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Midterm on Oct. 20 upto UDD. Formulae: 447 [6]-[22], 450 [1]-[12], [16].

Insurance companies need to know the total years for all their clients.

Definition 3.5. Denote T, = &ng, the expected number of years lived beyond age x by the
cohort group with ¢y members  (different from Txd;fT(x) in Chapter 2).

Definition 3.6. Denote ,L, = &ng:m, the expected number of years lived between age x
and age x +n by the (, survivors at age x. Denote L, = 1L,. (Ty = coLyz).
Formula [11]: ¢; = # of individuals alive at age , 1Ly = Ly. tdy =l — loqy, dp = 1dg,
P = [ Lpcperre( = di/li)- Ty = lyey = Jo loedt =372 L

= E(# of years lived beyong age x by the cohort group with /g members),

nly = leepm =Ty — Toyn. s(x) = %’ Py = K;—It, (not the T, in #3).

Theorem 3.10. Under a linear form for the number of living,
(i) Lo = lo — % = loyr + % = 5=,

_ 14p.
(7'7') em 1| p :

(i) Te = 5 + Yo Ui
(1v) my = 13””% (central death rate over (xz,x + 1]).

o o 1 ettt
(1) €r =0t b (Vi) Cpm =S grn | —F
One needs to learn how to derive these formulas rather memorize the theorem.
. o o == £x+t/€x7 t7
Proof. (i) Formulas [11]: ,,L; = {,e,.7, €, dt,
v () ke = Eeo, Com = Jy e {[12] lori =y — tdy, .7
. o 1 1y
(i) Ly = €xem 1= le fo tPa dt = fo ot Al = fo x) dt =, __JC - &H—QZZH = £x+1+d7m'
(i) €7 = %= (Why ??) = L5222 (by ?in (i) = H% Why ?
(iii) Formulas [11]: T, = Emex = Zk::c L., fozx = fooo tPzdt, 1Dz = loti/la.
ooy ooy [ Gt | e | fenitters L oy
2= ey Ll =D 5 =R R = Y i e
N’
by (i)
. —+ o
(iv) F: my = 1_”%. Formula [7]: ,my, = f; " fﬁni(()) x()dt = ngz/ezm
My = qx/exT| (1+p )/2 (866 (’LZ)) = (1+1%qz)/2 = 13%5.
(v) F: r = ey + 5 Formula[l1]: T, = ¢ cer and T = % + ZZO:xH 0.
=7 =3 +Z] :c+1/ =5+ e Hk =5+ D pey kDx = 3 + ez by [9)],
lk“kﬂ
. 1 o —1
(vi) F: em:m =T, —Tprpn = i+;l —- Formula[11]: Ly = ey = Zig Ly,
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o

[11] £, = # of individuals alive at age , ,L, = €xem:ﬁ| =Ty — Totn, 1Le = Ly,

T, = Exgx = fooo lpyydt = ZZO:.CC L (not Ty in #3),
= E(# of years lived beyong age x by the cohort group with ly members),
tPx = Hm§k<x+t(1 - dk’/lk)a S(ZL’) = g_za tPx = 62+t> tdy = Ly — Em—&-ta dy = %a
UDD: lyys = (1 — )y + thysr.
Under UDD, we should know how to derive 1pa, fr(z), tta(t), €z, €om|s La (= exéx:ﬂ),
T, (= E(# of years lived beyong age = by the cohort group with [y members)),

» (the central death rate over (x,x+1]).
Theorem 3.10 is actually one of such exercise.

Recall S, = T'(x) — K(x) (§2.5), where K(x) = [T'(x)] — 1 is the curtate duration. S, = Sx ?

Theorem 3.11. Under UDD, for each x, K(x) and Sy are independent r.v.’s and
Sz has a distribution uniform on (0,1) (Sy ~ U(0,1)).

Corollary 3.3. Under the assumption of uniform distribution of deaths:
(i) 6 = ex + L. (i) Var(T'(x)) = Var(K(z)) + .

Proof (i) Since T(z) = K(z) + Sy, ¢z = E[T'(2)] = E[K (2)] + E[S:] = ex + :.
(ii) Since T'(z) = K(x) + Sy and K(z) and S, are independent,

Var(T'(z)) = Var(K(z)) + Var(S;) = Var(K(z)) + 11—2 (as S, ~ U(0,1) and (bzéz)z)‘

Theorem 3.12.

Homework Solutions.

1. Compute the KME and Nelson-Aalen estimator of the survival function and the estima-
tors of their variances using the last 10 Group 0 leukemia data: 17+, 19+, 20+, 22, 23, 25+,
32+, 32+, 34+, 35+

1 ift<22
Spr(t) puts weights 1/7 to both 22 and 23. Thus Spr(t) = { 6/7 if t € [22,23)
5/7 otherwise
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3.5.2 Exponential interpolation.

ll'lgx_H = (1 — t)ll’lgx + t1n€x+1 or ( V.S. €x+t = (1 - t)gx + t£x+1.>

t
(3.2) Covy = Lepl = £, (532+1> = (U) T (lpyr) for t € [0,1] and z = 0,1, ...

How to derive 1pz, fr(z), (1), gx, gw:ﬁl’ Ly, T, my , etc. based on (3.2) 7

Example 3.12. Using the life table in page 604 and exponential interpolation, find:

(i) 075180 (11) 2.25D80-

Solution: (i) Formulas: ¢p, = S(S:E;r)t) = Zzt, Cogt = Co( ””“) , t € (0,1], by (3.2) or [12]

= 0.958852885.

