X is g(0.7) = 2 ∗ 0.7 + 1 = 2.4.
Since h(x) = x2 + x ↑↑, the 70th percentile ζ of Y is h(2.4) = (2.4)2 + 2.4 = 8.16.
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Theorem 2.23.

Theorem 2.24.

Example 2.15.
Often, we will assume that the individuals do not live more than a certain age. This

age ω is called the terminal age or limiting age of the population. So, S(t) = 0, for
each t ≥ ω.

Example 2.16. Suppose that the age–at–failure r.v. X has density
fX(x) = 5x4k−5I(0 < x < k) and the expected age–at–failure is 70 years.

Find the 4 intervals determined by the 3 quartiles and the terminal age.
Solution: Let ξp be p–th quantile of the age–at–failure.
ξp = ? for p = 0.25, 0.5, and 0.75.

p = F (ξp) = P{X ≤ ξp} =
∫ ξp

0

5x4

k5
dx =

x5

k5

∣∣∣∣ξp
0

=
ξ5p
k5

=>

ξp = kp1/5 = ? k = ? Need to solve k using 70 = E[X].

70 = E[X] =

∫ k

0

x
5x4

k5
dx =

5x6

6k5

∣∣∣∣k
0

=
5k

6
=> k =

(70)(6)

5
= 84. => ξp = 84p

1
5

ξp = 84p
1
5 =


84p

1
5 |p=1/4 1st quartile

84p
1
5 |p=2/4 2nd quartile

84p
1
5 |p=3/4 3nd quartile

=


63.66 1st quartile

73.13 2nd quartile

79.30 3nd quartile

The 4 intervals determined by the 3 quartiles and the terminal age are
[0, 63.66], (63.66, 73.13], (73.13, 79.30], (79.30, 84].

Example 2.17.

Definition 2.16.

Definition 2.17.

Definition 2.18.

Definition 2.19.

Definition 2.20.
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Example 2.18. Let X be a r.v such P{X = 1} = 1
2 and P{X = 2} = 1

2 . Find the
first quartile Q1 and median of X, say m.
Solution. 3 ways to find ξp (F (ξp−) ≤ p ≤ F (ξp)).

1. If X has a cts strictly increasing cdf, then solve F (ξp) = p.
2. Definition. ξp = ξ∗p = sup{x : FX(x−) ≤ p},

or ξp = ξ∗∗p = inf{x : FX(x) ≥ p}.
3. Theorem 2.17. Relation of the quantiles of g(X) and X.

Does Method 1 work here ?
Does Method 2 work here ?
Does Method 3 work here ?

F (x−) (= P{X < x}) F (x) (= P{X ≤ x})
x ∈ (−∞, 1) 0 0

x = 1 0 1
2

x ∈ (1, 2) 1
2

1
2

x = 2 1
2 1

x ∈ (2,∞) 1 1
ξ∗p = sup{x : F (x−) ≤ p} ξ∗∗p = inf{x : F (x) ≥ p}

Q1 = ξ∗1/4 = 1 ξ∗∗1/4 = ??
m = ξ∗1/2 =? ξ∗∗1/2 = ??

Q1 = 1.
m: The values of x that satisfy P{X < m} ≤ 1

2 ≤ P{X ≤ m} ??
Ans: m ∈ [1, 2].
Thus m is a median of X if and only if m ∈ [1, 2].
Remark. A quantile may not be unique.

2.2 Actuarial notation for survival analysis.
Def. In Actuary, denote (x) a life that survives to age x

(x) is called a life-age-x or a life aged x.
Let X be the lifetime of the person.
T (x) or Tx (= (X − x)|{X > x}) – the future lifetime of (x).

Notice that T (x) is a conditional random variable.
tpx = STx

(t) – probability that (x) survives t years.
tqx = FTx

(t) – probability that (x) dies within t years.
px = 1px = P (T (x) > 1).
s|tqx = P (s < T (x) ≤ s+ t).
t|qx = t|1qx.
qx = 0|1qx = 1qx = P (T (x) ≤ 1).
Q: tpx + tqx = ??

px + qx = ??
Remark. tpx = P (T (x) > t) = P (X − x > t|X > x) =

P (X>x+t)
P (X>x)

= SX(x+ t)/SX(x).
px = P (T (x) > 1) = SX(x+ 1)/SX(x).
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Q: How about the other notations ?
s|tqx = P (s < T (x) ≤ s+ t) = P (s < X − x ≤ s+ t|X > x)

=
P (x+ s < X ≤ x+ s+ t)

P (X > x)
=

SX(x+ s)− SX(x+ s+ t)

SX(x)
= spx −s+t px.

qx = P (T (x) ≤ 1) = P (X ≤ x+ 1|X > x) =
SX(x)−SX(x+1)

SX(x)
.

Theorem 2.25. For each t, s ≥ 0, t+spx = tpx · spx+t.

Proof. t+spx =
SX(x+t+s)

SX(x)
=

SX(x+t)
SX(x)

SX(x+t+s)
SX(x+t)

= tpx · spx+t

Theorem 2.26. npx = pxpx+1 . . . px+n−1 =
∏n−1

j=0 px+j.
For each t1, . . . , tm ≥ 0, t1+···+tmpx = t1px · t2px+t1 · t3px+t1+t2 · · · tmpx+t1+···+tm−1.

Q: Relation between the last 2 theorems ?
Def. X ≃ Y means X and Y have the same distribution.
Question. Let X ∼ N(0, 1), then X = −X ? or X ≃ −X ??

Theorem 2.27. (T (x)−t)|{T (x) > t} ≃ T (x+t). (Denoted by U ≃ W (≡ T (x+t))).
Proof. It suffices to show either their F ’s, or S’s or f ’s are the same.
Use S’s here. Recall that ∀ y > 0, P (T (x) > y) = P (X − x > y|X > x) =

SX(x+y)
SX(x)

;

SU (y) = P ((T (x)− t) > y|T (x) > t) =
P ((T (x)− t) > y)

P (T (x) > t)
=

P (T (x) > y + t)

P (T (x) > t)
=

SX(x+t+y)
SX(x)

SX(x+t)
SX(x)

=
SX(x+t+y)
SX(x+t)

= P (T (x+ t) > y) = SW (y).
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Example 2.19. Let s(t) = 85−t
85 , 0 ≤ t ≤ 85, where s = SX . What distribution is X?

(i) Calculate tp40.
(ii) Calculate the density function of T (40).

Solution: (i) tp40 = P (X > t+ 40|X > 40) =
s(40+t)
s(40)

=
85−(40+t)

85
85−40

85

=
45−t
85

85−40
85

= 45−t
45 , ????

t ∈ [0, 45]. tp40 = 0 if t > 45 ? tp40 = 0 if t < 0 ?
(ii) The density function of T (40) is

fT (40)(t) = −
d

dt
tp40 = −

d

dt

(
45− t

45

)
=

1

45
, t ∈ (0, 45).

fT (40)(t) = 0 if t ≥ 45 ? fT (40)(t) = 0 if t ≤ 0 ?
Notice the difference between the domains of SX(t) and fX(t).

Example 2.20. If tpx = 1− t
90−x , 0 ≤ t ≤ 90−x, find the probability that a 25–year–

old reaches age 80 and the density of T (x).
Solution: The probability that a 25–year-old reaches age 80 is 80p25 or 80−25p25 ?
80−25p25 = 55p25 = 1− 55

90−25 = 2
13 .

The density of T (x) is −(1− t
90−x)

′
x or −(1− t

90−x)
′
t ??

fT (x)(t) = −
d

dt
tpx =

1

90− x
, 0 ≤ t ≤ 90− x?? or 0 < t < 90− x?

Example 2.21.

Example 2.22. Suppose that probability that a 30–year–old reaches age 40 is 0.95,
the probability that a 40–year–old reaches age 50 is 0.99, and the probability that a
50–year–old reaches age 60 is 0.95. Find the probability that a 30–year–old reaches age
60.

Solution: 60p30 = ? or 60−30p30 = ?
Given conditions:

40−30p30 = 10p30 = 0.95 – probability that a 30–year–old reaches age 40,
50−40p40 = 10p40 = 0.99 – the probability that a 40–year–old reaches age 50,
60−50p50 = 10p50 = 0.95 – the probability that a 50–year–old reaches age 60.

Formula: t1+···+tmpx = t1px · t2px+t1 · t3px+t1+t2 · · · tmpx+t1+···+tm−1 . (Formula 4).
The probability that a 30–year–old reaches age 60 is

30p30 = 10p30 · 10p40 · 10p50 = (0.95)(0.99)(0.95) = 0.893475.

Definition 2.21.

Example 2.23.

Example 2.24.
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Example 2.25.

Theorem 2.28.

Example 2.26. Suppose that the survival function of a person is given by
SX(x) = 90−x

90 , for 0 ≤ x ≤ 90.
Given a married couple with husband aged 40 and wife aged 35,
what is the probability that

the husband will die before age 60 and the wife will survive to age 75?
Here, we assume that their times of death are independent r.v.’s.

Solution: 60−40q40 × 75−35p35︸ ︷︷ ︸
Why??

= ? Formula #3: tpx =
s(x+t)
s(x)

and tqx =
s(x)−s(x+t)

s(x)

60−40q40 = 20q40 =
s(40)− s(60)

s(40)
=

90−40
90 − 90−60

90
90−40
90

=
20

50
=

2

5
.

75−35p35 =
s(75)

s(35)
=

90−75
90

90−35
90

=
15

55
=

3

11
.

Answer : 60−40q40 ×75−35 p35 =
2

5
× 3

11
=

6

55
.

Example 2.27.

Example 2.28. Suppose that s(t) = 85−t
85 , 0 ≤ t ≤ 85, find the probability that a

40–year–old will die in less than one year
Solution: q40 = ?

Formula: tqx = 1− tpx and tpx =
s(x+t)
s(x)

or #3 tqx =
s(x)−s(x+t)

s(x)

q40 = 1− s(41)

s(40)
= 1−

85−41
85

85−40
85

=
1

45
.

Example 2.29. Suppose that:
(i) The probability that a 30–year–old will die in less than one year is 0.012
(ii) The probability that a 31–year–old will die in less than one year is 0.013
(iii) The probability that a 32–year–old will die in less than one year is 0.014.
Find the probability that a 30–year–old will die in less than three years.

Solution: 3q30 = ?
Given conditions: (i) q30, (ii) q31, (iii) q32. thus know: tpx = 1− tqx, t = ?
Formula #4: t1+···+tmpx = t1px · t2px+t1 · t3px+t1+t2 · · · tmpx+t1+···+tm−1 .

3p30 = p30p31p32 = (1− 0.012)(1− 0.013)(1− 0.014) ≈ 0.9615.

3q30 = 1− 3p30 ≈ 1− 0.9615 = 0.038.
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This Thursday Quiz and First midterm exam Formulae: 447: 6-42 and 44. 450: 1-5.

Theorem 2.29. s|tqx = spx − s+tpx = s+tqx − sqx = spx · tqx+s. Formula #3.
Proof. We have that

s|tqx =P{s < T (x) ≤ s+ t} P (a < Y ≤ b)

=ST (x)(s)− ST (x)(s+ t) = spx − s+tpx, SY (a)− SY (b)

=FT (x)(s+ t)− FT (x)(s) = s+tqx − sqx, FY (b)− FY (a)

spx · tqx+s =spx · (1− tpx+s) = spx − spx · tpx+s

=spx − s+tpx = s|tqx. last one

Example 2.30. Let SX(x) = (90−x
90 )2, x ∈ (0, 90).

(i) Find s|tqx, where 0 < x, s, t and x+ s+ t ≤ 90.
(ii) Find the probability that a 30–year–old dies between ages 55 and 60.

Solution: (i) s|tqx = ? (ii) 55−30|5q30 = ?

s|tqx =P (x+ s < X ≤ x+ s+ t)|X > x) P (a < X ≤ b) = F (b)− F (a) = S(a)− S(b) which ?

=
(
90−(x+s)

90 )2

(90−x
90 )2

−
(
90−(x+s+t)

90 )2

(90−x
90 )2

( Recall a2 − b2 = (a+ b)(a− b))

=
(180− 2x− 2s− t)t

(90− x)2
...... done ?

x, s, t ≥ 0 and s+ t+ x ≤ 90.
(ii) 55−30|60−55q30 = 25|5q30 = (180−2(30)−2(25)−5)5

(90−30)2
= 65×5

602 = 13
122 ≈ 0.09.

Theorem 2.30. For x ≥ 0, and each positive integer n,

nqx =

n∑
j=1

j−1|qx =

n∑
j=1

j−1pxqx+j−1.

Proof. nqx = P{T (x) ≤ n} =
∑n

j=1 P{j − 1 < T (x) ≤ j} =
∑n

j=1 j−1|qx
=
∑n

j=1 j−1pxqx+j−1.

Theorem 2.31.
∑∞

j=1 j−1|qx =
∑∞

j=1 j−1pxqx+j−1 = 1.

Theorem 2.32. t+s|uqx = tpx · s|uqx+t.

Theorem 2.33. n+m|qx = npx · m|qx+n.

When n = 1 and m = j − 1 ≥ 0, we get that

j |qx = px · j−1|qx+1.

Example 2.31.
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Definition 2.22.

Definition 2.23.

Example 2.32.

Example 2.33.

Example 2.34.

Definition 2.24.

Example 2.35.

Example 2.36.
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2.3 Force of mortality
Definition. The hazard function of the survival function SX(x) or the force of
mortality (denoted by µX(x), µ(x), and λX(x)), is defined as

λX(x) =
fX(x)

SX(x−)
, (= µX(x) = µ(x))

where fX is the pdf or pmf of the r.v. X.
Denote µx(t) = µTx

(t) (̸= µX(t) as Tx = X − x|(X > x)).
µx = µ0(x) = µx(0) ( ̸= µx(·) = µTx

(·)).
Theorem 2.28. If X ≥ 0 is cts and has the force of mortality µ(·), then,
(i) − d

dt lnSX(t) =
fX(t)
SX(t)

= µ(t) and SX(t) = exp
(
−
∫ t

0
µ(s) ds

)
, t ≥ 0.

(ii) fX(t) = SX(t)µ(t) = exp
(
−
∫ t

0
µ(s) ds

)
µ(t), t ≥ 0.

(iii) ST (x)(t) = tpx = exp
(
−
∫ t

0
µx(s) ds

)
, t ≥ 0.

(iv) µx(t) = µ(x+ t)

(v) fT (x)(t) = tpxµx(t) = exp(−
∫ t

0
µ(x+ s)ds)µ(x+ t), t ≥ 0.

Proof. (i), (ii), (iii) and (v) are obvious from the definition.
(iv) The survival function of T (x) is ST (x)(t) =

SX(x+t)
SX(x)

, t ≥ 0. ,

µx(t) = −
d

dt
lnST (x)(t) = −

d

dt
ln

(
SX(x+ t)

SX(x)

)
=

fX(x+ t)

SX(x+ t)
= µ(x+ t).

Remark. The distribution can be specified by either of F (·), S(·), f(·) and µ(·) if f
exists. e.g., if X is continuous, then F (x) yields S(x) yields f(x) yields µ(x) yields F (x).
F => S = 1− F

=> f(x) = −S′(x)

=> µ(x) = f(x)

/∫ ∞

x

f(t)dt︸ ︷︷ ︸
=S(x)

=> F (x) =
∫ x

−∞ µ(t) exp(−
∫ t

0

µ(y)dy)︸ ︷︷ ︸
=S(t)︸ ︷︷ ︸

=f(t)

dt (see (iii) of Theorem 2.28 with x = 0),

as µ(x) =
f(x)
S(x)

, f(x) = µ(x)S(x) and S(x) = f(x)/µ(x).
Hereafter, when we consider the force of mortality, we assume that X is cts.

