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MATH 450, Life Contingency Models I

The course is a preparation for Advanced Long-Term Actuarial Mathematics Exam.
Tu&Th 8:00am-9:30am CW 115
Professor: Qiqing Yu giyu@binghamton.edu
Office hours: M and Tu 3:00pm-4:00pm in my office WH132;
Textbook: Arcones’ Manual For SOA Exam MLC (First Volumn).

(Chapters to be covered: 2-6)

It will be sent to you today.

Course materials for 450, lecture note 2.

A pdf file with some tables needed in the homework will be sent to you as well.
e.g, the Illustrative Life Table needed in some of the homework problems.

The lecture notes will be will be sent to you
Exams: 3 tests + final, Sep 22 (Tu), Oct 20 (Tu), Nov. 19 (Th). Dec. 777

Bring a calculator without the function of installing formulas. I will check !!

Quizzes: once a week, on Thursday;

this week on Thursday, Formulas #1-10 for 447 in page 1 (keys are in the homework
assignment).

Homework: Due Tuesday in class, late homework will be taken 3 points off (out of 10).
Homework due this Thursday: Do the final exam of 447 in my website including Part
A ! Then grade it youself according to the answer attached. Regardless the grade you give, I
will record 10 points. [ will record 5 pts if you only did the exam.

The homework will be sent to you.
Grading Policy:
1. 10% hw +10% quiz +45% tests +35% final

2. Correction: If you make correction and hand in with the old exam, the next class after
I return the test in class, you can get 40% of the missing grades back. No partial credit for
correction. Cannot ask me to help you in correction.

3. A— =85+ and C =60 +.
104+10445%(0.340.4*0.7)+35%0.3=56

No class: Sept 8(Tu), Oct.10-18, Nov. 24 -29 , Dec. 9—
Student Attendance in Class:

The Bulletin states, “Students are expected to attend all scheduled classes, laboratories
and discussions. Instructors may establish their own attendance criteria for a course. They
may establish both the number of absences permitted to receive credit ....

If you miss a test or quiz, and have a decent reason with a proof, then I will
give the lowest grade of the class.
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The course is a preparation for Advanced Long-Term Actuarial Mathematics Exam.
Tu&Th 8:00am-9:30am CW 115
Professor: Qiqing Yu giyu@binghamton.edu
Office hours: M and Tu 3:00pm-4:00pm in my office WH132;
Textbook: Arcones’ Manual For SOA Exam MLC (First Volumn).
(Chapters to be covered: 2-6)
It is in my website
https://wiki.mathmig.binghamton.edu/doku.php?id=people:qyu:qyu_personal
Course materials for 450, lecture note 2. It will dispear on 9/1!

A pdf file with some tables needed in the homework can be downloaded from my website.
https://wiki.mathmig.binghamton.edu/doku.php?id=people:qyu:qyu_personal
e.g, the Illustrative Life Table needed in some of the homework problems.

The lecture notes will be posted on my website.
Exams: 3 tests + final, Sep 22 (Tu), Oct 20 (Tu), Nov. 19 (Th). Dec. 777

Bring a calculator without the function of installing formulas. I will check !!

Quizzes: once a week, on Thursday;
this week on Thursday, Formulas #1-10 for 447 in page 1 (keys are in my website).

Homework: Due Tuesday in class, late homework will be taken 3 points off (out of 10).
Homework due this Thursday: Do the final exam of 447 in my website including Part
A

Grading Policy:
1. 10% hw +10% quiz +45% tests +35% final

2. Correction: If you make correction and hand in with the old exam, the next class after
I return the test in class, you can get 40% of the missing grades back. No partial credit for
correction. Cannot ask me to help you in correction.

3. A— =85+ and C =60 +.
104+-10445%(0.340.4*0.7)+35%0.3=56

No class: Sept 8(Tu), Oct.10-18, Nov. 24 -29 , Dec. 9—
Student Attendance in Class:

The Bulletin states, “Students are expected to attend all scheduled classes, laboratories
and discussions. Instructors may establish their own attendance criteria for a course. They
may establish both the number of absences permitted to receive credit ....

If you miss a test or quiz, and have a decent reason with a proof, then I will
give the lowest grade of the class. If there is a problem with the internet, I will email you
the lecture notes and homework.
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CHAPTER 2

Survival models

2.1 Survival models.

2.1.1 A short probability review.

Definition 2.1. Given a set 2, a probability IP on € is a function defined on the collection
of all events (subsets) of Q such that

(i) P(0) = 0;
(i) P(Q) = 1;
(iii) If {Ap}o0 | are disjoint events, then P(USC Ap) = > P(4,).

