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MATH 450, Life Contingency Models 1
The course is a preparation for Advanced Long-Term Actuarial Mathematics Exam.
Tu&Th 8:00am-9:30am CW 115
Professor: Qiqing Yu giyu@binghamton.edu
Office hours: M and Tu 3:00pm-4:00pm in my office WH132;
Textbook: Arcones’ Manual For SOA Exam MLC (First Volumn).
(Chapters to be covered: 2-6)
It is in my website
https://wiki.mathmig.binghamton.edu/doku.php?id=people:qyu:qyu_ personal
Course materials for 450, lecture note 2. It will dispear on 9/1!

A pdf file with some tables needed in the homework can be downloaded from my web-
site. https://wiki.mathmig.binghamton.edu/doku.php?id=people:qyu:qyu_ personal
e.g, the Mlustrative Life Table needed in some of the homework problems.

The lecture notes will be posted on my website.

Exams: 3 tests + final, Sep 22 (Tu), Oct 20 (Tu), Nov. 19 (Th). Mon. Dec 14 08:00
AM 10:00 AM LN 2405

Bring a calculator without the function of installing formulas. I will check !!

Quizzes: once a week, on Thursday;

this week on Thursday, Formulas #1-10 for 447 in page 1 (keys are in my
website).

Homework: Due Tuesday in class, late homework will be taken 3 points off (out of 10).
Homework due this Thursday: Do the final exam of 447 in my website including
Part A !
Grading Policy:

1. 10% hw +10% quiz +45% tests +35% final

2. Correction: If you make correction and hand in with the old exam, the next class

after I return the test in class, you can get 40% of the missing grades back. No partial
credit for correction. Cannot ask me to help you in correction.

3. A— =85+ and C = 60 +.
10+10+45*(0.34-0.4*0.7)+35%0.3=56

No class: Sept 8(Tu), Oct.10-18, Nov. 24 -29 | Dec. 9-
Student Attendance in Class:

The Bulletin states, “Students are expected to attend all scheduled classes, labo-
ratories and discussions. Instructors may establish their own attendance criteria for a
course. They may establish both the number of absences permitted to receive credit ....

If you miss a test or quiz, and have a decent reason with a proof, then I
will give the lowest grade of the class. If there is a problem with the internet, I
will email you the lecture notes and homework.



CHAPTER 2

Survival models

2.1 Survival models.

2.1.1 A short probability review.

Definition 2.1. Given a set 0, a probability P on Q is a function defined on the
collection of all events (subsets) of Q such that

(1) P(0) = 0;

(ii) P(Q) = 1;

(ii) If {An}50, are disjoint events, then P(UX Ay) =3 " P(A,).

Q is called the sample space.
Definition 2.2. A random variable (7.v.) X is a function from Q into R.

Definition 2.3. The cumulative distribution function (cdf) of the r.v. X is
Fx(z)=P{X <z}, ze€R.

If X is the age at the death (or failure) of a life, then X > 0.

Theorem 2.1. Fx is a cdf iff
(Z) Fx 1, i.e., for each x1 < 9, Fx(x1) < Fx(x2).
(ii) Fx is right continuous (cts) (l}gr(} Fx(zx+h)=Fx(z)V z)
(or F(z+) = F(x) ¥V z).

(i7i) lim Fx(x) =0 and lim Fx(z)=1.

T——00 T—00

For the c.d.f. of an age—at—failure, we only need to define it for z > 0 Why ?7?

Theorem 2.2.

Definition 2.4. A r.v. X is called discrete
if there is a countable set C C R such that P{X € C} = 1.

Meaning of countable set C ?
Ans. C is either a finite set or C' = {¢; : i =1, ..., 00}.

Definition 2.5. The probability mass function (or frequency function) (pmf) of the
discrete r.v. X is the function p: R — R defined by
plz) =P{X =z}, zeR.

If X is a discrete r.v. with pmf p and A C R, then
P{X e A} =3 caP{X =2} =3 cyp(x).

Theorem 2.3. p(z) >0V z and ) p(x) = 1.
15
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Definition 2.6. A r.v. X is called cts if there exists a nonnegative function f called
the probability density function (pdf) of X such thatV A C R,

P{XAE Ay = [, flx)dz (= fmeAf(x)dx = [I(x € A)f(z)dz), where I(x € A) =1 if
T e A.

Theorem 2.4. f(z) >0V z and [ f(z)de =1 ([ f(z)dx = [7_ f(x)dz).
Q: If ar.v. X is positive and cts, and z < 0, then fx(z) = 77
Theorem 2.5.

Definition 2.7. A r.v. X has a mixed distribution if there are functions f(-) and
p(+), and a countable set D such that

for each ACR, P{X € A} = [, f(x)dx + >, 4rp P(T).

Remark. For convenience, we call both the pmf and pdf the density function (df)
hereafter.

A mixed distribution X has two parts: a cts part and a discrete part (together with
D). The function f in the previous definition is the cts part of df and the function p is
the discrete part of df. Note that

[f@)yde+3,cppl@) =1, f(z) >0 and p(z) >0V z.
Abusing notations, we may use f(z) rather than f(z) and p(z).
For the mixed distribution, one can let f(z) = p(z) if x € D, then

P{X € A} = fAf(x) dx—i—erAﬂD f(x).

ff(x) dx + Z%D flx)=1.
Why ?
if A=1{0,1,2} then [, zdx="7

/ xdxr # xdx Yes, No, DNK.
(0,1) [0,1]

Theorem 2.6. Let X be a r.v. with a mized distribution. Then
p(z) = Fx(z) — Fx(z—) and
f(z) = Fi () if F(z) exists. What to do OW ?

Example 2.1. Examples of F'(z) does not exit ?
Example 2.2.
Example 2.3. G(z) = |z| G'(z)=|2|=11] ¢

Example 2.4.
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0 if x <0,
42 :
fo<z<l1
Example 2.5. Find D, f and p if F(z) =< .2 - ’
p f p if F(x) 39[;128_4 ifl1<z<?2,
1 if 2<ux.

Solution: How to find D ?

F(x) — F(z—) = 0 except, perhaps at {0,1,2} Why ?
p(0) = F(0) - <>=gw;£1
p(1) = F() = F(1-) =~ = 4
p(2)=F(2)-F2-)=1-1=0.
1 if ©r=
One solution: p(r) = {41 ne 0
5 fz=1
1 .
7 fo<z <l
— Fl(z) =8 ! ’
JE=FE =2 1<z<o
Why not 1 <z <27
Is p a pmf ?
Is fadf?
5 if 0<z<1,
Can we write f(z) = F'(z) =< 2 if 1<z <2, ?
0  otherwise
: if 0<x <1,
How about f(z) = F'(z)=4¢3% ifl<z<2,

0 ifx<0orax>2
if0<z<l,
ifl<a<2 777
otherwise
ifz=0
fo<ax<l1
ifz=1
fl<ax<?2

How about f(z) =

(@] oolcoooh—t

Another solution: f(z) =

ol 1

f(z) =7 otherwise.

D =

?

{0,1,2} or {0,1} ?

What happens OW ?

and D = {0,1}.



18 CHAPTER 2. SURVIVAL MODELS

Example 2.5 (continued). P(0 < X < 1) =

Sol. Two ways:
(1) P(a < X <b) = F(b) — Fa—), [17] P(a < X < b) = F(b) — F(a).

b
(2) Pla <X <b) = [ f(x)dw + 37, ci0pnp f(2)-
Answer: (1) PO<X<1)=F(@b)—Fla—)=2-07or 32 —07 or 22 - 27
(2) PO<X <1)= [ Lda+ 277

2.1.2 Survival function.

Definition 2.8. The survival function of a r.v. X is Sy =1— Fy.

Sx(x) =P{X >z}, x € R. Sometimes denote Sx(z) by s(z).
Most of time, we only consider Sy of an age-at-death X. Then P(X > 0) =1,
Sx(—=1) =177

Hereafter we suppress the phrase “Sx(¢) =1 for t < 0” and only define Sx on [0, c0).

