Semimagic generating functions and constituents

(general form, with cubic data)

Notation:
S: semimagic squares (all positive values).
s: normalized squares (symmetry types).
R: reduced squares (least element is 0).
r: reduced normalized squares (reduced symmetry types).
gf: generating function in some form.
gfsum: generating function as a sum of simple terms.
c: Cubic (fixed strict upper bound; weak upper bound for reduced).
La: Affine (fixed magic sum).
We start by recomputing rs from the semimagic count. From the Latte results we get
the closed Ehrhart g.f. of each flat, which depends on whether we're doing cubic or
affine. We also need
p = period (or truncated period in affine),
d = degree/dimension,
| RtoSfactor = the rational function that multiplies Rgf to Sgf and rgf to sgf.
enddegree: The number of terms of the sequences to print out.
> enddegree: =20;
enddegree:= 20

[ This is for cubic: set up main constants.
> d: =5; p:=60;
Rt oSf act or: =x"2/ (1-x)"2;

d:=5
p:=60
2
RtoSfactor := 5

[ This is also for cubic: set up simplex data.

> sinplexnanme[ 1] : ="OABC': ehrgf[1]:= 1/((1-x)"3*(1-x"2)) : dinen

[1] : =3:

si nmpl exnane[ 2] : ="OEE2": ehrgf[2]:= 1/ ((21-x)*(1-x"2)*(1-x"3))

di men[ 2] : =2:

si mpl exnane[ 3] : =" OAE2": ehrgf[3]:= 1/ ((1-x)*(1-x"2)"2) : dinen
[ 3]:=2:

si npl exnane[ 4] :
si mpl exnane[ 5] :

"ADE2": ehrgf[4]:= 1/((1-x"2)"3) : dinen[4]:=2:
"DE1E2": ehrgf[5]:= 1/((1-x"2)"2*(1-x"3))

di men[ 5] : =2:
si npl exnanme[ 6] : ="OCE": ehrgf[6]:= 1/((1-x)"2*(1-x"3)) : dinen
[ 6] : =2:

si nmpl exnane[ 7] :
di men[ 7] : =2:

"BDE1": ehrgf[7]:= 1/((21-x)*(1-x"2)*(1-x"3))




si npl exnane[ 8] :

[8]:=

si nmpl exnane[ 9] :

[9]:=

si mpl exnane[ 10] :

1

si npl exnane[ 11] :

[11]: =

si npl exnane[ 12] :

[12]: =

si mpl exnane[ 13] :

[13]: =

si npl exnane[ 14] :

[14]: =

si npl exnane[ 15] :

[15]: =

sinplexnane[16]:

[16]:

S|nplexnane[17]'

od;

="ABD": ehrgf[8]:= 1/ ((1-x)*(1-x"2)"2) di men
="FGL": ehrgf[9]:= 1/ ((1-x"3)*(1-x"5)) di men
="EF": ehrgf[10]:= 1/((1-x"3)"2) di men[ 10] : =
="0G': ehrgf[11]:= 1/ ((1-x)*(1-x"4)) di men
="FG': ehrgf[12]:= 1/ ((1-x"3)*(1-x"4)) di men
="AF": ehrgf[13]:= 1/ ((1-x"2)*(1-x"3)) di nen
="DG': ehrgf[14]:= 1/ ((1-x"2)*(1-x"4)) di men
="DRX": ehrgf[15]:= 1/ ((1-x"2)*(1-x"5)) di men
="DE": ehrgf[16]:= 1/((1-x"2)*(1-x"3)) di nen
="H': ehrgf[17] := 1/(1-x"5) di men[ 17]: =
for n from1l to 17 do print(sinplexnane[n], dinmen[n], ehrgf[n])
"OABC", 3 1
T 1-x°(1-X)
" " 1
OEE2", 2,
—x) (1=-%°) (1=2%)
"OAE2", 2, 1 .
(1-x) (1-x°)
"ADE2", 2, —
(1-x°)
"DE1E2", 2, !
(1-2)"(1-x)
"OCE', 2 1
T 1=x%(1 =X
1
"BDE1", 2,
(1-x) (1=x%) (1 =%
"ABD", 2, 1 .
(1-x) (1-x)
"FG1, 1, 1

(1-x) (1-x)



AL AT -0

1
(1-x) (1—x%)
1
(1-x°) (1-x)
1
(1-x°) (1-X)

1
" 1—x

"DG"’ 1’

"DGZH’ 1’

"DE", 1’

HH"’ O

>

The closed E.qg.f. is converted to the open E.g.f.:

> for nfrom1l1l to 17 do

mu[ n] : =(-1)"*(di nen[ 1] -di nen[n]):

od:

mu[ 14] : =2* mu[ 14] :

for n from1 to 17 do
openehrgf[n]:=sinmplify(-(-1)~di men[n]*subs(x=1/x,ehrgf[n])):

od:

for n from1l to 17 do

rgfternfn]:=openehrgf[n]:

| od:

Now compute the number of reduced symmetry types:

> rgfsum =sun({nmu[ nn] *rgftern{nn], nn=1..17);
rof:=sinpli fys(rgfsun):

rgfsum:= X + 2X + 2x
x—1)(¥-1) x-1)(x¥-1)(¥-1) (x=1)(¥=-1)°
6 7 5 8
+— 4 2 + X + X
(¥=1) (¥-1°(E=1) x-1)K-1) (¥-1)(Kx-1)
n x6 n x5 x7 2x5
(¥-1)" x-1DK'-1) (¥-1)KK-1) (¥-1)(x-1)
6 7 5
n 2 X n X n 5x




We need the total number of reduced squares, Rgf:
> Rgf sum =72*r gf sum
Rof : =si nplify(Rgfsun:

72 % 144 x° 144 x°
Rafsum:= 1P (-1 x-1) (-1 (P-1) (x—1) (¥—1)°
n 72 X0 n 72 X n 72X n 728
(¥-1) (¥-1)°(¥-1) x-1D°(*-1) (X-1)(x-1)
L 72 X0 N 72X N 72 X’ N 144 X°
(¥-1)° x-1K'-1) (X-1)K-1) (*x-1)K-1)
N 144 X° 72 X’ 72X

-1 (P-1) (-1 (x-1) *-1

Hence Sgf, the g.f. of the number of semimagic squares, equals
> Sgf sum =Rt 0Sf act or * Rgf sum

Sgf : =si npl i fy(Sgfsun:

