
218 CHAPTER 6. BENEFIT PREMIUMS

Often the first year expenses are different from the rest of the years. Usually, it is easier to
express expenses as a level expense for all years plus an extra first year expense.

Example 6.51. For a 5–payment 20–year endowment insurance of $100,000 on (25),
you are given the following:
(i) Percent of expense–loaded premium expenses are 10% in the first year and 2% thereafter.
(ii) Per active policy expenses are $200 in the first year and $80 in each year thereafter.
(iii) Expenses are paid at the beginning of each policy year.
(iv) Death benefits are payable at the end of the year of death.
(v) i = 6%.
(vi) Mortality follows the life table for the USA population in 2004 (see page 603).
Calculate the expense-loaded premium using the equivalence principle.

Solution: Solve G, where the loss is L = ? (Class exercise)

L =(100000)Z25:20| + (0.08)G+ (0.02)GŸ25:5| + 120 + 80Ÿ25:20| −GŸ25:5|.

E(L) = 0 =(100000)A25:20| + (0.08)G+ (0.02)Gä25:5| + 120 + 80ä25:20| −Gä25:5|

G =
(100000)A25:20| + 120 + 80ä25:20|

(1− 0.02)ä25:5| − 0.08
. need A25:20|, ä25:20|, ä25:5|

Tables give Ax, äx, nEx

We have that A25:20| =A1
25:20|

+ 20E25 (see [14])

but A1
25:20|

= A25 − 20|A25 (see [14]) A25 = A1
25:20|

+ 20|A25

= A25 − 20E25A45 (see [14]) A25 = A1
25:20|

+ 20E25A45

= 0.065231113− (0.302791379)(0.16656845) = 0.01479562233,

A25:20| = A25 − 20E25A45 + 20E25 = 0.01479562233 + 0.302791379 = 0.3175870013,

ä25:5| =ä25 − 5|ä25 = ä25 − 5E25 · ä30 (see [18])

= 16.51425− (0.743683357)(16.212781) = 4.4570746,

ä25:20| =ä25 − 20E25ä45

= 16.51425− (0.302791379)(14.723957) = 12.05596276.

Hence,

G =
(100000)(0.3175870013) + 120 + 80(12.05596276)

(4.4570746)(0.98)− 0.08
= 7659.442515.

HW is on my website. It is due on Wednesday 3:15pm
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Example 6.52. An insurer offers a whole life insurance of 1000 paid at the time of death.
To fund this insurance the policyholder must make continuous payments at the rate 125. The
force of interest is 0.06. The force of mortality is 0.01.
(i) Calculate the expected loss at issue.
(ii) Calculate the variance of the loss at issue random variable.
(iii) What is the loss if (x) die at age x+50 ?
(iv) Calculate the probability that the loss at issue is positive.

Solution: (i) Solve E(BL) with B = ?? L = Zx − P Ÿx ? or Zx − PY x ? or Zx − PY x ?

L = Zx − PY x Q: P = 125 ? or BP = 125 ?

= vTx − P 1−vTx

δ (see [17])

= (1 + P
δ )v

Tx − P
δ Why do this ?

E(L) = aE(Zx) + b = aAx + b (a, b)=?

Ax =

∫ ∞

0

vtfTx
(t)dt =

∫ ∞

0

vtµe−µtdt = µ

∫ ∞

0

e−(µ+δ)tdt

=
µ

µ+ δ

∫ ∞

0

(µ+ δ)e−(µ+δ)tdt =
µ

µ+ δ
=

µ

µ− lnv
why in v ? (1)

E(BL) = B[(1 +
P

δ
)

µ

µ+ δ
− P

δ
]

∣

∣

∣

∣

P=0.125,δ=0.06,µ=?

= −35.71428571.

(ii) Solve V (BL) = B2V (L) L = (1 + P
δ )v

Tx − P
δ .

V((1000)Lx) = (1000)2
(

1 +
P

δ

)2
(

Ax(v
2)− (Ax(v))

2
)

= 82515.79 (by Eq. (1))

(iii) The loss is 1000L = [(1000)vTx − (125)1−vTx

δ ]

∣

∣

∣

∣

Tx=??

