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Midterm on Oct. 20 upto UDD. Formulae: 447 [6]-[22], 450 [1]-[12], [16].

Insurance companies need to know the total years for all their clients.

Definition 3.5. Denote Tx = ℓx
◦
ex, the expected number of years lived beyond age x by the

cohort group with ℓ0 members (different from Tx
def
= T (x) in Chapter 2).

Definition 3.6. Denote nLx = ℓx
◦
ex:n|, the expected number of years lived between age x

and age x+ n by the ℓx survivors at age x. Denote Lx = 1Lx. (Tx = ∞Lx).

Formula [11]: ℓx = # of individuals alive at age x, 1Lx = Lx. tdx = ℓx − ℓx+t, dx = 1dx,

tpx =
∏

x≤k<x+t(1− dk/lk). Tx = ℓx
◦
ex =

∫∞

0
ℓx+t dt =

∑∞
k=x Lk

= E(# of years lived beyong age x by the cohort group with l0 members),

nLx = ℓx
◦
ex:n| = Tx − Tx+n. s(x) = ℓx

ℓ0
, tpx = ℓx+t

ℓx
, (not the Tx in #3).

Theorem 3.10. Under a linear form for the number of living,

(i) Lx = ℓx −
dx
2 = ℓx+1 +

dx
2 = ℓx+ℓx+1

2 .

(ii)
◦
ex:1| =

1+px
2 .

(iii) Tx = ℓx
2 +

∑∞
k=x+1 ℓk.

(iv) mx = qx
1− qx

2
(central death rate over (x, x+ 1]).

(v)
◦
ex = ex +

1
2 . (vi)

◦
ex:n| =

∑x+n−1
k=x

ℓk+ℓk+1
2

ℓx
.

One needs to learn how to derive these formulas rather memorize the theorem.

Proof. (i) Formulas [11]: nLx = ℓx
◦
ex:n|,

◦
ex:n| =

∫ n

0 tpxdt,

{

tpx = ℓx+t/ℓx, t...?

[12] ℓx+t = ℓx − tdx, t...?

(i) Lx = ℓx
◦
ex:1| = ℓx

∫ 1

0 tpx dt =
∫ 1

0
ℓx+t dt =

∫ 1

0
(ℓx− t ·dx) dt = ℓx−

dx
2 = ℓx+ℓx+1

2 = ℓx+1+
dx
2 .

(ii)
◦
ex:1| =

Lx

ℓx
(Why ??) = ℓx+ℓx+1

2ℓx
(by ? in (i))) = 1+px

2 Why ?

(iii) Formulas [11]: Tx = ℓx
◦
ex =

∑∞
k=x Lk,

◦
ex =

∫∞

0 tpxdt, tpx = ℓx+t/ℓx.

Tx =
∑∞

k=x Lk =
∑∞

k=x







ℓk + ℓk+1

2
︸ ︷︷ ︸

by (i)







= ℓx+ℓx+1

2 + ℓx+1+ℓx+2

2 + · · · = ℓx
2 +

∑∞
k=x+1 ℓk.

(iv) ⊢: mx = qx
1− qx

2
. Formula [7]: nmx =

∫ x+n

x
SX(t)

∫ x+n

x
SX(u)du

µX(t)dt = nqx/
◦
ex:n|

mx = qx/
◦
ex:1| =

qx
(1+px)/2

(see (ii)) = qx
(1+1−qx)/2

= qx
1− qx

2
.

(v) ⊢:
◦
ex = ex +

1
2 . Formula[11]: Tx = ℓx

◦
ex and Tx = ℓx

2 +
∑∞

k=x+1 ℓk.
◦
ex = Tx

ℓx
= 1

2 +
∑∞

j=x+1
ℓj
ℓx

= 1
2 +
∑∞

k=1
ℓx+k

ℓx
= 1

2 +
∑∞

k=1 kpx = 1
2 + ex by [9].

(vi) ⊢:
◦
ex:n| = Tx − Tx+n =

∑x+n−1
k=x

ℓk+ℓk+1
2

ℓx
. Formula[11]: nLx = ℓx

◦
ex:n| =

∑x+n−1
k=x Lk,



72 CHAPTER 3. LIFE TABLES

Tx =
∑∞

k=x Lk,
◦
ex:n| =

nLx

ℓx
=

∑x+n−1
k=x

Lk

ℓx
=
∑x+n−1

k=x

ℓk+ℓk+1
2

ℓx
by (i) in the Th.

[11] ℓx = # of individuals alive at age x, nLx = ℓx
◦
ex:n| = Tx − Tx+n, 1Lx = Lx,

Tx = ℓx
◦
ex =

∫∞

0
ℓx+t dt =

∑∞
k=x Lk (not Tx in #3),

= E(# of years lived beyong age x by the cohort group with l0 members),

tpx =
∏

x≤k<x+t(1− dk/lk), s(x) = ℓx
ℓ0
, tpx = ℓx+t

ℓx
, tdx = ℓx − ℓx+t, dx = 1dx,

UDD: ℓx+t = (1− t)ℓx + tℓx+1.