1 72X 144 X
S = | X
gfsum (1—x)2[ [(x—1)3(x2—1) " (x—1)(¥=1) (¥—=1)
144 X° 72 X8 72X 72X
+ + + +
x—=1) (¥-1)" (¥-1) (¥-1(F=1) x-1*(x¥-1)
72 x8 72 X0 72X 72 X
X-D(X-1) (-1 x-DR-1D @®-1DE-1
144 X N 144 XO N 72 X’ L 72 X’
(¥*-1)(¥-1) (¥-1)K®-1) K¥-1)(x-1) x-1

[ The g.f. of the total number of symmetry types, sgf:
> sgf sum =Rt oSf act or *r gf sum

sgf:=sinmplify(sgfsun:

ngsum:=;z[xz( 3X5 > + 22 s 3

(1—x) (x—1)" (¥ =1)  (x=1) (¥ —=1) (¥’ —1)
" (x—l)Z(};SZ—l)Z " (x2x—61)3 " (x2—1)§7(x3—1) " (x—l)zxixtl)
' (x3—1)X8(x5—1) i (X3X_61)2 ' (x—l)x(5x4—1) " (xg—l)X7(X4—1)
" (x2—12))25x3—1) " (x2—12))z6x4—1) " (x2—1)X7(x5—1) " XSXil ]]

Generate the series expansions of the g.f.'s.




Expressing the rational function with standard denominator gives an orders-of-
| magnitude speedup in the series expansion.

Standard denominator (1-x"p)*{d+1}.
> pdenom =(1- x"p):

st andenom =pdenonm*(d+1) ;
standenom:= (1 — x°0)°

[ G.f. as rational function with standard denominator.

> Sgf standnum =si npl i fy(numer (Sgf)*sinplify(standenon denon( Sgf))
) :
Sgf : =Sgf st andnuni st andenom

Saf:= ( 160)6(72x1°(18x9+46x8+69x7+74x6+65x5+46x4+26x3
1—x

F11 x5 4+4x+1) (X + X0+ X +x0 4+ 3 X X0+ X X0 ¥
1) (T+x+ X+ + X + X+ 20+ X + 8+ X0 xP k2 20 + 13
X X X X P 0t T X 0 M X XM
T R I LI D GHE I G 1P G ISR
XA T R R R A P A Y X X
X B ) (12 X0+ X8 X0 X2 x4 X0y x18

B I N I N T I I NI Ve 2

X0 0 X0 (1T —x 4+ =X 20+ xP a2 xB Xl

LB N0 A8 A2 (36 (30 24 (37 49 25 (53 51 (Al .3

13

9

_ X19 + X14 + X18 + x54 + X56

+XSO+X48+X44+X42+X38+X36+X32+x30+x26+x24+x20_x31_X43_x55

_ x37 _ X49 _ XZS) )

X+ (1 —x+x+0 =X+ +x1%—x

_G.f. as rational function with standard denominator.
> Rgf st andnum =si npl i fy(nunmer (Rgf)*st andenom denon( Rgf)):
Rgf : =Rgf st andnum st andenom

Rgf:= W(m (18X° +46 X3 + 69X +74X° +65x° + 46 x* +26° +11 ¥
1—x
+4x+1) (T + X T+ X P X X X X0 X

2
X X XX XX )T (F1 =X X X
B B 0I5 120 13 11 19 14 18

L5854 (5652 (50 A8 46 _ A4 A2 40 _ 38 36 34 (32

_ B0\ 2826 _ 24 22 20 31 A3 (55 (37 .49 .25 .50 57

— x4 —x




AR X AP T 0 P B 0 T B X (-1
200 (1 + X+ + X0+ 8+ X0 X2 M + X0 X1 08 4 0% + X0 4 X2
R D I o G D G S N I G I e o R i T S T o
224 x20) (2 XL N8 A0 M AL A0 32 31 8 26 24
X0 -t x4+ 1))

[G.f. as rational function with standard denominator.
> sgf standnum =si npl i fy(numer (sgf)*sinplify(standenoni denon(sgf))
) :

sgf : =sgf st andnuni st andenom

sgfi= ( 160)6(x“)(18x9+46x8+69x7+74x6+65x5+46x4+26x3+11x2
1 —x

F4x+1) (X + X0+ 0+ X0 X0 X X0 ¥

1) (T+x+ X+ + X + X+ 28+ X + 28+ x0 4 xP  x2 0 + a3 XM
T R E D T G T G Ep Yo
X0 3 R XX B O P X X0 B A X0
X X X R X X AP M X 3 X0
T ) (14 0 18+ x0 X2 XM X6 X184 x58

B I I I I R I P LI ISPV

13 _ 17 |18

29

X X0 (1 —x+ X =X+ X0+ +x P —x

P04 38 A2 36 (30 24 37 (A9 025 (53 (ST 41 (39

13_X19+X14+X18+x54+x56+x50

A8 A A2 38 036 032 30 26 (24 (20 (31 .43 55 37

_ X49 _ XZS) )
G.f. as rational function with standard denominator.

> rgfstandnum =si nplify(nunmer(rgf)*standenom denon(rgf)):
rgf : =r gf st andnum st andenom

rgf::W((18x9+46x8+69x7+74x6+65x5+46x4+26x3+11x2
— X

+X) (1 =x+X+xX X + X3 +x1%—x

+4x+1) (T + X T+ X P X X X X0 X
2

X X XX XX 1) T (F1 =X X =X

B B 0I5 120 13 11 19 14 18

L5854 (5652 (50 A8 46 _ A4 A2 40 _ 38 36 34 (32

— x4 —x




_ B0\ 2826 _ 2422 20 31 A3 (55 (37 40 .25 50 57

AR X AP T 0 B 0 T B X (-1
X 1+ + 7+ 0+ 8+ X0 X2 XM X0 X8 B 0t X0 X2
0 a0 M X X0 B X X0 B N X
224 x20) (02— 0t 4 B A0 A A A0 (32 (31 08 06 04
X X0 - x4+ 1))

_Expand the series to find the first few values of the number of squares.
> Sseries: =series(Sgf, x=0, enddegr ee+1);
Sseries:= 72 X' + 288 x'* + 936 x'* + 2592 x"* 4+ 5760 x'* + 11520 x*°

+20952 x1%+35712 x'7 + 57168 x'® + 88272 x'? + 131112 ¥° + O(¥*})