Theorem 2.7. A function Sx : (—o0,00) = R is the survival function of a positive

(1) Sx(z) ? Fx(x) 1,
)@ Sxis 77 . . Fx s right cts,
r.u. X iff (3) Sx(0) = 77 [17] Fx is a cdf iff limy o Fy(z) =0,
(4) h_)m Sx(x)= 177 li_)m Fx(z)=1.

Example 2.6. Determine which of the following functions is a survival function of
a nonnegative r.v.:

(i) s(z) = x+2, for x > 0.

(i) s(x) = 1—x) ~¢ for z > 0.

(iii) s(x) = “2 , for x > 0.

(iv) s(z) = (1 —|— ZL‘) % for z > 0.

(V) {1 0, 0200 for 0 < x < 90,
0 for x > 90.

Solution: Need to verify (1), (2), (3) amd (4) in Th 2.7.
(i) s is a survival function. because:
(1) ) =2((z+2)7Y) ==2(x+2)"2<0on[0,00) =>?

12 is continuous except at = —2 => ? -2 is continuous on [0,00) => 7

(2) 757
(3) s(0)="7
(4)

(i) s(z) = (1 — x)e~* is not a survival function because

s(2) = —e7* < 0=s(c0) => s(t) is not |. Can we say s(t) instead of s(x) ?
1)sd(z)=—e?—(1—x)e*=€e%-2+x)>0if 2 > 3; => s(x) is not |.
Do we need to point out both ? Do we need to check (2)-(4) ?
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+25 . : .
(ili) s(z) = —5*= is not a survival function because

(4) limg_yoo 52 = L 20,

(iv) sis a survival function (why ?)
(v) s is a survival function (why ?)

Example 2.7. Find the density function for the following survival functions:
(1) s( (1+x)e “”, for x> 0.

.. . 1—m f0r0§x<90,

(”) s(x) = 0 for 90 < z.

(i11) s( I(x < 1)+ IJE?QI), T < 8.
Solution: The df is f(z) = =5'(x) if 5'(x) exists Why ?

p(z) = S(z—)—S(x) ifxeD. '
(i) fx(x) = ze @ for x > 0.
2o for 0 <z <90 |
(ii) The df is f(z) = {io—ooglo(lo £ 2= 90 with D = {90}.
(ifi) s(z) = I(z < 1)+ 2ZEZ o <8 then fy(x) ={1—12; ifz=1 , Done?
0.2 it =38

with D = {1, 8}.
Does it matter to write f(z) v.s. fx(z) ?
Does it matter to write f(z) v.s. f(¢) ?
Example 2.8. Let the survival function of a person be Sx(z) = 9%61:, for 0 <z <90.
(1) Find the probability that a person dies before reaching 20 years old.
(11) Find the probability that a person lives more than 60 years.
(1ii) Find the probability that a 20-year-old lives more than 60 years.

Solution: P(a < X <b) = F(b) - F(a) = S(a) = S®) = [} f(@)dz + X, pray [()-

(i) P{X <20} =1—Sx(20—) =1— 2520 = %

(ii) P{X > 60} = Sx(60) = L2 = 1.

(iii) P{X > 60|X =20} or P{X > 60| X > 20} ?

= P(A|B) = P(AN B)/P(B) = pxass = 1oo75 = &
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2.1.3 Expectation.
Definition 2.9. If X is discrete r.v. then E[X] =) apx(x) (if the series converges).

Definition 2.10. If X is cts r.v. then E[X] = [afx(z)dz (if the integral exists).

Definition 2.11. If X is a mized r.v. then
EX] =% apx(x) + [xfx(x)dz (if the series and the integral are finite).

E[X] is called the expectation of the r.v. X, or the expected value, or the mean.
Definition 2.12.

Given ar.v. X and a function g : R - R, Y = ¢(X) is another r.v., i.e. by composing
the functions X : @ - R and ¢ : R — R, we get the r.v. g(X): Q — R.

(ZI g(z)px(x) if X is discrete
[ 9(z)fx(z)dz if X is cts
Formula: E(Y)= E(g(X)) =4 > . g9(@)px(z)+ fg if X is mixed (1)
(> wep9(@) fx(z) + fj ( )dr if X is mixed)
(>, 2oy (z) if Y is discrete
) [ zfy(z)dz if Y is cts @)
> .oy (z) + fa:‘fy if Y is mixed

(D _zep v () + [flfy )dz  if Y is mixed)

Q: What is the difference between (1) and (2) ? between black and red ?
Ans. (1) g(z) vs z; (2) fx vs fy. Can we say f(z) vs f(y) instead ?
Are the D the same in (1) and (2) 7
Let X ~U(0,2) and ¥ = X A1 (= min{X,1}). Then D= 40 forpx orfx
{1} for py or fy.

Often, to find expectations, instead of the density we will use the survival function.
We will often use the following theorem:

Theorem 2.8. Let (1) X be a nonnegative r.v. with survival function s;

2) h: — [0,00) be a function which is integrable in bounded intervals;
(- g
(3)H fo t)dt, v > 0
Then, E = I s
t)dt = h(zx) if ... 777 In some sense Theorem 2.8 says
fo () y

E[H(X)] = [,° s(t)H'(t)dt, where H' >0 and H(0) = 0.
Actually, Th 2.8 applies to functions H where H’ exists on [0,00)\ D and D is countable.
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4 corollaries to be proved later, assuming P(X > 0) = 1, letting X A a = min{X, a}:

where H' >0 and H(0) =0
1. BE(XP) = [;F ptr~'Sx(t)dt, where p > 0. H(z) =aP, (2F) =pa?~" and | _ =0
2. B(X) = [,° Sx(t)dt. p=1. H(z) ==z, (z)=1andz'| _ =0
3. E(X?) = [ 2uSx(t)dt. p=2. H(z) =2 (2% =22 and 2*| _ =0
4. E(X Na) = foa Sx(t)dt, where a > 0. H(z)=xzAa, (xANa)=? and (2’ Nd') =777

(xANa) =2"'Nd??

;. :
(x/\a)’:{x if z € (0,a) :{1 if z € (0,a) and («/ A d') = 0.

a if z e (a,00) 0 ifze(a,00),

Proof of Th 2.8. +: E[H(X)] = [;* s(t)H'(t)dt.

Recall Y ~ bin(n,p) => E(Y)= 77 Y ~ bin(1,p) => E(Y)= 77

E[H(X)] = B | f;* h(t)
:EU (X>t)() t] I(X >t) ~777
= Jy BU(X > t)h(t)dt

[
= JoS P(X > t)h(t)dt ~Why?
= [y s(t)h(t)dt. o

Example 2.9. Let Sx(z) =s(z) =e *(z+1), 2>0. (a) E(X)=? (b) E(X N10) =7

Solution: (a) Compute F(X) (= E(H(X))). 3 approaches for E(H(X)) for a cts r.v.
H(X): H(z) = [ h(t)dt

fH dx method (1)
fo method (ii)

E(X) = BHX) =1 [ me (y) dy method (i) F@ =T R =1 (1)

-~
L =E(Y), Y="?

The 2nd needs s(r) and h(z), the others need fx(z) or fy(x). Which is convenient 7

How many approaches for E(X) based on Eq. (1) ? 2or 37
(i) f(z) = fx(z) = =§(z) = —e ¥(=1)(x + 1) — e *(1) = e ?z, is it done ?

oo o o x3 le—x
——
why do it ?
why do it 7
2—1,—t
(il) BIX] = [;"s(t)dt = [ e (t+1)dt = [~ te b di+ [ e tdt = [° tF(Q) dt+1=2.

