Formulas For Math 447
Part A. Fill the blanks of the formulas (30 points)

1. DeMorgan’s laws: (AN B) = AUB, and (AUB) = AN B.

2. Axioms of probability: (1) P(A) > 0, (2) P(S) = 1,
(3) if A;’s are pairwise disjoint, then P(U;A;) = Z P(A)).

3. If each sample point in the sample space S is equally likely to occur, P(A) =
A S

4. If an experiment can be partitioned into 2 steps, with n; choices in the i*" step, then the
total # of choices in the experiment is nins

N(__ ) .
N ) key:

n — n _ _ n!
5 I (n T)" C; ( ) = rln—r)l’
n _ n! .
(nlvnz,ns) — nilnglnz!? where ny +ng +ng=n

6. P(ANB) = P(A|B)P(B). If A and B are independent then P(AN B) = P(A)P(B).
7. P(A) =1 - P(A). P(AUB) = P(A)+ P(B) —P(AN B),
If A and B are disjoint then P(AU B) = P(A) + P(B).
8. Bayes’ Rule: If {B, ..., B} is a partition of S and P(A), P(B;) > 0, then
P(B;|A) = kP(A\B )P(B )
> _, P(A|By)P(By)

9. X ~bin(n,p): f(i) = (7)p'q" ", if i € {0,...,n}, p = np, 0% = npqg where ¢ =1 —p
10. X ~G(p). f(i)=q¢ tpifi>1, u= 1/p, 0% = q/p?
11. X ~ Nbin(r,p), f(i) = (r 1)prqz Tifi>r, = r/p, 0% = 7“q/p2

N—r
12. X ~ HG(N,n,r). f(i) = (’)éw")l), p=nr/N,g? = "R,

13. X ~ Pois()\). f(i) = <2, ifi > 0. p= )\, 02 =)
14. Tchebysheff’s Inequahty (|X pl > ko) < 1/k2

Zyny(y) dis Yo 9@) fx(x) dis

15 Y =900 Boli)) = {f yfy(y)dy cts = 2)

oy = E(Y?) — py

16. The mgf of X is M(t) = E(eX"), £M0| — p(x*)

17. A cdf F(t) (= P(X <t), ) satisfying (1) F(—o0) = 0, and F(o0) = 1, (2) F(z+) = F(x),

(3) F(z) T . Moreover, F(b) — F(a) = P(a < X <b)

ZxﬁtM dis F(t)— F(t—) dis
18. F(t) = L f) =S

fioo f(z)dz cts F'(t) cts
19. For discrete r.v. X, the p.f. f satisfies f(t) = P( X =1t), f(t) € [0,1], and ), f(t) =
For cts r.v. X, the d.f. f satisfies f(t) >0, and [ f#t)dz =1 o
20. E(aX +b) = aE(X) +b, Var(aX + b) = a® aX

21 X ~U(a,b). f(z) = 545, if o € (a,h). p= 242, 0% = L720°
2. X ~ N(j,0%). f(x) = oo™ 27, X200 N(0,1)

a—1

23. X ~G(a, B). f(w)zgcmw if x>0, p=ap, 0?=0ab*T(a+1)=al(a)
2. Bap(N) = 6L, N), X’0) = 6(5.2)




25.

26.

27.

28.

29.

30.

31.

32.

33.
34.

35.

36.

37.

38.
39.

40.
41.

42.

E(c) = ¢, E(ag(X,Y) +bh(X,Y)

where B(a, 5) = Fé?‘czi%ﬁ))

K= aip
f fy (t,s)dsdt cts

Zt<x Zs<y f(t,s) dis
For continuous (X, Y), their df. f(z,y) = 825;(5@}”, fx,y) >0, [ [ f(z,y)dedy = 1,
For discrete (X,Y), their d.f. f(z,y) = P{X ==z,Y =y}, f(z,y) € [0,1],
szyf(xvy) - l
f f(iv,y)eA f(flf, y)dxdy cts

Z(m7y)€A f(x7y) dlS
[ flx,y)dy  cts
fx(x) =
&f(x,y) dis

Ixy (zly) = fc(f(j)), Fxjy(zly) = P (X < z|]Y =y)