_Expand the series to find the first few values of the number of reduced squares.
> Rseries: =series(Rgf, x=0, enddegree+l);
Rseries:= 72 x> + 144 x” + 432 x'* + 1008 x'' + 1512 x'* + 2592 x"* 4+ 3672 x'*

+5328 x> + 6696 x'° +9648 X! + 11736 x'® + 15552 x19 + 17856 x*°
+0(xh)

_Expand the series to find the first few values of the number of symmetry types.
> sseries: =series(sgf, x=0, enddegree+l);
sseries:= x'* +4 x" + 13X+ 36 x1° + 80 x'* + 160 x'° + 291 x'® + 496 x'7

+794 x"8 +1226 x12 +1821 ¥ + 0(¥*))

_Expand the series to find the first few values of the number of reduced symmetry

types.
> rseries:=series(rgf, x=0, enddegree+l);

rseriesi =X +2 X +6x 0+ 14x" +21 X2+ 36 X3 +51 x4+ 74 x1° + 93 X6
+134x7 +163 X8 + 216 X7 + 248 ¥O + 0(¥*))

Find the constituents

Casculate the zeroth constituent of the total semimagic counting function. Find its
constant term.
> Szer ot h: =expand(

sun( coef f (Sgf st andnum x, p*jj)*bi nom al (d+t/p-jj,d),jj=0..d+1) )

iori nt (subs(t=0, Szeroth)):

Szeroth:= -1296 + 1464 t— 2989 2 331 3 75 t4+1io £

10 3 8
-1296




Extract the constituents of the total semimagic counting function.
> Sconstituent[0]:=Szeroth:
for r froml to p do
Sconstituent[r]:=expand(sum coeff(Sgfstandnum x, p*jj+r)*
bi nom al (d+(t-r)/p-jj,d), jj=0..d)):
# print(r):
# print( Sconstituent[r] ):
print( factor(Sconstituent[r]) ):

od;

. . 2831 . 11933 » 110413 , 331 3 75 4, 3
Sconstituent, := > t 20 £ 120 + 3 r 3 t+ 10 r
%0 (t—1) (36 £ — 1089 £ + 12151  — 59447 t+ 110413)

. 5989 331 75 4 3 3824
Sconstituent, 1= 1464 t — * P2 fp 2 p 2022
conszuen2 10 + 3 3 +1O 3

%o (t—2) (36 * —1053 £ + 11134 ¢ — 49600 t + 76480)

. 2847 . 11933 331 75 4 3 47727

tituent, := <°=% ¢ — . P24 2 P
Sconszuen3 > 20 + 3 3 +10 20

% (t—=3) (36 £ —1017 £ + 10189 £ — 41031 t +47727)

. 5989 331 75 4 3 18152
Sconstituent, ;= 1456 t — e P2 g 2 p_ 20192
COl’lSlLlel’l4 10 + 3 3 + 10 15

1#20 (t—4) (36 4 —981 £ + 9316 £ — 34604 t + 36304)

. . 2847 . 11933 331 3 75 4. 3 5 25705
Sconstztuents.— —2 t 20 t2-|— 3 & 3 U+ 10 £ —24
%20 (t—5) (36 * — 945 £ +8515 t* — 29023 t + 25705)

. 6192 5989 331 75 4 3

tituent. := 1464 t — — a P24 2 p
Sc0n51uen6 6 - 10 + 3 3 + 10

ﬁ (t—6) (36 =909 £ + 7786 £ — 25152 t + 24768)

. 2831, 11933 331 3 75 4 3 5 25193
Sconstztuent7.— —2 t 20 t2+ 3 t3 3 U+ 10 r 24
1#20 (t—7) (36 £ —873 £ + 7129 £ — 21695 t + 17995)

5989 £ 331 75 4
+ £ — L2
10 3 8

19552
15

Sconstituent8 =1464 t— + %0 £ —



1#20 (t—8) (36 # —837 £ +6544 £ — 19516 t + 19552)
. 2847 11933 331 4 44847 . 3
Sconstituent, := <225 t— e £ — 220270 L2 P
C0n81uen9 > 20 + 3 8 40 +10
%20 (t—9) (36 * — 801 +6031  —17319 t + 14949)
. 5989 3544 | 331 75 4, 3
tituent, , := 1456 t — - £ — =P
Sconstituent, 56 10 3 3 3 10
5989 3544 | 331 75 4,3
1456 t — - £ — = p
>0 10 3 3 s 10
2847 11933 331 75 4 3 130253
Sconstituent, ; := > t— 20 £+ 3 £ 3 r— 120
2847 11933 331 75 4,3 5 130253
> T o0 C+ 3 0~ 8 3 120
Sconstituent,,:= -1296 + 1464 t — w £+ 331 - 785 &+ %O r

5989t2+33113 754 ils
10

-1296 + 1464 t — 10 3 o
Sconstituent, ;1= 28231 t— 1129033 £+ 331 8 _ 785 AL %0 15_%75;1
28231 . 1129033 2. 3;1 3 785 Ay 3 5 121027081
Sconstituent, ,:= 1464 t — 5?39 £+ 3§1 £ 785 £+ % ﬁ_%
%20 (t—8) (36 * — 837 +6544  — 19516 t + 19552)
Sconstituent, - := 28247 t— 1129033 21 331 B_ 785 A3 15_&815
28247 e 1129033 24 3;1 B_ 785 Ay %0 15_&815
Sconstituent, := 1456 t — 5?39 £+ 321 8 _ 785 A4 %0 5 1618556

