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Notations in 450: k, i, n ≥ 0 and 0 ≤ m ≤ n. P (X ≥ 0) = 1 and x, t > 0. SX(x) = s(x) =
P{X > x},
1. If H(0) = 0 and H ′ ≥ 0, then E(H(X)) =

∫∞
0
s(t)H ′(t) dt, e.g.,

E(X) =
∫∞
0
s(t) dt, E(Xp) =

∫∞
0
s(t)ptp−1 dt, E[X ∧ a] =

∫ a
0
s(t) dt.

2. If P (X ∈ {0, 1, 2, ...}) = 1 and H ↑, then
E[H(X)] =

∑∞
k=1 P{X ≥ k}(H(k)−H(k − 1)), E[X] =

∑∞
k=1 P{X ≥ k},

E[X2] =
∑∞

k=1 P{X ≥ k}(2k − 1), E[min(X, a)] =
∑a

k=1 P{X ≥ k}.
3. T (x) = Tx = (X − x)|(X > x),

tpx = ST (x)(t) = s(x+t)
s(x)

, tqx = FT (x)(t) = s(x)−s(x+t)
s(x)

,

s|tqx = P{s < T (x) ≤ s+ t} = spx · tqx+s, s|qx = s|1qx, px = 1px, qx = 1qx,
4. m+npx = mpx · npx+m, npx = pxpx+1 . . . px+n−1,∑k

j=1 nj
px = n1px · n2px+n1 · n3px+n1+n2 · · · nk

px+
∑k−1

j=1 nj
.

5. The force of mortality is µX(x) = µ(x) = µx = fX(x)
SX(x−) . µT (x)(t) = µx(t). If X is cts,

µ(x) = − d
dx

lnSX(x), SX(x) = exp
(
−
∫ x
0
µ(t) dt

)
, fT (x)(t) = tpxµ(x+ t). µx(t) = µ(x+ t).

6.
◦
ex = E[T (x)] =

◦
ex:n| + npx

◦
ex+n,

◦
ex:n| = E[T (x) ∧ n] =

◦
ex:m| + mpx

◦
ex+m:n−m|.

7. The central rate of failure on (x, x+ n] is nmx =
∫ n
0 tpxµx(t) dt∫ n

0 tpx dt
= nqx
◦
ex:n|

,

mx = 1mx, na(x) = E(T (x)|T (x) ≤ n) =
◦
ex:n|−n·npx

nqx
, a(x) = 1a(x).

8. Kx = dT (x)e, dte = k if t ∈ (k − 1, k], K(x) = Kx−1,

fKx(k) = k−1|qx = k−1px · qx+k−1 = (
∏k−2

j≥0 px+j)qx+k−1
9. ex = E[K(x)] = px(1 + ex+1) =

∑∞
k=1 kpx = ex:n| + npxex+n,

ex:n| = E(K(x) ∧ n) =
∑n

k=1 kpx, E[(K(x))2] =
∑∞

k=1(2k − 1) · kpx.

10. The KME Ŝpl(t) =
∏

tk≤t(1−
dk
rk

), and σ̂2
Ŝpl(t)

= 1
n
(Ŝpl(t))

2
∑

k: tk≤t
f̂pl(tk)

ŜZ(tk−)Ŝpl(tk)
.

The Nelson-Aalen estimator: S̃NA(t) = e−H(t), where H(t) =
∑

tk≤t
dk
rk

.

σ̂2
S̃NA(t)

= (S̃NA(t))2σ̂2
H(t), where σ̂2

H(t) =
∑

tj≤t
(rj−dj)dj
(rj−1)r2j

.

11. `x = # of individuals alive at age x, 1Lx = Lx. tdx = `x − `x+t, dx = 1dx,

tpx =
∏

x≤k<x+t(1− dk/lk). Tx = `x
◦
ex =

∫∞
0
`x+t dt =

∑∞
k=x Lk

= E(# of years lived beyong age x by the cohort group with l0 members),

nLx = `x
◦
ex:n| = Tx − Tx+n. s(x) = `x

`0
, tpx = `x+t

`x
, (Tx in #3 differs from Tx in #11).

12.

