
§5.4.4. An SMLE approach

Recall we consider regression model Xi = βzi + Wi, i = 1, ..., n, where Wi = α + ǫi.
Yu and Wong (2003a,b,c) proposed the SMLE of (β, So), based on complete data, RC data
and IC data, respectively. The semi-parametric likelihood function is

 L =

n
∏

i=1

µF (Ii − bzi), (4.1)

where F is a cdf, Ii’s are the observed intervals containing Xi, and Ii − c is a shift of Ii by
c units. The SMLE of (β, Fo) is

(β̂, F̂ ) = argmaxb,F
{ L(b, F ) : b ∈ Rp, F (t) ↑, F (−∞) = 0, F (∞) = 1}.

Remark. With complete data, the LSE minimizes

n
∑

i=1

(Xi − α− bzi)
2 or

∫

t2dF̂ǫ(t).

The SMLE of (α, β, Fo) maximizes

 L(a,b, F ) =

n
∏

i=1

fǫ(Xi − a− bzi).

Example 1. Consider a simple example of RC data, say,
3 (Mi, δi, zi)s are (1, 1, 1), (2, 0, 1), (3, 1, 0).

Let Ti(β) = Mi − βzi (Xi − βZi ∼ Fo(t) = FX|Z(t|0).

Ii’s are {X1}, (X2,∞), {X3}
Ii − bzi’s are {T1(b)}, (T2(b),∞), {T3(b)}.

 L(b, F ) =
n
∏

i=1

µF (Ii − bzi) = f(1 − b)S(2 − b)f(3) Why ?

 L(b, F ) ≤f̂b(1 − b)Ŝb(2 − b)f̂b(3)

where Ŝb(t) is the PLE based on T1(b), T2(b), T3(b), and f̂b(t)= ?
The PLE Ŝb depends on the ranks of Ti(b) = Mi − bzi’s,
Let (r1, r2, r3) be the ranks of (T1 T2+ T3)(b)

( 1 − b (2 − b)+ 3 )
Ti(b)’s change their ranks after their ties: Mk − bzk = Mj − bzj with zk 6= zj .

1 − b = 3 (T1(b) = T3(b)) and 2 − b = 3 (T2(b) = T3(b)).
Their solutions are b1 = −2 and b2 = −1.

−2 and −1 partition (−∞,∞) into 5 disjoint intervals.
r1, r2, r3 remain constant in each interval.

b ∈ (−∞,−2) {−2} (−2,−1) {−1} (−1,∞)
ris (2, 3, 1) (1.5, 3, 1.5) (1, 3, 2) (1, 3, 2) (1, 2, 3)

µF̂b
(Ii − bzi)s ( 1

3
, 1
3
, 1
3
) ( 2

3
, 1
3
, 2
3
) ( 1

3
, 1
3
, 1
3
) ( 1

3
, 1
3
, 1
3
) ( 1

3
, 2
3
, 2
3
)

max  L no yes no no yes
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Each point in {−2} ∪ (−1,∞) is an SMLE of β. For examples

b ∈ (−∞,−2) {−2} (−2,−1) {−1} (−1,∞)
b = −3 −2 −1.5 −1 0

~T (b) = (1 − b, (2 − b)+, 3) (4, 5+, 3) (3, 4+, 3) (2.5, 3.5+, 3) (2, 4+, 3) (1, 2+, 3)
ris (2, 3, 1) (1.5, 3, 1.5) (1, 3, 2) (1, 3, 2) (1, 2, 3)

µF̂b
(Ii − bzi)s ( 1

3 ,
1
3 ,

1
3) ( 2

3 ,
1
3 ,

2
3) ( 1

3 ,
1
3 ,

1
3) ( 1

3 ,
1
3 ,

1
3) ( 1

3 ,
2
3 ,

2
3 )

max  L no yes no no yes

One SMLE of (β, Fo) is (β̂, F̂β̂(t)) = (−2, 231(t ≥ 3)).

How about (−2, 231(t ≥ 3)) + 1
31(t ≥ 5)? (−2, 231(t ≥ 3)) + 1

31(t ≥ 4)?

Example 2. Consider the simple linear regression (p = 1), with complete data, say
X = βZ + W , where W and Z ∼ Bin(1, 0.5) and β = 1. The possible values of the
observation (Z,X) are (0, 0), (0, 1), (1, 1) and (1, 2), denoted by (Zi, Xi), i = 1, ..., 4. Thus
there are 4 possible values of T (b), say, Ti(b) = Xi−bZi: 0, 1, 1−b, 2−b. Suppose a random
sample of size n contains N1, N2, N3 and N4 of them. One may consider

the parametric approach (say the MLE or the MME of (p, β), assuming W ∼ Bin(1, p);
the semi-parametric approach (the LSE of β, assuming FW is unknown);
the SMLE approach (assuming FW is unknown) as follows.

The empirical df

f̂b(Ti(b)) =







Ni

n if Ti(b) 6= Tj(b) ∀ j 6= i,
Ni+Nj

n if Ti(b) = Tj(b) for only one j 6= i
? otherwise

where i, j = 1, 2, 3, 4. (4.2)

The possible solutions b to the equations Ti(b) = Tj(b) are 0, 1, 1 and 2.
They partition (−∞,∞) into 7 intervals.





b : 0 1 2 OW
(T1, ..., T4) : (0, 1, 1 − b, 2 − b) = (0, 1, 1, 2) 0, 1, 0, 1 0, 1,−1, 0 no ties

f̂T (b) : (N1

n )N1 , (N2+N3

n )N2 , (N2+N3

n )N3 , (N4

n )N4





For n large enough, Ni ≈ n/4, and likelihood function (1.2) or (4.1)

L =
∏n

i=1 f̂b(Ti(b)) =















(N1+N3

n )N1+N3(N2+N4

n )N2+N4 ≈ (0.5)n if b = 1,

(N1

n )N1(N2+N3

n )N2+N3(N4

n )N4 ≈ (0.5)n/2(0.25)n/2 if b = 0,

(N1+N4

n )N1+N4(N2

n )N2(N3

n )N3 ≈ (0.5)n/2(0.25)n/2 if b = 2,

(N1

n
)N1(N2

n
)N2(N3

n
)N3(N4

n
)N4 ≈ (0.25)n otherwise,

(4.3)

is maximized by b = 1. Thus the SMLE of β is β̂ = 1 for all large n. consistent ? efficient ?
The SMLE of Fo is F̂ (t) = p̂1(t ≥ 0) + (1 − p̂)1(t ≥ 1), where p̂ = (N1 + N3)/n.
The LSE β̃LSE = β + N1N4−N2N3

(N1+N4)(N2+N3)
. Thus,

P(β̃LSE 6= β i.o.) = 1.
The LSE β̃LSE satisfies
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√
n(β̃LSE − β)

D−→ N(0, 1), and nσ2
β̃LSE

→ 1 as n → ∞,

as the asymptotic variance σ2
β̃LSE

= 1
n .

It can be shown that
√
n(β̂ − β)

D−→ N(0, 0) and nσ2
β̂
→ 0.

The MLE does not have this property.
Remark: If p > 1, the solution to SMLE is little bit more complicated, but doable.

124