(b) Compute E(X A10) (= E(H(X))), H(z) =2 h=7? xA10 = [ I(t € (0,10))dt
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Three approaches for E(H(X)) for a discontinuous H(X):

)
(

([ H(z)fx(x)dx method (1)
OOO s(x)h(z)dz method (ii)
B(H(X)) = / ulnooWdy+ 3 ufaeo(y)  method (i) 2)
yeD
\\ —E(Y), Y=77

How many approaches for E(X A 10) based on Eq. (2) ? h(z) =7 fyx)="? fx(z) =7

W) = Iz € (0,10)),  Fron (@) = {fﬁii? j; "€ O it p = 10y

(#7) E[min(X, 10)] :/O s()h(t)dt  H(x)==x, h(z)=H(x)=1

10 10 .21 _—¢/1 00 12-1_—t/1
t“" e t“" e
= e H(t41)dt / —dt</ ———dt=1
/o ey o T )y T(a)pe

10
=— /0 (t+1)de? integration by parts f; udv = ..

10
_+110 _
Sl ety = [ etae )
0
=10 14| =2 - 127

=
)
)

oo

(i) E[min(X, 10 (t A10)f(t)dt
0

tF(t)dt + / 10£(t)dt
1

10 0
10 o0
te ttdt + / 10e~ tdt =
10
10

(17i) FE[min(X,10)] :/O tfH(X)(t) dt + Z tfH(X)(t) D ="

teD
10
= / te ttdt + 10e710 =
0

Announcement:
1. Quiz on Thursday : 447: 9-22, 44. and 1-2 in 450. (See Formulae (item 3) in my
website.)

Corollary 2.1. Let X be a nonnegative r.v. with survival function s. Let § > 0.
Then, Ele™*%] =1— [ e~ s(t) dt.

Which of the following 2 approaches is correct for F(H (X)) = fooo s(t)H'(t)dt:
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(a) E[e™X] = [[7(e7)s(t) dt; or (b) E[1 — e %] = [((1—e%))s(t)dt ?

Proof. (a) is wrong, as H'(z) = (e79%) = —§e 0% < 0 !

We shall show E[1 — e %] = [ 5e~%s(t) dt Why ??

Let H(t) =1— e“St, then (1) H(0) = 0 and (2) h(t H’( ) =6e7% > 0. By Th 2.8,
BlL - 53] < FCO) [} K000 = 0

=> Ele” fO 56_5t (t)dt. o

The spemal case of Th. 2.8 for discrete X (E(H(X))= [;° s(t)H'(t)dt):

Theorem 2.9. Let X be a discrete r.v. whose possible values are non — negative
integers. Let h : [0,00) — [0,00) be a function. Let H(x fo t)dt, x > 0. Then,

E[H(X)] =32 P{X > k}(H(k) — H(k - 1)).

Corollaries: Under the assumption in the theorem,

(2.1) Z]P’{X > KMk ZIP{X >k}, H(z)=x

(2.2) E[XY= iIP’{X > kYK — (k—1)%) = iIP’{X > k}(2k —1), H(z)=a?
=1

(2.3) E[min(X,n)] ZP{X>I{:}I€/\TL—( 1)/\n]:iP{X2k}, n>1.
k=1 k=1

Notation in 450: s(t) = P(X > t)

X =Y P{X >k =2 s(k)?? or = 7 s(k—)?7 or =3 - s(k) =77

If X ~ bin(1,p), then E( )= 7777 class exercise: try the 3 expressions.
E(X)= ["s(t)dt="  (s(t)=P(X >t)=pI(t €[0,1)), t >0).
B(X) = Z,HP{X >k} =7

If X~U(0,1), then E(X) =7

E(X) =[5 s(t)dt ? s(t) = (1 —t)I(t € (0,1]).
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EX)=> " P{X>k}=PX>1)7??7 Y,N,DNK. Why?

Proof of Th 2.9. E[H(X)] = / s(t)h(t) dt (by Theorem 2.8)
0

/k P{X > k}h(t)dt  (s(t) =P{X >t} =P{X >k}, for k—1 < t < k)
k—1
(s(k) = P(X > k) 77 s(k—) = P(X > k) ?7)

= IP) xr) =

; (X >k} /k y h(t) dt H(z) h(t)dt
_ ip{x > k}MH(k) — H(k — 1)).

k=1

Example 2.10. Find E[X] and E[X?] if

oo 1 2
P{X=Fk}|02 0.3 05

Solution: (a) F(X): H(x) =z; (b) E(X?): H(x) = 22
Which two are convenlent approaches among 4 below ?
(i) using that E[H Zk o H(E)P{X = k}.

) B =3 e

() B =5 et 1x(r) <
(ii) using (2.1) E[X] =Y -, P{X > k},

(22) B~ 55, POY 2 4108 1)
(111) E(H(X fo H’ )s(x)d.
(a) B(X h zr)dr= ...

(b) E(X fo 23:5 (x)dz= ...

(iv) E<H<X>> S, o fr o) (@)
(a) B(X)=>_, :tj}((x):: .
(b) ECX) 5 (o)
Answer to the question above: The first 2.
(i) £ (0)(0.2) + (1)(0.3) + (2)(0.5) = 1.3
Euﬂ (0)2(0.2) + (1)%(0.3) + (2)%(0.5) = 2.3
(ii)) We have that P{X > 1} = 0.8, P{X > 2} = 0.5, and P{X > k} =0, for each k > 3.

—>  EX]=P{X>1}+P{X >2} by (2.1)
=08+05=1.3
BIX?) = P{X > 1}(2)(1) — 1) + P{X > 2}((2)(2) - 1) by (2.2)

=0.8+0.5(3) =2.3.
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Skip the next page.

Corollary 2.2. Let X be a nonnegative r.v. and a > 0. Then, Emin(X,a)] =
o Sx(t)dt.

Proof. Let H(t) = min{t,a} for each t > 0.
h(t) = H' = I(t € (0,a)) if t € (0,00) \ {a}. H’ does not exist at {0,a}. Notice that

H(z) = min(z,a) = {:1: o <a
but not at a and 0.
Check the condition in Th 2.8 directly. For = > 0,
(1) h(z) = I(x € (0,a)) > 0 and
(2) H(z) = fox h(t)dt = fom I(t €[0,a))dt = Omin(ama) 1dt = min(z,a).
By Theorem 2.8,

Emin(X,a)] = E(H(X)) = [;° h(t)s(t)dt = [[7I(t € (0,a))s(t)dt = [} s(t) dt. m

, is cts in [0, 00) and ctsly differentiable in (0,a) U (a, ),
a ifa<zx

Corollary 2.3.

Corollary 2.4. Let X be a nonnegative r.v.. Then, E[XP] = [ Sx(t)ptt~1dt if
p > 0.

Proof. Let H(t) = t?, for each t > 0. Hence, h(t) = H' = pt’P~! > 0, and H(0) = 0.

2y =2
By Theorem 2.8, E[X?] = [ s(t)ptP~ dt, and {E(X ) =

0 B(X) =2 .



26

CHAPTER 2. SURVIVAL MODELS

Theorem 2.10.
Theorem 2.11.
Theorem 2.12.
Theorem 2.13.
Theorem 2.14.
Theorem 2.15.
Theorem 2.16.
Theorem 2.17.
Theorem 2.18.
Theorem 2.19.
Theorem 2.20.
Theorem 2.21.
Theorem 2.22.
Example 2.11.
Example 2.12.

Example 2.13.
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2.1.4 Quantiles

Definition 2.13. Given 0 < p < 1, the 100p—th percentile (or p—th quantile) of
a r.v. X is a value &, such that P{X < &} <p <P{X <¢}.

Definition 2.14. median = 0.50—th quantile.

Definition 2.15. The first quartile @, of a r.v. X is the 25—th percentile of X.
The third quartile Q3 of a r.v. X is the 75-th percentile of the r.v. X
The second quartile Q3 = median.