The force of mortality of a life at time x, x > 0, satisfies that µ(x) = lim
t→0

tqx
t
, as

(2.4) lim
t→0

tqx
t

= lim
t→0

s(x)−s(x+t)
s(x)

t
= − lim

t→0

s(x+ t)− s(x)

ts(x)
= −s′(x)

s(x)
=

f(x)

s(x)
= µ(x), x > 0.
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If t is small, the proportion of people aged x who will die within t years is s(x)−s(x+t)
s(x)

≈
tµx. For example, if µ(x) = 0.06 and t is 1/12 (a month), we expect that from each
1,000 individuals with age x, tµ(x)103 = 60

12 = 5 individuals will die within a month.
The force of mortality is the rate of death for lives aged x. For a life aged x, the

force of mortality t years later is the force of mortality for a (x+ t)–year old.

Theorem 2.34. Let µ : [0,∞] → R be a function which is cts everywhere except at
finitely many points. Then, µ is the force of mortality of an age–at–death r.v.

iff (1) µ(x) ≥ 0 ∀ x and (2)
∫∞
0

µ(t) dt =∞.

Example 2.37. Suppose that the survival function of a new born is
SX(t) = 854−t4

854 , for 0 < t < 85.
(i) Find the force of mortality of a new born.
(ii) Find the force of mortality of a life aged 20.

Solution: (i) µ(t) = − d
dt lnSX(t) = − d

dt ln
(
854−t4

854

)
= − d

dt [ln(85
4 − t4)− ln(854)] = 4t3

854−t4 ,

0 < t < 85

(ii) µ20(t) = µ(20 + t) =
4(20+t)3

854−(20+t)4
, 0 < t < ??

Example 2.38.

Example 2.39. If µ(x) = 1
x+1 for x ≥ 0, find SX , fX , µT (x), tpx and fT (x).

Solution: Note: SX , fX , µT (x), tpx and fT (x) are functions, e.g., we can write SX(x) or
SX(t). Do we write µT (x)(x), µT (x)(t), µx(x) or µx(t) ?

s(x) = exp

(
−
∫ x

0

µ(t) dt

)
= exp(−

∫ x

0

1

t+ 1
dt) = exp(−ln(1 + x)) =

1

x+ 1
, x ≥ 0,

as
∫

1
udu = lnu+ c, u=??? SX(x) =??

fX(x) =µ(x)s(x−) = 1

(x+ 1)2
, x ≥ 0, (µ(x) = f(x)/s(x−))

tpx =
s(x+ t)

s(x)
=

1
x+t+1

1
x+1

=
x+ 1

x+ t+ 1
, x, t ≥ 0,

fT (x)(t) =tpxµx(t) = tpxµ(x+ t) =
x+ 1

x+ t+ 1

1

x+ t+ 1
=

x+ 1

(x+ t+ 1)2
, t ≥ 0,

Definition 2.25.
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2.4 Expectation of life

Definition 2.26. ◦
ex = E[T (x)] is called the expected future lifetime at age x

or the complete expectation of a life at age x.
◦
e0 is also called the complete expectation of life at birth.

Definition 2.27. The n–year temporary complete life expectancy is
◦
ex:n| = E(T (x)∧ n), the expected number of years lived between ages x and x+ n by a

survivor aged x. 0 ≤ ◦
ex:n| ≤ n.

What is the meaning of T (30) = 0.5 ?
What is the meaning of T (30) > 0.5 ?

Example 2.40. An actuary models the lifetime in years of a random selected person
as a r.v. X with SX(x) = 906−x6

906 , for 0 < x < 90. Find:
(i) ◦

e0 and Var(X); (ii) ◦
e30; (iii) ◦

e30:10|. E(X), V (X), E(X|X > x), E(T (X)∧10)

Solution: Two ways for taking expectation.
(1) ◦

ex =
∫∞
0 tpxdt, where tpx =

s(x+t)
s(x)

, fT (x)(t) = tpxµx(t)

(2) ◦
ex =


∫∞
0

tfT (x)(t)dt if X is cts ( fT (x)(t) = tpxµx(t)), f = s′∑
t tfT (x)(t) if X is discrete,∫∞

0
tfT (x)(t)dt+

∑
t∈D tfT (x)(t) if X is mixed.

Which way is more convenient here, (1) or (2) ?

(i) ◦
e0 and σ2X . Method 1: ◦

e0 =

∫ ∞

0

SX(x)dx =

∫ 90

0

906 − x6

906
dx = [x− x7

(7)906
]

∣∣∣∣90
0

= 77.14

450Formula [1] E[X2] =

∫ ∞

0

2xSX(x)dx =

∫ 90

0

2x
906 − x6

906
dx = [x2 − x8

(4)906
]

∣∣∣∣90
0

= 6075,

Method 2 needs fT (0)(x) = fX(x) = − d

dx
SX(x) = − d

dx

906 − x6

906
=

6x5

906
, 0 < x < 90.

◦
e0 =

∫ ∞

0

xfX(x)dx =

∫ 90

0

x
6x5

906
dx =

6x7

(7)906

∣∣∣∣90
0

≈ 77.14,

E[X2] =

∫ ∞

0

x2fX(x)dx =

∫ 90

0

x2
6x5

906
dx =

6x8

(8)906

∣∣∣∣90
0

= 6075,

σ2X =E[X2]− (E[X])2 = 6075− (77.143)2 ≈ 1123.980.

(ii) Method 1 for ◦
e30: ST (30)(t) = tp30 =

SX(30+t)
SX(30)

=
906−(30+t)6

(90)6−(30)6
if 0 ≤ t < ?? (Check SX)

◦
e30 =

∫ ∞

0
tp30 dt =

∫ 60

0

906 − (30 + t)6

906 − (30)6
dt =

906t− (30 + t)7/7

906 − (30)6

∣∣∣∣60
0

= 47.21.
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(ii) Method 2 for ◦
e30: fT (30)(t) = − d

dt tp30 =
fX(30+t)
SX(30)

=
6(30+t)5

906

(90)6−(30)6

906

=
6(30+t)5

(90)6−(30)6
, 0 < t <??.

◦
e30 =

∫ ∞

0

tfT (30)(t) dt =

∫ 60

0

t
6(30 + t)5

(90)6 − (30)6
dt (SX(x) = 906−x6

906 , for 0 < x < 90)

=

∫ 90

30

(s− 30)
6s5

(90)6 − (30)6
ds (change of variables s = 30 + t), Why change ??

=
6s7

(7)(906 − (30)6)
− (30)s6

(90)6 − (30)6

∣∣∣∣90
30

= 47.21.

(iii) The two methods for ◦
ex:n| are stated as follows.

Theorem 2.35. (1) ◦
ex:n| =

∫ n

0 tpx dt; (2) ◦
ex:n| =

∫ n

0
tfT (x)(t) dt+ n · npx.

Method 1. tp30 =
s(30+t)
s(30)

=
906−(30+t)6

906−306 , for 0 ≤ t < 60. So,

◦
e30:10| =

∫ 10

0
tp30 dt =

∫ 10

0

906 − (30 + t)6

906 − 306
dt

=
(906)t

906 − 306
− (30 + t)7

(7)(906 − 306)

∣∣∣∣10
0

= 9.975520756.

Method 2. Y = T (x)∧n has a mixed distribution with df. fY (t) =
{
fT (x)(t) if t ∈ (0, n)

npx if t ∈ D = {n}.
◦
e30:10| =

∫ 10

0
t

6(30+t)5

(90)6−(30)6
dt+ 1010p30 = · · · .

Theorem 2.36. For 0 < m < n, ◦
ex:n| =

◦
ex:m| + mpx

◦
ex+m:n−m|

Letting n→∞=>
◦
ex =

◦
ex:m| + mpx

◦
ex+m.

Example 2.41. You are given that:
The expected # of years lived between ages 40 & 50 by a 40-year old is 9.7. ◦

e40:10|
The probability that a 40–year old survives to age 50 is 0.98. 10p40
The expected # of years lived between ages 50 & 70 by a 50-year old is 19.5. ◦

e50:20|

Find the expected # of years lived between ages 40 and 70 by a 40-year old. ◦
e40:30|

Solution: Given (i) ◦
e40:10| =? (ii) 10p40 =? (iii) ◦

e50:20| =? Find ◦
e40:30| = ? #6

◦
e40:30| =

◦
e40:10| + 10p40

◦
e50:20| = 9.7 + (0.98)(19.5) = 28.81.



SECTION 2.4. EXPECTATION OF LIFE 39

Example 2.42. Assume that
(i) The expected future lifetime of a 40–year old is 45 years.
(ii) The expected future lifetime of a 50–year old is 36 years.
(iii) The probability that a 40–year old survives to age 50 is 0.98.

The expected number of years lived between ages 40 and 50 by a 40-year old ?

Solution: Given: ◦
e40 = 45; ◦

e50 = 36; 50−40p40 = 0.98. ◦
e40:10|=?

Formula 6: ◦
ex =

◦
ex:m| + mpx

◦
ex+m︸ ︷︷ ︸

45=
◦
e40:10|+(0.98)(36)

, =>
◦
e40:10| = 45− (0.98)(36) = 9.72.

Definition 2.28. nmx =
∫ x+n

x
SX(t)µX(t) dt∫ x+n

x
SX(u) du

(=
∫ x+n

x
SX(t)∫ x+n

x
SX(u) du

µX(t) dt) is called
the central death rate or the central rate of failure over the age interval x and
x+ n.

nmx is the weighted average of the force mortality on the interval [x, x + n] using the
survival function as a weight i.e., SX(t)∫ x+n

x
SX(t)dt

. Denote mx = 1mx. Recall µ(x) =
f(x)
s(x−)

and µ(x)t is the proportion of people die within t year for people of age x (t ≈ 0).
Quiz formulae for next week: 447: 6-42 and 44. 450: 1-6.

Example 2.43.

Example 2.44.

Theorem 2.37. nmx =
SX(x)−SX(x+n)∫ x+n

x
SX(t) dt

=
∫ n

0 tpxµTx(t) dt∫ n

0 tpx dt
= nqx

◦
ex:n|

.

Proof. nmx =
∫ x+n

x
SX(t)µX(t) dt∫ x+n

x
SX(u) du

=
∫ x+n

x
fX(t) dt∫ x+n

x
SX(u) du

as SX(t)µX(t) = fX(t), (1)

By Eq. (1), nmx =
∫ x+n

x
fX(t)dt∫ x+n

x
SX(t)dt

=
∫ n

0
fX(x+u)du∫ n

0
SX(x+u)du

=
∫ n

0 tpxµTx(t) dt∫ n

0 tpx dt

nmx =
SX(x)−SX(x+n)∫ x+n

x
SX(t) dt

=
SX(x)−SX(x+n)∫ n

0
SX(x+u) du

=
SX (x)−SX (x+n)

SX (x)∫ n
0 SX (x+u) du

SX (x)

= 1−npx∫ n

0 upx du
= nqx

◦
ex:n|

.

Definition 2.29. The median future lifetime of (x) is m(x) (=median of T (x)).
P{T (x) < m(x)} ≤ 1

2 ≤ P{T (x) ≤ m(x)}.

Definition 2.30. na(x) = E(T (x)|T (x) ≤ n), the average future lifetime of those who
survive to age x, but die within the next n years. a(x) = 1a(x).

x+ na(x) is the mean age at death of those who survive to age x, but die in the next n
years.

Theorem 2.38. na(x) =
◦
ex:n|−n·npx

nqx
.
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450[6]. ◦
ex = E[T (x)] =

◦
ex:n| + npx

◦
ex+n,

◦
ex:n| = E[T (x) ∧ n] =

◦
ex:m| + mpx

◦
ex+m:n−m|.

450[7]. The central rate of failure on (x, x+ n] is nmx =
∫ n

0 tpxµx(t) dt∫ n

0 tpx dt
= nqx

◦
ex:n|

,

mx = 1mx, na(x) = E(T (x)|T (x) ≤ n) =
◦
ex:n|−n·npx

nqx
, a(x) = 1a(x).

Example 2.45.

Example 2.46.

Example 2.47. (=Ex.2.40). For the survival function SX(x) = 906−x6

(90)6
, 0 < x < 90.

Find (1) the median future lifetime of (30), (2) 10m30, (3) 10a(30).

Solution: (1) Formula: p = F (ξp) = S(ξ1−p), as F is continuous and ↑ ↑.

Solve for ξ0.5: 0.5 = P{T (30) > ξ0.5} = SX(30+ξ0.5)
SX(30)

=
906−(30+ξ0.5)

6

906−306

=> ξ0.5 =
(
906 − (906 − 306) ∗ 0.5

)1/6 − 30 ≈ 50.19920541.
(2) Formulas [7]: nmx

def
=

∫ n

0 tpxµx(t) dt∫ n

0 tpx dt
= nqx

◦
ex:n|

. Try the 2nd 10m30 =
10q30
◦
e30:10|

, where

(a) 10q30 = 1− 10p30 = 1− SX(30+10)
SX(30)

≈ 0.006344,

(b) ◦
ex:n| = E(T (x) ∧ n) =

◦
e30:10| =

∫ n

0 tpxdt =
∫ n

0
s(x+t)
s(x)

dt ≈ 9.976 (see Ex. 2.40).
Thus 10m30 =

10q30
◦
e30:10|

≈ 0.00634
9.976 ≈ 0.000636.

(3) Formula [7]: na(x) = E(T (x)|T (x) ≤ n)) =
◦
ex:n|−n·npx

nqx
.

10a(30) =

◦
e30:10| − 10 · 10p30

10q30
≈ 9.9755− (10)(0.9937)

0.00634430727
≈ 6.1415.

2.5 Future curtate lifetime.

Definition 2.31. Let Kx = ⌈T (x)⌉, where ⌈t⌉ is called the ceiling of t, that is,

⌈t⌉ = kI(k − 1 < t ≤ k) =



· · · ·
0 if − 1 < t ≤ 0,

1 if 0 < t ≤ 1,

2 if 1 < t ≤ 2,

· · · ·

(⌊t⌋ = (k − 1)I(k − 1 ≤ t < k)).

Definition 2.32. K(x) = ⌈T (x)⌉ − 1 is the future curtate lifetime of a life aged x.
ex = E[K(x)] is the curtate life expectation of a life aged x.
ex:n| = E(K(x) ∧ n), the expected # of whole years lived in the interval (x, x+ n] by (x).
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K(x) = Kx − 1 =


0 if 0 < T (x) ≤ 1,

1 if 1 < T (x) ≤ 2,

2 if 2 < T (x) ≤ 3,

· · · ·

̸= ⌊x⌋ and Kx =


1 if 0 < T (x) ≤ 1,

2 if 1 < T (x) ≤ 2,

3 if 2 < T (x) ≤ 3,

· · · ·

Q: Which of ex, ◦
ex, E(Kx) is larger ? Hint: K(x) (= Kx − 1), T (x), Kx (= ⌈T (x)⌉).

Q: If T (30) = 0.5, K(30) = ? K30 = ?

Class Exercise fKx
(t) = P (Kx = t) =

{
fK(x)(t− 1) ?

fK(x)(t+ 1) ?
E(Kx) =

{
E(K(x))− 1 ?

E(K(x)) + 1 ?

Hint: Kx = K(x) + 1

Theorem 2.39. P{Kx = k} = k−1px · qx+k−1 =
(∏k−2

j=0 px+j

)
qx+k−1 =

s(x+k−1)−s(x+k)
s(x)

= k−1|qx = P{k−1 < T (x) ≤ k} = P{k−1 < X−x ≤ k|X > x} = k−1px−kpx = kqx−k−1qx.