Q) is called the sample space.
Definition 2.2. A random variable (r.v.) X is a function from Q into R.

Definition 2.3. The cumulative distribution function (cdf) of the r.v. X is
Fx(z)=P{X <z}, zeR.

If X is the age at the death (or failure) of a life, then X > 0.

Theorem 2.1. Fx is a cdf iff
(i) Fx T, i.e., for each v1 < xa, Fx(z1) < Fx(x32).
(i1) Fx is right continuous (cts) (lfﬁlol Fx(x+h)=Fx(z)V x)
(or F(z+) = F(z) V x).
(iii)
xT

For the c.d.f. of an age—at—failure, we only need to define it for x > 0 Why ??

lim Fy(x)=0 and lim Fx(x)=1.
——00 T—00

Theorem 2.2.

Definition 2.4. A r.v. X is called discrete
if there is a countable set C' C R such that P{X € C'} = 1.

Meaning of countable set C ?
Ans. C is either a finite set or C' = {¢; : i =1, ...,00}.

Definition 2.5. The probability mass function (or frequency function) (pmf) of the discrete
r.v. X is the function p : R — R defined by
plz) =P{X =z}, zeR.

If X is a discrete r.v. with pmf p and A C R, then
P{XeA} =3 cJP{X=a}=3% 4p(@)

Theorem 2.3. p(z) >0V x and ) p(x) =1.
15



16 CHAPTER 2. SURVIVAL MODELS

Definition 2.6. A r.v. X is called cts if there exists a nonnegative function f called the
probability density function (pdf) of X such thatV A C R,
P{X e A} = [, f(x)dz (= fxeAf(x)dx = [I(z € A)f(z)dz), where I(x € A) =1 if x € A.

Theorem 2.4. f(z) >0V 2 and [ f(z)dz =1 ([ f(z)dx = ffooo f(z)dz).

Q: If ar.v. X is positive and cts, and z < 0, then fx(z) = 7?7
Theorem 2.5.

Definition 2.7. A r.v. X has a mixed distribution if there are functions f(-) and p(-),
and a countable set D such that
Jor each ACR, P{X € A} = [, f(z)dx+ >, . 4npP().

Remark. For convenience, we call both the pmf and pdf the density function (df) hereafter.

A mixed distribution X has two parts: a cts part and a discrete part (together with D).
The function f in the previous definition is the cts part of df and the function p is the discrete
part of df. Note that

[ f@)yde+% cpple) =1, f(x) > 0and p(z) >0V 2.
Abusing notations, we may use f(z) rather than f(z) and p(x).
For the mixed distribution, one can let f(z) = p(x) if x € D, then

]P){XGA}—IA dx+2meAﬁDf(>

f f dl’ + ZxGD f ) -
Why ?
if A={0,1,2} then [, zdx =

/ xdx # xdx Yes, No, DNK.
(0,1) [0,1]

Theorem 2.6. Let X be a r.v. with a mized distribution. Then

p(z) = FX(x) —FX( —) and
f(z) = Fi(x) if Fi(x) exists. What to do OW ?
Example 2.1. Examples of F'(z) does not exit ?
Example 2.2.
Example 2.3. G(z) = |z| G'(x)=|2'|=11] ?
Example 2.4.

0 it <0,
Example 2.5. Find D, f and p if F(x) = :%;4 i (1] i z i ;:

1 if 2<ua.
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Solution: How to find D ?

F(x) — F(z—) = 0 except, perhaps at {0,1,2} Why ?
p(0) = F(0) = F(0-) = %7— = 1’1
p(1) = F(1) = F(1-) =~ 4 = 45
p(2) =F(2)-F(2-)=1-1=0.
) i if x =0,
Omne solution: p(z) =94 . D ={0,1,2} or {0,1} 7
g z=1
1 .
3 if0<z<l,
flx)=F'( ):{% $1lcpe? What happens OW ?
Why not 1 <2 <27
Is p a pmf ?
Is fadf?
: if 0 <z <1,
Can we write f(z) = F/(z) =432 ifl<z<2, ?
0  otherwise
: if 0 <z <1,
How about f(z) = F'(z) = ¢ 3 ifl<z<2, ?
0 ifex<Oorax>2
: if 0 <z <1,
How about f(z) = %’ ifl<az<2 777
0  otherwise
411 itr=0
1 .
3 f 1
Another solution: f(z)= ¢ & _1 V<o< and D = {0,1}.
v Hz=1
Zoifl<ar<2
f(z) =7 otherwise.
Example 2.5 (continued). P(0 < X < 1) =7
Sol. Two ways:
(1) Pla< X <b) = () F(a—), [17] P(a < X <b) = F(b) — F(a).
b
(2) Pla< X <b) = [ f(x)dw + 37, ciupnp f(2)-
Answer: (1) PO0< X <1)=F(b)— F(a—) = 1§2 —0or 3+4 —-07 i64 — % ?
(2) PO< X <1)= [} Ldot 77
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2.1.2 Survival function.