Interpolation `x+t tpx
UDD
exponential
Balducci

where .

key:

UDD (1− t)`x + t`x+1 or `x − tdx 1− tqx
exponential (`x)

1−t(`x+1)
t or `xp

t
x ptx

Balducci 1
(1−t) 1

`x
+t 1

`x+1

px
t+(1−t)px

, t ∈ [0, 1].



ii

14. Life Insurance: Z = bTxvTx ,

Whole life ins: Zx = vKx , Zx = vTx , Ax = Ax(v) = E[vKx ] = vqx + vpxAx+1,
2Ax = E[Z2

x] =
Ax(v

2).

n–year term : Z1
x:n| = vKxI(Kx ≤ n), Z

1

x:n| = vTxI(Tx ≤ n), A1
x:n| = E[Z1

x:n|] =
∑n

k=1 v
kfKx(k) =

vqx + vpxA
1
x+1:n−1|,

2A1
x:n| = E((Z1

x:n|)
2) = A1

x:n|(v
2).

n–year deferred : n|Zx = vKxI(n < Kx), n|Zx = vTxI(n < Tx),
2
n|Ax = n|Ax (v2), n|Ax =

E[n|Zx] =
∑∞

k=n+1 v
kfKx(k) = vn+1fKx(n+ 1) + n+1|Ax = vpx · n−1|Ax+1.

n–year pure endowment : Z 1
x:n| = vnI(n < Kx) , Z

1

x:n| = vnI(n < Tx) , A 1
x:n| = nEx = vnnpx,

2A 1
x:n| = E((Z 1

x:n|)
2) = A 1

x:n|(v
2),

n–year endowment : Zx:n| = vKx∧n, Zx:n| = vTx∧n, Ax:n| =
∑n

k=1 v
kfKx(k) + vnnpx,

2Ax:n| =

E((Zx:n|)
2) = Ax:n|(v

2),

m–year defer n-year term : m|nZx = vKxI(m < Kx ≤ n+m), m|nZx = vTxI(m < Tx ≤ n+m),

m|nAx = mExA
1
x+m:n|,

2
m|nAx:n| = E[(m|nZx)2] =

∑m+n
k=m+1 v

2kfKx(k).

Zx = Z1
x:n| + n|Zx, Z1

x:n| · n|Zx = 0,

Zx:n| = Z1
x:n| + Z 1

x:n|, Z
1
x:n| · Z 1

x:n| = 0,

n|Ax = nExAx+n, Ax = A1
x:n| + nExAx+n.

15. (IZ)x = Kxv
Kx . (IZ)x = Txv

Tx . (IZ)x = dTxevTx . (DZ)1x:n| = (n+ 1−Kx)v
KxI(Kx ≤ n).

(DZ)1x:n| = (n− Tx)vTxI(Tx ≤ n). (DZ)1x:n| = dn− TxevTxI(Tx ≤ n).

16. v = 1
i+1

, δ = −lnv, d = 1− v.
∑n

k=1 kx
k−1 = (1−x

n+1

1−x )′x.

an| =
∑n

k=1 v
k = v(1−v

n

1−v ).
∑n

k=0 v
k = 1−vn+1

1−v .

17.

due PV än| =
∑n−1

k=0 v
k = 1−vn

1−v APV

whole life Ÿx =
∑Kx−1

k=0 vk = 1−Zx

1−v äx =
∑∞

k=0 v
k
kpx

n–y. def. n|Ÿx =
∑Kx−1

k≥n vk = vn−vKx

1−v I(Kx > n) n|äx =
∑∞

k=n v
k
kpx

n–y. tem. Ÿx:n| =
∑(Kx∧n)−1

k=0 vk =
1−Zx:n|

d
äx:n| =

∑n−1
k=0 v

k
kpx

n–y. cer. Ÿx:n| =
∑(n∨Kx)−1

k=0 vk = än| + n|Ÿx äx:n| = än| + n|äx

i 6= 0.

immediate: Yx =
∑Kx−1

k≥1 vk = Ÿx − 1, n|Yx =
∑Kx−1

k>n vk = n+1|Ÿx,
Yx:n| =

∑(Kx−1)∧n
k=1 vk = Ÿx:n+1| − 1, Yx:n| =

∑(Kx−1)∨n
k=1 vk = Ÿ

x:n+1| − 1
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cts present value=an| =
∫ n
0
vtdt APV

whole life Y x =
∫ Tx
0
vtdt = 1−Zx

δ
ax =

∫∞
0
vttpxdt

n–y. def. n|Y x =
∫ Tx
n
vtdtI(Tx > n) n|ax =

∫∞
n
vttpxdt

n–y. tem. Y x:n| =
∫ Tx∧n
0

vtdt = 1−vTx∧n
δ

ax:n| =
∫ n
0
vttpxdt

n–y. cer. Y x:n| =
∫ Tx∨n
0

vtdt = an| + n|Y x ax:n| = an| + n|ax

18. Ÿx = Ÿx:n| + n|Ÿx, E((Ÿx)
2) 6=äx(v2), äx = 1 + vpxäx+1. ax = ax:n| + vnnpxax+n.

n|äx = nExäx+n = vpx · n−1|äx+1. n|ax = nEx · ax+n = vpx · n−1|ax+1.