Example 2.48. Suppose p90 = 0.05, p91 = 0.01, p92 = 0.001, p93 = 0 (SX(94) = ?)
Calculate the probability mass function of K90.
Sol: Which formula to use in Th 2.39 ?? How about the formulas sheet ?

Th.2.39 P{K90 = 1} = q90 = 1− p90 = (1− 0.05) = 0.95, sheet

2nd : P{K90 = 2} = p90q91 = (0.05)(1− 0.01) = 0.0495, [8]2nd

3rd : P{K90 = 3} = p90p91q92 = (0.05)(0.01)(1− 0.001) = 0.0004995, [8]3rd

P{K90 = 4} = p90p91p92q93 = (0.05)(0.01)(0.001)(1− 0) = 0.0000005,

P{K90 = k} = 0, for k = 5, 6, 7, . . . , as p93 = P (X > 94|X > 93) = 0

Example 2.49. Calculate the probability mass function of K90 for given

p90 = 0.2, 2p90 = 0.1, 3p90 = 0.01, 4p90 = 0.005, 5p90 = 0.

Sol: 0p90 = ? 1p90 = ? P{K90 = k} = k−1qx=? Which formula in Th 2.39 to use ??

P{K90 = 1} = 1− p90 = 1− 0.2 = 0.8,

P{K90 = 2} = p90 − 2p90 = 0.2− 0.1 = 0.1, [8] : K(x) = ⌈T (x)⌉ − 1

P{K90 = 3} = 2p90 − 3p90 = 0.1− 0.01 = 0.09, Kx = ⌈T (x)⌉
P{K90 = 4} = 3p90 − 4p90 = 0.01− 0.005 = 0.005, P{K90 = k} = fKx

(k) = k−1|qx
P{K90 = 5} = 4p90 − 5p90 = 0.005− 0 = 0.005,

P{K90 = k} = 0, for k = 6, 7, . . . , Why ??

Theorem 2.40.

Theorem 2.41.

Theorem 2.42. ex = E[K(x)] =
∑∞

k=1 k · k|qx =
∑∞

k=1 kpx
and E[(K(x))2] =

∑∞
k=1 k

2 · k|qx =
∑∞

k=1(2k − 1) · kpx.
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Example 2.50. Suppose that x 90 91 92 93 94
px 0.2 0.1 0.05 0.01 0 . e90 = ?

Solution: Theorem 2.42: ex = E(K(x)) =
∑∞

k=1 k · k|qx =
∑∞

k=1 kpx (formula [9]).
Formula [4]: npx = px · · · px+n−1,
e90 =

∑∞
k=1 kp90 = p90 + p90 · p91 + p90 · p91 · p92 + p90 · p91 · p92 · p93 + · · ·

= (0.2) + (0.2)(0.1) + (0.2)(0.1)(0.05) + (0.2)(0.1)(0.05)(0.01) + 0 ≈ 0.22.

Example 2.51. Suppose s(t) = 100−t
100 , 0 ≤ t ≤ 100. Find ◦

ex and ex, where x is an
integer.

Solution: Formulas: [6] ◦
ex = E(T (x)) =

∫∞
0 tpx dt ([1]) and [3] tpx =

s(x+t)
s(x)

.

tpx =
s(x+t)
s(x)

= 100−x−t
100−x , 0 < x+ t ≤ 100.

◦
ex =

∫ 100−x

0 tpx dt =
∫ 100−x

0
100−x−t
100−x dt = −

∫ 100−x

0

=u︷ ︸︸ ︷
100− x− t

100−x d

=u︷ ︸︸ ︷
(100− x− t)

= − (100−x−t)2

2(100−x)

∣∣∣∣100−x

0

= −0 + 100−x
2 ...Done?

Formulas: [3] tpx =
s(x+t)
s(x)

. [9] ex = E(K(x)) =
∑∞

k=1 kpx.

ex =

∞∑
k=1

kpx =

100−x∑
k=1

100− x− k

100− x
=

100−x∑
k=1

[1− k

100− x
]

=100− x− 1

100− x

(100− x)(100− x+ 1)

2
(

n∑
k=1

k =
n(n+ 1)

2
)

=100− x− 100− x+ 1

2
=

99− x

2
, x ∈ [0, 99] or x ∈ [0, 100) or x ∈ {0, 1, ..., 99} ?

Theorem 2.43. (Iterative formula for ex) ex = px(1 + ex+1).

Theorem 2.44. If px+k = px, for each integer k ≥ 1. Then, ex = px+2px+· · · = px
1−px

.

Remark: [9] ex =
∑∞

k=1 kpx.
(1− p)(1 + p) = 1− p2, (1− p)(1 + p+ · · ·+ pk) = 1− pk+1, k = 1, 2, 3, ... (1)

Theorem 2.45. ex:n| =
∑n−1

k=1 k · k|qx + n · npx =
∑n

k=1 kpx.

Theorem 2.46. ex = ex:n| + npxex+n.

Theorem 2.47. If px+k = p, for each integer k ≥ 0. Then, ex:n| =
p−pn+1

1−p .

Theorem 2.48. ex:n| = px

(
1 + ex+1:n−1|

)
.
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Quiz formulae in this week: 447: 6-42 and 44. 450: 1-9.
Exam next Tuesday (7:45am-9:30am) covers upto Section 2.5 (the current section).

Theorems 2.44-2.49 are summarized as formulas as follows.
[9] ex = E[K(x)] = px(1 + ex+1) = ex:n| + npxex+n =

∑∞
k=1 kpx. K(x) = ⌈T (x)⌉ − 1.

ex:n| = E(K(x) ∧ n) =
∑n

k=1 kpx.

[16] an|
def
=
∑n

k=1 v
k = v 1−vn

1−v ,
∑n

k=0 v
k = 1−vn+1

1−v . [16] yields Th.2.44 and 2 middle
school formulae: (1− p)(1 + p) = 1− p2, (1− p)(1 + p+ · · ·+ pk) = 1− pk+1, k = 1, 2, 3, ...

Example 2.52. Suppose that ex = 30, px = 0.97 and px+1 = 0.95. ex+2 =?
Solution: [9] ex = E[K(x)] = px(1 + ex+1) = ex:n| + npxex+n =

∑∞
k=1 kpx. Which one

to choose ?

Method 1.
=?︷︸︸︷
ex =

=?︷︸︸︷
px (1 + ex+1) => ex+1 =

ex
px
− 1 and ex+2 =

ex+1

px+1
− 1. Then

ex+1 =
30
0.97 − 1 ≈ 29.9 < 30 = ex and

ex+2 =
ex+1

px+1
− 1 = 29.9

0.95 − 1 ≈ 30.5 > 29.9 = ex+1.

Question: Should ex+1

{
> ex?

< ex?

> (x=30/0.97-1) [1] 29.92784
> x/0.95-1
> x/0.99-1 [1] 29.23014 # if most people survival after 1 year, 29.2 < 29.9.
> x/0.40-1 [1] 73.81959 # if most people died before 1 year, 73.8 > 29.9.
In the other cases, it fluctuates around 29.9.
Method 2. ex = ex:2| + 2pxex+2 =>

ex−ex:2|
2px

= ex+2.
by [9] ex:2| =

∑2
k=1 kpx,

by [4], 2px = px · px+1,

ex:2| = px + 2px = 0.97 + (0.97)(0.95) = 1.8915.

ex+2 =
ex − ex:2|

2px
=

30− 1.8915

(0.97)(0.95)
= 30.50298426.

Example 2.53. Suppose that x 90 91 92 93 94
px 0.2 0.1 0.05 0.01 0 . e90:2| =? E(K(x)∧

2)

Solution: By [9] or Th2.46, ex:n| =
∑n

k=1 kpx. n= ? 1px = ?
By [4] 2px = 1px · 1px+1, e90:2| = p90 + p90p91 = (0.2) + (0.2)(0.1) = 0.22.

Definition 2.33. Let Sx = T (x) −K(x), the period of time lived through the death
interval of an entity aged x.

Sx is a r.v. taking values in the interval (0, 1]. Notice that E[Sx] =
◦
ex− ex. E(SX) =?
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Skip the §2.7.2.

2.6 Selected survival models.
A select table is a mortality table for a group of people subject to a special circum-

stance (disability, retirement, etc). The variable in common of this group of people is
called the concomitant variable. The probability of surviving from time x, to time
x + t for an entity selected at time x is tp[x]. Here, the age at selection is denoted by
[x]. The select survival function is denoted by S(x; t) = tp[x]. The force of mortality is
µ[x]+t = − d

dt lnS(x; t). The expected future life is ◦
e[x] =

∫∞
0

S(x; t) dt. Here,
[x], S(x; t), tp[x], µ[x]+t are all special notations.

Definition 2.34.

Definition 2.35.

Definition 2.36.

Example 2.54.

2.7 Common analytical survival models
2.7.1 De Moivre model. Ignore this section.

Definition 2.37. The age–at–death X follows De Moivre mortality law with
terminal age ω, if the distribution of X ∼ U(0, ω).

Definition 2.38.

Definition 2.39.

Example 2.55.

Example 2.56.

Example 2.57.

Example 2.58.

Example 2.59.

Example 2.60.

Example 2.61.

Example 2.62.
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Theorem 2.49.

Theorem 2.50.

Theorem 2.51.

Theorem 2.52.

Theorem 2.53.

Theorem 2.54.

Theorem 2.55.

Theorem 2.56.

Theorem 2.57.

Theorem 2.58.



46 CHAPTER 2. SURVIVAL MODELS

2.7.2 Generalized De Moivre model.

Definition 2.40. The age–at–death X follows a generalized De Moivre mortal-
ity if s(x) =

(
1− x

ω

)α, for 0 ≤ x ≤ ω, where α > 0. If α = 1, it is U(0, ω), called De
Moivre law.

Example 2.63. The future lifetime of a new born has survival function s(x) =(
1− x

ω

)α, for 0 ≤ x ≤ ω, where α, ω > 0. Suppose that ◦
e40 = 8 and ◦

e60 = 4. Calculate α
and ω.

Solution: Given ◦
ex =

∫
tfT (x)(t)dt =

∫∞
0 tpx dt =

{
8 x = 40

4 x = 60
,

tpx =
s(x+ t)

s(x)
=

(ω − x− t)α

(ω − x)α
, 0 ≤ t ≤ ? s(x) =

(
1− x

ω

)α
, for 0 ≤ x ≤ ω

◦
ex =

∫ ∞

0
tpx dt =

∫ ω−x

0

(

=u︷ ︸︸ ︷
ω − x− t)α

(ω − x)α
dt =

−(ω − x− t)α+1

(α + 1)(ω − x)α

∣∣∣∣ω−x

0

=
ω − x

α + 1
=

{
8 x = 40

4 x = 60{
8 =

◦
e40 =

ω−40
α+1

4 =
◦
e60 =

ω−60
α+1

=> 2 =
ω − 40

ω − 60
=> (2)(ω − 60) = ω − 40 => ω = 80.

Hence, 8 = 80−40
α+1 => α = 80−40

8 − 1 = 4.

2.7.3 Exponential model.

Theorem 2.59. An exponential r.v. X with E(X) = θ > 0 (letting µ = 1/θ) satisfies,
for x ≥ 0, f(x) = 1

θe
−x/θ = µe−µx, s(x) = e−x/θ = e−µx, h(x) = µ, E[X] = θ and Var(X) =

θ2.

Write X ∼ Exp(1/µ) or Exp(θ). X has constant force of mortality h(x) = µ. The
model is also called the constant force model. [447] Exp(α) = Γ(1, α). α = E(X) ?

Theorem 2.60.

Theorem 2.61. (Memoryless property of the exponential distribution). Let
X have an exponential distribution. Then, for each s, t > 0,

P{T (s) > t} = P{X > s+ t | X > s} = P{X > t}. E(T (x)) = E(X|X > x) = E(X)−?

Definition 2.41. A r.v. X has a geometric distribution with parameter p, if
P{X = k} = (1− p)kp, k = 0, 1, 2 . . . where 0 < p ≤ 1
(X=# of failures until the 1st success).

Remark. The geometric distribution in Math 447 Y ∼ G(p) ([10]) is
Y = X + 1 (=# of trials until the 1st success).



SECTION 2.7. COMMON ANALYTICAL SURVIVAL MODELS 47

Theorem 2.62. (Memoryless property of the geometric distribution) Let
X be a r.v. with a geometric distribution (X ∼ G(p)). Then, for each integers k, n ≥ 1,

P{T (k) ≥ n} = P{X ≥ k + n | X ≥ k} = P{X ≥ n}.

Proof. ⊢: P{X ≥ n} = (1− p)n = P{X ≥ k + n | X ≥ k}, k = 0, 1, 2 . . .

P{X ≥ n}
=
∑∞

j=n P{X = j} =
∑∞

j=n(1− p)jp (
∑n

j=0 x
j = 1−xn+1

1−x ) (see formula[17]).

= (1− p)np
∑∞

k=0(1− p)k (k = j?)

= (1− p)np
1−(1−p)∞

1−(1−p)
= (1− p)n.

P{X ≥ k + n | X ≥ k} P (A|B) = P (AB)/P (B) = P (A)/P (B) ??
=

P{X≥k+n}
P{X≥k} =

(1−p)k+n

(1−p)k
= (1− p)n.

Theorem 2.63. Let X ∼ G(p). Then, E[X] = q
p and Var(X) = q

p2 .

Proof. (Math 447) [10]: E(Y ) = 1/p and V (Y ) = q/p2, where Y = X + 1.
Y = # of trials to have a success.
X = # of trials before a success.

E(X) = E(Y − 1) = (1/p)− 1 = (1− p)/p = q/p. V (X) = V (Y − 1) = V (Y ) = q/p2.

Example 2.64.

Example 2.65.

Theorem 2.64. Suppose that for each k = 1, 2, . . . , px+k = px. Then, the curtate
lifetime K(x) follows a geometric distribution with parameter p = 1− px.

Proof: ⊢: P{K(x) = k} = pkx(1− px).

P{K(x) ≥ k} = kpx = pxpx+1 · · · px+k−1 = pkx (by 450 [4]) and

P{K(x) = k} = P{K(x) ≥ k} − P{K(x) ≥ k + 1} = pkx − pk+1
x = pkx(1− px).

Example 2.66. (is Example 2.67 in the textbook). Suppose that:
(a) the force of mortality is constant.
(b) the probability that a 30–year–old will survive to age 40 is 0.95.

(i) the expected future lifetime of a 40–year–old=? ◦
e40 = E(T (40))= ?

(ii) the curtate life expectation of a 40–year–old=? ex=E(K(x))= ?
Q: X ∼ Exp(θ) with E(X) = θ, µ = θ or 1

θ ?
S(x) = e−xµ; f(x) = e−xµ, h(x) = f(x)

S(x−)
= µ, E(X) = 1

µ .

Solution: (i) ◦
e40 = E(T (40)) = E(X) = ?

Condition (a) => T (x) ∼ Exp(1/µ). =>
◦
e40 = E(T (40)) = 1/µ = E(X), µ

unkonwn.
Condition (b) => 10p30 = e−10µ = 0.95 => µ =

ln(0.95)
−10 , thus ◦

e40 =
1
µ = −10

ln(0.95)
≈ 195.
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(ii) ex =
∑∞

k=1 kpx, formula [9]
kpx = e−µk,∑n

k=1 x
k = x1−xn

1−x (see formula [16]).

ex =
∑∞

k=1(e
−µ)k =

∑∞
k=1 x

k

∣∣∣∣
x=?

= e−µ 1−e−µ∞

1−e−µ ≈ 194.5.

Theorem 2.65. Suppose that for each k = 1, 2, . . . , px+k = px. Then, ex:n| = px(1−pnx)
qx

.