3 ways to find ¢,.
1. If X has a cts strictly increasing (11) cdf, then solve F(&,) = p.
2. Theorem 2.17.
3. Definition. §, = &* = inf{x : Fx(r) > p} = min{z : Fx(z) > p} ?
or §p=f;25up{x:FX(x—) Sp} :max{x:FX(x) Sp} ?
inf{z:z € (0,1)} =0, but min{z : z € (0,1)} does not exist.
sup{z :x € (0,1)} = 1, but max{z : x € (0,1)} does not exist.
inf{z: 2 €[0,1]} =0 = min{z : z € [0,1]}
sup{z: z € [0,1]} =1 = max{z : z € [0,1]}
What is the difference between them ?
Theorem 2.17. Let X be a cts r.v. with range (a,b). Let 0 < p < 1.
Let h: (a,b) — (c,d) be a one-to—one and onto function and Y = h(X).
Let &, be a p—th quantile of X.

A p-th quantile of Y is ¢, = h(&,) if h 1.
A p-th quantile of Y is ¢, = h(&1—p) if b ]. (¢ zeta)
Theorem 2.18. The p-th quantile &, of a normal r.v. with mean p and variance o
is p+ @~ 1(p)o. (p+zpo, X £1.646, p+1.640, Eoos).
Proof. (i) Let Z ~ N(0,1), then X = y+0Z ~ N(p,0?).
The cdf ® of N(0,1) satisfies ®(¢) 11 in ¢t. So
®~1(p) is p-th quantile of N(0,1) (method 1).
& = h(®"(p)), where h(z) = p+ oz (method 3) (where does h() come from 7) m

2

Example 2.14. Let Z ~ U(0,1), X =2Z +1 and Y = X? + X. Find the 70th
percentile of Z, X and Y.

Solution: Use Th2.17: h is 1-1 and onto function and
X =h(Z). Let & be a p-th quantile of Z.

A p-th quantile of X is ¢, = h(§,) if h 1.

A p-th quantile of X is ¢, = h(&1—p) if A .

Fz(t)=tV te(0,1). The 70th percentile of Z is 0.7.

Since g(z) = 2z + 111 in z, the 70th percentile of X is ¢(0.7) =2 0.7+ 1 = 2.4.
Since h(z) = 22 + 2 11, the 70th percentile ¢ of Y is h(2.4) = (2.4)? + 2.4 = 8.16.
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Theorem 2.23.
Theorem 2.24.

Example 2.15.

Often, we will assume that the individuals do not live more than a certain age. This
age w is called the terminal age or limiting age of the population. So, S(¢) = 0, for
each t > w.

Example 2.16. Suppose that the age—at—failure r.v. X has density

fx(z) =52*%=51(0 < 2 < k) and the expected age—at—failure is 70 years.
Find the 4 intervals determined by the 3 quartiles and the terminal age.

Solution: Let &, be p-th quantile of the age-at-failure.

¢ =7 for p=10.25, 0.5, and 0.75.

& =4 5 5 ¢5
T x §
pZF(€p>:P{XS§p}:/O = =15 Ozk—’§=>
& = kp'/® =7 k= ? Need to solve k using 70 = E[X].
70 = E[X] = AP 5k (L) (C) N VI
L AR IR A T
84ps lp=1/4 1st quartile 63.66 1st quartile

§p = 84p% = 84p% lp=2/4 2nd quartile = § 73.13  2nd quartile
84p7 |,z 3nd quartile 79.30  3nd quartile
The 4 intervals determined by the 3 quartiles and the terminal age are
0, 63.66], (63.66, 73.13], (73.13, 79.30], (79.30, 84].
Example 2.17.
Definition 2.16.
Definition 2.17.
Definition 2.18.
Definition 2.19.

Definition 2.20.
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Example 2.18. Let X be a r.v such P{X =1} = 3 and P{X =2} = 1. Find the
first quartile Q1 and median of X, say m.

Solution. 3 ways to find &, (F(—) <p < F(&p)).-
1. If X has a cts strictly increasing cdf, then solve F'(§,) = p.
2. Definition. §, = & = sup{z : Fx(z—) < p},
or { =& =inf{x: Fx(r) > p}.
3. Theorem 2.17. Relation of the quantiles of g(X) and X.
Does Method 1 work here ?

Does Method 2 work here ?
Does Method 3 work here ?

Fz—) (=P{X < z}) F(z) (=P{X <z})
x € (—o0,1) 0 0
T = 0 %
r € (1,2) : 3
x =2 3 1
x € (2,00) 1 1
& =supi{z: F(z—) <p} | & =inf{z: F(z) > p}
Q1= gf/4 =1 5174 =77
m = &g =7 1ja = 77?

Q1 =1.

m: The values of z that satisfy P{X <m} <1 <P{X <m} ??
Ans: m € [1,2].

Thus m is a median of X if and only if m € [1,2].

Remark. A quantile may not be unique.

2.2 Actuarial notation for survival analysis.

Def. In Actuary, denote (z) a life that survives to age x
(x) is called a life-age-x or a life aged x.
Let X be the lifetime of the person.
T(z) or Ty (= (X —x)|{X > z}) — the future lifetime of (z).
Notice that T'(x) is a conditional random variable.
tpz = ST, (t) — probability that (z) survives t years.
tqz = Fr,(t) — probability that (x) dies within ¢ years.
Pe = 1px = P(T'(x) > 1).
sltge = P(s < T(z) < s+1).
tlqz = t[1Gz-
qr = 0‘1(]:17 = 14x = P(T(:L’) < 1)-
Q: Pz +1qz = 77
Petqe =77
Remark. p, = P(T(z) > ) = P(X —2 > t|X > z) = 5525 = Sy (v +1)/Sx (x).
pr=P(T(x) >1)=Sx(z+1)/Sx(z).
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Q: How about the other notations ?
slt@tz = P(s <T(x) <s+t)=P(s< X —x <s+1t|X >x)

_Pla+s<X<a+s+t) Sxl@+s)—Sxlz+s+t)
= PIX > 1) = Sx(2) = sPx —s+t Pz-

gr = P(T(z) < 1) = P(X < +1|X > ) = S,

Theorem 2.25. For each t,s >0, t15Dx = P2 * sPwit

Sx (z+t+ S (2tt) Sx (ztit
Proof. t+sPx = Xé’f((:p) . A)S‘(;((a(jx)) )S()((x(:c+t)8) = tPx * sPx+t
-1
Theorem 2.26. ,p, = peprii ... Prin_1 = H?:O Datj-
For each ti,... . tm >0, ti4ett, Pz = 61Dz " taDatts * taPattitts " b Dottt -

Q: Relation between the last 2 theorems ?
Def. X ~Y means X and Y have the same distribution.
Question. Let X ~ N(0,1), then X = -X ? or X ~ —-X 77

Theorem 2.27. (T(x)—t)|{T(z) >t} ~T(x+t). (Denoted byU ~W (=T (z+1))).

Proof. It suffices to show either their F’s, or S’s or f’s are the same.
Use S’s here. Recall that Vy >0, P(T(z) >y) = P(X —z > y|X >z) = SX(‘Hy);

Sx (x)
Sx (z+t+y)
Su) = PTG — 0 >ofT(w) > = D020 PO 20d D St
“Sx(@)

= S — P(T (x4 1) > y) = Sw(y).
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Example 2.19. Let s(t) = %, 0 <t <85, where s = Sx. What distribution is X ?
(1) Calculate 1pao.
(ii) Calculate the density function of T(40).

85— (40+t) 45—t

Solution: (i) ppa = P(X >t +40|X > 40) = G0 = e s
t € 0,45]. tpao =0 if ¢ > 45 7 wpao=0ift <0 ?
(ii) The density function of 7'(40) is
d d (45—t 1
= iy = — =— 45).
fr(a0)(t) 70 o ( N ) 5 t € (0,45)

Notice the difference between the domains of Sx(¢) and fx ().

Example 2.20. If ;p, =1— ﬁ, 0 <t <90—z, find the probability that a 25—year—
old reaches age 80 and the density of T'(x).