äx:n+m| = äx:n|+nEx · äx+n:m|.
19.

Plan Loss

Whole life insurance Zx − PŸx

t–year funded whole life insurance Zx − PŸx:t|

n–year term insurance Z1
x:n| − PŸx:n|

t–year funded n–year term insurance Z1
x:n| − PŸx:t|

n–year pure endowment insurance Z 1
x:n| − PŸx:n|

t–year funded n–year pure endowment insurance Z 1
x:n| − PŸx:t|

n–year endowment Zx:n| − PŸx:n|

t–year funded n–year endowment insurance Zx:n| − PŸx:t|

n–year deferred insurance n|Zx − PŸx

t–year funded n–year deferred insurance n|Zx − PŸx:t|

Loss in the fully discrete case

13. Application of Woolhouse’s formula:

ax ≈ äx −
1

2
− 1

12
(δ + µx) ≈ ä(m)

x − 1

2m
− 1

12m2
(δ + µx)
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Notations in 450: k, i, n ≥ 0 and 0 ≤ m ≤ n. P (X ≥ 0) = 1 and x, t > 0. SX(x) = s(x) =
P{X > x},

1. If H(0) = 0 and ≥ 0, then =
∫∞
0
s(t)H ′(t) dt, e.g.,

=
∫∞
0
s(t) dt, =

∫∞
0
s(t)ptp−1 dt, E[X ∧ a] =

∫
0

s(t) dt.

2. If P (X ∈ {0, 1, 2, ...}) = and , then

E[ ] =
∑∞

k=1 P{X ≥ k}(H(k)−H(k − 1)), E[ ] =
∑∞

k=1 P{X ≥ k},

E[ ] =
∑∞

k=1 P{X ≥ k}(2k − 1), E[min(X, a)] =
∑

P{X ≥ k}.

3. T (x) = Tx = , = ST (x)(t) = s(x+t)
s(x)

, = FT (x)(t) =
s(x)−s(x+t)

s(x)
,

= P{s < T (x) ≤ s+t} = spx ·tqx+s, = s|1qx , = 1px, = 1qx,

4. = mpx · npx+m, = pxpx+1 . . . px+n−1,

= n1px · n2px+n1 · n3px+n1+n2 · · · nk
px+

∑k−1
j=1 nj

.

5. The force of mortality is µX(x) = µ(x) = µx = . µT (x)(t) =

If X is cts, = − d
dx

lnSX(x), = exp
(
−
∫ x
0
µ(t) dt

)
, = tpxµ(x + t).

µx(t) =

6. = E[T (x)] =
◦
ex:n|+npx

◦
ex+n, = E[T (x)∧n] =

◦
ex:m|+mpx

◦
ex+m:n−m|.

7. The central rate of failure on (x, x+ n] is =
∫ n
0 tpxµx(t) dt∫ n

0 tpx dt
= nqx
◦
ex:n|

,

= 1mx, = E(T (x)|T (x) ≤ n) =
◦
ex:n|−n·npx

nqx
, = 1a(x).

8. = dT (x)e, dte = if t ∈ (k − 1, k], K(x) = Kx ,

= k−1|qx = k−1px · qx+k−1 = (
∏k−2

j≥0 px+j)qx+k−1

9. = E[K(x)] = px(1 + ex+1) =
∑∞

k=1 kpx = ex:n| + npxex+n,



v

= E(K(x) ∧ n) =
∑n

k=1 kpx, =
∑∞

k=1(2k − 1) · kpx.

10. The KME Ŝpl(t) =
∏

tk≤t( ), and σ̂2
Ŝpl(t)

=
∑

k: tk≤t
f̂pl(tk)

ŜZ(tk−)Ŝpl(tk)
.

The Nelson-Aalen estimator: S̃NA(t) = , where H(t) =
∑

tk≤t
dk
rk

.

σ̂2
S̃NA(t)

= (S̃NA(t))2σ̂2
H(t), where σ̂2

H(t) = .