Proof. [9]: ex:n| =
∑n

k=1 kpx =
∑n

k=1 px · · · px︸ ︷︷ ︸
k terms by [4]

=
∑n

k=1 p
k
x =

px(1−pnx)
1−px

by # [16]:

∑n
k=1 p

k = p1−pn

1−p .

2.7.4 Gompertz model. (1825). µ(x) = Bcx, where B > 0 and c > 1. Hence,
SX(x) = exp(−

∫ x

o
Bctdt) = e−m(cx−1) for x ≥ 0, where m = B

lnc .

2.7.5 Makeham model. Makehan (1860) introduced the model µ(x) = A+Bcx, where
A ≥ −B, B > 0 and c > 1. What model is it if A = 0 ?

2.7.6 Weibull model. (1939). µ(x) = kxn, for x ≥ 0, where k > 0 and n > −1. Then,
SX(x) = e−

kxn+1

n+1 , x ≥ 0. What distribution is it if n = 0 ?

2.7.7 Pareto model with parameters α (> 0) and θ (> 0). SX(x) =
(

θ
x+θ

)α
, x > 0.

Theorem 2.66.

Example 2.67.

2.8 Mixture distributions
Math 447: fX|Y (x|y) = fX,Y (x, y)/fY (y) and fX,Y (x, y) = fX|Y (x|y)fY (y).

fX(x) =

{∫
fX,Y (x, y)dy if Y is cts.∑
y fX,Y (x, y) if Y is dis =

{∫
fX|Y (x|y)fY (y)dy if Y is cts.∑
y fX|Y (x|y)fY (y) if Y is dis

The distribution of X is called the marginal one of X in 447, and is called the mixture
distribution here.

Theorem 2.67. ( Double expectation theorem for expectations) E[E[X|Y ]] = E[X].

Theorem 2.68. ( Double expectation theorem for variances) σ2X = σ2E(X|Y )+E(σ2X|Y ).
Var(X) = Var(E[X|Y ]) + E[Var(X|Y )].

Example 2.68. You are given that:
(a) Men follow a de Moivre model with terminal age 100.
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(b) Women follow a de Moivre model with terminal age 110.
(c) 55% of births are male.

(i) Calculate the expectated life of a randomly chosen life.
(ii) Calculate the probability that a newborn survives 80 years.
(iii) Calculate the density of the future lifetime T of a randomly chosen life.
Solution: Let X be the lifetime of a newborn and Y = I(a birth is a male).

(a) => X|Y = 1 follows U(0, 100), So, E[X|Y = 1] =?
(b) => X|Y = 0 follows a U(0, 110). So, E[X|Y = 0] =?
(c) P (Y = 1) =?

(i) E[X] =E[E[X|Y ]] = E(

=?︷︸︸︷
g(Y )) =

∫
g(y)fY (y)dy? or

∑
i

E(X|Y = i)fY (i)?

=E[X|Y = 1]P{Y = 1}+ E[X|Y = 0]P{Y = 0}
=(50)(0.55) + (55)(0.45) = 52.25.

(ii) P{X > 80} = ? = E(Z), where Z = I(X > 80) ∼ bin(n, p) ?

P{X > 80} = E(Z) = E(E(Z|Y ))

=E(Z|Y = 1)P (Y = 1) + E(Z|Y = 0)P (Y = 0)

=P{X > 80|Y = 1}P{Y = 1}+ P{X > 80|Y = 0}P{Y = 0} Z|Y ∼ bin(1, pY )

=

∫ 100

80

1

100
dtP (Y = 1) +

∫ 110

80

1

110
dtP (Y = 0)

=
100− 80

100
(0.55) +

110− 80

110
(0.45) ≈ 0.23.

(iii) fX(x) =
∑
j

fX,Y (x, j)︸ ︷︷ ︸
[29]

=
∑
j

fY (j)fX|Y (x|j)︸ ︷︷ ︸
[30]

= (0.55) fX|Y (x|1)︸ ︷︷ ︸
U(0,100)

+(0.45) fX|Y (x|0)︸ ︷︷ ︸
U(0,110)

=


0.55 1

100 + 0.45 1
110 if 0 < x < 100,

0.55 ∗ 0 + 0.45 1
110 if 100 ≤ x < 110,

0 OW.

Question. Can we write f(x|y) = f(x,y)
fY (y)

? f(x|y) = f(x,y)
f(y)

? f(2,2)
f(2)

= ?
Can we define two distributions by that

X has df f(x) = e−x, x > 0 and Y has df f(y) = 1, y ∈ (0, 1) ??
How about : X has df fX(x) = e−x, x > 0 and Y has df fY (x) = 1, x ∈ (0, 1) ?

Example 2.69. The future lifetime T (x) of (x) has constant force of mortality µ.
µ ∼ U(0.01, 0.05). (i) Calculate ◦

ex. (ii) Calculate Var(T (x)).

Solution: (i) ◦
ex = E(T (x))=?

Given conditions: T (x)|µ ∼ Exp(β), β = 1/µ, and µ ∼ U(0.01, 0.05).
[36] E[E[X|Y ]] = E[X]. Var(X) = Var(E[X|Y ]) + E[Var(X|Y )].
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E[E[T (x)|µ]] = E[T (x)]. Var(T (x)) = Var(E[T (x)|µ]) + E[Var(T (x)|µ)].

Formula 447 [23] or [12]: X ∼ G(α, β), f(x) = xα−1e−x/β

Γ(α)βα , x > 0,

E(X) = αβ, σ2 = αβ2, Exp(β) = G(1, β).
Thus fT (x)|µ(t) =

1
β exp(−t/β) = µe−µt and ST (x)|µ(t) = exp(−t/β) = e−µt, t > 0.

E[T (x)|µ] = αβ = 1
µ and Var(T (x)|µ) = αβ2 = β2 = 1

µ2 . So,

(i) E[T (x)] =E[E[T (x)|µ]] = E

[
1

µ

]
=

∫
1

x
fµ(x)dx =

∫ 0.05

0.01

1

µ

1

0.05− 0.01
dµ ??

=
ln(µ)

0.05− 0.01

∣∣∣∣0.05
0.01

=
ln(0.05)− ln(0.01)

0.05− 0.01
≈ 40.2.

(ii) Var(T (x)) =Var(E[T (x)|µ]) + E[Var(T (x)|µ)] = Var

(
1

µ

)
+ E

[
1

µ2

]
=E

[
1

µ2

]
−
(
E

[
1

µ

])2

+ E

[
1

µ2

]
=2E

[
1

µ2

]
−
(
E

[
1

µ

])2

= 2E

[
1

µ2

]
− (40.2)2 =??

E

[
1

µ2

]
=

∫ 0.05

0.01

µ−2 1

0.05− 0.01
dµ

=
1

0.05− 0.01

µ−2+1

−2 + 1

∣∣∣∣0.05
0.01

=
1

0.05− 0.01

(
1

0.01
− 1

0.05

)
= 2000.

=> Var(T (x)) =2 ∗ 2000− (40.2)2 ≈ 2381.1.

Theorem 2.69.

Theorem 2.70.

Announcement.
Exam next Tuesday (7:45am-9:30am) covers upto Section 2.5. Formulae 447: all but

[43]; 450 [1]-[9].
The blank quiz pages for 447 and 450 can be found from the first 10 pages of 450

lecture notes 2.

2.9 Estimation of the survival function
Given a distribution of a r.v. X, we may either know the parametric form of the

distribution, say X ∼ U(a, b), or Exp(θ), or G(α, β) etc., or do not know the form of the
distribution. In the last case, we say SX is a non-parametric form, and the first case
SX is of a parametric form with parameter, say θ (= (a, b), or θ, or (α, β)). To compute
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P (X > 2) or E(X), we need to know the value of SX . e.g.,
Q: What is the life expectancy of American ? Ans: E(X) or 79, which makes sense ?

79 is called an estimate. E(X) = 79 ? E(X) ≈ 79 ?
There are two typical types of estimators of the distribution or survival functions:
(1) Parametric estimators such as

the maximum likelihood estimator (MLE),
the method of moment estimator (MME), etc..

(2) Non-parametric estimators such as
the non-parametric maximum likelihood estimator (NPMLE) and
the Nelson-Aalen estimator etc.
Given a parametric distribution form, say SX(x; θ), such as U(a, b), or Exp(θ), or

G(α, β) etc., where θ = ?? is the parameter, the MLE of θ maximizes
L(θ) =

∏n
i=1 fX(Xi; θ) over θ ∈ Θ, the parameter space.

Let θ̂ be the MLE, then the MLE of SX is SX(x; θ̂).
An MME θ̃ satifies gi(θ̃) = X i, where gi(θ) = E(X i) for i ∈ {1, ..., p}, and θ ∈ Rp.

The MME of SX is SX(x; θ̃).
Example 1. If X1, ...., Xn are i.i.d. from Exp(θ) find the MLE and MME of θ and
SX .
Sol. f(x; θ) = θe−xθ, x, θ > 0. E(X) = ?

The MLE of Exp(θ): L(θ) =
∏n

i=1 θe
−θXi = θn exp(−θ

∑n
i=1Xi) = θn exp(−nθX).

lnL(θ) = nlnθ − nθX.
(lnL(θ))′θ = n/θ − nX = 0 => θ = 1/X.
(lnL(θ))′′θ = −n/θ2 < 0 => θ = 1/X maximizes L(θ).

The MLE of θ is 1/X; the MLE of SX(t) is ŜX(t) = exp(−tI(t > 0)/X),
or ŜX(t) = e−t/X , t > 0, as SX(t) = e−tθ, t > 0 Which of ŜX is better ?
MME of θ: E(X) = 1/θ = X => θ̃ = 1/X. So MME S̃ = Ŝ.
Example 2. If X1, ...., Xn are i.i.d. from U(0, θ), the MLE and MME of SX(t) ?
Sol. MLE: L(θ) =

∏n
i=1

I(Xi∈[0,θ])
θ ? or =

∏n
i=1

1
θ ?? =

I(0≤X(n)≤θ)
θn ???

dlnL(θ)
dθ = −n/θ = 0 ? Solution ? What to do next ?

L(θ) =
I(0 ≤ X(n) ≤ θ)

θn
↓↓ in θ ∈ [X(n),∞).

=> θ̂ = X(n) maximizes L(θ).
Since SX(t) = I(t < 0) + θ−t

θ I(t ∈ [0, θ)), the MLE of SX is
ŜX(t) = I(t < 0) +

X(n)−t
X(n)

I(t ∈ [0, X(n))). Or just write ŜX(t) =
X(n)−t
X(n)

, t ∈ [0, X(n)].
MME: Since E(X) = θ/2, letting θ/2 = X yields θ̃ = 2X. Thus the MME of SX(t) is

S̃X(t) = I(t < 0) +
2X − t

2X
I(t ∈ [0, 2X)).
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If we know nothing about F (t), we make use of the NPMLE of F (t):

F̂ (t) =
1

n

n∑
i=1

I(Xi ≤ t) =

m∑
j=1

nj
n
I(tj ≤ t), (1)

where t1 < t2 < · · · < tm are all the distinct points of Xi’s and ni =
∑n

j=1 I(Xj = ti),
F̂ is also called the empirical distribution function (EDF), and the estimator of SX is

Ŝ(t) = 1− F̂ (t) = 1
n

∑n
i=1 I(Xi > t) ? ? or 1

n

∑n
i=1 I(Xi ≥ t) ??

Notice that the EDF is a discrete cdf with the d.f.

f̂(t) =
1

n

n∑
i=1

I(Xi = t) =

m∑
j=1

nj
n
I(t = tj). (see Eq. (1))

Remark. It is interesting to notice the following facts:∑
x xf̂(x) = X, X = E(X)︸ ︷︷ ︸

=
∑

x xfX(x)

? X is an estimator of E(X).

σ̂2 =
∑

x(x−X)2f̂(x) = X2 − (X)2 = 1
n

∑n
i=1(Xi −X)2, σ̂2 is an estimator of V (X).

σ̂2 =
∑
x

(x− E(X))2fX(x)︸ ︷︷ ︸
V (X)

?

S2 = 1
n−1

∑n
i=1(Xi −X)2. another estimator of V (X).

A modification of F̂ is to smooth it.
then F̌ (t) is a continuous piecewise linear function:

F̌ (t) =


0 if t < 0 = t0,
F̂ (ti) t ∈ {t0, ..., tm},
sF̂ (ti) + (1− s)F̂ (ti+1) if t = sti + (1− s)ti+1, s ∈ (0, 1), i ∈ {0, ...,m− 1},
1 if t > tm.

with d.f. f̌(t) = ni+1

n(ti+1−ti)
if t ∈ (ti, ti+1), i ∈ {0, ...,m − 1} (ni+1 =

∑
j 1(Xj ∈ [ti, ti+1)))

and the survival function Š(t) = 1− F̌ (t).
Example 2.68 Derive the MLE and MME of F and S(2.5) under Exp(θ) and U(0, θ),
and F̂ and F̌ , with Xi’s: 1, 1, 2, 2, 3, 4, 4, 5, 5, 8, 8, 8, 8, 11, 11, 12, 12, 15, 17, 22, 23
(n=21).
Sol. Under Exp(θ) the MLE and MME of θ is θ̂ = 1/X ≈ 1/8.7, or use the R codes as
follows:

x=c(1, 1, 2, 2, 3, 4, 4, 5, 5, 8, 8, 8, 8, 11, 11, 12, 12, 15, 17, 22, 23)
mean(x) 8.7
The MLE of FX(t) under Exp(θ) is F̃ (t) = 1−e−(t/8.7)I(t>0). S̃(2.5) = e−2.5/8.7 ≈ 0.7502.

Under U(0, θ) the MLE of θ is θ̌ = X(n) = 23.
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The MLE of FX(t) under U(0, θ) is U(0, 23), F̌ (t) =

{
t/23 t ∈ (0, 23)

1 t ≥ 23,
Š(2.5) ≈ 0.891.

The MME of F (t) under U(0, θ) is F̃ (t) =

{
I(t∈(0,2X])

2X
t ∈ (0, 2X)

1 t ≥ 2X
. S̃(2.5) ≈ 0.86.

Use the EDF F̂ (t) = 1
n

∑n
i=1 I(Xi ≤ t) Ŝ(2.5) ≈ 0.81.

t: 1, 2, 3, 4, 5, 8, 11, 12, 15, 17, 22, 23∑
i I(Xi ≤ t): 2, 4, 5, 7, 9, 13, 15, 17, 18, 19, 20, 21

F̂ (t) =



0 if t < 1
2
21 if t ∈ [1, 2)
4
21 if t ∈ [2, 3)
5
21 if t ∈ [3, 4)
7
21 if t ∈ [4, 5)
9
21 if t ∈ [5, 8)
13
21 if t ∈ [8, 11)
15
21 if t ∈ [11, 12)
17
21 if t ∈ [12, 15)
18
21 if t ∈ [15, 17)
19
21 if t ∈ [17, 22)
20
21 if t ∈ [22, 23)

1 if t ≥ 23

F̌ (t) =



0 if t < 0

(1− s)2/21 if t = 1− s and s ∈ [0, 1)

s 2
21 + (1− s) 4

21 if t = s+ 2(1− s) and s ∈ [0, 1)

s 4
21 + (1− s) 5

21 if t = 2s+ 3(1− s) and s ∈ [0, 1)

s 5
21 + (1− s) 7

21 if t = 3s+ 4(1− s) and s ∈ [0, 1)

s 7
21 + (1− s) 9

21 if t = 4s+ 5(1− s) and s ∈ [0, 1)

s 9
21 + (1− s)1321 if t = 5s+ 8(1− s) and s ∈ [0, 1)

s1321 + (1− s)1521 if t = 8s+ 11(1− s) and s ∈ [0, 1)

s1521 + (1− s)1721 if t = 11s+ 12(1− s) and s ∈ [0, 1)

s1721 + (1− s)1821 if t = 12s+ 15(1− s) and s ∈ [0, 1)

s1821 + (1− s)1921 if t = 15s+ 17(1− s) and s ∈ [0, 1)

s1921 + (1− s)2021 if t = 17s+ 22(1− s) and s ∈ [0, 1)

s2021 + (1− s)2121 if t = 22s+ 23(1− s) and s ∈ [0, 1)

1 if t ≥ 23

The curve of F̂ (t) is a step function with jumps at {1, 2, 3, 4, 5, 8, 11, 12, 15, 17, 22, 23}.