Under UDD, we should know how to derive tpx, fT (x), µx(t),
◦
ex,

◦
ex:n|, Lx (= ℓx

◦
ex:1|),

Tx (= E(# of years lived beyong age x by the cohort group with l0 members)),
mx (the central death rate over (x,x+1]).

Theorem 3.10 is actually one of such exercise.

Recall Sx = T (x)−K(x) (§2.5), where K(x) = ⌈T (x)⌉− 1 is the curtate duration. Sx = SX ?

Theorem 3.11. Under UDD, for each x, K(x) and Sx are independent r.v.’s and
Sx has a distribution uniform on (0, 1) (Sx ∼ U(0, 1)).

Corollary 3.3. Under the assumption of uniform distribution of deaths:

(i)
◦
ex = ex +

1
2 . (ii) Var(T (x)) = Var(K(x)) + 1

12 .

Proof (i) Since T (x) = K(x) + Sx,
◦
ex = E[T (x)] = E[K(x)] + E[Sx] = ex +

1
2 .

(ii) Since T (x) = K(x) + Sx and K(x) and Sx are independent,

Var(T (x)) = Var(K(x)) + Var(Sx) = Var(K(x)) + 1
12 (as Sx ∼ U(0, 1) and

(b−a)2

12 ).

Theorem 3.12.

Homework Solutions.

1. Compute the KME and Nelson-Aalen estimator of the survival function and the estima-
tors of their variances using the last 10 Group 0 leukemia data: 17+, 19+, 20+, 22, 23, 25+,
32+, 32+, 34+, 35+

ŜPL(t) puts weights 1/7 to both 22 and 23. Thus ŜPL(t) =







1 if t < 22

6/7 if t ∈ [22, 23)

5/7 otherwise
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3.5.2 Exponential interpolation.

lnℓx+t = (1− t)lnℓx + tlnℓx+1 or ( v.s. ℓx+t = (1− t)ℓx + tℓx+1.)

(3.2) ℓx+t = ℓxp
t
x = ℓx

(
ℓx+1

ℓx

)t

= (ℓx)
1−t(ℓx+1)

t for t ∈ [0, 1] and x = 0, 1, ...

How to derive tpx, fT (x), µx(t),
◦
ex,

◦
ex:n|, Lx, Tx, mx , etc. based on (3.2) ?

Example 3.12. Using the life table in page 604 and exponential interpolation, find:

(i) 0.75p80 (ii) 2.25p80.

Solution: (i) Formulas: tpx =
s(x+t)
s(x)

= ℓx+t

ℓx
, ℓx+t = ℓx(

ℓx+1

ℓx
)t, t ∈ (0, 1], by (3.2) or [12]

=> Thus tpx =
ℓx(

ℓx+1
ℓx

)t

ℓx
= ( ℓx+1

ℓx
)t, t ∈ (0, 1]. => 0.75p80 =

(
50987
53925

)0.75
= 0.958852885.

(ii) Two ways for 2.25p80: tpx = ℓx+t

ℓx
, or t+kpx = kpx · tpx+k.

[11] => 2.25p80 =
ℓx+t

ℓx
= ℓ82.25

ℓ80
=

ℓ1−t
x ℓtx+1

ℓ80
= ℓ0.7582 ℓ0.2583

ℓ80
=

(47940)0.75(44803)0.25

53925 ≈ 0.8450.

[4] => 2.25p80 = 2p80 · 0.25p82 =
ℓ82
ℓ80

· ( ℓ83ℓ82
)0.25 = ℓ0.7582 ℓ0.2583

ℓ80
≈ 0.8450

Example 3.13. Consider the life table
x 80 81 82 83 84 85 86
ℓx 250 217 161 107 62 28 0

Using

exponential interpolation, calculate
(i) the complete expected life at 80;

(ii)
◦
e80:3|;

(iii) the density function of the future life T (80);
(iv) µ(80 + t), 0 ≤ t ≤ 6.

Solution: Formulas: (i)
◦
ex =

∫
tfT (x)(t)dt =

∫∞

0 tpxdt, tpx = ℓx+t

ℓx
.

(ii)
◦
ex:n| =

∫ n

0 tpxdt =
∫∞

0
(t ∧ n)fT (x)(t)dt(=

∫ n

0
tfT (x)(t)dt+ nnpx),

(iii) fT (80)(t) = −
d(tp80)

dt ,

(iv) µ(80 + t) = µT (80)(t) = −
d(ln(tp80))

dt =
fT (80)(t)

tp80
,

The key in the 4 steps is tpx = ℓx+t

ℓx
and ℓx+t = (ℓx)

1−t (ℓx+1)
t = ℓx

(
ℓx+1

ℓx

)t

, 0 ≤ t ≤ 1. [12]

Can we say ℓ80+t = ℓ80

(
ℓ80+1

ℓ80

)t

, t ≥ 0 ?

For k = 0,1,2,... if t ∈ [k, k+ 1), then ℓ80+t = ℓ80+k+(t−k) = ℓ80+k

(
ℓ80+k+1

ℓ80+k

)t−k

, t− k ∈ [0, 1].