11. = # of individuals alive at age x, = Lx,

tdx = , dx = , s(x) = , tpx = ,

=
∏

x≤k<x+t(1− dk/lk). = `x
◦
ex =

∫∞
0
`x+t dt =

∑
k≥x Lk

= E(# of years lived beyong age x by the cohort group with l0 members),

= `x
◦
ex:n| = Tx − Tx+n, (Tx in #3 differs from Tx in #11)

12.

Interpolation `x+t tpx
UDD

exponential

Balducci

, where .

13. Application of Woolhouse’s formula:

ax ≈ − 1

12
(δ + µ(x)) ≈ − 1

12m2
(δ + µ(x))

14. Life Insurance Z =

Whole life ins: Zx = , Zx = , Ax = Ax(v) = = ,

2Ax = E[Z2
x] = ,

n–year term : Z1
x:n| = , Z

1

x:n| = , A1
x:n| = E[Z1

x:n|] = =
,

2A1
x:n| = E((Z1

x:n|)
2) = ,

n–year deferred : n|Zx = , n|Zx = ,
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2
n|Ax = n|Ax , n|Ax = E[n|Zx] = vkfKx(k) = = vpx ·

n−1|Ax+1.

n–year pure endowment : Z 1
x:n| = , Z

1

x:n| = ,

A 1
x:n| = nEx = , 2A 1

x:n| = E((Z 1
x:n|)

2) = A 1
x:n| ,

n–year endowment : Zx:n| = , Zx:n| = , Ax:n| = ,

2Ax:n| = E((Zx:n|)
2) = Ax:n| ,

m–year defer n-year term : m|nZx = , m|nZx = ,

m|nAx = mEx , 2
m|nAx:n| = E[(m|nZx)2] = v2kfKx(k),

= Z1
x:n| + n|Zx, Z1

x:n| · n|Zx = , = Z1
x:n| + Z 1

x:n|, Z
1
x:n| · Z 1

x:n| =
,

= nExAx+n, = A1
x:n| + nExAx+n.

15. (IZ)x = . (IZ)x = . (IZ)x = . (DZ)1x:n| = .

(DZ)1x:n| = . (DZ)1x:n| = .

16. = 1
i+1

, = −lnv, = 1 − v.
∑n

k=1 kx
k−1 = an| =

∑n
k=1 v

k

=

∑n
k=0 v

k = .

17.

due PV än| = = APV

whole life Ÿx =
∑Kx−1

k=0 vk = äx =

n–y. def. n|Ÿx = = vn−vKx

1−v n|äx =

n–y. temp. Ÿx:n| = =
1−Zx:n|

d
äx:n| =

n–y. cer. Ÿx:n| = = än| + n|Ÿx äx:n| =

i 6=

0.
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immediate: Yx =
∑Kx−1

k≥1 vk = , n|Yx =
∑Kx−1

k>n vk = , Yx:n| =∑(Kx−1)∧n
k=1 vk = , Yx:n| =

∑(Kx−1)∨n
k=1 vk =

cts present value=an| = APV

whole life Y x =
∫ Tx
0
vtdt = ax = dt

n–y. def. n|Y x =
∫ Tx
n
vtdt n|ax = dt

n–y. temp. Y x:n| =
∫ Tx∧n
0

vtdt = ax:n| = dt

n–y. cer. Y x:n| =
∫ n∨Tx
0

vtdt = ax:n| =

18. = Ÿx:n| + n|Ÿx. E((Ÿx)
2) äx(v

2). äx = .

ax = . n|äx = nExäx+n = .

n|ax = nEx · ax+n = . äx:n+m| = äx:n| .
19. Loss in the fully discrete case

Plan Loss Loss

Whole life insurance
t–year funded whole life insurance
n–year term insurance
t–year funded n–year term insurance
n–year pure endowment insurance
t–year funded n–year pure endowment insurance
n–year endowment
t–year funded n–year endowment insurance
n–year deferred insurance
t–year funded n–year deferred insurance

line-up
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Formulas in chapter 7:
1.1. tLx = Zx+t − PxŸx+t.
1.2. tVx = E(tLx) (= Ax+t − Pxäx+t).
1.3. t+1Ix = tVx + Px.
1.4. Pxäx:t| = A1

x:t| + tEx · tVx.
1.5. F = 1− Px

Px+t
.

1.6. tVx = Px
äx:t|

tEx
−

A1
x:t|

tEx
= Pxs̈x:t| − tkx (whole life insurance).