1456t—5?2912+3§1t3 785 4 %OP_%E;S(;
2847 , 11933 2, 331 5 75 4, 3 ;5 2527405

S tituent, , := t—
constituent, 5 > 20 ; o



1

120
Sconstituent, g:= 1464 t — 2989 ¢+ 331 £ — 785 t + %O £ — %
1464 t— 5?39t2+3§1t3 785 ¢+ iﬁ—%
Sconstituent, 4= - 121924021 + 28231 t— 1129033 £+ 331 — 785 t + liO l5
B 121924021 n 28231 r— 1129033 24 3;1 B8_ 785 AL %0 £
Sconstituent,,:= 1464 t — 5?89 £+ 331 £— 8 &+ % r— %
%0 (t—2) (36 t* —1053 £ + 11134 £ — 49600 t + 76480)
Sconstituent,, := 28247 t— 1129033 £+ 3?3)1 £ 785 &+ %O r— 4143091
28247 e 1129033 2 355:1 B 785 A4 %o 5 4143091
Sconstituent,, := 1456 t — 5?39 - 35344 331 £ — 785 t + %O r
1456 ¢ — 5?39 2 _ 35344 3;1 B_ 785 A4 %0 p
Sconstituent,, := 28247 t— 141026021 1129033 2 3;;1 B _ 785 A % £
28247 r— 141026021 1129033 24 321 B_ 785 A %() £
Sconstituent,, := 1464 t — 5?89 £+ 331 £— 785 £+ %O £— %
1464 t— 5?39t2+3§1t3 785 ¢+ iﬁ—%
Sconstituent,s := 28231 . 1129033 24 331 331 B_ 75 A4 1%) 5 2324465
28231 o 1129033 24 321 B_ 785 A4 %o P—%
Sconstituent,g := - 1812556 + 1464 t— w “+ 331 £— 785 t + % r

(t—5) (36 * — 945 £ + 8515 * — 29023 t + 25705)

10



—18256+1464t— 5989 24 31 B_ 75 Ay %Ots

15 10
: ._ 2847 11933 331 5 aL 3 5 9315
Sconstituent,, := > t— 20 A 3 £ 3 10 r 3
2847 11933 331 75 A3 p_ 9315
2 - 20 C43 0 10 8
. 5989 331 3_ 75 4 3 18152
- - T34y 3 5 18152
Sconstituent,g:= 1456 t 10 £+ 3 3 + 10 15
%20 (t—4) (36 t*—981 ¢ + 9316 ¢ — 34604 t + 36304)
: . 2847 . 131981 11933 331 5paL 3
Sconstituent,q := > t 120 20 £+ 3 £ 3 10 r
2847 . 131981 11933 331 3_ 75 4, 3 ¢
2 ‘ 120 20 £+ 3 8
Sconstituenty,:= -1296 + 1464 t — w £+ 331 - 785 £+ %O £

5989t2+331t3 754,35
10

-1296 + 1464 ( — =0 ; o
Sconstituent,  ~ 28231 . 111920053 1129033 2 3;)1 B 785 AL 1% 5
28231 . 111920053 1129033 2., 3;1 B 785 AL 1%15
Sconstituenty, := 1464 t — 5?89 £+ 331 £— % + % £ — %
%0 (t—2) (36 " —1053 £ + 11134 £ —49600 t + 76480)
Sconstituenty := 28247 t— 1129033 £+ 3?3)1 13—% t4—%(;17 +1i0 r

1%0 t—9) (36 — 801 +6031 ¢ —17319 t + 14949)

. L 5989 331 A i p_ 18152
Sconstituenty , := 1456 t — 10 £+ 3 £— 8 10 15

%20 (t—4) (36" — 981 +9316 * — 34604 t + 36304)

. . 2847 11933 331 A i 27433
Sconstituenty := > t— 20 £+ 2= 3 £ 8 10 r >4

11



2847 11933 331 75 4 i _ 27433
2 = 20 t2+ 3 13 8 10 tS 24
) 6192 5989 331 A 3
Sconstituent, := 1464 t — a £ — + 2P
constituen 36 5 10 + 3 8
%20 (t—6) (36 t* =909 + 7786 * — 25152 t + 24768)
2831 11933 331 75 A i 23465
Sconstituenty, := > t— 20 £+ 222 3 £ — 3 10 r Toa
2831 11933 331 75 A i 23465
2 = 20 12+ 3 13 8 10 3 24
. 5989 331 4 3 19552
=1464 t— D 1IdIIe
Sconstituentsg 64 t 10 £+ 3 £ 8 10 r 15
1#20 (t—8) (36 # —837 1 +6544 2 — 19516 t+19552)
. 2847 11933 331 4 3 47727
Sconstituent,, := r— e £ — =P
constituen 39 5 20 + — 3 8 10 40
%o (t—3) (36 £ —1017 £ + 10189 £ — 41031 t +47727)
. . 5989 » 3544 3313 754, 3
Sconstituent,,:= 1456 t 10 t 3 3 £— 3 r
5989 3544 331 75 A 3
1456 ¢ — - £ — = p
>0 10 3 3 8
2847 11933 331 75 4 i ~ 121613
Sconstituent,, := > t— 20 £+ 3 £ 3 10 r 120
2847 11933 331 75 4 3 121613
2 = 20 t2+ 3 - 8 e~ 120
Sconstituent,, := -1296 + 1464 t — 2989 £+ 3L 754 i r
10 3 8
5989 331 75 A 3
~1296 + 1464 t— t £ — = p
+ 10 + 3 8
. 129421 2831 11933 331 75 A 3
Sconstituent, := 120 + > t— 20 £+ 3 £— 3 t+ 10 r
129421 2831 11933 331 75 4 i
120 + 2 t= 20 12 + 3 13 8 10 3
. 5989 331 4 3 19552
=1464 2 P
Sconstituent,, 64 t— 10 £+ 3 £ 8 10 r 15

12



L -8) (3648378 +6544 2 — 19516 t+ 19552)

120
Sconstituent,- := 28247 t— 1129033 £+ 331 r— 785 t + %O 15_87—839
28247 . 1129033 2y 331 331 B _ 75 AL %0 15_87_839
Sconstituent,;:= 1456 t — 5?29 £+ 321 8 _ 785 A4 %() 15_%8556
1456  — 551929 2y 351 3 _ 785 . 110 5_ 1618556
Sconstituent,, := 28247 t— 1129033 £+ 32’1 8 785 Ay % 5 2724433
47 1129033 2y 351 poT5 %ots_%
Sconstituent,g:= 1464 t — 591)89  + 331 £ 785 &4 %O £ %
1464 t— 5?(8)9t2+3§1t3 785 i 11015_%
Sconstituent,q := 28231 t— 1129033 £+ 331 8 _ 785 AL %0 15_%75;1
28231 . 1129033 2y 3;1 3 785 Ay 3 5 121027081
Sconstituents:= 1464 t — 5?89 £+ 331 £ 785 £+ % p_ %
%0 (t—2) (36 = 1053 £ + 11134 £ —49600 t + 76480)
Sconstituents, := 28247 f— 4442071 1129033 2y 331 B 785 A %() £
28247 . 4442071 1129033 2. 3;1 3 785 . 1% s
Sconstituent., := 1456 t — 5?39 — 35344 331 £ — 785 Ar3p
1456 ¢ 5?89 2 35344 3;1 5 785 4.3 5
Sconstituents; := 28247 . 131129081 1129033 2y 331 s 8 . % 5