Solution: The probability that a 25—year-old reaches age 80 is ggp2s Or go—_25p25 7
55 2

80—25P25 = 55P25 = 1 — 55795 = 13-
The density of T'(z) is —(1 — g5 ), or —(1 — 55—); 77

d 1
fr(z)(t) :_atpngo—_x,OStSW)—x?? or 0 <t < 90— z?

Example 2.21.

Example 2.22. Suppose that probability that a 30-year—old reaches age 40 is 0.95,
the probability that a 40-year—old reaches age 50 is 0.99, and the probability that a
50—year—old reaches age 60 is 0.95. Find the probability that a 30—year—old reaches age
60.

Solution: 60P30 = ? or 60—30P30 = ?

Given conditions:
10—30P30 = 10p30 = 0.95 — probability that a 30-year—old reaches age 40,
50—40P40 = 10P40 = 0.99 — the probability that a 40-year—old reaches age 50,

60—50P50 = 10p50 = 0.95 — the probability that a 50—year—old reaches age 60.

Formula: ¢, 1.1, pe = 6,Pe * t2Patts " tsPa4t1 42 * " ton Pty 4ot - (FOTmUla 4)~
The probability that a 30-year—old reaches age 60 is

50930 = 1030 * 10P40 - 10P50 = (0.95)(0.99)(0.95) = 0.893475.
Definition 2.21.
Example 2.23.

Example 2.24.
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Example 2.25.
Theorem 2.28.

Example 2.26. Suppose that the survival function of a person is given by
Sx(z) = 2L, for 0 <z < 90.
Given a married couple with husband aged 40 and wife aged 35,

what is the probability that
the husband will die before age 60 and the wife will survive to age 757
Here, we assume that their times of death are independent r.v.’s.

s(x)—s(x+t)

Solution: go—10q10 X 75-35p35 = 7 Formula #3: 1p, = Sg’é;r)t) and 1z = =55
Why??
B  5(40) —s(60) L - o0 2

B 8(75) B 909—075 B E 3
7o T S35y T 035 T 55 11

90
% 2 % 3 6
Answer : —4044 75— P35 = = — = —C.
60—40440 5—35 M35 5 11 55

Example 2.27.

Example 2.28. Suppose that s(t) = %, 0 <t < 85, find the probability that a
40~year—old will die in less than one year

Solution: ¢ =7
Formula: ;¢ = 1 —p, and ;p, = Siﬂg;f)t) or #3 1qy = s(z)—s(z+t)

s(x)
85—41
qa0 =1 — s(41) =15 _= i
5(40) 858*540 45

Example 2.29. Suppose that:
(i) The probability that a 30-year—old will die in less than one year is 0.012
(ii) The probability that a 31-year—old will die in less than one year is 0.013
(7ii) The probability that a 32-year—old will die in less than one year is 0.014.
Find the probability that a 30-year—old will die in less than three years.

Solution: 3¢q30 =7
Given conditions: (i) gso, (ii) g1, (iii) gs2- thus know: p, =1 — ¢z, t =7
Formula #4: 4 4.4, 02 = 6Pz * t2Potts " taPatti+ts " b Dottt 1 -

3p30 = p3op31p32 = (1 —0.012)(1 — 0.013)(1 — 0.014) =~ 0.9615.
3q30 = 1 —3p30 =~ 1 — 0.9615 = 0.038.
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This Thursday Quiz and First midterm exam Formulae: 447: 6-42 and 44. 450: 1-5.

Theorem 2.29. sthw = sPx — s+tPzx = s+tdx — sqx = sPx " tqz+s- Formula #3
Proof. We have that

sltte =P{s < T(z) < s+ t} Pla<Y <)
=S57(2)(8) = S1(2)(8 + 1) = sPx — s+tPa, Sy (a) — Sy (D)
=Fr) (s +1) = Fre)(s) = s+ — s4a, Fy (b) — Fy(a)

sPz * tqz+s =sPx (1 = tPots) = sPx — sPx * tDa+s
=sDr — s+tPx = stz last one

Example 2.30. Let Sx(z) = (9%—69”)2, z € (0,90).
(i) Find g|1qz, where 0 < z,s,t and . + s+t < 90.
(7i) Find the probability that a 30-year—old dies between ages 55 and 60.

Solution: (i) s|tgz = 7 (ii) 55-30|5q30 = 7

stz =Pz +s < X <z+s+t)|[X >2) Pla< X <b)=F()— F(a)=S(a) — S(b) which ?
(90-(%4‘8))2 (90—($+8+t)>2

(%)2 - <%)2 ( Recall a® — b = (a + b)(a — b))
= (180 — 22 —2s —t)t done ?
(90 — )2

x,s,t>0and s+t +x < 90.

ii _ _ (180=2(30)=2(25)=5)5 _ 65x5 __ 13 .
(i) 55-30/60-55d30 = 25/5430 = (90—30)2 = 5z = 192 ~ 0.09.

Theorem 2.30. For x > 0, and each positive integer n,

n n
nle = g j-1lge = g 1Pz tj—1-
j=1 j=1

Proof. nq, = P{T(x) <n} =" | P{j—1<T(x) <j} =27 1lg
= Z?:1 j—1Pzxqx+j—1- =
o0 o0
Theorem 2.31. ijlj_ﬂqm = ijlj—lpxqq:+j—1 = 1.
Theorem 2.32. ;1 4|uqs = Pz * s|luGeit-

Theorem 2.33. 1|02 = nDz * m|qwtn-
Whenn=1and m=j—12>0, we get that
ilge = Dz - j—1]ques1-

Example 2.31.
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Definition 2.22.

Definition 2.23.

Example 2.32.
Example 2.33.

Example 2.34.

Definition 2.24.

Example 2.35.

Example 2.36.
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2.3 Force of mortality

Definition. The hazard function of the survival function Sx(z) or the force of
mortality (denoted by px(x), u(z), and Ax(z)), is defined as

fx()

(o) = 2 (= nx(e) = ()

where fx is the pdf or pmf of the r.v. X.
Denote p,(t) = pir, (£) ( px(t) as T, = X — 2|(X > ).
po = pio(7) = pa(0) ( # pa(c) = pi, (+))-
Theorem 2.28. If X > 0 is cts and has the force of mortality p(+), then,

(0_%msﬂw_§ﬂ3: u(t) and Sx(f) —em( I >¢20
(i) fx(t) = Sx (b ()=exp(—f0 $)ds ) u(t), ¢ = 0.
(iil) Spe(t) = tpx = exp (— fO [ () s) ,t>0.
(iv) pa(t) = M( )
(V) fr()(t) = tpapia(t) = exp(— f() (x4 s)ds)pu(x +t),t > 0.
Proof. (i), (ii), (iii) and (v) are obvious from the definition.
(iv) The survival function of T'(z) is Sp(y)(t) = Sg)(:f)t) t>0.

d d Sx(x x

palt) = =2 nSye) (1) = —Em(<§A;®>:£ﬁx:g:M@+0p

Remark. The distribution can be specified by either of F(-), S(-), f(-) and p(-) if f
exists. e.g., if X is continuous, then F(z) yields S(x) yields f(x) yields u(z) yields F(x).
F=>5=1-F

=> f(z) = =5'(x)

] 18

t
=> F(x f u(t) exp(— / u(y)dy) dt (see (iii) of Theorem 2.28 with = = 0),
0 7

—f(t)
as p(z) = %, f(z) = p(x)S(z) and S(z) = f(z)/pu(z).

Hereafter, when we consider the force of mortality, we assume that X is cts.

The force of mortality of a life at time x, x > 0, satisfies that p(z) = 7%111(1) %, as
_>

(2.4)  lim =F = lim w:—hm s(et) —sle) __s@) _ f2)
: -0 t t—0 t t—0 ts(x) s(z)  s(x)
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If ¢ is small, the proportion of people aged x who will die within ¢ years is % ~

tu,. For example, if pu(x) = 0.06 and ¢ is 1/12 (a month), we expect that from each
1,000 individuals with age x, tu(z)10® = & = 5 individuals will die within a month.