1.7. tV + πt = vbt+1qx+t + v · t+1V px+t. (general tVx)
1.8. Cj = vbj+1I(Kx = j + 1)− πjI(Kx > j).
1.9. Λj = Cj + v · j+1V I(Kx > j + 1)− jV I(Kx > j).

1.10. tL = bKxv
Kx+t −

∑Kx+t−1
k=0 πt+kv

k =
∑∞

k=1 bt+kv
kI(Kx+t = k)−

∑∞
k=0 πt+kv

kI(Kx+t > k).
1.11. tVe = (b+ s)Ax+t − ((1− r)G− e)äx+t + (e∗0 + r∗0G)1(t = 0)
1.12. tV

e = tVe − tV .

2. Formulas in chapter 8:

Txy = Tx:y = min{Tx, Ty}.
Txy = Tx:y = max{Tx, Ty}.
tqxy + tqxy = tqx + tqy.

TxyTxy = TxTy.

Txy + Txy = Tx + Ty.
If Tx ⊥ Ty, then tqxy = tqxtqy, tpxy = tpxtpy and µxy(t) = µx(t) + µy(t).
3. Shock model: T ∗x , T

∗
y , S are independent. S ∼ Exp(λ). Tx = T ∗x ∧ S. Ty = T ∗y ∧ S.

S(Tx,Ty)(s, t) = sp
∗
x · tp∗ye−λ(s∨t). tpxy = (tp

∗
x + tp

∗
y − tp

∗
xtp
∗
y)e
−λt.

4. Contingent insurance. Z
1

xy = vTxI(Tx < Ty). Z
1

xy = vTyI(Ty < Tx).

Z
2

xy = vTxI(Tx > Ty). Z
2

xy = vTyI(Ty > Tx).

5. nq
1
xy = P{Tx < Ty, Tx ≤ n}. nq

1
xy = P{Ty < Tx, Ty ≤ n}.

nq
2
xy = P{Tx > Ty, Tx ≤ n}. nq

2
xy = P{Ty > Tx, Ty ≤ n}.

6. Revisionary annuity. Y x|y =
∫∞
0
vtI(Tx ≤ t ≤ Ty)dt. ax|y = ay − axy.

7. The multiple-decrement model:
1. T

(1)
x , ..., T

(m)
x are independent and cts r.v.

2. Tx = min{T (1)
x , ..., T

(m)
x } and {Jx = j} = {Tx = T

(j)
x }.

tp
(τ)
x = STx(t), µ

(τ)
x (t) = µ

(τ)
x+t =

fTx (t)

STx (t)
=
∑m

j=1 µ
(j)
x (t),

tp
(j)
x = P (Tx > t, Jx = j). tp

′(j)
x = S

T
(j)
x

(t).

f(Tx,Jx)(t, j) =
f
T
(j)
x

(t)

S
T
(j)
x

(t)
STx(t) = µ

(j)
x (t)STx(t),

µ
(j)
x (t) =

f(Tx,Jx)(t,j)

STx (t)
=

f
T
(j)
x

(t)

S
T
(j)
x

(t)
= − d

dt
lnS

T
(j)
x

(t).

Gä
(τ)
x =

∑∞
k=1 bkv

k
k−1p

(τ)
x q

(1)
x+k−1 +

∑∞
k=1 kCV v

k
k−1p

(τ)
x q

(2)
x+k−1 +

∑∞
k=0 (rkG+ ek)v

k
kp

(τ)
x

(kAS +G−Grk − ek)(1 + i) = bk+1q
(1)
x+k + k+1CV q

(2)
x+k + p

(τ)
x+k · k+1AS.
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Formulas in Pension.

19. Sy =
∫ y+1

y
Atdt, sy/sx = Ay/Ax, sxo = 1 , and sy

sx
=

∫ 1
0 sy+tdt∫ 1
0 sx+tdt

= Sy

Sx
.

20. The pension replacement ratio R =
pension income in the year after retirement

final salary before retirement
,

21. Br = nSFinα or nB.

22. tV = (t− e)αŜFin × ä(12)r × r−tptv
r−t if P (R = r) = 1.

tV = E((t− e)αSFinvR−tä(12)R ). tV = Bt
D

(r)
r

D
(r)
t

ä
(12)
r .