The curve of F̌ (t) is a piecewise linear curve of F̂ .
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X = c(0, 1, 2, 3, 4, 5, 8, 11, 12, 15, 17, 22, 23, 24)

y = c(0, 2, 4, 5, 7, 9, 13, 15, 17, 18, 19, 20, 21, 21)/21

plot(X, y, type = ”s”, lty = 3, xlab = ”y”, ylab = ”F (y)”)

lines(X, y, type = ”l”, lty = 1)

S̃(2.5) ≈ 0.8, S̈(2.5) ≈ 0.78, Ŝ(2.5) ≈ 0.75, Š(2.5) ≈ 0.89.
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Announcement:
2. If you did not get 30 in formula, you need to mark each of your answers whether
they are correct or not. If wrong, correct them with red color in your original exam.
3. Correct the exam problem you did not get full credit in a different paper and give a
complete solution to that whole problem.
4. Submit both old exam and correction on Tuesday.
Hints on corrections:

3. If X has mixed distribution
{
f(t) = 1/4 t ∈ (0, 3)

p(t) = 1
4 t ∈ D = {6},

find FX , tpx and ◦
ex for x = 1.

Formulas: [3] tqx = 1− tpx, tpx =
s(t+x)
s(x)

,
F (t) = 0.5I(t ∈ (0, 1]) + 0.6I(t = 3) + I(t ≥ 5) anything wrong with this F (t) ?

top of 450 formula: s(x) = SX(x) = P (X > x) =
∫∞
x

f(t)dt+
∑

t>x,t∈D f(t) = 1− FX(x).
[18] in 447: FX(x) =

∫ x

0
f(t)dt+

∑
t≤x,t∈D f(t).

[6] in 450: ◦
ex = E(T (x)) =

∫∞
0 tpxdt.

2. An actuary models the future lifetime of (30) as follows. T (30) has force of mortality
µ, where µ has pdf fµ(u) = 500u2e−10u, u ≥ 0. Calculate tp30.

Hint: I. Homework # 2.89. An actuary models the future lifetime of (30) as fol-
lows. T (30) has force of mortality µ, where µ has pdf fµ(t) = 400te−20t, t ≥ 0. Calculate:
(i) tp30, ...

II.
∫∞
0

x3e−10xdx = ? =? G(?, ?) (447 [12], [13])

1. Suppose that x 90 91 92 93 94
px 0.2 0.1 0.05 0.01 0 . Find e90:2|, E(K(90)∧ 2) and E(K90 ∧

2).
Solution: Hint: K(x) = Kx − 1 but K(x) ∧ 2 ̸= (Kx ∧ 2)− 1 !

By [2], E(X ∧ a) =
∑a

k=1 P (X ≥ k), if P (X ∈ {0, 1, 2, ...} = 1 (with X = K(90) or K90).
By [9], E(K(90) ∧ n) =

∑n
k=1 kpx =

∑n
k=1 P (Tx > k) why different ?? Reason:

[8] Kx = ⌈T (x)⌉. kpx is for T (x), T (x) is cts, but X = Kx or K(x) is dicrete here.
Questions:

P (K(x) ≥ k) = P (K(x) > k) ??
P (T (x) ≥ k) = P (T (x) > k) ??
P (K(x) ≥ k) = P (T (x) > k) ?? Kx = ⌈T (x)⌉

Which is the proper one to use here ?
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Announcement: Quiz this week: 450 [1]-[10].
Right censored data.
If one observed X1, ..., Xn, which are i.i.d. from FX , it is called a complete data set.
Sometimes, one cannot observed each Xi, e.g., in life expectancy survey for E(T (0)).

Recall T (x). T (0) = ?
Ideally, collect T1(0), ...., Tn(0), then E(T (0)) can be estimated by T (0) (its meaning ?)
In a survey, we try to record T1(0), ...., Tn(0), but end up with e.g., 2+, 10+, 70+, 89,
95, 70. What do they mean ?

Sometimes, one cannot observed each Xi. Instead, one observed data as above, or
(Z1, δ1), ..., (Zn, δn), where Zi = min{Xi, Ci}, (X1, C1), ..., (Xn, Cn) are i.i.d. from FX,C

(= FXFC), and δi = I(Xi ≤ Ci),
they form a right censored (RC) data set.

The RC data are often recorded as Zi (if exact) or Zi+ (if right-censored).
What are (Zi, δi)’s corresponding to 2+, 10+, 70+, 89, 95, 70 ?
For complete data, the common non-parametric estimator of S is the NPMLE, i.e.,

Ŝ = 1
n

∑n
i=1 I(Xi > t), as S(t) = P (X > t). Ê(X) = X =

∑
t tf̂(t), where f̂(t) = I(X = t).

For RC data, can we use Ŝ and E(T (0)) ≈ T (0) ? e.g., can we say

E(T (0)) ≈ 2 + 10 + 70 + 89 + 95 + 70

6
= 56 for 2+, 10+, 70+, 89, 95, 70? Y,N,DNK.

Thus we need a new estimator of S as well. There are two common non-parametric
estimators of a survival function with RC data, say (Zi, δi)’s. One is the NPMLE for
RC data, which is also called the Kaplan-Meier estimator (KME) or the product-
limit-estimator (PLE):

Ŝpl(t) =
∏
tk≤t

(1− dk
rk

) and f̂pl(t) = Ŝpl(t−)− Ŝpl(t),

where t1 < · · · < tm are distinct values of Zi’s with δi = 1,
dk is the number of person died (or event happened) at time tk, and
rk is the number of person at risk at time tk (=

∑n
i=1 I(Zi ≥ tk)).

How about given 2+, 10+, 70+, 89, 95, 70 ?

k : 1 2 3 = m
tk : 70 89 95
dk 1 1 1
rk 4 2 1

Ŝ(tk) 1− 1
4 (1− 1

4)(1−
1
2) ? CE

f̂(tk) :
1
4 ? 3

4
1
2

ˆE(T (0)) = 70/4 + (89)3/8 + 95 ∗ 3/8 = 86.5 v.s. 56 treating T (0)+ as (T (0), 1).
An estimator of σ2 ˆSpl(t)

is

σ̂2
Ŝpl(t)

=
1

n
(Ŝpl(t))

2
∑

k: tk≤t

f̂pl(tk)

ŜZ(tk−)Ŝpl(tk)
, where ŜZ(t) =

1

n

n∑
i=1

I(Zi > t).

A 95% confidence interval (CI) of SX(t) is Ŝpl(t)± 1.96σ̂Ŝpl(t)
. What does CI mean ?

P (SX(t) ∈ [Ŝpl(t)− 1.96σ̂Spl(t), Ŝpl(t) + 1.96σ̂Spl(t)]) ≈ 0.95.
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Another estimator is the Nelson-Aalen estimator:

S̃NA(t) = e
−
∑

tk≤t

dk
rk

Its variance can be estimated by σ̂2S̃NA(t)
= (S̃NA(t))

2 ˆσ2
H(t)

, where
ˆσ2
H(t)

=
∑

tj≤t
(rj−dj)dj
(rj−1)r2j

.
A 95% CI of SX(t) is S̃NA(t)± 1.96σ̂S̃NA(t)

.
Questions: Ŝpl(0) = ? why ? S̃NA(0) = ? why ?

The PLE can be derived by the Redistribution to the right method (in 3 steps):
(1) Order the observations Z(1) ≤ · · · ≤ Z(n).
(2) Initially, each observation has equal weight;
(3) Iteratively from Z(1) to Z(n−1),

each RC observation assigns its up-dated weight equally to the Zi’s to its right.

Example 2.70. PLE of S(t) based on data: 60+, 70+, 70, 32, 62, 95.
Ordered : 32 60+ 62 70 70+ 95

f̂pl(t) :
1
6 0 5

6
1
4 = 5

24
5
6
1
4 = 5

24 0 5
6
2
4 = 5

12

Ŝpl(t) =
∑

x>t f̂pl(x)
5
6 ? 5

24 +
5
12 = 15

24 ? 5
12 0

Ŝpl(t) formula 1− 1
6 ? 5

6(1−
1
4) =

15
24

15
24(1−

1
4) ? ?

ˆE(X) = ?

Class exercise. Find the PLE of f and S based on 2+, 10+, 70+, 89+, 95+, 70 ?

Example 2.71. A follow-up study on a five-year insurance policies is summarized
in the the next table:

i xi ui i xi ui
1 − 0.1 16 4.8 −
2 − 0.5 17 − 4.8
3 − 0.8 18 − 4.8
4 0.8 − 19− 30 − 5
5 − 1.8 31 − 5
6 − 1.8 32 − 5
7 − 2.1 33 4.1 −
8 − 2.5 34 3.1 −
9 − 2.8 35 − 3.9
10 2.9 − 36 − 5
11 2.9 − 37 − 4.8
12 − 3.9 38 4.0 −
13 4.0 − 39 − 5
14 − 4.0 40 − 5
15 − 4.1

, where

(1) i is the policy number, 1-40;
(2) xi is the duration at which the insured was observed to die.

Those who didn’t die has “-” in that column;
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(3) ui is the last duration at which those who did not die were observed.
Compute the KME and the Nelson-Aalen estimator of the survival function, as well as
the estimators of their variances.

Solution. First try to understand the data, in terms of (Zi, δi).

i 1 2 3 4 5 6 ...
Zi 0.1 0.5 0.8 0.8 1.8 1.8 ...

In terms of (Zi, δi): δi 0 0 0 1 0 0 ...
In terms of Zi or Zi+: Zi 0.1+ 0.5? 0.8+ 0.8? 1.8? 1.8? ...

Then rearrange the data according to time Zi’s (xi or ui):

old table

i xi ui i xi ui
1 − 0.1 16 4.8 −
2 − 0.5 17 − 4.8
3 − 0.8 18 − 4.8
4 0.8 − 19− 30 − 5
5 − 1.8 31 − 5
6 − 1.8 32 − 5
7 − 2.1 33 4.1 −
8 − 2.5 34 3.1 −
9 − 2.8 35 − 3.9
10 2.9 − 36 − 5
11 2.9 − 37 − 4.8
12 − 3.9 38 4.0 −
13 4.0 − 39 − 5
14 − 4.0 40 − 5
15 − 4.1

is ordered as

i xi ui i xi ui
1 − 0.1 37 − 4.8
2 − 0.5 17 − 4.8
4? 0.8 − 18 − 4.8
3? − 0.8 19− 30 − 5
5 − 1.8 31 − 5
6 − 1.8 32 − 5
7 − 2.1
8 − 2.5
9 − 2.8
10 2.9 − 36 − 5
11 2.9 −
34 3.1 −
12 − 3.9
35 − 3.9
38 4.0 −
13 4.0 − 39 − 5
14 − 4.0 40 − 5
33 4.1 −
15 − 4.1
16 4.8 −

The two estimators of S(t) are Ŝpl(t) =
∏
tk≤t

(1− dk
rk

) and S̃NA(t) = exp(−
∑
tk≤t

dk
rk

),

where t1 < · · · < tm are distinct values of Zi’s with δi = 1,
dk is the number of person died at time tk, and
rk is the number of person at risk at time tk (=

∑n
i=1 I(Zi ≥ tk)).

To find ti, di and ri, two steps:

1.
time 0.1 0.5 0.8 1.8 2.1 2.5 2.8 2.9 3.1 3.9 4.0 4.1 4.8 5.0

# of events 1 1 2 2 1 1 1 2 1 2 3 2 4 17
# of deaths 0 0 1 0 0 0 0 2 1 0 2 1 1 0 di?
# in risk 40 39 38 36 34 33 32 31 → ← 26 23 21 17 ri?
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2. (ti, di, ri) are given as folllows.
i 1 2 3 4 5 6
ti 0.8 2.9 3.1 4.0 4.1 4.8
di 1 2 1 2 1 1
ri 38 31 29 26 23 21

The following table calculates the KME. Ŝpl(t) =
∏

tk≤t(1−
dk
rk
)

Table 1. Calculation of PLE or KME
Survival (1− dk

rk
) Ŝpl(t) =

∏
tk≤t(1−

dk
rk
)

Time
0.8 37/38 37/38≈ 0.97
2.9 29/31 (37/38)(29/31)≈ 0.91
3.1 28/29 (37/38)(29/31)(28/29)
4 24/26 (37/38)(29/31)(28/29)(24/26)

4.1 22/23 (37/38)(29/31)(28/29)(24/26)(22/23)
4.8 20/21 (37/38)(29/31)(28/29)(24/26)(22/23)(20/21)

Ŝpl(t) =
∏

tk≤t(1−
dk
rk
) ≈



1 if t < 0.8,
0.97 if t = 0.8,
0.91 if t = 2.9,
0.88 if t = 3.1,
... ...

... if t ≥ 4.8.

?? or ≈



1 if t < 0.8,
0.97 if t ∈ [0.8, 2.9),
0.91 if t ∈ [2.9, 3.1),
0.88 if t ∈ [3.1, 4),
... ...

... if t ≥ 4.8.

??

σ̂2Ŝpl(t)
=
1

n
(Ŝpl(t))

2
∑

k: tk≤t

f̂pl(tk) (see (2) below)

ŜZ(tk−)︸ ︷︷ ︸
see (3)

Ŝpl(tk)
,

=


? if t < 0.8
1
40(Ŝpl(0.8))

2 f̂pl(0.8)

ŜZ(0.8−)Ŝpl(0.8)
if t ∈ [0.8, 2.9)

1
40(Ŝpl(2.9))

2[
f̂pl(0.8)

ŜZ(0.8−)Ŝpl(0.8)
+

f̂pl(2.9)

ŜZ(2.9−)Ŝpl(2.9)
] if t ∈ [2.9, 3.1)

· · · · · ·

=?

need to derive f̂pl(t) = Ŝpl(t−)− Ŝpl(t) ≈


1− 0.97 = 0.03 if t = 0.8,
0.97− 0.91 = 0.06 if t = 2.9,
0.91− 0.88 = 0.03 if t = 3.1,
... ...

(2)

ŜZ(tk) =
1

n

n∑
i=1

I(Zi > tk) and ŜZ(tk−) =
1

n

n∑
i=1

I(Zi ≥ tk) =
rk
n
. (3)
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where (tk, rk) in (3) :
k 1 2 3 4 5 6
tk 0.8 2.9 3.1 4.0 4.1 4.8
dk 1 2 1 2 1 1
rk 38 31 29 26 23 21

σ̂2Ŝpl(t)
=


1
40(0.97)

2 0.03
38
40
×0.97

if t ∈ [0.8, 2.9)

1
40(0.91)

2[ 0.03
38
40
×0.97

+ 0.06
31
40
×0.91

] if t ∈ [2.9, 3.1)

· · · · · ·

=


0.0007657895 if t ∈ [0.8, 2.9)

0.002435273 if t ∈ [2.9, 3.1)

· · · · · ·

R codes:
> (1/40)*0.97**2*0.03*40/38/0.97

[1] 0.0007657895
> (1/40)*0.91**2*(0.03*40/38/0.97+0.06*40/31/0.91)

[1] 0.002435273
The Nelson-Aalen estimator.