The force of mortality is the rate of death for lives aged x. For a life aged z, the
force of mortality ¢ years later is the force of mortality for a (z + ¢)-year old.

Theorem 2.34. Let p: [0,00] — R be a function which is cts everywhere except at
finitely many points. Then, u is the force of mortality of an age—at—death r.v.

iff (1) w(z) >0V x and (2) fooo,u(t)dt: 0.

Example 2.37. Suppose that the survival function of a new born is

Sx(t) = 8= for 0 < t < 85.
(i) Find the force of mortality of a new born.
(7i) Find the force of mortality of a life aged 20.
Solution: (i) u(t) = —FnSx () = —gln (%) — —4n(85% — 1) — In(85%)] = AL,
0<t<8

.o 3

(i) pao(t) = p(20 + 1) = gorpoets,  0<t< 22

Example 2.38.

Example 2.39. If u(z) = = for >0, find Sx, fx, pre), e and frq).

Solution: Note: Sx, fx, fir(z), tpx and fp(,y are functions, e.g., we can write Sx(r) or
Sx(t). Do we write 7 (x), @) (t), ta(z) OF pa(t) 7

s(z) =exp (—/ wu(t) dt) = exp(— 1 dt) = exp(—In(1 +z)) = ! x>0,
0 0

t+1 r+1
as [idu=Ilnu+c, u=77? Sx (z) =77
1
fx (@) =p(r)s(r—) = et (u(x) = f(x)/s(z=))
1
1
. _s@+t) =L _ T+ a0,
s(z) — r+t+1

r+1 1 r+1 >0,

fT(a:)() Pz (t) = tpep(z + 1) r+t+lot+t+1 (x+t+1)2  —

Definition 2.25.
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2.4 Expectation of life

Definition 2.26. ¢, = E[T(z)] is called the expected future lifetime at age z
or the complete expectation of a life at age =.

e is also called the complete expectation of life at birth.

Definition 2.27. The n—year temporary complete life expectancy is

o

exm| = E(T(x) An), the expected number of years lived between ages x and x +n by a
survivor aged x. 0 < gx:ﬁl < n.

What is the meaning of 7'(30) = 0.5 7
What is the meaning of 7°(30) > 0.5 7

Example 2.40. An actuary models the lifetime in years of a random selected person
as a r.v. X with Sx(z) = 909(;,‘” , f0r0<x<90 Find:

(i) eo and Var(X); (i) eso; (iii) es, |- E(X), V(X), E(X|X > 1), E(T(X)A10)

Solution Two ways for taking expectation.
(1) ey = Jo” tpadt, where yp, = (:EH s J1(@)(t) = tpapa ()
] It if Xiscts  ( fra)(t) =pepa(t)), f=¢
(2) ex = § Do tfre) (t) if X is discrete,
It O)dt + 3 e p tfre) () if X is mixed.

Which way is more convenient here, (1) or (2) ?

N\ O 9 o o % 906 — 1’6 ZE7 %0
(i) eo and o%. Method 1: ¢y = /o Sx(x)dr = /0 Wd:c = [z — W] ) =77.14
) o0 90 96— 46 , a8 Y
450Formula [1]  E[X7] = /0 20Sx (v)dx = /o 2xwdx = [z° — W] ) = 6075,
d d 90% — 28 62°
Method 2 needs fT(O)(I) = fX(I) = —%SX(I) = _%W 906’0 < x < 90.
0 90 . 5 7 190
o 6x 6x
ey = / rfx(x)dx = / T g = ~ 77.14,
0 o 906 (7)906 0
o0 90 5 g (90
6x 6x
E[X?) = 2 dr = 2?——dr = = 6075
X7] /0 v fx(@)de /0 906" T (8)908 |, !

0% =E[X?% — (E[X])* = 6075 — (77.143)* ~ 1123.980.

(ii) Method 1 for 2302 ST(SO) (t) = ¢p3o = ngzgg)t) = 9(30)_6(3(();)?6 ifo<t<?? (Check Sx>

0 60 o6 6 6 7760
o 90° — (30 +¢ 90°t — (30 +1¢)" /7
6302/ tp3odt:/ ( ) dt = ( )/

0 0

4; -2]..
6 6 9 6
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6(30+1)°

(ii) Method 2 for 2302 fT(30) (t) = —%tpg() = fg)((?)(%—(i)—)t) = (90)692230)6 = (9%()?:30_—&_(?0)6, 0<t<??.
00 60
o 6(30 + t)5 906 — 22
€30 :/O th(30) (t) dt = /0 tm dt (SX(ZE') = 905 for0 <z < 90)
90 655
= s —30)——————=ds (change of variables s =30+¢), Why change 77
fo - )
6T IRC) E
(7)(90° — (30)%)  (90)0 — (30)% |,

(iii) The two methods for gw:ﬁ\ are stated as follows.

Theorem 2.35. (1) gw:m = fon tPx dt,’ (2) gm:m = fon th(x)(t) dt+n - nPx -

Method 1. ;pgp = 280 _ 90°-B0+0° g < ¢ < 60. So,

5(30) 906 —30°
10 10 416 6
o 90° — (30 + ¢t)
A o 906 —306
10
(900)¢ (30 +1)7
= - = 9.975520756.
906 — 306 (7)(905 — 30) |,

Method 2. ¥ = T(x)An has a mixed distribution with df. fy () = 4 /7@ (®) it #€(0.n)
nPx ifte D= {n}

° _ 10, 6(30+¢)° B
€30:10] = Jo tm dt + 1010p30 = - - - .

[0} o o
Theorem 2.36. For 0 <m <n, e,5 = €um| + mPrCoimn—m

. o (o] (0]
Letting n — co=> e, = €pam| T mPzCatm.-

Example 2.41. You are given that:

The expected # of years lived between ages 40 & 50 by a 40-year old is 9.7. 240:17)\
The probability that a 40-year old survives to age 50 is 0.98.  10p4o
The expected # of years lived between ages 50 € 70 by a 50-year old is 19.5. 250@‘

Find the expected # of years lived between ages 40 and 70 by a 40-year old. 240:@
Solution: Given (i) ¢,,15 =7 (ii) 10pa0 =7 (iii) €50,35 =7 Find ey0,5 = 7 #6

€40:30) = €40:10] + 10P10€50:0) = 9.7 + (0.98)(19.5) = 28.81.
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Example 2.42. Assume that
(1) The expected future lifetime of a 40-year old is 45 years.
(ii) The expected future lifetime of a 50—year old is 36 years.

(1ii) The probability that a 40-year old survives to age 50 is 0.98.
The expected number of years lived between ages 40 and 50 by a 40-year old ?

Solution: Given: eq = 45; e50 = 36; 50_40p40 = 0.98. 240:@:?

Formula 6: Co = Com) T mPaCaim,  => €y,q5) = 45 — (0.98)(36) = 9.72.

(N

~"

45=¢ 40.75,+(0.98)(36)

e . I+TLSX X d rTn X .
Definition 2.28. ,m, = fxf;*”s( )5); L= K * MSYS—(?) (t)dt) is called

the central death rate or the central rate of failure over the age interval x and
T+ n.

nmy is the weighted average of the force mortality on the interval [z,z + n] using the
Sx(t)

T[T Sx(t)dt

and p(z)t is the proportion of people die within ¢ year for people of age x (¢t ~ 0).

Quiz formulae for next week: 447: 6-42 and 44. 450: 1-6.

survival function as a weight ¢.e. . Denote m, = 1m,. Recall p(z) = S{i@)

Example 2.43.

Example 2.44.