L2y, 0.75
=> Thus p, = ;”” = (f)t, t e (0, 1]. => 0.75P80 = (%)

x

. T f . _ (m+t — .
(ii) Two ways for 2.25ps0: Pz = 7, » O t+kPx = kPx * tPr+k-

0, laoos _ UL 097509:25  (47940)%7° (44803)°-2
[11] => 995pgp = 7+ = “p& = =t = 28 = —07% ~ 0.8450.

007500
[4] => 2.25P80 = 280 - 0.25P82 = % : (ﬁ:j)o 25 = ng ~ 0.8450

x| 80| 81 | 82 | 83 | 84| 85| 86

o250 217 161 107162 28 0| V"9

Example 3.13. Consider the life table

exponential interpolation, calculate
(i) the complete expected life at 80;
(ii) €80:3|7
(11i) the density function of the future life T'(80);
(iv) 1(80 +1¢), 0 <t <6.

Solution: Formulas: (i) 0y = fth(m)(t)dt = fooo tpedt, {De = %:t.
(il) Om ml fO tppdt = f()oo (t A n)fT(:c) (t>dt(: f()n th(:c) (t>dt + nnpx)a
(i) freao)(t) = — 25,
(iv) (80 +t) = pir(s0)(t) = —d(ln%f =i fo;Z)O(t),
t
ot = (C) T (lyg1) = 0y (@H) L0<t<1. [12]

The key in the 4 steps is tp, = é

t
Can we say /(go1; = {50 (Zso—“) ,t>07

680 -

t—k
For k= 0,1,2,... if € [k, k + 1), then fso4s = Lsgps(t—t) = Csori (Qﬁ) t—kelo.1].

80+k

t—k
V4 X
ls00 = Csoon (ﬁ) — . and pgo =... t — k€ [0,1].
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17 :
250 (355) if0<t<1, ’@(E)t fOo<t<1
217 (@)t—l lf 1 < t < 2 250 250 1 - ’
17 < , M(@)t if1<t<?2
161 (L)% jfa<i<3 y 2 L, ="
Oars — 161 = ’ = =it — (16l (107 if2<t<3 °°
80+t 107 (82Y3 if3 <<y tP80 = 7, 250 \161 = D py =
(m) Toxt<4 M(Q)H’ if3<t<4
62(2)"  ita<t<s, P
| 25 (8) if4<t<5,
\

(i) Two ways: ey = fth(l,) (t)dt = fooo tpzdt. Which is prefer here 7

o 00 1 2 5 e’}
(Z) ex:/ tpxdt:/ tpxdt+/ tpxdt+"'+/ tpxdt+/ tpxdt
0 0 1 4 5
1 t 2 -1 t
250 /217 217 /161 161
[ 2D (2L g —(—) (—) dt  why ??
/0 250 (250) +/1 250 \217) \217 i
3161 107\ 2 /107\! 1107 762\ 3 7 62\! > 62 £28\ 4 /28\!
Y e [ R ) e [ ()
, 250 \161 161 5 250 \107 107 . 250 \62 62
1
(notice /abtdt — ab! — as (b') = blnd)
Inb
B 250 (217)t 1 ! n 217 (161)‘1 (161) 1
1 250 \ 250 m(m) 0 250 \ 217 217 nl

25 _7
L (o (107>t—2 1 (o7 ( 62

(=) — L

250 \161/  In(1%) ) |, \ 250 \107 (£2)
217 —250 161 —217 107 —161  62—107 28 —62

= + + + + ~
2503kl 250Ii%l  250In{%  250In{%  250In33

+
1

<250 62)_ m(1 )

®|I\D
DNo|Co
N—

(ii) There are two ways: (1) 280:§| = fon tPzdt.
o 3 . .
(2) ego3) = fooo(m An) frgo)(z)dr = fo T frs0)(r)dx + 3 - 3pso Which way you like ?

503 :/3 dt=/1@<y)tdt+/2£<@)t_l dt+/3@<ﬂ)t_2 dt

808 = J P 950 \ 250 . 250 \217 , 250 \161
217250  161—217 107 — 161
250 () 250 () 2500 (30)

~ 2.21. (see (1))

®Ina, —(a™%) = —a"(a?) = a'!~(~Ina).

IS

(iii) fr(s0)(t) = —%, (a®) =

%(%)z(l—ln(%) fo<t<l
50 (ar7)  (Fln(gy)) if1<t<2
t—2 )
fr(s0)(t) o (%)t_3 (-In (390)) if2<t<3
%(%2 ) (-n(£)) if3<t<4
2 (3) " (m(B) a<i<s
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d(In(epso)) _ frso ()

(iv) u(80 +1) = p

~

~~
-

~—

y T(80 dt tpso )
n(59) ifo<t<1 n(59) ifo<t<1
In (%) ifl<t<2 In (%) ifl<t<2
p(80+1) = qIn(15%) if2<t<3 oruB0+t)=<{In(1}) if2<t<3 Which one?
In(§y) if3<t<4 In(§y) if3<t<4
In () if4<t<s, | (35) if4<t<5

Notice that the derivative of In(;pgg) does not exist at 1,2, ...,5. But, the density and force
of mortality can be defined arbitrarily at finitely many points. So both are right.

Theorem 3.13.