S̃NA(t) =e
−
∑

tk≤t

dk
rk

=



1 if t < 0.8,
exp(−1/38) if t ∈ [0.8, 2.9),
exp(−( 1

38 +
2
31)) if t ∈ [2.9, 3.1),

exp(−( 1
38 +

2
31 +

1
29)) if t ∈ [3.1, 4),

... ...

exp(−( 1
38 + · · ·+

1
21)) if t ∈ [4.8,∞).

i 1 2 3 4 5 6
ti 0.8 2.9 3.1 4.0 4.1 4.8
di 1 2 1 2 1 1
ri 38 31 29 26 23 21

ŜNA(100) =0 ???

σ̂2S̃NA(t)
= (S̃NA(t))

2σ̂2H(t), where σ̂2H(t) =
∑

tj≤t
(rj−dj)dj
(rj−1)r2j

.

σ̂2S̃NA(t)
=



1 or 0? if t < 0.8

exp(−2/38) (38−1)·1
(38−1)382

if t ∈ [0.8, 2.9)

exp(−2( 1
38 +

2
31))[

(38−1)·1
(38−1)382

+
(31−2)2
(31−1)312

] if t ∈ [2.9, 3.1)

... ...

... if t ∈ [4.8,∞)

= · · ·
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Class exercise. (1) Find D, f , p, S(x) and h(x) if F (x) =


0 if x < 0,
x+2
8 if 0 ≤ x < 1,

3x2+4
16 if 1 ≤ x < 2,

1 if 2 ≤ x.

(2) Compute E(X) using two formulae: E(X) =
∫∞
0

S(t)dt =
∫
tf(t)dt+

∑
t∈D tp(t).

Solution: How to find D ?
F (x)− F (x−) = 0 except, perhaps at {0, 1, 2} Why ?

p(0) = F (0)− F (0−) = 2
8 − 0 = 1

4 ,

p(1) = F (1)− F (1−) = 7
16 −

3
8 = 1

16 ,

p(2) = F (2)− F (2−) = 1− 16
16 = 0.

One solution: p(x) =

{
1
4 if x = 0,
1
16 if x = 1.

D = {0, 1, 2} or {0, 1} ?

f(x) = F ′(x) =

{
1
8 if 0 < x < 1,
3x
8 if 1 < x < 2.

What happens OW ?

Why not 1 < x ≤ 2 ?
Is p a pmf ?
Is f a df ?

Can we write f(x) = F ′(x) =


1
8 if 0 < x < 1,
3x
8 if 1 < x < 2,

0 otherwise

?

How about f(x) = F ′(x) =


1
8 if 0 < x < 1,
3x
8 if 1 < x < 2,

0 if x < 0 or x > 2

?

How about f(x) =


1
8 if 0 < x < 1,
3x
8 if 1 < x < 2,

0 otherwise

???

Another solution: f(x) =


1
4 if x = 0
1
8 if 0 < x < 1
1
16 if x = 1
3x
8 if 1 < x < 2

and D = {0, 1}.

S(x) = 1− F (x) =


1 if x < 0,

1− x+2
8 = 6−x

8 if 0 ≤ x < 1,

1− 3x2+4
16 = 12−3x2

16 if 1 ≤ x < 2,

0 if 2 ≤ x.
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h(x) =
f(x)
S(x−)

=


1
4/1 if x = 0,
1
8/

6−x
8 = 1

6−x if 0 < x < 1,
1
16/

6−1
8 = 1

10 if x = 1.
3x
8 /

12−3x2

16 = 2x
12−3x2 if 1 < x < 2.

E(X) =
∫∞
0

S(t)dt =
∫
tf(t)dt+

∑
t∈D tf(t)

E(X) =
∫∞
0

S(x)dx =
∫ 1

0
6−x
8 dx+

∫ 2

1
12−3x2

16 dx =
6x−x2/2

8

∣∣1
0
+ 12x−x3

16

∣∣2
1

E(X) =
∫
xf(x)dx+

∑
x∈D xf(x) = 0 · 14 +

1
8x

2/2
∣∣1
0
+ 1

16 · 1 +
3x2

4

∣∣2
1
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Announcement:
1. If you got 29− in Exam, I suggest that you quit the course now, unless you study
harder.
2. If you did not get 30 in formula, you need to mark each of your answers whether
they are correct or not. If wrong, correct them with red color in your original exam.
3. Correct the exam problem you did not get full credit in a different paper and give a
complete solution to that whole problem.
4. Submit both old exam and correction on Thursday.
Hints on corrections:

3. If X has mixed distribution
{
f(t) = 1/4 t ∈ (0, 3)

p(t) = 1
4 t ∈ D = {6},

find FX , tpx and ◦
ex for x = 1.

Formulas: [3] tqx = 1− tpx, tpx =
s(t+x)
s(x)

,
F (t) = 0.5I(t ∈ (0, 1]) + 0.6I(t = 3) + I(t ≥ 5) anything wrong with this F (t) ?

top of 450: s(x) = SX(x) = P (X > x) =
∫∞
x

f(t)dt+
∑

t>x,t∈D f(t) = 1− FX(x).
[18] in 447: FX(x) =

∫ x

0
f(t)dt+

∑
t≤x,t∈D f(t).

[6] in 450: ◦
ex = E(T (x)) =

∫∞
0 tpxdt.

2. An actuary models the future lifetime of (30) as follows. T (30) has force of mortality
µ, where µ has pdf fµ(u) = 500u2e−10u, u ≥ 0. Calculate tp30.

Hint: I. Homework # 2.89. An actuary models the future lifetime of (30) as fol-
lows. T (30) has force of mortality µ, where µ has pdf fµ(t) = 400te−20t, t ≥ 0. Calculate:
(i) tp30, ...

II.
∫∞
0

x3e−10xdx = ? =? G(?, ?) (447 [12], [13])

1. Suppose that x 90 91 92 93 94
px 0.2 0.1 0.05 0.01 0 . Find e90:2|, E(K(90)∧ 2) and E(K90 ∧

2).
Solution: Hint: K(x) = Kx − 1 but K(x) ∧ 2 ̸= (Kx ∧ 2)− 1 !

By [2], E(X ∧ a) =
∑a

k=1 P (X ≥ k), if P (X ∈ {0, 1, 2, ...} = 1 (with X = K(90) or K90).
By [9], E(K(90) ∧ n) =

∑n
k=1 kpx =

∑n
k=1 P (Tx > k) why different ?? Reason:

[8] Kx = ⌈T (x)⌉. kpx is for T (x), T (x) is cts, but X = Kx or K(x) is dicrete here.
Questions:

P (K(x) ≥ k) = P (K(x) > k) ??
P (T (x) ≥ k) = P (T (x) > k) ??
P (K(x) ≥ k) = P (T (x) > k) ?? Kx = ⌈T (x)⌉

Which is the proper one to use here ?
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CHAPTER 3
Life Tables

3.1 Life tables
Definition 3.1.
ℓx denotes the number of individuals alive at age x, where x ≥ 0.
ℓx is also called the number living or the number of lives at age x.
ℓ0 is called the radix of a life table.
A life table (see Example 3.1) is a display of ℓk, for each k = 0, 1, 2,...
tdx denotes the number of people which died between ages in [x, x+ t). dx = 1dx.

Based on life table, one can estimate FX(t) by the EDF
F̂ (t) = 1

n

∑n
i=1 I(Xi ≤ t) = 1− ℓt

l0
at t = 0, 1, 2, ..., any problem ?

main formula: ŜX(x) =
ℓx
ℓ0
, and tpx =

ℓx+t

ℓx
, (in [11])

secondary: tqx =
ℓx − ℓx+t

ℓx
=

tdx
ℓx

, tdx = ℓx − ℓx+t,

px =
ℓx+1

ℓx
, qx =

ℓx − ℓx+1

ℓx
=

dx
ℓx

, n|mqx =
ℓx+n − ℓx+n+m

ℓx
=

mdx+n

ℓx
.

Example 3.1. Complete the entries in the table:

Age ℓx dx px qx
0 100000 . . .
1 97523 . . .
2 94123 . . .
3 91174 . . .
4 87234 . . .
5 85938 − − −

Solution:

Age x ℓx dx = ℓx − ℓx+1 px = ℓx+1/ℓx qx = 1− px = dx/ℓx
0 100000 2477 0.97523 0.02477
1 97523 3400 0.96514 0.03486
2 94123 2949 0.96867 0.03133
3 91174 3940 0.95679 0.04321
4 87234 ? ? ?
5 85938 − − −

ans to ? 1290 0.98514 0.01486

By Eq.(3.1) and Formula [1]-[9], we can compute E(Kx) (= E(⌈T (x)⌉)), ex, ex:n|, ....,
e.g. e1:2| = ? (see [9]).

e1:2| =

n∑
k=1

kpx = 1p1 + 2p1 =p1 + p1 · p2 = p1 +
ℓ2
ℓ1

ℓ3
ℓ2

= p1 +
ℓ3
ℓ1

̸= p1 +
ℓ1 − ℓ3

ℓ1

=0.96514 + 0.96514 ∗ 0.96867 = 1.900042.

65
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Example 3.2. Consider the life table x 80 81 82 83 84 85 86
ℓx 250 217 161 107 62 28 0

(i) Calculate dx for x = 80, 81, . . . , 86.
(ii) Calculate the d.f. of the curtate life K(80) and the time interval of death K80. (fKx

)
(iii) Calculate e80, Var(K(80)), and e80:3|

Solution: (i) dx = ? Try ! Class exercise.
x 80 81 82 83 84 85 86
ℓx 250 217 161 107 62 28 0

dx = ℓx − ℓx+1 33 56 54 45 34 28 0
(ii) fK(x) = ? K(x) = Kx − 1, Kx = ⌈T (x)⌉ (see [8]). =>

fK(80)(k) = P{k < T (x) ≤ k + 1} = kpx − k+1px = ℓx+k−ℓx+k+1

ℓx
= dx+k

ℓx
(see [11]).

fK(x)(k) =
dx+k

ℓx

k 0 1 2 3 4 5 6
fK(80)(k) 33/250 56/250 54/250 45/250 34/250 28/250 0

K(x) = Kx − 1 => fK(x)(k) = fKx
(k + 1). k 1 2 3 4 5 6 7

fK80
(k) ? ? ? ? ? ? ?

(iii) e80 = E[K(80)] = ? V (K(80)) = E[(K(80))2]− e280 = ?
Two ways for E(K(x)) and E((K(x))2):
(1) E(K(x)) =

∑
y yfK(x)(y) and E((K(x))2) =

∑
y y

2fK(x)(y)

(2) 450[2] E(K(x)) =
∑∞

k=1 kpx [2] and E((K(x))2) =
∑∞

k=1(2k − 1)kpx

(1) e80 =E[K(80)] =
∑
k

kfK(80)(k)

=(0)
33

250
+ (1)

56

250
+ (2)

54

250
+ (3)

45

250
+ (4)

34

250
+ (5)

28

250
= 2.3,

E[(K(80))2] =(0)2
33

250
+ (1)2

56

250
+ (2)2

54

250
+ (3)2

45

250
+ (4)2

34

250
+ (5)2

28

250
= 7.684.

(2) e80 =

∞∑
k=1

ℓ80+k

ℓ80
=

217

250
+

161

250
+

107

250
+

62

250
+

28

250
= 2.3, (kpx =

ℓx+k

ℓx
) (see[11]))

E[(K(80))2] =

∞∑
k=1

(2k − 1)
ℓx+k

ℓx

=(1)
217

250
+ (3)

161

250
+ (5)

107

250
+ (7)

62

250
+ (9)

28

250
= 7.684,

Var(K(80)) =7.684− (2.3)2 = 2.394.

Note: Without (ii), method (2) is faster.
Two ways for ex:n| = E(K(x) ∧ n):
(1) E(g(X)) =

∑
x g(x)fX(x) Q: X = ? g(X) ??

(2) E(K(x) ∧ n) =
∑n

k=1 kpx =
∑n

k=1
ℓx+k

ℓx
.

E(g(X)) =
∑n

k=0 kfX(k)+
∑

k>n nfX(k) =
∑n

k=0 kfK(x)(k)+
∑

k>n nfK(x)(k).
e80:3| =

∑3
k=1

ℓ80+k

ℓ80
= 217

250 +
161
250 +

107
250 ≈ 1.94.
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Announcement: Quiz next week: 450: # 1-11, 16

Example 3.3. Using the life table (Table D.1) in the end of the textbook find:
(i) ℓ10.
(ii) d35.
(iii) 5d35.
(iv) P(a newborn will die before reaching 50 years).
(v) P(a newborn will live more than 60 years).
(vi) P(a newborn will die when his age is between 45 and 65 years old).
(vii) P(a 25–year old will die before reaching 50 years).
(viii) P(a 25–year old will live more than 60 years).
(ix) The probability that a 25–year old will die when his age is between 50 and 65 years
old.

Solution: (i) ℓ10 = 99129.
(ii) d35 = ℓ35 − ℓ36 = 97250− 97126 = 124.
(iii) 5d35 = ℓ35 − ℓ40 = 97250− 96517 = 733.
(iv) P (T (0) ≤ 50) = 1− s(50) = 1− ℓ50

ℓ0
= 1− 93735

100000 = 0.06265.
(v) P (T (0) > 60) = s(60) = ℓ60

ℓ0
= 88038

100000 = 0.88038.
(vi) P (45 < T (0) ≤ 65) = s(45)− s(65) = ℓ45−ℓ65

ℓ0
= 95406−83114

100000 = 0.12292.
(vii) 25q25 = 1− 25p25 = 1− ℓ50

ℓ25
= 1− 93735

98246 = 0.04591535533.
(viii) 35p25 =

ℓ60
ℓ25

= 88038
98246 = 0.896097551.

(ix) 25|15q25 = 25p25 − 40p25 =
ℓ50−ℓ65

ℓ25
= 93735−83114

98246 = 0.1081061824.
One may skip to section 3.4.

Theorem 3.1.

Example 3.4.

Definition 3.2.

Definition 3.3.

Definition 3.4.
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3.2 Mathematical models

3.3 Deterministic survivorship group and stochastic survivorship
group

There are two interpretation about what a life table is.
deterministic survivorship group assumes
(i) The initial group consists of ℓ0 lives at zero.
(ii) The group is closed. We are able to track all the initial lives and we do not add

any individuals to the group.
(iii) ℓx denotes the number of individuals alive at time x.
According to the deterministic model, the proportion of people who die at a certain

age is given by a life table.
Usually, it is very difficult to track an initial group of lives for a long time. We should

expect life expectancies to change over time. A life table using data from people born
100 years ago is not very useful to determine the death rates of the current population.

Often life tables are constructed first estimating the survival function s(·) and as-
suming that the number of alive individuals follow the same survival function. If this
happen, we have a random survivorship group, which assumes:

1. ℓ0 individuals alive at time zero. Let X1, . . . , Xℓ0 be the age–at–death random
variables of these individuals.

2. X1, . . . , Xℓ0 are i.i.d. r.v. with survival function s(·) (s(t) = P (Xi > t)).
3. The number of individuals alive at time x is the r.v. L(x).
L(x) =

∑ℓ0
j=1 I(Xj > x). L(x) ∼ bin(ℓ0, s(x)).

E[L(x)] = ℓ0s(x) and Var(L(x)) = ℓ0s(x)(1− s(x)).
In a life table ℓx is ℓ0s(x) rounded up.

Both the deterministic survivorship group and the random survivorship group allow
to use past data to predict future lifetimes of a group of individuals.

Some of the previous formulas have an intuitive interpretation using the group de-
terminist approach to life tables.