ℓ80+t = ℓ80+k

(
ℓ80+k+1

ℓ80+k

)t−k

= ... and tp80 =... t− k ∈ [0, 1].
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ℓ80+t =







250
(
217
250

)t
if 0 ≤ t < 1,

217
(
161
217

)t−1
if 1 ≤ t < 2,

161
(
107
161

)t−2
if 2 ≤ t < 3,

107
(

62
107

)t−3
if 3 ≤ t < 4,

62
(
28
62

)t−4
if 4 ≤ t ≤ 5,

.

tp80 =
ℓx+t

ℓx
=







250
250

(
217
250

)t
if 0 ≤ t < 1,

217
250

(
161
217

)t−1
if 1 ≤ t < 2,

161
250

(
107
161

)t−2
if 2 ≤ t < 3,

107
250

(
62
107

)t−3
if 3 ≤ t < 4,

62
250

(
28
62

)t−4
if 4 ≤ t ≤ 5,

6px =?

−1px =?

(i) Two ways:
◦
ex =

∫
tfT (x)(t)dt =

∫∞

0 tpxdt. Which is prefer here ?

(i)
◦
ex =

∫ ∞

0
tpxdt =

∫ 1

0
tpxdt+

∫ 2

1
tpxdt+ · · ·+

∫ 5

4
tpxdt+

∫ ∞

5
tpxdt

=

∫ 1

0

250

250

(
217

250

)t

dt+

∫ 2

1

217

250

(
161

217

)−1 (161

217

)t

dt why ??

+

∫ 3

2

161

250

(
107

161

)−2 (107

161

)t

dt+

∫ 4

3

107

250

(
62

107

)−3 ( 62

107

)t

dt+

∫ 5

4

62

250

(
28

62

)−4 (28

62

)t

dt

(notice

∫

abtdt = abt
1

lnb
as (bt)′ = btlnb)

=

(

250

250

(
217

250

)t 1

ln
(
217
250

)

) ∣
∣
∣
∣

1

0

+

(

217

250

(
161

217

)−1 (161

217

)t 1

ln
(
161
217

)

) ∣
∣
∣
∣

2

1

+

+

(

161

250

(
107

161

)t−2 1

ln
(
107
161

)

) ∣
∣
∣
∣

3

2

+

(

107

250

(
62

107

)t−3 1

ln
(

62
107

)

) ∣
∣
∣
∣

4

3

+

(

62

250

(
28

62

)t−4 1

ln
(
28
62

)

) ∣
∣
∣
∣

5

4

=
217− 250

250ln217
250

+
161− 217

250ln161
217

+
107− 161

250ln107
161

+
62− 107

250ln 62
107

+
28− 62

250ln28
62

≈ 2.71.

(ii) There are two ways: (1)
◦
e80:3| =

∫ n

0 tpxdt.

(2)
◦
e80:3| =

∫∞

0
(x ∧ n)fT (80)(x)dx =

∫ 3

0
xfT (80)(x)dx+ 3 · 3p80 Which way you like ?

◦
e80:3| =

∫ 3

0
tpxdt =

∫ 1

0

250

250

(
217

250

)t

dt+

∫ 2

1

217

250

(
161

217

)t−1

dt+

∫ 3

2

161

250

(
107

161

)t−2

dt

=
217− 250

250ln
(
217
250

) +
161− 217

250ln
(
161
217

) +
107− 161

250ln
(
107
161

) ≈ 2.21. (see (1))

(iii) fT (80)(t) = −
d(tp80)

dt , (ax)′ = axlna, −(at−i)′ = −a−i(at)′ = at−i(−lna).

fT (80)(t) =







250
250

(
217
250

)t (
−ln

(
217
250

))
if 0 ≤ t < 1

217
250

(
161
217

)t−1 (
−ln

(
161
217

))
if 1 ≤ t < 2

161
250

(
107
161

)t−2 (
−ln

(
107
161

))
if 2 ≤ t < 3

107
250

(
62
107

)t−3 (
−ln

(
62
107

))
if 3 ≤ t < 4

62
250

(
28
62

)t−4 (
−ln

(
28
62

))
if 4 ≤ t ≤ 5.
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(iv) µ(80 + t) = µT (80)(t) = −
d(ln(tp80))

dt =
fT (80)(t)

tp80
,

µ(80 + t) =







ln
(
250
217

)
if 0 ≤ t ≤ 1

ln
(
217
161

)
if 1 < t ≤ 2

ln
(
161
107

)
if 2 < t ≤ 3

ln
(
107
62

)
if 3 < t ≤ 4

ln
(
62
28

)
if 4 < t ≤ 5,

or µ(80 + t) =







ln
(
250
217

)
if 0 < t < 1

ln
(
217
161

)
if 1 < t < 2

ln
(
161
107

)
if 2 < t < 3

ln
(
107
62

)
if 3 < t < 4

ln
(
62
28

)
if 4 < t < 5.

Which one?

Notice that the derivative of ln(tp80) does not exist at 1, 2, . . . , 5. But, the density and force
of mortality can be defined arbitrarily at finitely many points. So both are right.

Theorem 3.13.