[ [9(z,y)f(z, y)dady cts
>ow 2y 9@, y) fa,y)  dis

The cts or discrete X and Y are independent iff F(x,y) = Fx(x)Fy(y) iff f(z,y) =
fx(z)fy (y)

Y (1—g)Pt .
X ~ beta(a,ﬁ). f(.T) = W’ ifx € (0, 1),

The cdf of (X,Y) is F(z,y) = P(X < z,Y <y) =

P((X,Y) € A) =

E(9(X,Y)) =

) = aB(g(X,Y)) + bE(h(X,Y))
Cov(X,Y) = E(XY) - E(X ) (Y), V(aX +bY) = a®*V(X) +b*V(Y) + 2abCov(X,Y) ,
p= Can

(Y1,Y2, ... Yi) ~ M(n,p1,..,pk)- f(y1,-yk) = <y1,.7.1.,yk) pit - ptrl oy € {0,1,..,n},
Y>upi=1land > .y, = n, Cou(Y;,Y;) = —npip;, if i # j, Y; ~ bin(n,p;)
Jaf(z|ly)dz cts
EX|Y =y) = - E(E(X]Y)) = E(X),
>, vf(zly) dis
B(V(X]Y)) + V(E(X[Y)) = V(X)
U = h(Y1,...,Yy), where Y;’s are continuous. Fy(t) = [--- [, f(y1, s yn)dy1 - - - dyp, where
A= {(h(yrmya) < th fult) = Fy(1)
U = h(Y), where h is monotone, and Y is cts. fy(u) = fy( h=1(u) ) }ag;l |
If X and Y are independent, then Cov(X,Y) = 0, E(g(X)h(Y)) = E(9(X))E(h(Y))
Mx 4y (t) = Mx(t) - My (t)
Hereafter, let Y7, ..., Y,, be a random sample of Y.
Let Y1, ..., Y, be a random sample of Y. Y = 1 LYY, S? = = — 1 S (Y —Y)?

Y

IfY ~ N(u,0%), 1% ~ N(0,1), %05 2(n - 1), ﬁ%‘ ~ tn_1, where pi = p1,
Y —_— —_—

F(t) = ®( t_;7 ), where ®(t) is the cdf of N(0,1)




Review formulas for Math 448,

1. Estimator of y is X where X = , Estimator of o2 is S2,
where S? = Jkey: Yo, Xi/n, =30 (X — X)2
2. An estimator  is unbiased if , bias B(#) = ,
MSE = , (key: E(0)=0,E0)—0,V(0)+ (B(0))?
3. 100(1 — a)% CI for 0: = key: Pla<6<Vb),1—q.
4. 100(1 — )% large sample CI for 0: key: 0 + 202074
5. If (1) Xy, ..., X,, are i.id. from N(py, ), (2) Y1, ..., Y, are i.i.d. from N(p,, ), and
(3) Xi’s ___Y;’s, then T = ;f;yﬁ, ~ ,
_ XY (amp) here & —
YTy , where & ,
W= (n-1)S2/c* ~ , F=S82/82 ~ :
key: 0_27 0_27 £7 ln—1, tn+m—27 (n_l):i—:n(f;_l)sgv X%L—la Fn—l,m—17
6. froy® = (170 eys (F(0) (7)) (1— F5)".
7. Given two estimators 01 and 0o, eff(61,05) = ,
. ; V(0s)
key: unbiased, AL
8. 0 is consistent or H50 if P(|é — 0] >¢€) — , >0, key: 0,V e,
9. If (1) E(9) = and (2) V(6) , as n — 00, then 6 is consistent.
key: 0, — 0,

10. If g() is s é1£>91 and é2£>92,
then él + égg s, élégg - g(él)g .y
key: cts, 01 £ 0, 0102, g(61),

11. If Xy, ..., X, are i.i.d. from f(z;0) = exp{ +g(0) + h(x)}, ¥ = G( ) and

= 7(0), then ¥ is the MVUE of ~.
key: T(x)y(0), >, T(Xi)), E(),

12. An MME of 6, is the solution of 8 to u;(#) = for k i’s, where p(0) = )
and k is the dimension of 6. key: X, E(X?),

13. Given a random sample X7, ..., X,, from f(z;0), their likelihood is L(#) = , the
MLE 6 of 6 maximizes . If () is a function of 6, the MLE of ¢(#) is
key: [T, f(Xi:0), L(#). 1 -1, g(9).