Consider ex =
∑∞

k=1 kpx.
The number of survivors at time x is ℓx. The average complete years lived by the

ℓx survivors at time x is ex. So, the total number of complete future years lived by the
ℓx survivors at time x is ℓxex. ℓx+k is the number of the ℓx survivors at time x who live
the k–th year, i.e. the period of time (x + k − 1, x + k]. Hence,

∑∞
k=1 ℓx+k is the total

number of complete future years lived by the ℓx survivors at time x. Hence,
ℓxex =

∑∞
k=1 ℓx+k and

ex =
∑∞

k=1
ℓx+k

ℓx
=
∑∞

k=1 kpx.
Consider ex = px(1 + ex+1). The number of lives aged x is ℓx. The complete number

of years lived by all lives aged x is ℓxex. From these ℓx lives, during the first year
ℓx−ℓx+1 lives die and do not live a complete year. From these ℓx lives, ℓx+1 lives survive
one year and live one year plus some complete of years after time x+ 1. The complete
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number of years lived by all lives aged x+1 is ℓx+1ex+1. Hence, ℓxex = ℓx+1+ ℓx+1ex+1 =
ℓx+1(1 + ex+1), which implies that ex = px(1 + ex+1).

Consider ex = ex:n| + npxex+n. The number of lives aged x is ℓx. We have that the
complete number of years lived by all lives aged x is ℓxex. ℓxex is the complete number
of years lived by all lives aged x between times x and x+n plus the complete number of
years lived by all lives aged x after time x+n. The complete number of years lived by all
lives aged x between times x and x+n is ℓxex:n|. The lives aged x who live complete years
after time x+ n are the ones that survive time x+ n. The average complete years lived
by each of the ℓx+n survivors at time x+n is ex+n. Hence, the complete number of years
lived by all lives aged x after time x+n is ℓx+nex+n. Therefore, ℓxex = ℓxex:n|+ ℓx+nex+n,
which implies ex = ex:n| + npxex+n.

The rest of the section can be ignored!!

Theorem 3.2.

Theorem 3.3.

Theorem 3.4.

Corollary 3.1.

Theorem 3.5.

Example 3.5.

Theorem 3.6.

Corollary 3.2.

Theorem 3.7.

Example 3.6.

Example 3.7.
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3.4 Continuous computations.
Assuming X is cts, knowing ℓx for each real number x ≥ 0, we can get the following:

main secondary

s(x) =
ℓx
ℓ0
, f(x) = − d

dx

ℓx
ℓ0
, µ(x) = − d

dx
(ln(ℓx)) = −

ℓ′x
ℓx
,

tpx =
ℓx+t

ℓx
, tqx =

ℓx − ℓx+t

ℓx
, fT (x)(t) = −

d

dt

ℓx+t

ℓx
, µx+t = −

d

dt
ln
ℓx+t

ℓx
,

◦
e0 =

∫ ∞

0

ℓx
ℓ0
dx,

◦
ex =

∫ ∞

0

ℓx+t

ℓx
dt,

◦
ex:n| =

∫ n

0

ℓx+t

ℓx
dt,

nmx =

∫ n

0
ℓx+tµx(t) dt∫ n

0
ℓx+t dt

.

However, from the life table, we only know ℓx at x = 0, 1, 2, 3, ...
Q: How to get ℓx for x ∈ [0,∞) ?
Ans: linear interpolation or non-linear interpolation.

Skip to next page.

Linear interpolation of F (x) is just

F̌ (t) =


0 if t < 0,
F̂ (i) i = t ∈ {0, ..., n},
sF̂ (i) + (1− s)F̂ (i+ 1) if t = si+ (1− s)(i+ 1), s ∈ (0, 1), i ∈ {0, ..., n− 1},
1 if t > n.

3.5 Interpolating life tables
Life tables only show the values of ℓx whenever x is a nonnegative integer. In many

computations, we need to know ℓx for each x ≥ 0.
Suppose that x1 < x2 < · · · < xn and f(xi)’s are known but not other f(x). We can

estimate the values of f(x) for x ∈ (x1, xn) by linear function or nonlinear function:
(1) Linear interpolation. y−y1

x−x1
= y2−y1

x2−x1
or y = y1 +

y2−y1
x2−x1

(x− x1)

f(x) = f(xj) +
f(xj+1)−f(xj)

xj+1−xj
(x− xj)

= (1− x−xj

xj+1−xj
)f(xj) +

x−xj

xj+1−xj
f(xj+1), x ∈ (xj , xj+1).

If xj+1 − xj = 1 and x = xj + t, then
f(xj + t) = (1− t)f(xj) + tf(xj+1), t ∈ (0, 1).

(2) Nonlinear interpolation. f(x) is a curve passing through xj’s.
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3.5.1 Uniform distribution of deaths is to assume

(3.1) ℓj+t = (1− t)ℓj + tℓj+1 = ℓj − t · dj , 0 ≤ t ≤ 1, j ∈ {0, 1, 2, ...}︸ ︷︷ ︸
important

. 450[12]

We say that X is uniform on (j, j + 1) or say a uniform distribution of deaths
(UDD) or say linear interpolation for the number of living.
Q: How to compute the following quantities under UDD ?

tpx = ST (x)(t)

px = 1px = ST (x)(1)

s|tqx = P (s < T (x) ≤ s+ t)

t|qx = t|1qx,
tqx = FT (x)(t).

(3.2) Ans: Key formula: tpx = lx+t

lx
and Eq. (3.1).

Theorem 3.8. Under form (3.1),
important︷ ︸︸ ︷

∀ x = 0, 1, 2, ... and ∀ t ∈ [0, 1]:
(i) tpx = 1− tqx. (ii) tqx = tqx. Notice the difference !
(iii) fT (x)(t) = qx. (iv) µx+t =

qx
1−tqx

Remark. No need to memorize Th. 3.8, they can be derived easily by (3.2).
Proof. Skip ! Notice the assumption: t ∈ [0, 1]. By (3.2) and (3.1),

(i) ST (x)(t) = tpx = ℓx+t

ℓx
= ℓx−t·dx

ℓx
= 1− tdxℓx = 1− tqx, as dx

lx
= lx−lx+1

lx
= 1− 1px = qx.

(ii) FT (x)(t) = tqx = 1− tpx = tqx (by (i)).
(iii) fT (x)(t) = − d

dt tpx = qx (by (1)).
(iv) µx+t =

fT (x)(t)
ST (x)(t)

= qx
1−tqx

.

Q: ST (x)(t) = 1− tqx for each t and each x ?

Example 3.8. Using the life table D.1 p. 602-605 and assuming UDD, find:
(i) 0.1p35 and (ii) 1.4p35.3.

Solution: Formulas: tpx =
s(x+t)
s(x)

= ℓx+t

ℓx
, [12] ℓx+t = (1 − t)ℓx + tℓx+1, t ∈ [0, 1], x = 1, 2,

...
(i) 0.1p35 =

ℓ35.1
ℓ35

= ℓ35.1
97250 . ℓ35.1 = ℓx+t, (x, t) = ?

Ans: ℓ35.1 = ℓ35+0.1 = (1− 0.1)ℓ35 + (0.1)ℓ36 = (0.9)(97250) + (0.1)(97126) = 97237.6

0.1p35 =
ℓ35.1
ℓ35

= 97237.6
97250 ≈ 0.9998725.

(ii) 1.4p35.3 =
ℓ36.7
ℓ35.3

= ??
{
ℓ36.7 = ℓx+t = (1− t)ℓx + tℓx+1 (x, t) =???

ℓ35.3 = ℓx+t = (1− t)ℓx + tℓx+1 (x, t) =???

Ans: ℓ36.7 = ℓ36+0.7 = (1− 0.7)ℓ36 + (0.7)ℓ37 = (0.3)(97126) + (0.7)(96993) = 97032.9,
ℓ35.3 = ℓ35+0.3 = (1− 0.3)ℓ35 + (0.3)ℓ36 = (0.7)(97250) + (0.3)(97126) = 97212.8,

1.4p35.3 =
ℓ36.7
ℓ35.3

= 97032.9
97212.8 ≈ 0.9981.
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Example 3.9. Consider the life table x 80 81 82 83 84 85 86
ℓx 250 217 161 107 62 28 0

Assume linear interpolation.
(A) Calculate the complete expected life at 80.
(B) Calculate ◦

e80:3|.
(C) Calculate 3m80 (central death rate).

Solution: (A) 450 [1] E(T (80)) = E(T (x)) =
∫
tfT (x)(t)dt =

∫∞
0 tpxdt = ?

(B) 450 [6] ◦
e80:3| = E(T (x) ∧ 3) =

∫
(t ∧ n)fT (x)(t)dt =

∫ n

0 tpxdt= ?
(C) 450 [7] 3m80 =

∫ x+n

x
SX(t)µX(t) dt∫ x+n

x
SX(t) dt

=
∫ n

0
ST (x)(t)µT (x)(t) dt∫ n

0
ST (x)(t) dt

= nqx
◦
ex:n|

= 3q80
◦
e80:3|

= ?

Two usual ways for A, B:
{
(a) based on tpx (= ℓx+t

ℓx
); why?

(b) based on fT (x) (fT (x)(t) = (−tpx)
′
t), why?

which way is preferred here ?

Moreover, both (a) and (b) need formula [11] ℓx+t =

{
(1− t)ℓx + tℓx+1

ℓx − t · dx
0 ≤ t ≤ 1.

So approach (a) has 2 preliminary steps: step (i) ℓx+t=? step (ii) tpx=?
Approach (a): (i) ℓ80+t = ? for all t
Try Formula: ℓx+t = ℓx − t · dx, 0 ≤ t ≤ 1, as we had dx in Ex. 3.2:

x 80 81 82 83 84 85 86
ℓx 250 217 161 107 62 28 0
dx 33 56 54 45 34 28 0

Can we say that the answer is ℓ80+t = ℓ80 − d80t = ℓ80 − 33t ?
Try t ∈ (1, 2) first to avoid mistake !! then try t ≥ 2.

ℓ80+t =ℓ80+k+(t−k) = ℓ80+k − (t− k)︸ ︷︷ ︸
∈(0,1)

·d80+k, 1 = k ≤ t < k + 1!!

tpx =
ℓ80+t

ℓ80
....

E(T (80)) = E(T (x)) =

∫ ∞

0
tpxdt =

∫ 1

0
tpxdt+ · · ·+

∫ 6

5
tpxdt

ℓ80+t =



250− 33t if 0 ≤ t < 1

217− 56(t− 1) if 1 ≤ t < 2

161− 54(t− 2) if 2 ≤ t < 3

107− 45(t− 3) if 3 ≤ t < 4

62− 34(t− 4) if 4 ≤ t < 5

28− 28(t− 5) if 5 ≤ t ≤ 6

? if ??

=> (ii) tp80 =
ℓ80+t

ℓ80
=



250−33t
250 if 0 ≤ t < 1,

217−56(t−1)
250 if 1 ≤ t < 2,

161−54(t−2)
250 if 2 ≤ t < 3,

107−45(t−3)
250 if 3 ≤ t < 4,

62−34(t−4)
250 if 4 ≤ t < 5,

28−28(t−5)
250 if 5 ≤ t ≤ 6.
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(A)
◦
e80 =

∫ ∞

0
tp80dt =

∫ 1

0
tp80dt+

∫ 2

1
tp80dt+ · · ·+

∫ 6

5
tp80dt+ · · · ??

=

∫ 1

0

250− 33t

250
dt+

∫ 2

1

217− 56(t− 1)

250
dt+

∫ 3

2

161− 54(t− 2)

250
dt

+

∫ 4

3

107− 45(t− 3)

250
dt+

∫ 5

4

62− 34(t− 4)

250
dt+

∫ 6

5

28− 28(t− 5)

250
dt use u = t− k

=

(
250t

250
− 33t2

(2)(250)

) ∣∣∣∣1
0

+

(
217t

250
− 56(t− 1)2

(2)(250)

) ∣∣∣∣2
1

+

(
161t

250
− 54(t− 2)2

(2)(250)

) ∣∣∣∣3
2

+

(
107t

250
− 45(t− 3)2

(2)(250)

) ∣∣∣∣4
3

+

(
62t

250
− 34(t− 4)2

(2)(250)

) ∣∣∣∣5
4

+

(
28t

250
− 28(t− 5)2

(2)(250)

) ∣∣∣∣6
5

= 2.8

(B)
◦
e80:3| =

∫ 3

0
tp80dt =

∫ 1

0

250− 33t

250
dt+

∫ 2

1

217− 56(t− 1)

250
dt+

∫ 3

2

161− 54(t− 2)

250
dt

=2.226.

(C) 3m80 =
3q80
◦
e80:3|

=
1− 3p80
◦
e80:3|

or =
ℓ80−ℓ83

ℓ80
◦
e80:3|

=
250−107

250

2.226
= 0.257.

Another way for (A) and (B):

Using that fT (80)(t) = −
d(tp80)

dt if the derivative exists,

tp80 =



250−33t
250 if 0 ≤ t < 1,

217−56(t−1)
250 if 1 ≤ t < 2,

161−54(t−2)
250 if 2 ≤ t < 3,

107−45(t−3)
250 if 3 ≤ t < 4,

62−34(t−4)
250 if 4 ≤ t < 5,

28−28(t−5)
250 if 5 ≤ t ≤ 6.

=> fT (80)(t) =



33
250 if 0 ≤ t < 1
56
250 if 1 ≤ t < 2
54
250 if 2 ≤ t < 3
45
250 if 3 ≤ t < 4
34
250 if 4 ≤ t < 5
28
250 if 5 ≤ t ≤ 6

Can we write fT (80)(t) = −
d(tp80)

dt =


33
250 if 0 ≤ t < 1
56
250 if 1 ≤ t < 2

... ...

??

Notice that the derivative of tp80 does not exist at 1, 2, . . . , 5. But, the density can be
defined arbitrarily at finitely many points.
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(b)
◦
e80 =

∫ ∞

0

tfT (80)(t)dt

=(

∫ 1

0

t
33

250
+

∫ 2

1

t
56

250
+

∫ 3

2

t
54

250
+

∫ 4

3

t
45

250
+

∫ 5

4

t
34

250
+

∫ 6

5

t
28

250
)dt

=
1

2

33

250
+

3

2

56

250
+

5

2

54

250
+

7

2

45

250
+

9

2

34

250
+

11

2

28

250
= 2.8.

◦
e80:3| =

∫ ∞

0

(t ∧ 3)fT (80)(t)dt = [

∫ 3

0

+

∫ ∞

3

](t ∧ 3)fT (80)(t)dt =

∫ 3

0

tf(t)dt+ 33p80

=

∫ 1

0

t
d80
ℓ80

dt+

∫ 2

1

t
d81
ℓ80

dt+

∫ 3

2

t
d82
ℓ80

dt+ 33p80 ≈ 2.2

Example 3.10.

Theorem 3.9. Given t ∈ [k, k + 1), where k ≥ 0, under UDD,
(i) s(t) = ℓk

ℓ0
− (t− k)dkℓ0 .

(ii) fX(t)(= k|q0) = dk
ℓ0
.

(iii) fT (x)(t) (= k|qx) = dx+k

ℓx
.

(iv) µ(t) = dk
ℓk−(t−k)dk

.

Notice that the theorem expresses the notations in terms of ℓx or dx. Instead of
using them directly, you should derive them yourself in doing the homework, based on
[11] and [12]:

s(t) = ℓt
ℓ0

and ℓt = ℓk+t−k = ℓk − (t− k) · dk, t− k ∈ (0, 1).
Proof. (i) s(t) = ℓt

ℓ0
= ℓk

ℓ0
− (t− k)dkℓ0 .

(ii) fX(t) = − d
dts(t) =

dk
ℓ0
.

(iii) fT (x)(t) = fX(x+t)
s(x)

, x+ t ∈ [k+ x, k+ x+1); thus fT (x)(t) = fX(x+t)
s(x)

=
dx+k/l0
ℓx/l0

= dx+k

ℓx
.