Definition 2.8. The survival function of a r.v. X is Sx =1 — Fyx.

Sx(z) =P{X >z}, v € R. Sometimes denote Sx(z) by s(z).
Most of time, we only consider Sx of an age-at-death X. Then P(X > 0) = 1,

Sx(—1)=17?
In this course we often suppress the phrase “Sx(t) = 1 for t < 0”
and only define Sy on [0, 00).

Theorem 2.7. A function Sx : (—00,00) — R is the survival function of a positive r.v. X

(1) Sx(x) ? Fx(x) 1,
_ (2) Sx is 77 _ _ Fx is right cts,
€ (3) Sx(0) = 72 (7 Fxisacdf ff O i pe(a) =0,
(4) lim Sx(z) =77 lim Fx(z)=1.
T—00 T—00

Example 2.6. Determine which of the following functions is a survival function of a non-
negative r.v.:
(i) s(z) = +2, for z > 0.
(i) s(x) = (1 — x) ¥ for x > 0.
(iil) s(z) = +E+2 , for z > 0.
(iv) s(z) = (1+x) ¥ for x > 0.
1—m f0r0§35<90,

(v) slw) = {O for x > 90.
Solution: Need to verify (1), (2), (3) amd (4) in Th 2.7.

(i) s is a survival function. because:
(1) (x+2) 2((x +2)71) = —2(z +2)"2 < 0 on [0,00) => ?

(2) %H is continuous except at © = —2 => 7 % is continuous on [0,00) => 7
(3) s(0) =7
(4) s(00) =7
(ii) s(z) = (1 — z)e™" is not a survival function because
(1) 5(2) = —e2 < 0 = s(c0) => s(t) is not |. Can we say s(t) instead of s(z) ?

s(
or (1) s'(x) =—e*—(1—x)e®=e*(—2+42) > 0if z > 3; => s(x) is not |.
Do we need to point out both ?

142
(iii) s(z) = —5** is not a survival function because

(4) lig oo 522 = 1 £ 0,

(iv) sis a survival functlon (why ?)
(v) s is a survival function (why ?)

Example 2.7. Find the density function for the following survival functions:
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(i) s(x) = (L +x)e”", for x> 0.
1— o for 0<a <90
i 10 000 - ’
(i) s(x) = 0 for 90 < z.
(iii) s(x) = I(x < 1)+ 222U 4 <8,
o el :
Solution: The df is flo) ==5'(x) i 5 (:v) exlsts Why ?
p(x) = S(z—) — S(x) otherwise.
(i) fx(x) =xe™®, for x > 0.
22 for 0 <z <90
The df i 10,000 ith D = {90}
(ii) The df is f(x) = {1_810%0 £ 2 — 90 wi {90}
2I(z>1) :
2I(x>1) (mi—Q)Z if z c (]., 8)
(iii) s(z) = I(z < 1) + =357, © <8, then fx(z) = 1_1?#_2 ifr=1 ,Done?
0.2 ifex =38
with D = {1,8}.
Does it matter to write f(z) v.s. fx(x) ?
Does it matter to write f(z) v.s. f(t) ?
Example 2.8. Let the survival function of a person be Sx(x) = 9%6‘”, for 0 <z <90.

(i) Find the probability that a person dies before reaching 20 years old.
(11) Find the probability that a person lives more than 60 years.
(i1i) Find the probability that a 20-year-old lives more than 60 years.

Solution: P(a < X <b) = F(b) — F(a) = S(a) — S(b) = f;f(x)da: + 2 vepn(an f(®)-

(i) P{X <20} =1 — Sx(20—) =1 — 2820 — g

(i) P{X > 60} = Sx(60) = 2500 = 1.

(iii) P{X > 60|X = 20} or P{X > 60X > 20} ?

= P(A|B) = P(AN B)/P(B) = pix2s) = 1oo75 = &