13



2847 f— 131981 11933 24 331 B_ A i £

2 120 20 3 8
. 5989 331 75 A 3 6624
Sconstituent. , ;= 1464 t — a £ — 4+ 2P 20eR
constituents,, + 3 3 10 S
5989 331 75 # i 6624
1464 £ — =70  + ; £ — T r =
2831 11933 331 75 A i _ 25193
Sconstituents := > t— 20 P 222 3 £ — 3 10 r —24
%20 (t—7) (36t =873 + 7129 ¢ — 21695 t + 17995)
. . 18256 ~ 5989 331 75 A i
Sconstituentsg:= - 15 + 1464t 10 £+ 2= 3 £ 3 r
_ 18256 11464 t— 2989 5989 24 331 B_ 75 A i £
3 8
. . 2847 11933 331 75 A i 8739
Sconstituents, := > t— 20 £+ 222~ 10 r T8
2847 11933 331 75 # i _ 8739
2 = 20 e+ 3 e~ 8 10 3 8
Sconstituentsg:= 1456 t — 2989 ©+ 331 £ — i i £ — 18152

10 3 8 10 15

%20 (t—4) (36 * —981 > +9316 t* — 34604 t + 36304)
2847 . 140621 11933 331 75 4, 3
Sconstituentsy := > t 120 20 £+ 3 £ 3 '+ — 10 r
2847 . 140621 11933 331 75 4,3
> ! 120 20 C+ 3 £~ 8 3
Sconstituent60:=—1296+1464 t—wl‘2 331 13 75 t* it5
10 3 8
5989 331 75 4, 3
~1296 + 1464 t — - £ — + 2P
* 0 T3 8

_Extract the coefficients of the constituents.

> for r from1l to p do
for coeffdeg fromO to d do
Sc[coeffdeg, r]:=coeff(Sconstituent[r],t, coeffdeq):
#print( r, Sc[coeffdeg,r] ):
od:
od:

Print and analyze the constituent coefficients for periods. First the higher

14



coefficients, which ought to be constant. Print the first coefficient, then any that
don't repeat the preceding value.
> for coeffdeg from3 to d do
print("degree", coeffdeg, "coeff", Sc[coeffdeg,1]):
print(1, Sc[ coeffdeg, 1]);
for r from2 to p do
stepdi fference: =Sc[ coeffdeg, r]-Sc[ coeffdeg, r-1]:
i f( stepdifference<>0 ) then
print(r, Sc[coeffdeg,r], stepdifference):
fi:

od:
print("Conpared all coefficients of degree", coeffdeq);
od:
"degree", 3, "coeff", %
331
1, —
3
"Compared all coefficients of degree", 3
"degree”, 4, "coeff", - %
75
1, -—
8

"Compared all coefficients of degree", 4

3
Hd H’ 5 , " ff",
egree coe 10

1, S
10

"Compared all coefficients of degree", 5

are not repeating.

> stepsize: =30;
for r from1l to stepsize do
print(r, Sc[O0,r]);
od:
for r fromstepsize+l to p do
stepdi fference: =Sc[0,r]-Sc[O0,r-stepsize]:
if( stepdifference<>0 ) then print(r,Sc[O,r], stepdifference):
fi:
#print(r,Sc[O,r],stepdifference);
od:
print("Constant terns conpleted.");

Next, the constant terms, whose period is expected to be p. Print all constant terms
up to the presumed period "stepsize". Print the difference (at step "stepsize") if they

Note that the even terms repeat at step 30 (a period of 15, half the expected period).



stepsize := 30

| 110413
120
3824
2, - 292
3
o 47727
40
4 _ 18152
15
5, . 25705
24
6, - 6192
5
25193
7, -
24
19552
8, -
15
44847
9, -
40
3544
10, - 222
3
11, - 130253
120
12, -1296
120781
1 =
120
14 - 19552
15
9315
15, - 222
8
16, - 16856
15
25705
17, - £2L22
24
6624
18, - 2252
5

16



1o, 120421
120

3824
20, - 3824
3

41391
21, -
40

3544
22, - 2288
3

140621
23, 120

24,-EX%E£

y5, - 23465
24

2, - 18256
15

9315
27, - 2312
8

18152
0g, - 18152
15

131981
29 120

30, -1296

119053
- 120

44847
33 40

27433
35, - 27433
24

23465
37, -
24

47727
39, -
40

41, 121613
120

129421
43, - 129421
120

, =72

, 72

, =72

, 72

, =72

, 72

, =72



8739

45, - 222 7o
8
47, - 27433 45
24
120781
A
900
44271
51, - 222t -72
40
131981
e £
> "0
25193
55, - ,-72
24
57, - 8739 45
8
140621
S E0EL 72
A TT

"Constant terms completed.”

Now, the linear terms. First print all linear coefficients up to the presumed period
"stepsize".. Then analyze for period and print the difference (at step "stepsize") if
they are not repeating.
> stepsize: =6;

for r froml to stepsize do
print(r, Sc[1,r]);
od:
for r fromstepsize+l to p do
stepdifference:=Sc[1,r]-Sc[1,r-stepsize]:
I f( stepdifference<>0 ) then print(r,Sc[1,r],stepdifference):
fi:
od:
print("Linear coefficients conpleted.");
stepsize:=6

2831
2

2, 1464

2847
2

4, 1456

2847
2

L,

3,

S,

18



6, 1464

"Linear coefficients completed."

The quadratic terms. First print all quadratic coefficients up to the presumed period
"stepsize".. Then analyze for period and print the difference (at step "stepsize") if
they are not repeating.
> stepsize: =2;

for r froml to stepsize do
print(r, Sc[2,r]);
od:
for r fromstepsize+l to p do
stepdi fference: =Sc[ 2,r]-Sc[ 2, r-stepsize]:
if( stepdifference<>0 ) then print(r,Sc[2,r],stepdifference):
fi:

od:
print("Quadratic coefficients conpleted.");
stepsize .= 2
1 - 11933
’ 20
5989
2, -——
10

"Quadratic coefficients completed.”