(iv) µ(t) =
fX(t)
s(t)

=
dk/ℓ0

ℓk/ℓ0−(t−k)dk/ℓ0
= ...

Example 3.11. Under the assumption of uniform distribution of deaths, find the
average number of years lived between x and x+1 by those who die between those ages.

Solution: The average number of years lived between x and x+ 1 by those who die in
(x, x+ 1]

E(X − x|X ∈ (x, x+ 1]) = E(T (x)|T (x) ∈ (0, 1]). (X = T (0))

Is it 0.5 under UDD ?
E(X − x|X ∈ (x, x+ 1])

=
∫ x+1

x
(t− x)

fX(t)∫ x+1

x
fX(u)du

dt
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=
∫ x+1

x
(t− x)

dx/ℓ0∫ x+1

x
(dx/ℓ0)du

dt (by (ii) of Theorem 3.9)

=
∫ x+1

x
(t− x)dt = (

(t−x)2

2 )|x+1
x = 1

2 .
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Midterm on Oct. 20 upto UDD. Formulae: 447 [6]-[22], 450 [1]-[12], [16].
Insurance companies need to know the total years for all their clients.

Definition 3.5. Denote Tx = ℓx
◦
ex, the expected number of years lived beyond age x

by the cohort group with ℓ0 members (different from Tx
def
= T (x) in Chapter 2).

Definition 3.6. Denote nLx = ℓx
◦
ex:n|, the expected number of years lived between

age x and age x+ n by the ℓx survivors at age x. Denote Lx = 1Lx. (Tx = ∞Lx).

Formula [11]: ℓx = # of individuals alive at age x, 1Lx = Lx. tdx = ℓx − ℓx+t, dx = 1dx,

tpx =
∏

x≤k<x+t(1− dk/lk). Tx = ℓx
◦
ex =

∫∞
0

ℓx+t dt =
∑∞

k=x Lk

= E(# of years lived beyong age x by the cohort group with l0 members),

nLx = ℓx
◦
ex:n| = Tx − Tx+n. s(x) = ℓx

ℓ0
, tpx = ℓx+t

ℓx
, (not the Tx in #3).

Theorem 3.10. Under a linear form for the number of living,
(i) Lx = ℓx − dx

2 = ℓx+1 +
dx
2 = ℓx+ℓx+1

2 .
(ii) ◦

ex:1| =
1+px
2 .

(iii) Tx = ℓx
2 +

∑∞
k=x+1 ℓk.

(iv) mx = qx
1− qx

2
(central death rate over (x, x+ 1]).

(v) ◦
ex = ex +

1
2 . (vi) ◦

ex:n| =
∑x+n−1

k=x

ℓk+ℓk+1
2

ℓx
.

One needs to learn how to derive these formulas rather memorize the theorem.

Proof. (i) Formulas [11]: nLx = ℓx
◦
ex:n|,

◦
ex:n| =

∫ n

0 tpxdt,
{

tpx = ℓx+t/ℓx, t...?

[12] ℓx+t = ℓx − tdx, t...?

(i) Lx = ℓx
◦
ex:1| = ℓx

∫ 1

0 tpx dt =
∫ 1

0
ℓx+t dt =

∫ 1

0
(ℓx−t ·dx) dt = ℓx− dx

2 = ℓx+ℓx+1

2 = ℓx+1+
dx
2 .

(ii) ◦
ex:1| =

Lx

ℓx
(Why ??) = ℓx+ℓx+1

2ℓx
(by ? in (i))) = 1+px

2 Why ?
(iii) Formulas [11]: Tx = ℓx

◦
ex =

∑∞
k=x Lk,

◦
ex =

∫∞
0 tpxdt, tpx = ℓx+t/ℓx.

Tx =
∑∞

k=x Lk =
∑∞

k=x

ℓk + ℓk+1

2︸ ︷︷ ︸
by (i)

 = ℓx+ℓx+1

2 + ℓx+1+ℓx+2

2 + · · · = ℓx
2 +

∑∞
k=x+1 ℓk.

(iv) ⊢: mx = qx
1− qx

2
. Formula [7]: nmx =

∫ x+n

x
SX(t)∫ x+n

x
SX(u)du

µX(t)dt = nqx/
◦
ex:n|

mx = qx/
◦
ex:1| =

qx
(1+px)/2

(see (ii)) = qx
(1+1−qx)/2

= qx
1− qx

2
.

(v) ⊢: ◦
ex = ex +

1
2 . Formula[11]: Tx = ℓx

◦
ex and Tx = ℓx

2 +
∑∞

k=x+1 ℓk.
◦
ex = Tx

ℓx
= 1

2 +
∑∞

j=x+1
ℓj
ℓx

= 1
2 +
∑∞

k=1
ℓx+k

ℓx
= 1

2 +
∑∞

k=1 kpx = 1
2 + ex by [9].
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(vi) ⊢: ◦
ex:n| = Tx − Tx+n =

∑x+n−1
k=x

ℓk+ℓk+1
2

ℓx
. Formula[11]: nLx = ℓx

◦
ex:n| =

∑x+n−1
k=x Lk,

Tx =
∑∞

k=x Lk,
◦
ex:n| =

nLx

ℓx
=

∑x+n−1
k=x Lk

ℓx
=
∑x+n−1

k=x

ℓk+ℓk+1
2

ℓx
by (i) in the Th.

[11] ℓx = # of individuals alive at age x, nLx = ℓx
◦
ex:n| = Tx − Tx+n, 1Lx = Lx,

Tx = ℓx
◦
ex =

∫∞
0

ℓx+t dt =
∑∞

k=x Lk (not Tx in #3),
= E(# of years lived beyong age x by the cohort group with l0 members),
tpx =

∏
x≤k<x+t(1− dk/lk), s(x) = ℓx

ℓ0
, tpx = ℓx+t

ℓx
, tdx = ℓx − ℓx+t, dx = 1dx,

UDD: ℓx+t = (1− t)ℓx + tℓx+1.
Under UDD, we should know how to derive tpx, fT (x), µx(t),

◦
ex,

◦
ex:n|, Lx (= ℓx

◦
ex:1|),

Tx (= E(# of years lived beyong age x by the cohort group with l0 members)),
mx (the central death rate over (x,x+1]).

Theorem 3.10 is actually one of such exercise.

Recall Sx = T (x)−K(x) (§2.5), where K(x) = ⌈T (x)⌉−1 is the curtate duration. Sx = SX

?

Theorem 3.11. Under UDD, for each x, K(x) and Sx are independent r.v.’s and
Sx has a distribution uniform on (0, 1) (Sx ∼ U(0, 1)).

Corollary 3.3. Under the assumption of uniform distribution of deaths:
(i) ◦

ex = ex +
1
2 . (ii) Var(T (x)) = Var(K(x)) + 1

12 .

Proof (i) Since T (x) = K(x) + Sx,
◦
ex = E[T (x)] = E[K(x)] + E[Sx] = ex +

1
2 .

(ii) Since T (x) = K(x) + Sx and K(x) and Sx are independent,
Var(T (x)) = Var(K(x)) + Var(Sx) = Var(K(x)) + 1

12 (as Sx ∼ U(0, 1) and (b−a)2

12 ).

Theorem 3.12.
Homework Solutions.

1. Compute the KME and Nelson-Aalen estimator of the survival function and the
estimators of their variances using the last 10 Group 0 leukemia data: 17+, 19+, 20+,
22, 23, 25+, 32+, 32+, 34+, 35+

ŜPL(t) puts weights 1/7 to both 22 and 23. Thus ŜPL(t) =


1 if t < 22

6/7 if t ∈ [22, 23)

5/7 otherwise
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3.5.2 Exponential interpolation.

lnℓx+t = (1− t)lnℓx + tlnℓx+1 or ( v.s. ℓx+t = (1− t)ℓx + tℓx+1.)

(3.2) ℓx+t = ℓxp
t
x = ℓx

(
ℓx+1

ℓx

)t

= (ℓx)
1−t(ℓx+1)

t for t ∈ [0, 1] and x = 0, 1, ...

How to derive tpx, fT (x), µx(t),
◦
ex,

◦
ex:n|, Lx, Tx, mx , etc. based on (3.2) ?

Example 3.12. Using the life table in page 604 and exponential interpolation, find:
(i) 0.75p80 (ii) 2.25p80.

Solution: (i) Formulas: tpx =
s(x+t)
s(x)

= ℓx+t

ℓx
, ℓx+t = ℓx(

ℓx+1

ℓx
)t, t ∈ (0, 1], by (3.2) or [12]

=> Thus tpx =
ℓx(

ℓx+1
ℓx

)t

ℓx
= ( ℓx+1

ℓx
)t, t ∈ (0, 1]. => 0.75p80 =

(
50987
53925

)0.75
= 0.958852885.

(ii) Two ways for 2.25p80: tpx = ℓx+t

ℓx
, or t+kpx = kpx · tpx+k.

[11] => 2.25p80 =
ℓx+t

ℓx
= ℓ82.25

ℓ80
=

ℓ1−t
x ℓtx+1

ℓ80
= ℓ0.7582 ℓ0.2583

ℓ80
=

(47940)0.75(44803)0.25

53925 ≈ 0.8450.

[4] => 2.25p80 = 2p80 · 0.25p82 = ℓ82
ℓ80
· ( ℓ83ℓ82

)0.25 = ℓ0.7582 ℓ0.2583

ℓ80
≈ 0.8450

Example 3.13. Consider the life table x 80 81 82 83 84 85 86
ℓx 250 217 161 107 62 28 0 Us-

ing exponential interpolation, calculate
(i) the complete expected life at 80;
(ii) ◦

e80:3|;
(iii) the density function of the future life T (80);
(iv) µ(80 + t), 0 ≤ t ≤ 6.

Solution: Formulas: (i) ◦
ex =

∫
tfT (x)(t)dt =

∫∞
0 tpxdt, tpx = ℓx+t

ℓx
.

(ii) ◦
ex:n| =

∫ n

0 tpxdt =
∫∞
0

(t ∧ n)fT (x)(t)dt(=
∫ n

0
tfT (x)(t)dt+ nnpx),

(iii) fT (80)(t) = −
d(tp80)

dt ,

(iv) µ(80 + t) = µT (80)(t) = −
d(ln(tp80))

dt =
fT (80)(t)

tp80
,

The key in the 4 steps is tpx = ℓx+t

ℓx
and ℓx+t = (ℓx)

1−t (ℓx+1)
t = ℓx

(
ℓx+1

ℓx

)t
, 0 ≤ t ≤ 1. [12]

Can we say ℓ80+t = ℓ80

(
ℓ80+1

ℓ80

)t
, t ≥ 0 ?

For k = 0,1,2,... if t ∈ [k, k+1), then ℓ80+t = ℓ80+k+(t−k) = ℓ80+k

(
ℓ80+k+1

ℓ80+k

)t−k

, t−k ∈ [0, 1].

ℓ80+t = ℓ80+k

(
ℓ80+k+1

ℓ80+k

)t−k

= ... and tp80 =... t− k ∈ [0, 1].
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ℓ80+t =



250
(
217
250

)t if 0 ≤ t < 1,

217
(
161
217

)t−1 if 1 ≤ t < 2,

161
(
107
161

)t−2 if 2 ≤ t < 3,

107
(

62
107

)t−3 if 3 ≤ t < 4,

62
(
28
62

)t−4 if 4 ≤ t ≤ 5,

.

tp80 =
ℓx+t

ℓx
=



250
250

(
217
250

)t if 0 ≤ t < 1,
217
250

(
161
217

)t−1 if 1 ≤ t < 2,
161
250

(
107
161

)t−2 if 2 ≤ t < 3,
107
250

(
62
107

)t−3 if 3 ≤ t < 4,
62
250

(
28
62

)t−4 if 4 ≤ t ≤ 5,

6px =?

−1px =?

(i) Two ways: ◦
ex =

∫
tfT (x)(t)dt =

∫∞
0 tpxdt. Which is prefer here ?

(i)
◦
ex =

∫ ∞

0
tpxdt =

∫ 1

0
tpxdt+

∫ 2

1
tpxdt+ · · ·+

∫ 5

4
tpxdt+

∫ ∞

5
tpxdt

=

∫ 1

0

250

250

(
217

250

)t
dt+

∫ 2

1

217

250

(
161

217

)−1 (161
217

)t
dt why ??

+

∫ 3

2

161

250

(
107

161

)−2 (107
161

)t
dt+

∫ 4

3

107

250

(
62

107

)−3 ( 62

107

)t
dt+

∫ 5

4

62

250

(
28

62

)−4 (28
62

)t
dt

(notice
∫

abtdt = abt
1

lnb
as (bt)′ = btlnb)

=

(
250

250

(
217

250

)t 1

ln
(
217
250

)) ∣∣∣∣1
0

+

(
217

250

(
161

217

)−1 (161
217

)t 1

ln
(
161
217

)) ∣∣∣∣2
1

+

+

(
161

250

(
107

161

)t−2 1

ln
(
107
161

)) ∣∣∣∣3
2

+

(
107

250

(
62

107

)t−3 1

ln
(

62
107

)) ∣∣∣∣4
3

+

(
62

250

(
28

62

)t−4 1

ln
(
28
62

)) ∣∣∣∣5
4

=
217− 250

250ln217
250

+
161− 217

250ln161
217

+
107− 161

250ln107
161

+
62− 107

250ln 62
107

+
28− 62

250ln28
62

≈ 2.71.

(ii) There are two ways: (1) ◦
e80:3| =

∫ n

0 tpxdt.
(2) ◦

e80:3| =
∫∞
0

(x ∧ n)fT (80)(x)dx =
∫ 3

0
xfT (80)(x)dx+ 3 · 3p80 Which way you like ?

◦
e80:3| =

∫ 3

0
tpxdt =

∫ 1

0

250

250

(
217

250

)t
dt+

∫ 2

1

217

250

(
161

217

)t−1

dt+

∫ 3

2

161

250

(
107

161

)t−2

dt

=
217− 250

250ln
(
217
250

) + 161− 217

250ln
(
161
217

) + 107− 161

250ln
(
107
161

) ≈ 2.21. (see (1))

(iii) fT (80)(t) = −
d(tp80)

dt , (ax)′ = axlna, −(at−i)′ = −a−i(at)′ = at−i(−lna).

fT (80)(t) =



250
250

(
217
250

)t (−ln (217250

))
if 0 ≤ t < 1

217
250

(
161
217

)t−1 (−ln (161217

))
if 1 ≤ t < 2

161
250

(
107
161

)t−2 (−ln (107161

))
if 2 ≤ t < 3

107
250

(
62
107

)t−3 (−ln ( 62
107

))
if 3 ≤ t < 4

62
250

(
28
62

)t−4 (−ln (2862)) if 4 ≤ t ≤ 5.
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(iv) µ(80 + t) = µT (80)(t) = −
d(ln(tp80))

dt =
fT (80)(t)

tp80
,

µ(80+t) =



ln
(
250
217

)
if 0 ≤ t ≤ 1

ln
(
217
161

)
if 1 < t ≤ 2

ln
(
161
107

)
if 2 < t ≤ 3

ln
(
107
62

)
if 3 < t ≤ 4

ln
(
62
28

)
if 4 < t ≤ 5,

or µ(80+t) =



ln
(
250
217

)
if 0 < t < 1

ln
(
217
161

)
if 1 < t < 2

ln
(
161
107

)
if 2 < t < 3

ln
(
107
62

)
if 3 < t < 4

ln
(
62
28

)
if 4 < t < 5.

Which one?

Notice that the derivative of ln(tp80) does not exist at 1, 2, . . . , 5. But, the density
and force of mortality can be defined arbitrarily at finitely many points. So both are
right.

Theorem 3.13.