Theorem 2.37. ,m, = Sx(@)=Sx(win) _ Jy iparr(O)dl _ e

f;+n Sx (t) dt fon D dt €x:7]
T Sx (t)px (t) dt T Fx(t) dt
Proof. nMy = J f;"'nXSXé:j;du = j{-;v-‘rn Sj:(u) du as SX(t):U'X@) = fX(t)a (1>
[ fx@dt [T fx(@tu)du [T pepr, () dt
By Eq (1)7 nflte = fT+n SX(t) fon Sx (ztu)du fon tPa di
Sx (@) =Sx (@tn)
niltx f;*"s (t) dt f :H—u Ydu — Ji' Sx(z+u)du fo wprdu g

Sx (x)

Definition 2.29. The median future lifetime of (z) is m(z) (=median of T(x)).
P{T(z) < m(z)} < & <P{T(z) < m(z)}.

Definition 2.30. ,a(z) = E(T(x)|T(z) < n), the average future lifetime of those who
survive to age x, but die within the next n years. a(z) = 1a(x).

x + pa(r) is the mean age at death of those who survive to age x, but die in the next n

years.

Theorem 2.38. ,a(z) = W‘
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o)
ez—l—m:n—m .

450[6] g_x = E[T<x)] = gaz:ﬁ\ + npxngrn? gm:m = E[T(l‘) A n] = gal::ﬁ| + mPzx

450[7]. The central rate of failure on (z,z + n] is ,my = s jﬁ’cg‘”(z L
- o tPe €7

My = 1, na(e) = B(T(@)|T(x) < n) = S22 () = a(a),

Example 2.45.

Example 2.46.

Example 2.47. (=Fz.2.40). For the survival function Sx(x) = %, 0<x<90.
Find (1) the median future lifetime of (30), (2) 10ms0, (3) 10a(30).

Solution: (1) Formula: p = F(&,) = S(&-,), as F' is continuous and 1 1.

Solve for &5: 0.5 =P{T(30) > &5} = st(yio(—gg;f’) - 3539358’5)

—> €05 = (905 — (906 — 30%)  0.5)/® — 30 ~ 50.19920541.

(2) Formulas [7]: nmxdiffo tgwﬂw(;) dt _ 29z Try the 2nd 19mgp = 222%, where
fO tPx ¢ €xm| e30:ﬁ|

(a) 10q30 =1 — 10p30 = 1 — % ~ 0.006344,

(e}

(b) €pmy = BE(T(x) An) = egp15) = Jiy padt = [ 250 dt ~ 9.976 (see Ex. 2.40).

0 s(z)
Thus 1gmzp = 2% ~ 57578 ~ 0.000636.
30:10]
(3) Formula [7]: pa(z) = E(T(2)|T(z) < n)) = w,
€505 — 10 10P30 99755 — (10)(0.9937
10a(30) = 2220 ~ (10)( ) ~6.1415

10430 T 0.00634430727

2.5 Future curtate lifetime.
Definition 2.31. Let K, = [T(x)|, where [t] is called the ceiling of t, that is,
(
0 if —1<¢<0,

[t =kl(k—1<t<k)=<¢1 if0<t<l, (It]=k-1DIk-1<t<k)).
2 ifl<t<2,

\

Definition 2.32. K(z) = [T(z)] — 1 is the future curtate lifetime of a life aged x.
er = E[K(x)] is the curtate life expectation of a life aged =.
epm| = E(K(x) An), the expected # of whole years lived in the interval (x,x +n] by ().
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0 if0<T() <1, 1 i 0<T(x) <1,

| i 1< T(x) <2 2 if 1< T(x) <2

K(z) =K, —1= ! d K, = :
(@) = K 2 o< T <3, ) and K < 3,

3 if 2<T(x)

Q: Which of e,, ¢,, E(K,) is larger ? Hint: K(z) (= K, — 1), T(z), K, (= [T(z)]).
Q: If T(30) = 0.5, K(30) =7 Ko =7

Class Exercise fx,(t) = P(K; =t) = {;ﬁxig :L B Z E(K;) = {gégg;; J: 1 Z

Hint: Ky = K(x) + 1

Theorem 2.39. P{K, =k} = 1Pz Quip_1= <Hf_§ px—l—j) Qo1 = 5(“’“—81(55(”’“)

=pt|@e =P{k—1<T(2) <k} =P{k-1<X—2 <KX >z} =} 1Dr—kPr = ks — k-10z-

Example 2.48. Suppose pgy = 0.05, pg1 = 0.01, pga = 0.001, pg3 =0 (Sx(94) = ?)
Calculate the probability mass function of Kog.

Sol: Which formula to use in Th 2.39 7?7 How about the formulas sheet ?

Th.2.39 P{Kgy = 1} = goo = 1 — pgo = (1 — 0.05) = 0.95, sheet
ond : P{Kgo = 2} = poogo1 = (0.05)(1 — 0.01) = 0.0495, [8]2nd
3rd : P{Kgy = 3} = poopo1gez = (0.05)(0.01)(1 — 0.001) = 0.0004995, [8]3rd

P{ Koo = 4} = pooporpeagos = (0.05)(0.01)(0.001)(1 — 0) = 0.0000005,
P{Kg() = ]{7} =0, for k=5,6,7,..., as pog3 :P<X > 94’X > 93) =0

Example 2.49. Calculate the probability mass function of Koo for given
poo = 0.2, 2pgo = 0.1,  3pgo = 0.01,  4pgo = 0.005,  5pgo = 0.

Sol: gpgo = 7 1poo = 7 P{Kgo = k} = k_19,=7 Which formula in Th 2.39 to use 77

P{Kgp=1}=1—pyo=1—-02=028,

P{Kogo =2} = poo — 2p90 = 0.2 — 0.1 = 0.1, 8] : K(z)=[T(z)] -1
P{Kg() = 3} = 2P90 — 3P90 = 0.1 -0.01 = 0.09, Kx = (T(xﬂ
]P){Kgo = 4} = 3P90 — 4P90 = 0.01 —0.005 = 0.005, P{Kgo = k‘} = fKI(/{i) = k,1|qx
P{Kgo =5} = 4pgo — 5p90 = 0.005 — 0 = 0.005,

P{K¢y =k} =0, for k=6,7,..., Why ??

Theorem 2.40.
Theorem 2.41.

Theorem 2.42. ¢, = E[K(2)] =Y, k klde =D pey Pz
and E[(K(z))Z] = ZZ‘;I k? - k|(h = 220:1(2]{ - 1) * kPx-
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+ [ 90 91 92 93 9J
e | 0.2 0.1 0.05 0.00 0

Solution: Theorem 2.42: e, = E(K(z)) =Y ;- k- klge = D poy k2 (formula [9]).
Formula [4]: wpz = pz -+ Datn—1,
€90 = 22021 kP90 = P90 + P90 - P91 + P90 * P91 - P92 + P90 * P91 * P92 - P93 + - - -

= (0.2) 4 (0.2)(0.1) + (0.2)(0.1)(0.05) + (0.2)(0.1)(0.05)(0.01) + 0 ~ 0.22.

Example 2.50. Suppose that =7

Example 2.51. Suppose s(t) = 1?00 ,0<t<100. Find ey and ey, where x is an
integer.
Solution: Formulas: [6] ¢, = E(T(z) fo tpe dt ([1]) and [3] 1p. = S(;E:)t)-
D = S(S%t) 02—t 0 < 2 4t < 100.
—u —u
o 100— 100— 100— —r—t
€z = Jy T ippdt = f xlggoxxtdt = fo xlO()lOOxx td(lOO_I_t)
100—=z
_ (100—z—t)? _ 100—
= — 001 = -0+ =5*...Done?
Formulas: [3] ¢p, = % 9] ex = E(K(x)) = Y202, kP
) 100—=x 100—=z
100 — z —
@w—ZkPw—Z 10()_x Z 100—x
k=1 k=1
1 (100—x)(100—x+1) n+1
=100 — z —
T T00 -2 2 ;
100 — 1 99—
=100 — 2 — 2x+ = — L 20,99 or x €[0,100) or x € {0,1,...,99} ?

Theorem 2.43. (Iterative formula for e;) ey = pu(1 + €xi1).