23. The normal cost Ct = EPV of benefits for mid-year exists +v · 1p00x · t+1V − tV .

From (8) through (11), assume {Xn : n ≥ 0} is a homogeneous MC with state space E,
one-step transition matrix P =

(
pij
)
i,j∈E and pij = P (i, j). Denote m,n, k are nonnegative

integers, q = 1− p, αn(i) = P{Xn = i}.
8. P{Xn+1 = j|Xn = i,Xn−1 = in−1, ..., X0 = io} = (key: P{Xn+1 = j|Xn =
i})
∀ (n, k), P{Xn+k = j|Xn = i} = Q

(k)
n (i, j) = (key: p

(k)
ij )

P{Xo = i,X1 = j,X2 = k} = α0(i)Q0(i, j)Q1(j, k) = (key: α0(i)pijpjk)

P{Xn = j} = = (key:
∑

i∈E α0(i)p
(n)
ij ,

∑
i∈E α1(i)p

(n−1)
ij )

P (m) = (p
(m)
ij )i,j∈E, P (3) = (key: PPP ).

9. Random walk: E = {0,±1,±2, ...}. Sn = (key: (Xn−X0+n)/2) ∼ bin(n, p).

(Xm+n −Xn) (key: ⊥) Xn, (Xm+n −Xn) (key: ∼) Xm,

Cov(Xm+n, Xn) = (key: V (Xn)) = (key: 4npq).

10. Given A ⊂ E, let hi = P (Xn ∈ A for an n ≥ 0|X0 = i),

hi’s are the minimal nonnegative solutions to the system of equations{
hi = (key: 1) if i ∈ A
hi = (key:

∑
j∈E pijhj) if i /∈ A.

(h = Ph)

11. Gambler’s ruin problem. If E = {0, 1, ..., N}, pi,i−1 = q and pi,i+1 = p for i = 1, ..., N − 1,
and p00 = 1 = pNN , then

hi =

{
(key: 1−(q/p)i

1−(q/p)N ) if p 6= 1/2

(key: i/N) if p = 1/2
with A = (key: {N})

12. Suppose that Xi’s are independent Exp(θi) r.v.’s.
a. X(1) ∼ key: Exp( 1∑

i 1/θi
).

b. P{X1 < X2} = key: 1/θ1
1/θ1+1/θ2

.

c. P{Xi = X(1)) = key: 1/θi
1/θ1+···+1/θn

.
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13. Let {N(t) : t ≥ 0} and {Ni(t) : t ≥ 0} be Poisson processes with rate λ and λi, PP(λ) and
PP(λi). Let Sn = inf{t ≥ 0 : N(t) = n} and Tn = Sn − Sn−1. Let s, t ≥ 0.
13.1. N(0) = key: 0;
13.2. It has key: independent increments;
13.3. N(s+ t)−N(s) ∼ key: Poisson(λt).
13.4. Cov(N(s),N(s+t))= key: Var(N(s)).
13.5. Ti’s are i.i.d. key: Exp(1/λ).
13.6. Sn ∼ key: G(n, 1/λ).
13.7. N(s+ t)|(N(s)) = j) ∼ key: N(t) + j.
13.8. N(s)|(N(s+ t) = n) ∼ key: bin(n, p), where p = s

s+t
.

13.9. N(s)|(Sn = t+ s) ∼ key: bin(n− 1, p), where p = s
s+t

.
13.10. If {Ni(t) : t ≥ 0}’s are independent, then N1(t) + N2(t) are also PP(λ1 + λ2), and
N1(t)|(N1(t) +N2(t) = n) ∼ key: bin(n, λ1

λ1+λ2
).

13.11. {N(t) < n} = key: {Sn > t}.

Ignore the rest:
14. Aggregate Claim Model: S =

∑N
i=1 Yi, where Yi’s are i.i.d. from Y .

E(S) = (key: E(N)E(Y ))

V (S) = (key: E(N)V (Y ) + V (N)(E(Y ))2)

15. Nonhomogeneous PP (m(t)): N(t) ∼ Pois(m(t)) with m(t) =
∫ t
0
λ(s) ds. If each time an

event occurs it is classified as of the types 1, 2 with probability pj(t). Then Nj(t) ∼ PP (mj(t)),
where λj = λ(t)pj(t).

16. Xr ∼ NB(r, β): fXr(k) =
(
r+k−1
r−1

)
pr(1− p)k, k ≥ 0, p = 1

1+β
. E(Xr) = rβ and

V (Xr) = rβ(β + 1).

17. If Sn ∼ bin(n, 1
β+1

), P{Xr ≥ k} = P{Sr+k−1 ≤ r − 1}.