Casculate the zeroth constituent of the semimagic symmetry-type counting
function. Find its constant term.
> szerot h: =expand(

sum( coef f (sgf standnum x, p*jj) *bi nom al (d+t/p-jj,d),jj=0..d+1) )

’pri nt (subs(t=0, szeroth)):
e 61 . 5989 331 3 25 4
szeroth:= -18 + 3 t 220 £+ 216 £ 102 t

-18

1
+24()l5

Extract the constituents of the semimagic symmetry-type counting function.
> sconstituent[0]:=szeroth:
for r froml to p do
sconstituent[r]:=expand(sum coeff(sgfstandnum x, p*jj +r)*
bi nom al (d+(t-r)/p-jj,d), jj=0..d)):
# print(r):
# print( sconstituent[r] ):
print( factor(sconstituent[r]) ):

od;
. . 2831 . 11933 331 3 25 4. 1 5 110413
sconstituent, := <P t= St e U Tos £ 240 U ™ “g6a0
1 4
2640 (t—1) (36 * —1089 2 + 12151 ¢ — 59447 t+ 110413)
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Sconstituentzzzﬂt—wtz—ﬂ+&?— 25 t4+ 1 r

3 720 27 ' 216 192 240
1 4
S (t=2) (361053 £ + 11134 £* — 49600 t + 76480)
8640
. 949 . 11933 3313 25 4, 1 5 5303
sconstituenty := = = t— < 7 F—r216 & o t4—§Za-P %20
1 4
—— (t—3) (36 *—1017 £ + 10189 * — 41031 t +47727)
8640
. . 182 . 2269 5989 331 3 25 4, 1
sconstituenty := == t= 5= = =0 12+'216 £ 1921_+'526'P
L (t—4) (364 —-981F+9316 2 — 34604 t + 36304)
8640
. 949 . 11933 331 3 25 4, 1 5 25705
sconstituents = == t— <~ 12+'216 v 05 U+ 5a0 r SToTE

1

4
(- — 94 15 2 —2902 257
2610 (t—5) (36 * =945 £ + 8515 > — 29023 t + 25705)

SCOHStitl/lent(;::ﬂ t— 5989 t2+ 331 £ — 25 t4+ 1 15—&

3 720 216 192 240 5

g6126(t—-6)(36t‘4-—909t3+7786t2—25152t+24768)

sconstituent, := 2831 , 11933 2, 331 3 25 4, 1 5 25193

144 1440 216 192 240 1728

1

= (t—7 4_87 7129 £ —21 17
c5a0 ) (36 * — 873 +7129 ¢ 695 t+ 17995)

Sconstituentg::ﬂt—%tz+ 331 3 25 4, 1 5 2444

3 720 216 192 240 135

L (1 8)(36¢—8376+6544 £ — 19516 t+ 19552)

8640
. . 949 .~ 11933 331 3 25 4, 1 5 4983
sconstituenty:= = = t— < 7 F—r216 & o t4—§Za-P 20
L (t-9) (36 —801 £ +6031 & — 17319 t + 14949)
8640
. . 182 . 5989 331 3 25 4, 1 5 443
sconstituentyy = = = t— =2 t2+-216 r 1921-+-EZ6-P s
182 , 5989 331 3 25 4, 1 5 443
o "7 720 t2+'216 i 192 " 240 g 27

20



949 . 130253 11933 24 331 B_ 25 A 1 £
240

tit t,;:= t
sconstituent; = “yq 8640 1440 216 = 192
949 . 130253 11933 331 25 4 1
t— _ R CC { £
48 8640 1440 " T216 " 192 ' T 240
sconstituent, , := —18—1—% t—579—28(§) t2+;—i)é £— 12952 &+ 24110 £
61 . 5989 331 25 4 1
184 2 = 2200 2y 0% B 20 AL L p
3 720 216 192 240
. 2831 . 11933 331 25 4 1 120781
tituent, , 1= r— ©+ £ — 4 — p— =200
Sconstituent == =4 1440 216 192 240 8640
2831 . 11933 331 25 4 1 120781
(11933 2 3313 25 4. 1 ;5 120781
144 1440 216 =~ 192 = " 240 8640
. 61 . 5989 331 25 4 1 2444
tituent, ;= —— t— 2222 {4 £ — t+ _eaa2
sconstituentyy-= =5 720 216 192 240 135
L 1-8) (364 —837F+6544 2 —19516 t + 19552)
8640
. 949 . 11933 331 25 4 1 1035
tituent, - 1= r— ©+ £ — = p =22
sconstituentys == ~,q 1440 216 192 240 64
949 . 11933 331 25 4 1 1035
t— t2 £— e = p 22
48 1440 T 016 102 U %40 64
. 182 . 5989 331 25 4 1 2107
tituent, . 1= r— ©+ £ — 4+ —— -2
sconstituent; = —g 720 216 192 240 135
182 . 5989 331 25 4 1 2107
t— £+ £ — f+——r -t
9 720 216 =~ 192 = " 240 135
. 949 . 11933 331 25 4 1 25705
tituent, - := t— ©+ £ — e — -
sconstituent,z-=",q 1440 216 192 240 1728
L (t—5) (364 —-945F +8515 2 — 29023 t +25705)
8640
sconstituent, g := % t— 5;)2809 £+ gié £— 12952 t4+i0 15—%
61 . 5989 331 25 4 1 92
61, 5989 p 3315 25 4, 1 5 02
3 720 T 216 102 ' T 240 5
. 2831 . 11933 331 25 4 1 129421
tituent, o 1= t— - £— e = p_ 2ed2el
Sconstituent o = =4 1440 © T 216 102 ' 240 8640

2831 . 11933 » 331 3 25 4 1 5 129421
143 " Tazo T 26" 102 T 2a0 U 8640




61 5989 2_ 478 331 B _ A 1 £

sconstituentyy:= 3" =5, 27 216 192 T 240
Wlél() (t—2) (36 ' —1053 £ + 11134 £* — 49600 t + 76480)
sconstituent,, := (“Z;g t— 4352909 111431303 £+ g?é £— TQZ &+ ﬁo r
gﬁgg a 4352909 111494303 . 3?(13 £~ 192 O io g
sconstituent,, := 182 t— 5;92809 £+ gié £ — 192 t +ﬁ0 15—%
132 - 5792809 e g?els £~ 192 . 24110 £~ 42473
sconstituent,; := - 1;122(2)1 + {i;gg t— 1114%5;)3 £+ 3?(13 £— 192 t+ 24110 r
040 tas T ram0 (a6l T 5952 435
sconstituent, ;= % t— 5?2809 £+ gié £ — 192 >y i() £ — %