14. Given a random sample from f(x;6), and a function ¢(), under certain conditions, P(g(6) <
t) @(%), where 6 is the of 0,6, =

g(o
. 0 92 log f(X; 0))
key: =, MLFE, \/{(3—2)2/(—”]5( g }’9 E

15. The 5 elements of a test are (1) , (2) , (3) test statistics (4) )
(5) , key: H,, H,, RR, Conclusion,

16. Probability of type I error is , Probability of type II error is , key:
P(Ha|H,), P(Ho|Ha),

17. For a large sample test for H,: 6 = 6,, a test statistic is Z = ___,aRR
is Z if & > 6,; and a RR is if 6 # 0,; key: 9;?“, > 2o,

|Z| > a2



18.

19.

20.

21.

22.

23.

Sample size for an upper-tail a-level test is n = ( )? key: (Zatzp)o

Ha—Ho
P(W w)|H, is correct) itH,: >80,
The P-value is ¢ P(W w)|H, is correct) if H, : 0 <0, where W is the (Z or T)
__P(W |w|)|H, is correct) if H,: 0 # 6,
test statistic and w is the observed value of W. key: >, <, 2, >,
Suppose that Z ~ N(0,1), X ~ x%(u), Y ~ x2(v). If Z X, T = , then
T~t,, X Y F= , then F' ~ F},, and X +Y ~ . key: L,

Z)\/X]u, L, 35, xP(u+),

The MP test for H,: 0 =0, v.s. H,: 0 = 0,, the MP test has the RR satisfying: igz:’) k
and Py(RR) = a if 0 = . key: <, 0,,

The Likelihood ratio test for H,: 6 € ©, v.s. Hy: 0 ¢ O, has a RR: {\ k}, where

A= ; 0, is the MLE under ; 0 is the MLE under :
k satisfies maz{P(RR): 6 € ©,} = ; if n is large, then —2In\ is approximated :
where v = ; v and 7, = # of free parameters in © and in ©,, respectively.

Suppose (z;,Y;)’s are independent, i, () = E(Y;), the LSE of #, denoted by #, minimizes

If i, (0) = Bo + Brz; and V(Y;) = 02, the LSE §y = :

ﬁl - ) Sxy - s E(ﬁ()) - __ E(ﬁl) - ___
0'2 = , 02 = , an unbiased estimator of 02 is 62= ,
0 1

key: S0 Vi — pe, ()%, Y = BiT, Suy/Suas n(xY —7Y), Bo, P,

0222/S0, 02/ Sz, —1-(Sy — B Szy)s

IfY; ~ 7then ﬁ] ~ ’ n—22a_2 ~ 62750751'

are , ~tp_2,

key: N(Bo + prxi,02), N(ﬁj,ag), X2 (n — 2), independent, BJ B],




24. Under the Bayes model, conditional on 0, Y7, ..., ¥;, are i.i.d. with f(y|0), and 8 ~ g(#). The
posterior df is g(0|y) = , where y = (y1,...,yn) the Bayes estimator
of h(f) is h =

" F(i18)g(6)
key: Z_fz—(g)a E(h(0)|g)),
Formulas for 447:
23. X ~G(o, B). f(z) = if x > = , 0% = T (a+1) =
Iaflefz/ﬁ
. ) key: T T(a)Be Qa Oé_ﬁ, 06_52, OéF(Oé)
24. Exp()) = , XA (v) = key: G(1,1), 6(%,2)
25. X ~ beta(a, B). f(x) = if x = , where B(a, ) =
. m‘;‘_l S a L()I'(B)
key: “—pies— €(0.1). 385, Trh
A1, T Yy's are Lid. with N(g,02), then =A% ~ , DSt 52 Y,
Y
where py = , 027 = key: N(0,1), x*(n—1), L, u, 0*/n
Gors T G0 + a2, B)
o (o)
44. IF X1 Xo. Pﬁz's(&) ——————— key: L, Pois(\ + A2
N(Niyo'%) N(Nm"i‘,uy,U%_"U%)

bin(ni + no,p)