18. If X|(Y = y) ∼ Pois(cy) and Y∼G(n, β), then X ∼ NB(n, cβ).

Sy =
∫ y+1

y
Atdt, sy/sx = Ay/Ax and sy

sx
=

∫ 1
0 sy+tdt∫ 1
0 sx+tdt

, where Ay is the annual rate of salary at

age y, Sy is the salary received in year of age y to y + 1, sy is the rate of salary function, and
sy is the salary scale.

The pension replacement ratio R =
pension income in the year after retirement

final salary before retirement
,

Br = nSFinα or nB.

tV = (t− e)αŜFin × ä(12)r × r−tptv
r−t

The normal cost Ct = EPV of benefits for mid-year exists +v · 1p00x · t+1V − tV .



xi

Formulas for 452.

1. tLx = . tVx = E( ) (= Ax+t − Pxäx+t). t+1Ix = tVx + .

= A1
x:t| + tEx · tVx. = 1− Px

Px+t
. tVx = Px

äx:t|

tEx
−

A1
x:t|

tEx
= Pxs̈x:t| − .

+ πt = vbt+1qx+t + v · px+t. = vbj+1I(Kx = j + 1)− πjI(Kx > j).

= Cj + v · j+1V I(Kx > j + 1)− jV I(Kx > j).

tL = −
∑Kx+t−1

k=0 πt+kv
k =

∑∞
k=1 bt+kv

kI(Kx+t = k)−
∑∞

k=0 πt+kv
kI(Kx+t > k).

tVe = (b+ s)Ax+t − äx+t + (e∗0 + r∗0G)1(t = 0). = tVe − tV .

2. Txy = Tx:y = {Tx, Ty}. Txy = Tx:y = {Tx, Ty}. tqxy + tqxy = .

= TxTy. Txy + Txy = .

If , then = tqxtqy, = tpxtpy and = µx(t)+µy(t).

3. Shock model: are independent. . Tx = T ∗x ∧ S. .

= sp
∗
x · tp∗ye−λ(s∨t). = (tp

∗
x + tp

∗
y − tp

∗
xtp
∗
y)e
−λt.

4. Contingent insurance. Z
1

xy = . Z
1

xy = .

= vTxI(Tx > Ty). = vTyI(Ty > Tx).

5. nq
1
xy = P{ , Tx ≤ n}. nq

1
xy = P{ , Ty ≤ n}.

nq
2
xy = P{ , Tx ≤ n}. nq

2
xy = P{ , Ty ≤ n}.

6. Revisionary annuity. Y x|y =
∫∞
0

dt. sx|y = ay − .
7. The multiple-decrement model:

T
(1)
x , ..., T

(m)
x are and cts r.v. = min{T (1)

x , ..., T
(m)
x } and = {Tx =

T
(j)
x }.
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= STx(t), µ
(τ)
x (t) = µ

(τ)
x+t =

fTx (t)

STx (t)
= , = P (Tx > t, Jx = j).

= S
T

(j)
x

(t).

=
f
T
(j)
x

(t)

S
T
(j)
x

(t)
STx(t) = µ

(j)
x (t)STx(t), =

f(Tx,Jx)(t,j)

STx (t)
=

f
T
(j)
x

(t)

S
T
(j)
x

(t)
= − d

dt
lnS

T
(j)
x

(t).

Gä
(τ)
x =

∑∞
k=1 vkk−1p

(τ)
x q

(1)
x+k−1+

∑∞
k=1 vkk−1p

(τ)
x q

(2)
x+k−1+

∑∞
k=0 vkkp

(τ)
x

( +G−Grk − ek)(1 + i) = bk+1q
(1)
x+k + k+1CV q

(2)
x+k + p

(τ)
x+k · .

19. =
∫ y+1

y
Atdt, sy/sx = Ay/Ax, sxo = , and sy

sx
=
∫ 1

0
dt/
∫ 1

0
dt = Sy

Sx
.

20. =
pension income in the year after retirement

final salary before retirement
,

21. Br = or nB.

22. tV = × ä(12)r × r−tptv
r−t if P (R = r) = 1.

tV = E((t− e)αSFin ). tV = D
(r)
r

D
(r)
t

ä
(12)
r .

23. The normal cost Ct = EPV of benefits for mid-year exists + · t+1V − tV .

From (8) through (12), assume {Xn : n ≥ 0} is a homogeneous MC with state space E,
one-step transition
matrix P =

(
pij
)
i,j∈E and pij = P (i, j). Denote m,n, k are nonnegative integers, q = 1 − p,

αn(i) = P{Xn = i}.