%t 5792809 - gié £~ 192 e 24110 £~
sconstituent,, = 2184341 t— 213742685 111421303 2+ gfé - 9 : SRy 2411 o0
STl R T T T ARS T
sconstituent,q := % t— 579—28(? - 2123852 + 3?(13 £ 12;2 &+ 24110 r
% t_579—28(;9 - 2123852 - 3?(15 £~ 12952 . 2}10 g
sconstituent,- := (“Z;g t— 1114%1303 £+ gié £— 192 &+ 24110 r— 1025
28 a0 CT et 192”&0?—%
SCOI’ISUUJQI’ITZ8 182 t— 2123659 — 5792809 12 2?(15 t3 192 lA—l- io 15
lelo (t—4) (36 — 981 +9316 t* — 34604 t + 36304)
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sconstituentyg = 949 t— 131981 11933 24 331 B _ A 1 £

48 8640 1440 216 192 240
949 . 131981 11933 331 Ay 1
r— a £— r
48 8640 1440 ' T 216 192 240
g, 61, 5989 » 3313 25 4 1
Sconstltuent30— 18 + 3 t 790 t2+—216t3 107 24015
gy 61, 5989 > 331 3 25 4. 1
B+ t=" C+ 216 c 102 ' T 240 3
. 2831 . 11933 331 1 5 119053
sconstituents === 14 '~ 1440 t2+'216 e 192 4 245 £~ “g640
2831 . 11933 331 .1 119053
t— a £ — = p =223
144 1240 ' T 216 192 %40 8640
. 61, 5989 > 478 331 Ayl
tituent,, := - t— £ — £ — r
SCOMSTIHE2 = 737 17 200 27 216 192 T 240
1 4
—= (t—2) (36 * —=1053 £ + 11134 > — 49600 t + 76480)
8640
949 . 11933 331 4, 1 5 4983
sconstituentsy = g% t= A" 4 6 £ 192 +* 210 C 320
L - 9) (36 —-801F+6031 £ —17319 t+ 14949)
8640
. 182 . 2269 5989 331 PR
tituent, , ;= r— a £ — fr—0r
SConSTientss =g 135 720 | ' 216 192 240
L t—4) (364 —-981F+9316 £ — 34604 t + 36304)
8640
. 049 . 27433 11933 331 1
tituent, . := t— e po2> a1 5
sconstituentss == ~,q 1728 1440 +216 102 " 2u0
049 . 27433 11933 331 1
t— £+ £ — fr—7
48 1728 1440 216 192 T %40
_ 61 . 5989 331 4, 1
sconstituentys = == t— e+ 516 r— 192 + 510 £
—J;—(t—6)(36f?—90953+7786ﬁ-—25152t+24768)
8640
2831 . 23465 11933 331 25 4 1
tituent. r— — P22 P { P
sconstituentyy =4y '~ 1728~ 1440 ' T216 0 192 ' T 240
2831 . 23465 11933 331 4y 1
144 T 1728 T 1440 t2+'216 - 192 Ct 540 3
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1 2444

. 61 . 5989 331 25 4
tituent,,:= - t— 22°7 ¢ £— { r—
sconstituentyg = =5 720 L T 216 102 T 2u0 135
L 1-8) (364 —837F+6544 2 —19516 t + 19552)
8640
. 949 . 11933 331 25 4 1 5303
tituent,q .= r— . £ — = p 222
sconstituentyg ==~ q 1440 T 016 102 " T 240 320
—J;—(t—3)(36#——1017?—+10189F——41031t+47727)
8640
. _ 182 . 5989 3313 25 4. 1 5 443
sconstituentyy = = = t— =2 ©+ 16 & TR r s
182 . 5989 331 25 4 1 443
t— a £— ey = p_ =22
9 720 © T 216 102 T 240 27
. 949 . 11933 331 25 4 1 121613
tituent, , := t— - £— { B
SCOMSIMENt ="y '™ 1440 " 216 © 102 ' T 240 1 8640
949 . 11933 331 25 4 1 121613
t— 12 13— t -
48 1440 © T 216 102 T 240 8640
sconstituent,, := —18—1—% t—579—28(§) t2+;—i)é £— 12952 &+ 24110 £
61 . 5989 331 25 4 1
184+ 2 2289 2 990 3 { £
8+ 73 720 ' T 216 102 ' T 240
. 2831 . 11933 331 25 4 1 129421
tituent, , := r— a £ — oy — P 222
sconsttuentys =40 ' 1400 " 216 © T 192 ¢ T 240 8640
2831 . 11933 331 25 4 1 129421
t— a £ — oy — P 22
144 1240 ' T 216 102 ' T 240 8640
. _ 61, 5989 331 3 25 4, 1 5 2444
sconstituent,,:= —= t— =0 = t2+216t3 o5 ! +240t5 Sk
L 1-8) (364 —837F+6544 2 —19516 t + 19552)
8640
. 949 . 11933 331 25 4 1 971
tituent, - ;= r— a P — L2 ¢ £ —
sconstituentys =g = 9420 " T o16 " T 192 T 240 U T 64
949 11933 331 25 4 1 971
r— a P — L2 ¢ £ —
48 1240 ' T 216 102 ' T o0 64
. 182 . 5989 331 25 4 1 2107
tituent, . ;= r— * £ — = p - £22L
Sconstituentys == —g 720 U T 216 102 ' T 240 135
182 . 5989 331 25 4 1 2107
t— # £ — = p_ 2L
9 720 U T 216 102 ' 240 135
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049 = 27433 11933 2 331 3 25 4 1
tituent t— £+ P—=2fy— ¢
SCOMSUUentyz ="y '~ 1728 ~ 1440 ' 2160 192 ' ' 240
949 = 27433 11933 . 331 1
t— t r— f+ =17
48 71728 1440 | 216 192 240
Sconstituent48:=%t 5;)2809t2+2iét3 192 t4+i0 15—%
61 . 5989 o 331 4, 1
3 700 (it 192 toap U
. 2831 11933 » 331 1 120781
tituent, = t— t £— et —— -2
sconstituentyyi= SF t= G € 36 €= 155 €4 a4 8640
2831 11933 » 331 i1 120781
t— t £— 4 —— -
144 " 1440 216 192 " 240 8640
| 61, 5980 » 478 , 331 Ay 1
tituent, ,:= —— t — £ — £ — r
SCOMSTIHEMS0 = 737 17 220 27 216 192 T 240
L (t—2) (36— 1053 £ + 11134 £ — 49600 t + 76480)
8640
949 . 11933 » , 331 4, 1 5 4919
tituent, t— t £— £—
sconstituents = "ye = 440 * " 216 192 T240 " 7 320
949 . 11933 » , 331 4, 1 54919
t— t £— £—
48 71440 ' T 216 192 T240 " 7 320
182 5989 » 331 4, 1 5 443
tituent, t— t* £— £—
Sconstiientis2 == g 720 ' 216 192 240" T 27
182 . 5989 » 331 4, 1 5 443
t— t £— £—
9 720 ' T 216 192 T2a0 " 27
| 949 . 131981 11933 o 331 3 25 4, 1
tituent. , := t— t £ — r
SCOMSTITHENTSs = 48 8640 1440 | 216 ' 192 ' T 240
949 = 131981 11933 2 331 3 25 4 1
t— £+ £ — { r
48 8640 1440 | 216 192 ' T 240
sconstituents , := % t— 5?2809 e+ gié r— 192 t‘#ﬁ 15—%
61 . 5989 », 331 1 92
3 700 (i T 192 O U
2831 . 11933 » 331 3 25 4 1 25193
tituent. t— t* £ — e
sconstituentss ===y " 1440 " T 216 U T 102 U T 220 U T 1728