Theorem 2.44. [fp, . = ps, for each integer k > 1. Then, e; = pp+opy+--- = 2=
Remark: [9] ez = > 7o | kpa-
1-p)(A+p =1-p* 1-—-p)(A+p+-+p")=1-p"" k=123 .. (1)
Theorem 2.45. ¢, = i 1 k- klgz + 1 npe =D 1 kPa-

Theorem 2.46. ¢, = ezm| t+ nDxCrtn-

Theorem 2.47. If p, 1 = p, for each integer k > 0. Then, e,q = p?f;l.

Theorem 2.48. ¢, = ps (1 + e:c—l—l:n—1|) .
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Quiz formulae in this week: 447: 6-42 and 44. 450: 1-9.
Exam next Tuesday (7:45am-9:30am) covers upto Section 2.5 (the current section).
Theorems 2.44-2.49 are summarized as formulas as follows.

[9] Cx = E[K($)] = pﬂ?(l + 62?-!-1) = €| + nhzCz+n = Zzozl kEDPzx- K(x) = (T<5U>—‘ -1
Cxm| = E(K(l’) A n) = Zzzl kDPx-

[16] amdif S ok = ol S k= I [16] yields Th.2.44 and 2 middle

school formulae: (1 —p)(14+p)=1—p% 1—p)(1+p+---+p")=1-p"" k=123, ..

Example 2.52. Suppose that e, = 30, p; = 0.97 and pyy1 = 0.95. ep10 =7

Solution: [9] ex = E[K(z)] = pa(1 + €x41) = Cym| T nPrCrtn = Zzozl kpz- Which one

to choose ?
=7 =7

Method 1. “e, > ="p, (1 + €341) => €p41 = ;—z —1land e;19 = z% — 1. Then
Cri1 = - —1229.9 < 30 = ¢, and

epro = S — 1 =33 —1~305>29.9=¢;p1.

> e,7
< eg?

Question: Should e; 11 {

> (x=30/0.97-1) [1] 29.92784

> x/0.95-1

> x/0.99-1 [1] 29.23014 # if most people survival after 1 year, 29.2 < 29.9.
> x/0.40-1 [1] 73.81959 # if most people died before 1 year, 73.8 > 29.9.
In the other cases, it fluctuates around 29.9.

eziez‘i
Method 2. e, = €ya| T 2PaCat2 => —- 2|

2
by [9] 6m:§| = Zk:l kPzx,
by [4], 2pz = Pz - Pat1,
€31 = Px + 2z = 0.97 + (0.97)(0.95) = 1.8915.

= €z+2.

er— €3 30— 1.8915
- - — 30.50298426.
e (0.97)(0.95)

x || 90 91 92 93 Y4
pe | 0.2 0.1 0.05 0.01 0

Example 2.53. Suppose that - egpp =!  E(K(z)A

2)
Solution: By [9] or Th2.46, e, = > p_ 4Pe- D=7  1pp =7
By [4] 2pe = 1D2 - 1241, €90:2| = P90 + P90p91 = (0.2) + (0.2)(0.1) = 0.22.

Definition 2.33. Let S, = T(x) — K(x), the period of time lived through the death
interval of an entity aged x.

Sy is a r.v. taking values in the interval (0,1]. Notice that E[S,]| = er — €. E(Sx) ="
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Skip the §2.7.2.

2.6 Selected survival models.

A select table is a mortality table for a group of people subject to a special circum-
stance (disability, retirement, etc). The variable in common of this group of people is
called the concomitant variable. The probability of surviving from time z, to time
z +t for an entity selected at time z is tpj,;. Here, the age at selection is denoted by
[z]. The select survival function is denoted by S(z;t) = tpj . The force of mortality is

Pa]+t = —%lnS(w; t). The expected future life is gm = fooo S(x;t)dt. Here,

[z], S(%;1), tPa]s Hiz)4¢ are all special notations.
Definition 2.34.
Definition 2.35.
Definition 2.36.
Example 2.54.
2.7 Common analytical survival models
2.7.1 De Moivre model. Ignore this section.

Definition 2.37. The age—at-death X follows De Moivre mortality law with
terminal age w, if the distribution of X ~ U(0,w).

Definition 2.38.
Definition 2.39.
Example 2.55.
Example 2.56.
Example 2.57.
Example 2.58.
Example 2.59.
Example 2.60.
Example 2.61.

Example 2.62.



SECTION 2.7. COMMON ANALYTICAL SURVIVAL MODELS

45

Theorem 2.49.
Theorem 2.50.
Theorem 2.51.
Theorem 2.52.
Theorem 2.53.
Theorem 2.54.
Theorem 2.55.
Theorem 2.56.
Theorem 2.57.

Theorem 2.58.
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2.7.2 Generalized De Moivre model.

Definition 2.40. The age—at—death X follows a generalized De Moivre mortal-
ity if s(z) = (1 - %)a, for 0 <z <w, where « > 0. If a =1, it is U(O,w), called De
Moivre law.

Example 2.63. The future lifetime of a new born has survival function s(x) =

(1 — f)a, for 0 < x <w, where a,w > 0. Suppose that es0 = 8 and eqy = 4. Calculate o
and w.

. . 8 =40
Solution: Given e, = [t frq)(t)dt = [ ipe dt = {4 N 60’
Tr =
s(x+1t) (w—x—1)* ( x)a
tPz s(x) (w—x)a , 0=t< s(x) w Jor Oswsw
=u
o[ [TEEE  —wma = [T _wr f8 o =40
€y = = T ha W= T a1
T 0 tPx 0 (w_x)a (a_|_1)(w_$)01 0 a+1 4 x =60
o w—40
_ — w—40 —4
ST T = 2= YT s (9)(w - 60) = w40 => w = 80.
4—660:a+1 w — 60

2.7.3 Exponential model.

Theorem 2.59. An exponential r.v. X with E(X) =0 >0 (letting p = 1/0) satisfies,
for x>0, f(x) = %e‘x/‘g = pe M s(x) = e %0 = e=h h(z) = p, E[X] =0 and Var(X) =
62.

Write X ~ Exp(1/p) or Exp(f). X has constant force of mortality h(z) = u. The
model is also called the constant force model. [447] Exp(a) =T(1,a). a = E(X) 7

Theorem 2.60.

Theorem 2.61. (Memoryless property of the exponential distribution). Let
X have an exponential distribution. Then, for each s,t > 0,

P{T(s) >t} =P{X >s+t| X >s} =P{X >t}. E(T(x)) =EX|X>z)=BX)-?

Definition 2.41. A r.v. X has a geometric distribution with parameter p, if
P{X=k}=(1-p)p, k=0,1,2... where0<p<1
(X=# of failures until the 1st success).

Remark. The geometric distribution in Math 447 Y ~ G(p) ([10]) is
Y = X +1 (=4 of trials until the 1st success).
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Theorem 2.62. (Memoryless property of the geometric distribution) Let
X be a r.v. with a geometric distribution (X ~ G(p)). Then, for each integers k,n > 1,

P{T(k)>n} =P{X >k+n|X >k} = P{X >n}.

Proof. H P{X>n}=(1-p)"=P{X >k+n|X >k}, k=0,1,2...
P{X > n}
= Z;in P{X =} = Z;in(l —p)p (Z?:O x) = 1_1353; ) (see formula[l7]).
=1 =pp (- (k=37)
= (- p)p i = (1 -p).

P{X>k+n|X >k} P(A|B) = P(AB)/P(B) = P(A)/P(B) 77
_ P{X>ktn} _ (1-p)*t" (1—p) o
P{X >k} T-p)* p)

Theorem 2.63. Let X ~ G(p). Then, E[X] =1 and Var(X) = .

Proof. (Math 447) [10]: E(Y) = 1/p and V(Y) = q/p?, where Y = X + 1.
Y = # of trials to have a success.

X = # of trials before a success.
EX)=EY -1)=Q1/p)-1=Q0-p)/p=q/p. V(X)=V( -1)=V(Y)=q/p"

Example 2.64.
Example 2.65.

Theorem 2.64. Suppose that for each k =