= −1149.826

(iv) The probability that the loss is positive is

P{1000L =(1000)vTx − (125)
1− vTx

δ
> 0}

=P((1 +
P

δ
)vTx − P

δ
> 0) P = 125? or

125

1000
?

=P (avTx − b > 0) (a, b) =?

=P (vTx > b/a)

=P (Tx <
ln(b/a)

lnv
)

=P

{

Tx <
ln

0.125/δ
1+0.125/δ

−δ

}

= P

{

Tx <
−ln(1.48)

−0.06

}

=1− e−(0.01) ln(1.48)
0.06 = 1− e

−1
6
ln(1.48) = 1− (1.48)−1/6 ≈ 0.06.

Example 6.53.
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Example 6.54.

Example 6.55.

Example 6.56.

Example 6.57.
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Example 6.58. Kayla is 35 years old and purchases a 10–year deferred life insurance policy
with face value of $250,000 paid at the time of her death. This policy will be paid continuously
for the next 10 years while Kayla is alive. Assume that d = 6% and death is modeled using De
Moivre’s model with terminal age 95. Find (i) the benefit annual premium for this policy and
(ii) the standard deviation of the loss r.v..

Solution: (i) Solve BP where B = 250, 000, E(L) = 0, and

L = n|Zx − PY x:n| = vTxI(Tx > n)− P
∫ Tx∧n

0
vtdt.

E(L) = 0 yields P = n|Ax/ax:n|, where ax:n| =
∫ n

0
vttpxdt =

1−Ax:n|

δ (latter is easier).

10|A35 = E(vTxI(Tx > n)) =

∫ 60

10

vt
1

60
dt =

vt

60lnv

∣

∣

∣

∣

60

10

=
v10 − v60

−60lnv
, (d = 1− v = 0.06) (1)

A35:10| = E(vTx∧n) =

∫ ∞

0

vt∧10fTx
(t)dt =

∫ 10

0

vt
1

60
dt+

∫ 60

10

v10
1

60
dt =

1− v10

60(−lnv)
+

50

60
v10

P = n|Ax/ax:n| =
v10−v60

−60lnv

1−( 1−v10

60(−lnv)
+ 50

60
v10)

δ

≈ 0.009786197.

The benefit annual premium for this policy is BP = 250000P = 2446.549.

(ii) Solve V (BL) first, where L = n|Zx − PY x:n| = vTxI(Tx > n)− P 1−vTx∧n

δ .

Write L = vTxI(Tx > n)− P
1−vTxI(Tx≤n)−vnI(Tx>n)

δ by [14]. Note I(Tx ≤ n)I(Tx > n) = ?

L =(vTx + P
vn

δ
)I(Tx > n) + P

vTxI(Tx ≤ n)

δ
− P

δ
= W + U + c W =?

V (L) = V (W ) + V (U) + 2Cov(W,U) = V (W ) + V (U) + 0− 2E(W )E(U)

E(W ) = n|Ax + P
vn

δ
P(Tx > n) (see Eq.(1)) E(W (v)) 2 = E(W (v2))??

E(U) =
P

δ
A
1
x:n| U =

P

δ
vTxI(Tx ≤ n), E(U2) =??

A
1
x:n| = E(vTxI(Tx ≤ n) =

∫ n

0

vt
1

60
dt =

1− vn

60(−lnv)
= · · · (2)

E(W 2) = E(((vTx + P
vn

δ
)I(Tx > n))2) = E((v2Tx + 2

PvnvTx

δ
+ P 2v

2n

δ2
)I(Tx > n))

= n|Ax(v
2) + 2

Pvn

δ
n|Ax +

P 2v2n

δ2
npx = · · · (see Eq. (1))

V (W ) = n|Ax(v
2) + 2

Pvn

δ
n|Ax +

P 2v2n

δ2
npx − (n|Ax +

Pvnnpx
δ

)2

V (U) = V (P
vTxI(Tx ≤ n)

δ
) =

P 2

δ2
V (Z

1
x:n|) =

P 2

δ2
(A

1
x:n|(v

2)− (A
1
x:n|)

2) = · · · (see Eq. (2))

V (L) = V (W ) + V (U)− 2E(W )E(U) ≈ 0.01851821.

The SD of the loss of the policy ≈ B ∗
√
0.01851821 ≈ 34020.41.