1

= (t—7 4_87 7129 £ —21 17
c5a0 ) (36 * — 873 +7129 ¢ 695 t+ 17995)
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61 5989 P2 2282 +331 8 25 A 1 e

sconstituents := ER t— -0 L " 133 216 L~ 1op
DS 2 Mg Bt
sconstituent, := %}%9 t— 111453)3 £+ gi’é t3— 1—92 £+ 24110 £ 96741
%ﬁsg - 1114313()3 £ gifls e 192 O 24110 e 96741
sconstituentsg := 182 t— 2123659 5328(? £+ gié — 192 t4+i0 r
lelo (t—4) (36 ' —981 £ +9316 t* — 34604 t +36304)
sconstituentsq := - 1;122(2)1 + {i;gg t— 1114%5;)3 £+ 3?(13 £ — 192 £+ : £
N N G = T
sconstituent, := - 18-1—% t— 5;)2809 £+ gié — 12952 t + 1 "
_18+% - 5792809 e g?é e 12952 £+ 24110 g

Extract the coefficients of the constituents.
> for r from1l to p do
for coeffdeg fromO to d do
sc[ coeffdeg, r]:=coeff(sconstituent[r],t, coeffdeg):
#print( r, sc[coeffdeg,r] ):
od:
| od:
Print and analyze the constituent coefficients for periods. First the higher
coefficients, which are constant. Print the first coefficient, then any that don't repeat
the preceding value (there are none).
> for coeffdeg from3 to d do
print("degree", coeffdeg, "coeff", sc[coeffdeg,1]):
for r from2 to p do
st epdi fference: =sc[ coef fdeg, r]-sc[coeffdeg, r-1]:
I f( stepdifference<>0 ) then
print(r,sc[coeffdeg,r], stepdifference):
fi:
od:
od:
331

"degree", 3, "coeff", 216
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25
192

1
240

Next, the constant terms, whose period is expected to be 60. Print all constant terms
up to the presumed period "stepsize". Print the difference (at step "stepsize") if they
are not repeating.
> stepsize: =30;

for r from1l to stepsize do

print(r, sc[0O,r]);
od:
for r fromstepsize+l to p do

stepdifference: =sc[0,r]-sc[O0, r-stepsize]:

i f( stepdifference<>0 ) then print(r,sc[O0,r],stepdifference):
fi:
od:
print("Constant terns conpleted.");

stepsize := 30

110413
8640

478
2__
' 27

5303

320

2269
135

25705
' 1728

6, - S0
5
25193

1728

| 2444
135

4983
320

10, - 443

27

130253
8640

"degree", 4, "coeff", -

"degree", 5, "coeff",

L,

3,

4,

7,

8,

9,

11,
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12, -18

120781
13, 8640

14, _ 2444

135

1035
15, -——

64

2107
16, - ———
135

17, - 25705
1728

18, - 22

5
129421

19, - =£22&2

o 8640

20, - 478

27
4599
21, - ==
' 320

2y 443

27

25, _ 140621
8640

24 -92

5

23465
25, 1728

2282
26, - <502
135

1035
27, - ———
64

2269
28, - £=02
135

29, 131981
8640

30, -18

28



"Constant terms completed.”

they are not repeating.

> st

f or

od:

epsi ze: =6;

print(r, sc[1,r]);

31, - 119053
8640

4983
33, - 2202 1

320

35, - 27433

1728

23465
37 1728 °

5303

2T _1
9500
41, 121613

8640

43, - 129421
8640

971
45, -——
64

27433
47 1728 °

120781
49, 8640

4919

1, -2
RETTR
53 - 131981

8640

25193
>3, 1728 °

971
57, ~——
64

140621
59, -———
8640

, -1

1

1

, 1

, 1

, 1

, 1

1

, 1

, -1

r froml to stepsize do

_Now, the linear terms. First print all linear coefficients up to the presumed period
"stepsize". Then analyze for period and print the difference (at step "stepsize") if

29



for r fromstepsize+l to p do
stepdifference:=sc[1,r]-sc[1,r-stepsize]:
if( stepdifference<>0 ) then print(r,sc[1,r],stepdifference):
fi:

od:
print("Linear coefficients conpleted.");
Stepsize:=6
1 2831
144
61
2, —
3
949
3, ———
48
4 182
9
949
5, —/—
48
61
6, —
3

"Linear coefficients completed."

The quadratic terms. First print all quadratic coefficients up to the presumed period
"stepsize". Then analyze for period and print the difference (at step "stepsize") if
they are not repeating.
> stepsize: =2;

for r froml to stepsize do
print(r, sc[2,r]);
od:
for r fromstepsize+l to p do
stepdi fference: =sc[2,r]-sc[2,r-stepsize]:
if( stepdifference<>0 ) then print(r,sc[2,r],stepdifference):
fi:

od:
print("Quadratic coefficients conpleted.");
stepsize .= 2
1 - 11933
1440
2 - 5989
720

"Quadratic coefficients completed.”
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