8. P{Xn+1 = j|Xn = i,Xn−1 = in−1, ..., X0 = io} = .

∀ (n, k), P{Xn+k = j|Xn = i} = = .

P{Xo = i,X1 = j,X2 = k} = = .

P{Xn = j} = = . P (m) = (p
(m)
ij )i,j∈E, P (3) = .

9. Random walk: E = {0,±1,±2, ...}. Sn = ∼ bin(n, p).

(Xm+n −Xn) Xn, (Xm+n −Xn) Xm, Cov(Xm+n, Xn) = = .

10. Given A ⊂ E, let hi = P (Xn ∈ A for an n ≥ 0|X0 = i), hi’s are
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the minimal nonnegative solutions to the system of equations. hi =


if i ∈ A

if i /∈ A.

(h = h).

12. Suppose that Xi’s are independent Exp(θi) r.v.’s.

a. X(1) ∼ . b. P{X1 < X2} = . c. P{Xi = X(1)) = .

13. Let {N(t) : t ≥ 0} and {Ni(t) : t ≥ 0} be Poisson processes with rate λ and λi, PP(λ)
and PP(λi).

Let Sn = inf{t ≥ 0 : N(t) = n} and Tn = Sn − Sn−1. Let s, t ≥ 0.

13.1. N(0) = . 13.2. It has . 13.3. N(s + t) − N(s) ∼
.

13.4. Cov(N(s),N(s+t))= . 13.5. Ti’s are i.i.d. . 13.6. Sn ∼
.

13.7. N(s+ t)|(N(s)) = j) ∼ . 13.8. N(s)|(N(s+ t) = n) ∼ .

13.9. N(s)|(Sn = t + s) ∼ . 13.10. If {Ni(t) : t ≥ 0}’s are indepen-
dent, then N1(t) +N2(t)

are also PP(λ1 + λ2), and N1(t)|(N1(t) + N2(t) = n) ∼ . 13.11. {N(t) < n} =
.
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1. Axioms of probability: (1) P (A) ≥ , (2) P (S) = , ...

2. P (A ∩B) = . If A and B are then P (A ∩B) = P (A)P (B).

3. P ( )=1− P (A). P (A ∪B) = P (A) + P (B) .

If A and B are then P (A ∪B) = P (A) + P (B).

4. X ∼ bin(n, p): f(i) = if i ∈ {0, ..., n}, µ = , σ2 = , where q = 1−p

5. X ∼ Pois(λ). f(i) = if i ≥ 0. µ = , σ2 =

6. Y = g(X). E(g(X)) =

{∑
y yfY (y) dis∫
yfY (y)dy cts

=


dis

cts

, µY = , σ2
Y =

7. The mgf of X is M(t) = , dkM(t)
dtk

∣∣
t=0

=

8. A cdf F (t) (= ) satisfying (1) F (−∞) = , and F (∞) = , (2) F (x+) =
,

(3) F (x) . Moreover, F (b)− F (a) = P ( )

9. F (t) =


∑

x≤t dis

∫ t
−∞ cts

, f(t) =


dis

cts

10. E(aX + b) = . V ar(aX + b) =

11. X ∼ N(µ, σ2). f(x) = , X−µ
σ
∼

12. X ∼ G(α, β). f(x) = if x > , µ = , σ2 = , Γ(α + 1) =

13. Exp(λ) = , χ2(ν) = ,

14. fX(x) =


∫
f(x, y) cts

f(x, y) dis

15. E(g(X, Y )) =


cts

dis
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16. fX|Y (x|y) = , FX|Y (x|y) = P ( )
17. E(c) = , E(ag(X, Y ) + bh(X, Y )) = ,

18. Cov(X, Y ) = , V (aX + bY ) = , ρ(X, Y ) =

19. E(X|Y = y) =


cts

dis

. E(E(X|Y )) = , E(V (X|Y ))+V (E(X|Y )) =

.

20. U = h(Y ), where h is and Y is cts. fU(u) = fY ( ) ·

21. Let Y1, ..., Yn be a random sample of Y . Y = , S2 = S2
Y =

, µY = , and σ2
Y

= .

22. FY (t) Φ( ), where Φ(t) is the cdf of .

44. If X1 X2.

Xi’s ∼: X1 +X2 ∼:
G(αi, β)
χ2(vi)
Pois(λi)
N(µi, σ

2
i )

bin(ni, p)

Answer Keys can be found from:

http://people.math.binghamton.edu/qyu/ftp/form2.pdf


